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MAGNETIC AND CRYSTALLOGRAPHIC CHARACTERISTICS 
OF (Pr,La)Al, 3 , (Pr,Y)Al 3 , (Pr,La)Al 2 AND (Pr.Y)Al 2 * 

K. H. MADER, E. SEGAL and W. E. WALLACE 

Department of Chemistry, University of Pittsburgh, Pittsburgh, Pa. 15213. U.S.A. 

(Received^ April t96H: in revised f/irm lOJiine 1968) 


Abstract- Magnetization data are reported for PrAl.^ (cubic) and PrAI., (hexagonal) and ternary alloys 
in which Pr is partially replaced by Y and l.a. Between 50 and 300"K Curie-Weiss behavior is ob¬ 
served with slopes as expected for tripositive Pr. The cubic alloys exhibit Curie temperatures ranging 
from 38-5°K for PrAlj to 5°K for l'ro,|.,l.a„,,,.,Al 2 . Pr„ojY„„.,Al 2 is the single exception; it remains 
paramagnetic to 4°K. The hexagonal alloys all develop Van VIeck paramagnetism at low tempera¬ 
tures. The operator equivalent method is employed to obtain eigenfunctions, eigenvalues and magnetic 
moments for the crystal field states for Pr*^ in both the cubic and hexagonal environments Fourth and 
sixth order interactions are included in both instances and the second order term is also included for 
PrAI., since its axial ratio is not ideal. Susceptibility-temperature behavior of PrAI, and the hexagonal 
ternaries can be accounted for with two sets of parameters which concern the relative importance of 
the second, fourth and sixth order interactions; in each case the overall splitting is about I20°K The 
maximal value of the overall splitting for the cubic alloys is established to be 25"K. Using a molecular 
field approach it is possible to understand the development of ferromagnetism in PrAK which occurs 
despite the lack of a permanent moment for Pr in its ground state With this approach is calculated 
to be 39°K. which is in excellent agreement with experiment. SX-.S^K. 1 he same approach gives a 
reasonably satisfactory accounting for the composition dependence of /V and the satuiation moment. 


). INTRODUCTION 

T hf: MAGNETIC characteristic.s of intermelallic 
compounds containing the lanthanide elements 
have been extensively studied in recent 
years[]]. In a number of cases, e.g. GdAlj 
;ind GdNia. the lanthanide moment observed 
is in good agreement with that of the free 
tripositive ion. In others, e.g. Tblr^iZ], the 
observed moment is substantially lower. The 
reduced moment in a number of instances has 
been related [1J to the quenching effect of the 
crystalline field on the orbital contribution to 
the moment. In this respect PrBi and PnSb 
are of special interest [3] in that their crystal 
field is so strong compared to exchange that 
they fail to order at low temperatures; they 
become instead Van VIeck paramagnets. In 
them the T, non-magnetic state splits off as the 
ground state and upon cooling the ions settle 
into it before ordering has a chance to occur. 


'‘Ihi.s work was assisted by a contract with the U.S. 
Atomic Energy Commission.* 


Most praseodymium compounds show 
more complex behavior than PrBi and PrSb 
undoubtedly because in them exchange and 
the crystal field interaction are more nearly 
comparable in magnitude. The cubic Laves 
phase PrNi.^. which has been extensively 
studied in this Laboratory [4-6J. is a typical 
example of this. To date it has not been 
possible to establish whether at 4-2°K it is 
more proper to regard PrNi^ as a ferromagnet 
with a strongly quenched moment or a Van 
VIeck paramagnet that is experiencing appre¬ 
ciable exchange. 

The hexagonal compound PrAf, has recent¬ 
ly been studied by Buschow and Fast[7], The 
magnetic behavior reported for it resembles 
that observed for PrNi-.; susceptibility 
measured at 4°K is field dependent in each 
case and in addition both compounds exhibit 
negative deviations from Curie-Weiss 
behavior in the temperature region just above 
the point at which the onset of temperature- 
independent susceptibility, associated with 
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their presumed Van Vleck paramagnetism, 2. EXPERIMENTAL DETAILS 

begins. Moreover, the ground state of Pr in The Y-. La- and Pr-metals used were ob- 
both compounds is a singlet; that is, it does tained from the Research Chemical Division 
not carry a permanent moment. of Nuclear Corporation of America, Phoenix, 

The present work was undertaken in an Arizona. They were rated at 99-9 per cent 
effort to obtain a clearer view of the influence purity. The A1 (99-999 per cent) was a gift of 
of the crystal field on the low temperature Alcoa. Two typical Pr analyses are: 
magnetic behavior of hexagonal materials 

such as PrAI-i, to complement the earlier work pj- major, Y < 0-01%, 

on the cubic compounds PrSh and PrBi. For Si < o-OJ%, Mg < 0-01% 

this purpose it is convenient to suppress 

exchange, while leaving the strength of the Pr major, Y < 0-0().‘i%, 

crystal field essentially unchanged. This may Si < 0-01%, Mg < 0 0I9f. Fe < 0 01%. 


he accomplished by the substitution of non¬ 
magnetic y or La into the Pr sub/aff/ce, a 
procedure which is similar in concept to that 
used earlier on the (Ce,La)AL system by 
White el nl-W- Analysis of the data has 

required the development of an appropriate 
ca/cu/ational framework. This has entailed 
theoretical treatments generally 
those made earlier by Penney and Schlappt9| 
and Lea. l.eask and Wolff I(>1 for cubic 
systems. The work was later extended to 
PrAfi based .systems. Williams e/ <//. fllj 
observed that Pi Al, orders feiromagncdcally 
with a Curie lemperaliiro of about It 

was hoped that in the (Pr.l.alAL and (Pr.Y) 
Al^ ternaries exchange could be suppressed 
to a point that Van Vleck paramagnetism 
rather than fcrromagnclic ordering would 
develop at low lempciatures; if so. analysis 
similar to that used earlier for PrSb and I rBi 
could be employed to estimate the magnitude 
of the crystal field splitting. To anticipate 
that which is described more fully below, 
this hope was not realized: the cubic Laves 
phases samples, with a single exception, 
continued to order ferromagnetically at the 
highest Pr dilutions. Furthermore, as regards 
PrAl:, results differing slightly from those of 
Buschow and Fast were obtained. PrAL. 
as well as several ternary alloys which were 
studied, behaved as essentially ideal Van 
Vleck paramagnets, in the sense that the 
negative deviations from C urie—Weiss behav¬ 
ior referred to above were not observed. 


The impurities in the Y- and La-metals used 
are similar. 

Samples were prepared by levitation 
melting under an argon atmosphere of 
600 mm. After melting and X-raymg. a poi- 
lion of each sample was annealed in a high 
putity MgO-crucihle sealed in a yycor tube 
under low argon atmosphere. All samples 
were anncaJed(l2) at 850^C for more than 
400 hrs, after which X-ray pullerns foi the 
determination of the lattice constants were 
obtained. 

For the X-ray work a GE XRD 5 unit was 
used (with Ni-filtercd Cu radiation). All 
samples showed excellent X-ray patterns with 
good resolution of the K„-doub!et, The lat¬ 
tice constants have errors of ±0-003 and 
±0-00.‘> A for the cubic and hexagonal forms, 
respectively. 

Magnetic measurements were made using 
the Faraday method. The technique employed 
has been described[3-5]. Saturation moments 
were obtained by extrapolating magncli- 
zalion (cr) vs. l/Wetr P'ots to 1/H,.n= 0. Curie 
temperatures were established by extra¬ 
polating <r- vs. temperature plots to o- = 0, 

3. RESULTS 

tA) T/ip tPr,La)Al., and (Pr.Y)Al, systems 

Results are largely summarized in Tables I 
and 2 and Figs. 1 and 2. As noted above the 
PrAli-based systems showed magnetic 
ordering at all Pr dilutions. The ternary 
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iTable 1. Magnetic and crystallographic 
characteristics of (Pr,La)Al 2 and (Pr,Y)Al 2 
alloys* 



(A) 

gs 

mole Pr 
at4-2“K 

T. 

(°K) 

f^rn 

mole Pr 
(Mn) 

e 

(“K) 

LaAtj 

8-140 






8-136 

1 -73t 

5 

3-72t 

-lit 

Pr,ijLa„.8AL 

8-118 

2-34 

8 

3-a 

-8 

Pr,) |Lii|) 

8-093 

2-47 

13 

3-59 

3 

Pr,) .)[ -h,),|A1u 

8-073 

2-.39 

19 

3-50 

II 

Pr» J TL ■^AU 

8-o.sn 

2-50 

30 

3-55 

18 

PrAI, 

8-029 

2-52 

39 

3-46 

31 

PrAI« 

8-028 

2-57 

38 

3-56 

28 

Pl'o ft 

7-990 

2-36 

32 

3-.S3 

22 

Pr„„V„.AL 

7-9.S9 

2-09 

25 

3-60 

17 

Pr„,Y„„AI, 

7-933 

1-83 

20 

3-70 

10 

Pr„,Y„»AI, 

7-898 

1-44 

15 

3-70 

3 

Pr„,y«»AI, 

7-878 

0-83t 

13 

3-683 

-9t 

II ‘ifiAl'7 

7-862 



3-,58t 

-5t 

YAL 

7 838 






‘ ((,, IS the lattice parameter. T, and It are the Curie 
temperature and Weiss constant, respectively, 
tcorrected for YAh or LaAL rcspoctivcly. 


Vo-fmAla is the single exception to this, 
exhibiting Curie-Weiss behavior for tempera¬ 
tures down to 4°K. Curie temperatures (7,.) 
for the others are listed in Table I. A decline 
in as the Pr concentration is reduced, as is 
expected from the weakened exchange, is 



t ig. I. .Saiiiralion moments vs. compo.silions for Pr^M, r 
Alj alloys with M ~ Y(0) and La (□). I he filled circles 
are values computed from equation (I) using values ofX, 
the molecular field coefficient. .30 tCuive At and 18'2 
(Curve B). 


Table 2. Magnetic and crystallographic char¬ 
acteristics of{ Pa.LalAlj rt/(t/( Pr,Y)Al., alloys* 



(A) 

(A) 



0 

(”K) 

10 “Xm 

4-2“ 

/ emu \ 

mole Pr 
(/r«) 

Imole Pr/ 
300“K 

Pr„ ^LSohAI.t 

6-63 

4-61 

0-69,-, 

3 66 

-6 

85 9 

5 45 

Ppp oAI'j 

6-61 

4-61 

0-69, 

3-61 


83-9 

5-30 

Pr,) «L<io 4 AI 3 

6-57 

4-61 

0-7(1, 

3 67 


74-4 

5-.34 

Pr,) rtl-**!) aAlj 

6-54 

4-60 

0-70, 

3-65 

-6 

74-1 

5-40 

PrAI., 

6-51 

4-60 

0 70, 

3 67 

-7 

71-0 

5-.38 

PrAI, 

6-51 

4-60 

0-70„ 

3-68 

-9 

68 8 

5-44 

P^O hVo 2 AI;i 

6-47 

4 60 

0-71, 

3-64 

-10 

62-1 

5-41 

P^o-fl^ 0 -lAlt 

6-42 

4-60 

0-7l„ 

3-70 

-12 

62-0 

5-48 

Pi'o -lYfl-dAIa 

6-38 

4 60 

0-72, 

3-67 

-9 

60-5 

5-35 

Pr„..An«AI, 

6-33 

4-60 

0-72, 

3M 

-14 

52-3 

5-20 


and f|i are the lattice parameters. The other symbols have the 
same significance as in Table 1. 
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Lin ~ l/x vs. icnipcMtuto I'oi PiAl, Points arc cvpcri- 
monliil I ho ouisos ,iro ooinpiilt'd as mdicalcd in the text 
iisinn >Lo uvo sols III ciiciny levels shimii to the right tsco 
also I ahio 4). 

re.idily apparent. I he tiverage satunition 
moment ohsetveti tor PrAl, 2-55 /x,, per 
Cornuilit unit, is in good agreement with the 
value leported by Willitims <■/ u/.f 11], 2-62 fin- 
These values arc lower than the (Vee Pr ion 
viilue, .V2/i/,. ;ind ;tre also lower than the 
moment It)!' I’r in PrAb, 2-^ fx,,. rtbtiiined by 
Olsen c/ o/.ll,!] using neutron diflVaction 
work. I he critical teniperatiircs obtained for 
PrAlj in this study tire in close agreement with 
that observed by Olsen cl <il.l 13], ntimely 38°K. 

Results obtained for the paramagnetic 
region for PrAL and the several ternaries give 
tin average eircelive moment of 3-60/x,, per 
Pr ion. which is in good agreement with the 
value calculated by Van VIeek for the free 
tripositive ion] 14]. Saturation moments for 
the several ternaries at 4“K are listed in 
Table I and plotted in Fig. I. Results are 
significantly different depending upon whether 
Pr is diluted with Y or La. 

[B) 7 he (Pr.LalAl.i tmt/(Pr.YlAL systems 

In contrast with the behavior of the Laves 


phase systems described above these two 
groups of ternaries remain paramagnetic to the 
lowest temperatures studied, 4°K. The data 
for PrAlj plotted in Fig. 2 are typical of the 
results obtained for the eight ternaries listed 
in Table 2. In all cases Curie-Weiss behavior 
IS exhibited for temperatures above 25°K but 
at lower temperatures the 1/x vs. temperature 
plots flatten off to give a susceptibility which 
is essentially independent of temperature 
below KfK.. Thus these materials become 
Van VIeck paramagnets at reduced tempera¬ 
tures instead of developing a magnetically 
ordered strucutre, indicating the predominance 
of the crystal field interaction over exchange. 
As noted above the contrary situation obtains 
in the cubic ternaries. 

The present results for PrAI.., and the several 
hexagonal ternaries differ from the results 
obtained by Buschow and Fast in that there is 
no negative deviation from Curie-Weiss 
behavior at temperatures just above the point 
at which Van VIeck paramagnetism begins to 
be clearly shown. Buschow and Fast report 
field dependent susceptibility at 4''K. sugges¬ 
ting a ferromagnetic contaminant (probably 
PrAI^) in their sample, which could account 
for the negative deviation from Curie-Weiss 
behavior. The present samples were carefully 
annealed in an elfort to produce the pure 
single phase hexagonal material. The X-ray 
patterns gave no indication of the presence of 
the cubic Laves phase PrAI-i or orthorhombic 
PrAL in the samples used for magnetic studies. 
Moreover, x measured at 4-2°K was indepen¬ 
dent of the field strength used. These features 
together with the absence of the negative 
deviation reported by Buschow and Fast all 
confirm that the preparative procedure pro¬ 
duced a material free of ferromagnetic phases 
and suggest that the present results are more 
nearly characteristic of the pure hexagonal 
phases than those obtained by Buschow and 
Fast. 

The effective moments obtained for the 10 
samples listed in Table 2 in the Curie-Weiss 
region averaged 3-65 fin per Pr ion, which is in 
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good agreement with that of the free tripositive 
ionfl4]. 

4. DISCUSSION OF RESULTS 

(A) The (Pr, La)Al 2 and (Pr, Y)Al 2 systems 

As set forth in the Introduction the motiva¬ 
tion for studying these alloys was to obtain an 
estimate of the crystal field splitting for the 
Pr+' ion. Dilution of Pi^ ‘ to suppress exchange 
failed to convert these into Van VIeck para- 
magnets. Hence the classical method used by 
Penney and Schlapp[9] to estimate the split¬ 
ting could not be employed. However, from 
the fact that the tendency toward Van VIeck 
paramagnetism must develop only below 4°K, 
if at all. it is possible to set an upper limit to 
the splitting. 

The 9-fold degenerate ground state of the 
Pr*’^ ion in PrAlj is decomposed into Pi. P,, 
P, iind I’r, states, with the ground state being 
either [', (singlet) or P, (triplet). For a tetra¬ 
hedron of positive ligands or an octahedron of 
negative ligands, 1', is the ground state. White 
ct «/. [8] have examinated the crystal field 
potential in CeAl 2 and concluded that the 
lowest lying state is a doublet. This has re¬ 
cently been confirmed experimentally by 
Swift and Wallace[15]. It seems reasonable 
that the interaction is similar in PrAlj and for 
the ternaries containing La and Y, in which 
case P, is the ground state. Therefore in the 
analysis which follows, the P) state is regarded 
as lowest lying. However, the possibility that 
I'r, is the ground state was also considered. 
This possibility was rejected since the results 
obtained on this basis are not in accord with 
experiment. 

Noticeable deviations from Curie-Weiss 
behavior (toward Van VIeck paramagnetism) 
become evident at temperatures which cor¬ 
respond to the energy difference (expressed 
as temperature) between the P 4 and Pi states. 
This energy difference, A, is roughly one 
fourth [9,16] of £,,, the overall splitting by the 
crystal field. Since Curie-Weiss behavior 
extends to about 5°K,j^e conclude that Ec 
cannot exceed about 25°K. This is less by a 


factor of 8 than the value found 18,15] for 
CeAl 2 . However, the doublet ground state for 
Ce in CeAla requires [8] a negative formal 
charge for Al. This negative formal charge is 
undoubtedly a consequence of the field sup¬ 
plied by conduction electrons, which are 
lumped up along lines joining the central ion 
to its ligands. These lumped up conduction 
electrons apparently contribute enough to 
change the sign of the potential at the site of 
the central ion. Since the contribution of the 
ion cores and the conduction electrons are 
opposite in sign, a modest decrease in the 
latter can substantially alter E^- We believe 
this to be responsible for the small E^ for 
PrAlj. 

Since the PrAl^ based ternaries failed to 
develop Van VIeck paramagnetism upon 
dilution with La and Y. it became necessary to 
extend the theoretical treatments to provide an 
appropriate basis for analyzing the data 
obtained. Eigenfunctions and eigenvalues 
were obtained using the operator equivalent 
method for the Hamiltonian.PF = g/x/iiJ-H) + 
1P4« [x(OdF,) + {\-\x]){OJF,)]. The no¬ 
menclature corresponds to that used by Lea, 
Leask and Wo)f[10], except that their W is 
represented here as F 4 = 60 and Fg = 
1260. X is the parameter which established the 
relative importance of the fourth and sixth 
order contributions to the crystal field. Re¬ 
sults are developed in terms of the quantity C. 
C = E„IEc. where E^ is the energy of the 
magnetic perturbation alone, IgJixgH. Cal¬ 
culations were made for a wide range of the x 
and C parameters. In our analysis we have 
considered values of x ranging from unity to 
0-80. The latter is the value of x used in the 
successful treatment of elemental Pr[17] and 
its alloys with La and Y and corresponds 
closely with Bleaney’s estimate[18] of the 
sixth order contribution, x — 0-80 is favored 
since calculations based on this value of the 
parameter are in best agreement with experi¬ 
ment. 

We can understand the development of 
order in PrAlj by considerations very similar 
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to those used in the treatment[17] of Pr and 
the Pr-V and Pr-La systems. We use a 
molecular field approach with X, the mole¬ 
cular field constant, estimated from 0, the 
observed Weiss constant. 

2,/i,exp(-7',/7) 

M = a - — -. (I) 

Here M is the magnetization expre.ssed in 
crg/Oe. mole.fi, is the moment of thestate, 
(? is the partition function, and« is a constant, 

1 -786 X 10' erg/(Oe. mole). With I-,. = 25“K 
and for fields up to lOkOe/j., is linear with 
field strength. Values of the constants in the 
expression /x, — <■/, +/),// are listed in Table 3. 
//, the total field acting on the ion, is made up 
of //,„ the applied field, and //„ the molecular 
field. Thus 


Table 3. Magnetic moment 
data* for cubic Pr"^'* with 
X = 0’80, E,.,. == 25°K 


10 % Energy (“K) 


C()-625 

-6-2() 


i J 0-(K)0 

-3-98 

25 

' 1 0.ft2.S 

-7-18 


..1 0 000 
I O-IXK) 

-M-44 

-/.T.36 

/5-5 


+ 19-90 


rj o-ooo 

-15’.38 

90 

I 0-l2.‘i 

t 19-78 


r, 0 000 

+ 19-40 

0 


*«, and h, are constants in the 
equation lor the magnetic 
moments /a, - u, + hiH. This gives 
moments in units of e./M« 


(•/>,(/y„-t-XA/). 

We obtain from equations (I) ;tnd (2) 

A/ - 

Q-crBk 

where 


( 2 ) 


(3) 


A --= 2 a, exp (-■/',7 ). B -= 2 b, exp(—T,/7') 


nearly this temperature. In the treatment of 
Pr it is shown] 17] that 7",.. the temperature at 
which spontaneous magnetization appears, is 
given by the expression 

r - Si «i~ >-'xp 

'■ ~k Q"-a\B ■ ' ' 


iind 7', represents the energy of the state in 
°K. Since/I. (J ;ind H ;ite functions of A7,the 
solution of equaliott (3) for M is not straight¬ 
forward. The procedure entailed is discussed 
at some length elsewhere117|. At higher 
temperatures (e.g. T > 50°K in the present 
case), the solution for //„ = 0 is always M = 0. 
As /' is reduced, the denominator D in equa¬ 
tion (3) decreases toward zero. I he .second 
term in the denominator relates to the en¬ 
hancement of M over that produced by H„ and 
it follows that as this term approaches (J in 
size, a vanishingly small value of /7„ can pro¬ 
duce a sizeable value of M. In other words a 
spontaneous moment appears with reduced 
temperature and it seems from qualitative 
considerations that this should occur at the 
temperature where D vanishes, or at very 


The superscripts on Q" and B" indicated that 
they are to be evaluated for M (or //) = 0. It is 
furthermore shown [17] that T,. differs from 
T'. the temperature at which D vanishes, by 
less than one °K and hence in practice we 
merely seek the temperature for D = 0. This 
condition implies an infinite value of M for 
T = 7',.. We shall consider this ‘infinity catas¬ 
trophe’ and how it is avoided below. 

To evaluate from equation (4) a value 
for the molecular field constant X is needed. 
We estimate it from the observed Weiss 
Constant (Tabic 1). Using the simple Weiss 
molecular field theory, 

, .(Oe.fmole 


(Throughout this paper X will be given in these 
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units which are omitted for brevity.) More 
comprehensive molecular field treatments[19] 
indicate that the simple approach seriously 
underestimates exchange. Following Rush- 
brooke and Wood [20] we estimate X = 30 and 
use this value in treating PrAl.^. Using equa¬ 
tion (3) together with X= 30 we calculate 
7 '^, = 39°K, which is in excellent agreement 
with the observed ordering temperature. 
Equation (3) thus provides a basis for under¬ 
standing the development of order in a sub¬ 
stance in which the ground state lacks a per¬ 
manent moment. It furthermore suggests that 
order develops on cooling with atypical 
rapidity. The data of Swift|2I] .shown in 
Fig. 3 clearly support this idea. Interestingly 
the calculated value for T,. is quite insensitive 
to the choice for E,. differing by less than 2°K 
for crystal field splittings in the range from 10 
to I SO'K. 



Fig. i Magnetization vs. temperature for PrAljandNdAL 
taken from Swift (reference [211). 


1 he decline in with decreasing Pr con¬ 
tent is made clear through equation (3). X 
clearly decreases as Pr is diluted with Y or La. 
We can estimate the reduction for Pr# ,) 5 Lao .,)5 
A1.J from observations made on Ln-Y and 
Ln-Lu alloy systems, in which Ln is a heavy 
lanthanide. Neel tem^lratures have been 


found to vary with Nfl^. where N|j, is the Ln 
concentration. This was first observed from 
susceptibility measurements by Weinstein, 
Craig and Wallace[22] and later confirmed 
through neutron diffraction measurements by 
Koehler and his associates[23]. We thus 
regard X as linear with from which we 
estimate X for Pro o. 5 Tau „ 5 Al 2 to be 41. From 
this we compute T,. = 4-6“K, which is in ex¬ 
traordinarily good agreement with the ex¬ 
perimental value, 5°K. Calculations for the 
other ternaries li.sted in Table 1 are shown in 
Fig. 5 together with results obtained assuming 
a linear variation of X with Npr. We see that 
the dependence of on composition is 
generally in line with expectations based on 
equation (3) and the dependence for 
the Y but not the l.a ternaries. This parallels 
the findings of Koehler[23], who found that 
the dependence of Tv on did not hold 
for L n-La alloys. 

Examination of equation (3) shows that 
there is a critical value of X, Xf, below which 
ordering cannot occur. For Ec = 25°K this is 
2'84. Alloys in which 90 per cent or more of 
the Pr ions have been replaced have X values 
approaching X,.. They are thus in a critical 
stage in that further dilution and/or an in¬ 
crease in will prevent, the development of 
order. The behavior of Pr.i.DsYo.ssAU in not 
ordering provides suggestive evidence for an 
increase in with inclusion of Y in the lattice. 

We now turn attention to the behavior of 
the Laves phase system for T < T^. As noted 
above the denominator in equation (3) 
vanishes for T just below and hence an 
infinite M would result. Clearly this does not 
happen. The reason for this is that equation 
(3) ceases to be valid at large M. It is a form 
of equation (1) which is valid for low M values 
and is very useful for determining /j.. Below 
the critical temperature, M rises very rapidly, 
as noted above, so that very quickly a large 
effective field (\M) is developed. The expres¬ 
sion (Ltf = «, + /),// is valid only for H less than 
about 50kOe.; for larger fields fi, begins to 
saturate. Saturation can be formally recog- 




UAPtt /■ 

A' P' 



t ig 4 Miimcnl vs I/( 'loi I he (wo lowc^l lying energy stales C urves ,*( and B 
lelei to the smgtel slate (t ,,4 and B ate loi jt -- 0 8 and wilh H in (he I I I and 
Kill dneeluins lespcetively A' and B' are coriesponding curves I'or t --- 10. 

I he lowesl tying slate is indicated by the I'utl line; thus I'or the I I I direction the 
encigy slates cioss over at l/C - 0-27 C " in the ligtiic icpiesents the towesi 
lying inemhei of the 1', triplet. 


nized by a decrease in h, with increasing //. 
Thus, i'or large // (or A/) values, the h,\ de¬ 
crease and hence the term involving B in 
equation (3) is correspondingly reduced, it is 
readily shown that B at large values of // is 
reduced so that the denominator never 
vanishes, although it does become quite small. 

iyquation (3) is inconvenient for use in the 
evaluation of M below T... We use instead 
equtition (I) and find the ionic moment from 
the value of M which satisfies this equation. 
For PrAlj at 4-2°K we find a saturation 
moment of 3 -1 or 2-9 /xn per Pr*^'* ion for \ = 30 
or 18-2, respectively. Assuming \ to vary as 
the 2/3 power of the Pr concentration, we 
obtain the values plotted in Fig. 1 for the tern¬ 
aries in which Pr is diluted with Y or La. 1 he 
value obtained for PrAlj with X = 18-2 is in 
exact agreement with the neutron diffraction 


result|l3) and the Pr moment in PrAlj esti¬ 
mated from heat capacity measurements below 
l"K[24]. The measured saturation moments 
obtained in this work and elsewhere[l 1, 15, 
21] are somewhat lower. The reason for the 
smaller moment estimated from bulk magnetic 
measurements is not clear. One possibility is 
that sa;uration was not achieved; higher fields 
are needed to assess this possibility. Another 
possibility, which seems more likely, is that 
the lower moment results from conduction 
electron polarization effects. The trend of the 
computed moment (Fig. I) agrees with ex¬ 
periment for the ternaries containing Y but 
not those in which Pr has been replaced by La. 
The situation resembles the above calcula¬ 
tions of the dependence of on composition; 
there also results for the Y-containing alloys 
were more nearly in accord with expectations. 
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Hg. 5. vs, composition for Pr, M, ,Al.i ternaries with 
M - Y(0) or I ,a (□). Points are experimental, the full line 
IS calculated assuming \ varies as .r-''’. The dashed line is 
computed assuming\ varies linearly vvith.r. 

The calculations referred to above were 
made using results obtained for K, and n, with 
H applied in the 111 direction. and yu, at 
values computed were insignificantly different 
using the E, and yx, obtained with H along the 
100 direction. The set of data involved in 
computing the PrAlj moment is given in the 
Appendix. This is illustrative of the several 
thousand similar sets of data obtained and 
made use of in computing results for the 
ternary alloys. 

Since both Y and La are tripositive non¬ 
magnetic ions, the difference in behavior, 
referred to above and shown in Fig. 1, is at the 
outset surprising. After more careful .scrutiny, 
however, their differing behaviors become 
less mysterious. At low temperatures metals 
show[25J an intrinsic resistivity which varies 
as 7'' or The fifth power dependence arises 
from the normal scatterirtfeof conduction elec¬ 


trons by phonons. When the dominant feature 
as regards transport processes is electron 
scattering into (real or virtual) / or c/-states, 
resistivity varies as T®. La shows cubic de¬ 
pendence, implying dominance of s-f scatter¬ 
ing, and Hamilton and Jensen [26] have in fact 
found it necessary to invoke the involvement 
of virtual /-states to account for the super¬ 
conducting behavior of La. In contrast. Y 
exhibiLs fifth power dependence. 

In view of the contrasting conductivity 
behavior of La and Y it does not seem un¬ 
reasonable to suppose that they would affect 
the exchange interaction differently when they 
replace Pr on the Pr sublattice, since this 
interaction is transmitted via the conduction 
electrons. It is also possible that the con¬ 
duction electron polarization contribution to 
the measured moment would also be different. 
The difference in Y and La behavior shows 
not only in the results cited in Fig. I but also 
in the fact that LaAlj becomes [27] a super¬ 
conductor in the liquid helium range whereas 
YAJ-i does not. (This shows that the differ¬ 
ences between La and Y as elements carry 
over into its Laves phase compounds.) 
Furthermore La and Y behave very differ¬ 
ently when alloyed with a heavy lamhanide 
such as Tb. Replacement of Tb by Y favors 
128) the antiferromagnetic, i.e. noncollinear. 
structure, whereas insertion of La into the Tb 
lattice results in enhanced stability [29] of the 
ferromagnetic, i.e. collinear. structure. Viewed 
in this light the different behavior of the tern¬ 
aries seems not too surprising. 

(B) The(Pr. LalAl.i and (Pr. Y)Al,i systems 
As in the case of the cubic phases, the 
appropriate theoretical framework did not 
exist for treating the magnetic measurements. 

It was developed using the Hamilionian 
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Taking the c axis as the z axis, the operators 
0„ are: 

= and 0,;=tV+y<'V. 


For Pr Fa = 1. I'\ — 60 and F,-, = 1260. In this 
case since the axial ratio is 13-5 per cent less 
than ideal, the second order term must be 
included 130). The parameter x has the same 
significance as in the cubic Hamiltonian 
whereas y relates to the importance of the 
second order contribution. Both |.r| and 
|.y| « 1. The coefficients B'„ associated with 
the equivalent operators are given by; 

= (1 - |y|) B\F, - xyW.,„ and 

B'J-\i = (I — |.v| The following relations 

hold 


B\F, 

BIB, 



and 


B'J\ 

b:,f.. 



The Hamiltonian was solved for the eigen¬ 
values to obtain the energy levels. F,. of the 
system H\i) - F,]/). The eigenfunctions |/) 
were formed as linear combinations of the 
functions \ M) 


fit (Fig. 2) was obtained for two sets of the 
parameters: 

(A) X = 0-73 + 0-()3, y = -0-86±0 03, 

F,. = 140±20°K. < 0. 

(B) .V = -0-64 ± 0 06. y = 0-74 ± 0-02. 

F, = 100±20°K, < 0, 


Further details pertaining to these two pos¬ 
sibilities are given in Table 4. In each case the 
fit achieved is satisfactory. C'ase (B) is experi¬ 
mentally preferable but case (A) cannot be 
excluded. However, it is to be noted that the 
point charge model gives results more nearly 
in agreement with alternative (B). 

Point charge model caleulations. using the 
twelve nearest neighbor aluminum ions, taking 
into account the departure from the ideal da 
ratio, gives for F' —the crystal field parameters 
— the following expressions: 








32 


9+R 


24 - -24 - -f 1 


I') S 'hu|A/). (4) 




The magnetic moment associated with each 
level is given by 

/ 

|.FI/)•---• 2 ‘I'dM. (.S) 

- f 

Susceptibility (y) is obtained from the 
fundamental expression 

Calculations were made for a wide range of 
the X and y parameters and for various values 
of the overall crystal field splitting. The data 
were used in equation (6) to determine the 
dependence of x on temperature. A reasonable 



r;=^J«u=the distance between two neigh¬ 
boring ions in the same layer, c = ic, = the 
distance between two adjacent layers. (Uo- 
c„ are the lattice parameters for PrAf,.) 
('-= 1-67097(4) X 10'°KA. 

When taking for da the ideal ratio, i.e. 
(r/a)^ = 2/3, B!, vanishes, Fj and B'^ reduce the 
expressions given by Bleaney [30J for the ideal 
case. 
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Table 4. Energy levels, eigenfunctions and parameters used for interpreting the 
experimental results of Pr AI.) 


c = 0-73 .v = -0-86 

M) - 

140°K 1/C = 

-- - (B) - 

16 jr = -0-64 ,v = 0-74 f, = 

I00°K 1/C =12 

< 0 



IPsi. < 0 



EiLi-2-1 ^ = 57 = — 4.5 

b;,f, b; 

11 

0 

0 

C/I 

B',F Bi 

-58 

-1-8 ^4 =-0-030 

“2 

eigenfunction 

uJxJUii 

energy 

eigenfunction 

UilxJUii 

energy 



CK) 



CK) 

| 0 ) 

0 

140-2 

10 ) 

0 

100-3 

hi) 

-0-250 

136-1 

1-1) 

-0-250 

67-6 

0-9.t86|-4)+0-3450|2> 

-0-822 

134-0 

ID 

0-250 

65-4 

ID 

0-250 

133-9 

0-9403|-4>-0-3405|2) 

-0-826 

43-0 

0-4.<i0l|-2>-|-0-89.30|4) 

0-696 

127-4 

-0-46871-2)-rO-8833|4) 

0 671 

.36-5 

0-89301-2)-0-450114) 

-0-196 

90-4 

0-77261-3)-0-634913) 

-0-145 

33-3 

fl-3450|-4>4 0-9386|2) 

0-322 

88-4 

0-88331-2) •3-0-4687i4> 

-0-171 

6-7 

0-76251-3)-t-0-M70|3) 

- 0-122 

39-6 

0-34051-4) +0-940312) 

0-326 

4-5 

-0-64701-3)-1-0-762513) 

0-122 

0 

0 63491-3)+0-772613) 

0-145 

0 


For Pr: 

-O-OZlOIOlO /3 = -7-346189X lO-* 
<;■“)-0-304A2 (r'> =(t-22lA' 

y = ()-6()99400x 1()-' 

</-H) == 0-345A«. 

The values of x and y derived from these 
parameters do not depend on Z y,. One obtains 

a-0-45. y — 0-25. We see that case (B) is 

preferable by the point charge model as the 
signs of the parameters agree with the values 
obtained from experiment. The discrepancy 
ft)r v is considerable; however, greater error is 
expected for y than forar as the influence of the 
other ions is greater on B!, thttn on or B',.. On 
the basis of magnetic measurements alone it is 
not possible to decide between the two alter¬ 
natives, Fleat capacity measurements, which 
will be initiated shortly in this Taboratory, 
should enable us to eliminate one of the 
possibilities, 

S. CONCLUSIONS 

The susceptibility measurements on PrAli 
and the ternaries based yn it indicate that the 


crystal field splitting for this compound cannot 
be greater than about 25®K, If we accept this 
value, we can account for the development of 
order in PrAlj and can elucidate the main 
features of the composition dependence of Tr 
and the saturation moment. The magnetic 
polarizability of the F, state is the crux of the 
matter, 

PrAfi and the ternaries based on it become 
Van VIcck paramagnets'at low temperature, 
I he formalism has been developed to enable 
the susceptibility of an assemblage of Pr ions 
in a hexagonal environment to be calculated. 
In this case second, fourth and sixth order 
contributions to the crystal field must be in¬ 
cluded. Two sets of the parameters (and hence 
two distributions of energy levels) have been 
found, which permit an accounting for the 
observed dependence of susceptibility on 
temperature. In each case the crystal field 
splitting required is about 120°K. 
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APPENDIX 


EiffenTtihtes, cii’ciifitiu lions (ind nnignctic moments fori' = 9 and x = 0-8 ^ 


/-;,CK) 


M-== 4 

M -3 

a, 

M-~l Af = -I 

M = 0 

M 1 

226 

0-9958 

0-(XXHKK) 

0-000000 

0-004346 O OOOOOO 

O-IXXXXX) 

0-074457 

187 

0-7420 

0-(KKX)00 

0-003180 

O-tXXXXX) O-OtXXXX) 

0-103112 

0-000000 

165 

0-4986 

0-004,562 

0-000000 

0 000000 0-041%7 

0-000000 

0-000000 

140 

0-2530 

0-000000 

0-000000 

-0-039366 0-000000 

0-000000 

0-996464 

112 

0-0028 

0-000000 

-0-082368 

0-000000 O-OOtXXX) 

0-991317 

0-000000 

84 

-0-2533 

-0-078043 

0-000000 

O-tHKXlOO 0-9%087 

0-000000 

O-WXKXX) 

5| 

-0-4988 

0-0(X)000 

O-OtXXXX) 

0-999215 OOOOOOO 

OOOOOOO 

0-038934 

16 5 

-0-7448 

0-000000 

0-996597 

0-000000 0-000000 

0-081602 

0-000000 

0 

-0-9954 

0-996940 

O-OtXXlOO 

O-OtHXXX) 0-077784 

0-000000 

O-IXXXXX) 


M = 2 M = .3 M = 4 


ooooooo 

0000000 

0-999109 

0-000000 

0-000000 

-0-041484 

OOOOOOO 

0-000000 

-0-007820 


0-000000 

0-994665 

0-000000 

OOOOOOO 

-0-102502 

0-000000 

OOOOOOO 

-0-011646 

0-000000 


0-997215 

0-000000 

0-000000 

-0-074229 

0-000000 

0-000000 

-0-007262 

OOOOOOO 

0-000000 


'^Nomenclature is as folhms: C ^ EJE, whcie E„ = IgJpuH and represents the overall crystal field splitting. 
X IS a parameter defining the relative importance of the sixth and fourth order interactions-, g., is the moment in units of 
gJpL,,. the rii's are the coefficient in Ihe linear combinations which represent the eigenfunctions and E, is the eigenvalue in 
°K p. is computed from this expression: /L = 2 g, exp(—'/'i/7' )IQ. Above results apply to the case in which H is in the 111 
direction. ‘ 
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ON THE MAGNETIC CHARACTERISTICS OF 
Pr-La AND Pr-Y ALLOYS AND THE NATURE 
OF ELEMENTAL PRASEODYMIUM AT LOW 
TEMPERATURES* 


W. E. WALLACE. F. KISSELL, E. SEGAL and R. S. CRAIG 
Department of Chemistry, University of Pittsburgh, Pittsburgh, Pa. 15213, U.S.A. 

(Received^ April in revised form 10 June 1968) 

Abstract—Magnetic su.sceptibilities of Pr and Pr-Y alloys are reported for the temperature range 
2-300°K and for field strengths (H) up to 21 kOe. The alloys show deviations from Cune-Weiss 
behavior and a tendency toward temperature-independent susceptibility similar to that exhibited by 
elemental Pr. x at 4'2°K for Pr decreases sharply with alloying, its Weiss constant changes sign with as 
little as 10 per cent La or Y. x 3t 4'2°K is observed to decrease with increasing H above 10 kOe; the 
decrease is progressively eliminated by alloying with Y or La. and also is not observed at 300°K. 

The operator equivalent method is used to calculate the energy level structure and associated 
magnetic moments for cubic and hexagonal Pr*’ ions. Influence of the sixth order term and H is 
included. Using standard formulae it is possible to account for the x vs. T behavior for Pr„iLa,,,; the 
overall splittings at the cubic and hexagonal sites are the same as those found by Bleaney for Pr. 
Extension of the analysis to Pr enables most of its unusual charactenstics to be understood, Appear- 
.ince of spontaneous magnetization is predicted at T^. where is calculated to be in the range 24-4 
to 32°K, depending on the choice of the molecular field coefficient. This compares favorably with 25°K 
observed by neutron diffraction techniques. From the analysis it is also clear why (a) the magnetic 
ordering in Pr is only a weakly cooperative process and (b) order is confined to the hexagonal sites, 
the new concept of Pr represents a way of harmonizing the two seemingly contradictory models used 
earlier in describing its low temperature magnetic behavior. 


1. INTRODUCTION 

Praseodymium in many respects is the most 
unusual of all the lanthanide elements. Among 
those with an incomplete 4/ shell it is unique 
in that bulk susceptibility and heat capacity 
work on it give no indication of the formation 
of a cooperative phase at tow temperatures. 
There is a thermal anomaly in the heat capacity 
111 but instead of the relatively sharp X-type 
excess associated with the break-up of an 
ordered structure it is very broad, extending 
from about 5 to 200°K. The associated en¬ 
tropy is close to R In 9, which is R In (27+ 1) 
foi Pr, and hence this thermal anomaly has 
been associated with thermal excitation of the 
electronic states produced by crystal field 
splitting of the 4/levels. 

Several workers have shown [2-4) that 
below 20°K the susceptibility (x) of Pr devi¬ 
ates from that expected from the Curie- 

*This work was assisted by the U.S. Atomic Energy 
Commission. . 


Weiss law and becomes virtually temperature 
invariant in the liquid helium range. This 
behavior has led investigators to regard it as a 
Van Vleck paramagnet, a point of view which 
has been elaborated upon in some detail by 
Bleaney[5J. Penney and Schlapp[6] pointed 
out many years ago that an assemblage of 
Pr+-' ions which interact only with the crystal 
field should behave in this way if the ground 
state of the Pr ion is non-degenerate. This is 
the case for Pr'^^ in a cubic [6J or hexagonal [5] 
environment of positively charged ligands. 

Elemental Pr has the A."?' structure[7], 
which contains two crystallographically 
distinguishable types of ions —r and /i (for 
those in positions of local hexagonal and 
cubic symmetry, respectively) types. Bleaney 
[5J by analysis of the temperature dependency 
of X and C„ provided an estimate of the mag¬ 
nitude of the crystal field splittings in ions at 
the f and h sites. The lowest energy degen¬ 
erate levels (i.e. for electronic configurations 


i.t 
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with permanent moments) were located at 87 
and 63°K, for the c and h sites, respectively. 
The viewpoint held by many and made ex¬ 
plicit by Bleaney (hereafter called the VVP 
viewpoint) is that exchange is so weak that the 
excited states depopulate on cooling before 
ordering sets in. According to this point of 
view, the material remains a paramagnet (of 
the Van VIeck type) down to ihe lowest 
attainable temperatures, and in this respect 
differs from the other (magnetic) lanthanide 
elements, which order in some way on cooling 
into the liquid helium range. 

Bleaney [51 has drawn attention to two 
troublesome features of Pr when considered 
from the VVP viewpoint —(a) its limiting 
susceptibility (x,,) is threefold larger than 
expected and (b) Pr has a detectable heat 
capacity associated with its hyperfinc struc¬ 
ture, ((■„)i,fs[8.9|. The observed (<„)hfs is 
only about of that expected for ordered Pr^-' 
ions carrying the full free ion moment but is 
very large for a pure Van VIeck paramtignet, 
whose ((■„)his should vanish. Bleaney attributed 
the awkwardly inteimediate value of ((Vlnis 
and the enhanced limiting susceptibility to 
exchange, and suggested that this interaction 
is so largo that Pr avoids becoming ferro¬ 
magnetic at low lempet'iitures by a rather 
narrow margin. 

In I9(s4 C'able ci u/.llO) published results 
obtained in a study of Pr at low temperatures 
by neutron dilfraction techniques. They found 
that at least some of the ions (I) carry a 
moment in the liquid helium range and (2) are 
ordered antiferromagnetically below 25°K. 
They also showed that the magnitude of 
(c,,)hi, for Pr is consistent with their observed 
moment, which is reduced well below the free 
ion value presumably due to crystal field 
quenching effects. 

There are thus two contradictory view¬ 
points in regard to the magnetic nature of Pr in 
the liquid helium range represented by what 
we term the VVP and AF models. As an 
outgrowth of work involving Pr compounds, 
primarily intermetallics, we have noted 


another unusual feature of this element which 
appears to have escaped observation hereto¬ 
fore and which seemed to be of considerable 
importance in regard to the acceptability of 
the two competitive models. At 4-2°K, the 
susceptibility of Pr varies appreciably with 
field strength above lOkOe, decreasing 
monotonically as H, the strength of the applied 
field, is increased. This behavior is not ex¬ 
pected from either model —at least if viewed 
in a conventional fashion. A Van VIeck 
paramagnet is ordinarily thought of as having 
a susceptibility which is invariant with //; 
however, x for it niust decrease at high fields 
where saturation effects become important. 
On the basis of the AF model x might be 
expected to increase with H due to disruption 
of the magnetic structure by the applied field. 
Thus the observed field dependency of x 
clearly favors the VVP model over the AF 
model. The latter is, however, unambiguously 
supported by the neutron diffraction data. 

We have studied the influence of field 
strength on x in some detail, including the 
effect of diluting Pr with non-magnetic La and 
Y. In the course of analyzing these results we 
have been led to a better understanding of 
elemental Pr at low temperatures. One of us 
(H.S.) has been engaged in a very extensive 
series of calculations, dealing with crystal 
field interactions of the lanthanides. In this 
paper we use the eigenvalues developed in 
this work for d = 4 to treat the thermal and 
magnetic behavior of Pr and Pr-based alloys. 
Our concept, which is closely related to that 
put forth by Bleaney, represents a method for 
harmonizing the seemingly contradictory 
VVP and AF models. The treatment makes it 
clear why the magnetic order develops in a 
weakly cooperative fashion. It also permits us 
to account for the temperature at which order 
begins to be observed in Pr. Our analysis, 
moreover, enables us to confirm that the 
ordering is confined to half of the sites, as has 
been suggested by neutron diffraction obser¬ 
vations and especially by the conductivity 
behavior of Pr in the liquid helium range 
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(vide infra). The general features of the Pr 
ordering process which emerge as a result of 
this analysis differ substantially from those for 
the other lanthanide elements. 

2. EXPERIMENTAL 

The technique used in the experimental 
work is essentially identical with that em¬ 
ployed in this Laboratory in numerous studies 
involving intermetallic compounds containing 
lanthanides[l 1-14]. Susceptibilities were 
measured at temperatures extending from 2 to 
300°K and at field strengths ranging from 2 to 
20 kOe. Alloys were prepared by levitation 
melting. The praseodymium used in the work 
was obtained from two independent suppliers. 
Deviations between the magnetic behavior of 
metal obtained from different sources were 
insignificant at room temperature but x 
measured at 4°K varied by about 10 per cent. 
Other samples of nominally pure metal (not 
used in this work) gave a 4-2° susceptibility 
as much as 25 per cent lower—indicative of a 
strong impurity dependence. 

3. RESULTS 

The observations are largely summarized in 
Tables 1 and 2 and Figs. 1-6. All the alloys 
listed in Table 2 except Pro.-.Y,,.-, showed 
essentially the same powder X-ray diffraction 
pattern as that observed for pure Pr, indi- 


Table 1. Magnetic susceptibilities of praseo¬ 
dymium 


Xterg/G mole) 

2 and 5 kOe 20 kOe 67 kOe 
(4-2°K) (4-2°K) (I 3°K) 


Lock* 

0-2l« 


This work (Sample/I) 

0-235 

0-191 

This work (Sample B) 

0-241 

0-197 

This work (Sample C) 

0-241 

0-197 

Henryt 


0-087 


♦Reference(2]. 

tComputed from the moment measured for Pr by W. E. 
Henry, reference [16]. 


eating a common structure. At Pra.^Lao., the 
Pr lattice was expanded slightly over 1 per 
cent and at Pro.«Y„.a the lattice was contracted 
by 1 per cent. In keeping with the findings of 
Spedding, Valetta and Daane[15]. ProsY„.,, 
was found to occur in the Sm structure. 

The results obtained for pure Pr in the 
present study at fields of 10 kOe or less were 
in agreement in most respects-effective 
moments, Weiss constant and onset of 
temperature independent susceptibility at low 
temperatures —with those obtained earlier by 
Lock [2], Graf [3] and Kubota and Wallace [4], 
These earlier investigators employed fields 
under lOkOe and hence did not observe the 
diminished x at higher field strengths revealed 
in Table 1 and Fig. 2. 


Table 2. Magnetic characteristics of Pr-La and Pr-Y 
alloys 


At. % Pr 

X(erg/t 

300°K 

i mole) 

4-2''K 

11 kOc 

Effcclive moment 
ion) 

(-) 

CK) 

l(K) 

5-68 X 10-^ 

Pr-La system 
approx, (L20 

3-61 


99 

5-30 

0-178 

3 62 

4 

95 

5-02 

0-L55 

3-59 

T 

90 

4-78 

0-123 

3-.57 

0° 

80 

4-30 

0-093 

3-59 

-4” 

50 

2-70 

0-045 

3-63 

-9 

90 

4-85X 10 ■’ 

Pr-Y system 

0-107 

3-61 

- r 

80 

4-32 

0-088 

3-65 

-4 

50 

2-66 

0-022 

3-52 

+ 3 
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Fig. 2. X vs I/// for Pr and levitated Pr-La alloys at 



Fig I Susceptihilily-lemperanire behaviorl'or Pr Expcii- 
mental data are given by -O- and results ealeulated from 
ei|ualion (6) (inset) are given by LI. The C'lirie-Weiss 
dependence is shown by the dashed line in the inset. 



Fig. 3. l/x vs. 7 for Pr and Pr-La alloys at l9kOe. 
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Eig. 4 X v*. composition for Pr-La and Pr-Y alloys at 
I I kOe Scale at left applies to measurements at .lOO'K. 
that at right to measurements at 4 2°K, 


From the results presented in the tables and 
figures we note the following: 

1. Above lOkOe x decreases monotoni- 
cally with increasing field strength at 4-2'’K. 
X is independent of field strength between 
0 and 20 kOe at 300°K. 

2. Insertion of La or Y into the Pr lattice 
reduces x at 4-2°K and also its dependence on 
field strength (Fig. 2). x at 300°K varies linear¬ 
ly with the Pr content of the alloy. The 
decrease of x with dilution for alloys rich in 
Pr is much more pronounced at 4-2 than at 
300“K. 

3. The inverse susceptibility-temperature 
behavior of Pr and the various alloys are 
generally similar. ReSu4ts for only two alloys 


are shown (Fig. 3) but these are representative 
of all the binary systems studied. 

4. The effective moment per Pr atom in the 
alloys is independent of composition in the 
paramagnetic region. 

5. The Weiss constant changes sign on 
dilution. 

6. Since the results are essentially the same 
whether La or Y is used, it appears that the 
magnetic behavior of Pr is not highly sensitive 
to the distance between near neighbors. 

7. Results for Pru.jYo.s, in particular its 
susceptibility and Weiss constant, are not in 
accord with those obtained for the other 
alloys studied. This is undoubtedly due to its 
different structure. 

4. DISCUSSION OK RESULTS 

(A) Calculation of energy level structure and 
magnetic moments 

Interpretation of the magnetic behavior of 
Pr and its alloys requires knowledge of the 
sets of energy levels and the associated mag¬ 
netic moments, and the dependence of these 
on the strength of the magnetic field, H. Prior 
to the present study the necessary information 
was unavailable. Penney and Schlapp[6] 
provided the information needed for cubic 
Pr^’ but neglected the sixth order contribution 
to the crystal field potential. Others included 
the sixth order term but confined attention to 
the case in which W = 0. Bleaney[5] treated 
the case of hexagonal Pr*^'’ but only for the 
zero magnetic field case. 

Following Lea, Leask and Wolff 17] the 
Hamiltonian used was of the form 

.>r g^„(d ■«) + (1 - 1x1 )^j. 

Eigenfunctions and eigenvalues of this Hamil¬ 
tonian were obtained. The magnetic field H 
was assumed to be along the hexagonal c axis 
for the ions in the B and C layers (hexagonal 
sites), or along the cubic [111] direction for the 
ions in the/4 layers (cubic sites). 











ON THE MAGNETIC CHARACTERISTICS OF Pr-La AND Pr-Y ALLOYS 


19 


When we take the z axis as the hexagonal 
c axis we have for the ions in the A layers; 

0^ = O,«+20V2O,^ 

35 77 

= -+ —a® 

V8 8 

and for the ions in the B and C layers; 

O, = O," 

o« = o««+~fV 

are the equivalent operators. For Pr 
Fj = 60 and = 1260. (It is to be noted that 
our X differs from that used by Lea, Leask and 
Wolf.) X and IF are related to the point charge 
quantities[5] ff' and /i', as follows: = .tIF 

andB;F;= (I - |.v|)IF. 

For X — 0'8 the overall splitting. F,., pro¬ 
duced by the crystal field is given by = 
36'55 IF. The magnetic moment of each energy 
level, £/(( — 1.0) is given by the expectation 
value of the operator nn I f- 25) = 

fjL, = 

or 

/ 

F, = 21 (I'hiM- 

- / 

where 

li)= 2 cjM). 

- I 

The coefficients were calculated by 
diagonalizing the above Hamiltonian. .Some 
coeflicients with magnetic moment, and 
energy levels associated with them, are listed 
in the appendix. Further details of the cal¬ 
culation are given elsewhere[18). Results 
were obtained for various values of two 
parameters, c and x. c is defined as 8g/x„///Fr, 
where E,. is the overall splitting produced by 
the crystal field: it is therefore a direct measure 
of the magnetic field, H. x pertains to the rela¬ 
tive importance of tharfourth to sixth order 


interactions. Calculations were made for a 
wide variety of values of these parameters and 
for the Pr+® ion in sites of cubic and hexagonal 
symmetry. The several sets of data shown in 
the appendix are illustrative of the several 
hundred sets that have been obtained. 

( B) Susceptibility behavior of Pro.j Lao..i 
Experimental results for this alloy are shown 
in Figs. 5 and 6. Calculated susceptibilities 
for the cubic and hexagonal sublattices are 
shown in Figs. 5 and for one mole of Pr 
composed equally of cubic and hexagonal 
sites in Figs. 5 and 6. Calculations were made 
using the fundamental Van Vleck[20] equa¬ 
tion 


Nlfi<exp(~T,IT) 



where pi is the moment of the crystal field 
state. 7, is its energy in °K (Table 3). Q is the 
partition function and N is the number of 

Table 3. Energy 
spectrum and ionic 
moments for 
Pro f.La« j'or 
H = 20 kOe and 
X = 0-80 


Energy 

(°K) 

Moment 

He.x.ngonii) sjles 

1:2 

■ 0-9648 

114 

-f 0-94.S9 

III 

n-tXXK) 

in: 

- n-2six) 

ion 

+ 0-2.S00 

M 

--0-44.S9 

60 

+ 0-4648 

26 

-0-1814 

0 

1 0 1814 

Cubic site'. 

246 

- 0-6383 

243 

-0-0081 

241 

+ 0-6109 

I.S2 

- 0-0274 

l,S2 

-0-0268 

90 

-0-0841 

89 

-00316 

89 

+ 0-I6.S8 

0 

+ 0-0397 
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atoms. Calculations were made for H ^ 20 
kOe in which range x of Pro.., Lao s is inde¬ 
pendent of H. Ec was taken to be 122° and 
246°K for the hexagonal and cubic sites res¬ 
pectively, the values found by Bleaney in 
treating the thermal anomaly in Pr. These 
values lead to excellent agreement with experi¬ 
ment for Pr (vide infra) and should apply to 
the alloy as well, a', the parameter which 
represents the sixth order contribution, is 
taken throughout this and the following section 
to be 0-80. This is very close to 0-82, the value 
for X which corresponds to the \ alue chosen 
by Bleaney for his parameter, /a, and /’, used 
in equation are listed in Table 3. Agreement 
between calculated and observed x values is 
excellent. Some additional comments about 
this alloy are merited but these are postponed 
until after the discussion of the element Pr. 

(O Elenienlalpniseddyniiutn 1 20] 

I. The Weiss field and the overall spliiiinf;s. 

In Table 4 we show the energy spectrum for 
Pr^-' ions in a site of hexagonal symmetry for 
// = 0 and // =■- 37 kOe. Our choice of 37 kOe 
is a consequence of the neutron diffraction 
measurements. These have been interpreted 
by assuming a moment of 1^/, if only half the 
sites are ordered or of 0-7/a,j if all sites are 
involved in the ordered structure. Later we 
shall show that moment exists only on the 
hexagonal sites, as has been suggested by the 
resistance minimum observed[21| for Pr, and 
hence we accept 1 /u,, as the proper Pr moment. 
Moreover, since essentially all ions are in the 
ground slate a' 4”K, we can evaluate the 
effective field at the hexagonal site from the 
variation of ground state moment vs. field 
strength shown in Fig. 7. This requires that 
(■ = 0-13, or // = 37 kOe, if E,. is taken to be 
122°K. We thus obtain // — 37kOe for the 
hexagonal sites. We regard the field to be 
identical at the cubic sites, with Ef. = 246°K, 
but note that the results are essentially 
unaffected by the choice of the cubic field. 
Our choice of the overall crystal field splitting 
is identical with that of Bleaney. In the en- 


Tab/e 4. Energy spectrum and ionic moments 
for Pr ions for jc = 0*80 


Energy Magnetic 

This work Bleaney* moments 


w = o 

// = 37kOe (forj: = 0-82) 

at 

lO'M 



Hexagonal sites 



122(2) 

122 

122(2) 

-0-957 

-3-97 


MO 


+0-9-17 

-.1-.17 

114 

MO 

118 

0 

0 

10.S(2) 

102 

106 

-0-2.10 

0 


99 


+0-250 

0 

6-3(2) 

6.1 

63(2) 

-0-4.17 

+ 5-57 


16 1 


+0-457 

+3-97 

26 

27 

23 

0 

-91-1 

0 

0 

0 

0 

+91-1 



Ciihic sites 



246(3) 

246 

246(3) 

-0-625 

-6-61 


241 


0 

-4-01 


236 

+0-621 

-7-0.1 

1-14(2) 

112 

110(2) 

0 

-13-8 


1.12 


0 

-13-4 

90(3) 

90 

87(3) 

-0-125 

+20-5 


87 


0 

-11-8 


87 


0-I2.1 

+ 20-5 

0 

0 

0 

0 

+ 19-9 


•Reference /.5) 

tCon.stants in ihe equation fx = (i + hH. /j. is the 
moment of the stale in units of vJ H is in Ci. 

suing discussion we shall show that this 
choice provides an excellent accounting for 
most of the characteristics of Pr. 

2. The excess heal capacity. The crystal 
field contribution to the heat capacity has been 
calculated using the energy levels given in 
Table 4 for // = 37 kOe. Results are given in 
Fig. 9 along with the corresponding calcula¬ 
tion by Bleaney, which is for // = 0. Both 
calculations give a good general accounting 
for the excess heat capacity. Flowever, the 
present energy level assignment is clearly 
superior near the maximum. 

3. Magnetic properties and the weakly 
cooperative development of a spontaneous 
moment. We now consider the magnetic 
properties of Pr. Its positive Weiss constant 
suggests predominance of ferromagnetic 
exchange even though neutron diffraction 
work indicates antiferromagnetism. It is to be 
noted, however, that the structure proposed 
for Pr involves ferromagnetic coupling of 
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Fig. 7. Grounil slate moment vs. field strength for hexagonal Pr’ * ions for several 
values of .r. The parameter .r specifies the relative importance of the sixth and 
fourth order crystal field interactions F'or > = I it is pure fourth order. The 
overall crystal field interaction ttV) is 12?°K 


first neighbors. In discussing the magnetic 
behavior of elemental Pr cognizance must be 
taken of exchange. We do this by making use 
of the molecular field approach. 

B for Pr is +6“K. Penney and Schlapp[6J 
pointed out many years ago that there are 
two contributions to B —exchange and inter¬ 
actions with the crystal field. Calculations for 
the ‘exchange free’ Pr„. 5 l,ao.,s alloy show that 
the crystal field contributes — 9°K to B (see 
Fig. 5). Hence the exchange component alone 
would lead to a Weiss constant of -I- I5°K. The 
Weiss constant may be used to evaluate the 
molecular field coefficient X. If the simple 
Weiss theory is used, 

^ ^ g.^i^epniole 
erg 

If more sophisticated approaches are used, as 
for example, Rushbrooke and Wood [22], 

X _ j (Oe)^mole 
M erg 


We can regard X as composed of a cubic and 
hexagonal contribution so that 

, _X(. "F X|, 

X-2 ■ 

The relative size of X,. and X^ can be estimated 
from the ordering temperatures of Nd. It is 
isostructural with Pr and develops an ordered 
magnetic structure resembling that in Pr. The 
Neel temperatures for the cubic and hexa¬ 
gonal Nd sites are 7-4 and 19-5°K[23]. We 
assume that X^ and X/, are in this ratio for Pr, 
from which we calculate 


X,, = 13-5 or 


^ (Qe)-mole 

erg 


depending upon whether X is taken to be 9-3 
or 13-1. The lower value of X is favored in the 
remainder of this paper since there is doubt as 
to the applicability of the more sophisticated 
treatment to a metal of the structural com¬ 
plexity of Pr. 
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The magnetization per mole of hexagonal 
sites. is given by the expression 

I-7^6 X 10^S Ml expi-TJT) 

M, = - ‘-Q - ( 2 ') 

or 

_ \-lUy.W[A^B(H„ + X„M,)] ,,, 

A/ft =- Q -. (2) 

Here M,, is in ergs/Oe mole,/I and B represent 
the sums 

2 exp(—7,/7 ) and h,e\p(—TJT) 

I I 

respectively, and //„ is the applied field. The 
moment of the state in equation (2) is 
expressed as a linear function of// 

IX, (I, I h,n. i.t) 

Values of a and h arc listed in Table 4. The 
numerical constant in equation (2) is the 
product of 2‘2pii. the free Pr"* ion moment 
and 0 5.^81, the molar magnetization corre¬ 
sponding to an atomic moment of 1 /x«. fhe 


data plotted in Figs. 7 and 8 show that equa¬ 
tion (3) is not accurate at large values of H 
but it is adequate for the present argument up 
to about SOkOe. Deviation from linearity at 
40 kOe is not more than 5 per cent. 

Equation (2') may be looked upon as the 
counterpart of the equation 

A/ = Nf’fiJBj (x) (4') 

which occurs in the familiar Weiss Theory of 
ferromagnetism. I'he quantity x in equation 
(4') represents gixi,HJIkT. M in the Weiss 
Theory is evaluated by noting the value of Af 
at the intersection of the curve M vs. x from 
equation (4) and the linear relationship Af = 
xkTlkgix„J. For /' > the intersection 
occurs at the origin and AI = 0. With reduced 
temperature the slope of the linear plot 
decreases and below the intersection oc¬ 
curs for M > 0. The condition for Tr is that 
the slopes of the linear plot and of equation 
(4') be equal at M = 0. 

Equation (2') is solved by procedures 
analagous to those summarized for the Weiss 
Theory in the preceding paragraph. We 



Fig. 8. Results for cubic Fr * ‘ ions. Nomencalture is (he same as ir Fig. 7. F,. — 246°. 
The scale to the right gives moments in /xh. 
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designate the left hand side of equation (2') as 
F. The quantities Hi are determined as func¬ 
tions of H (and hence M) by the methods 
outlined in Section 4{A) and the quantity F is 
evaluated as a function of M. A series of 
plots of F vs. M are then made, allowing T to 
vary as a parameter. Typical curves of F vs. 
M are shown in Fig. 10. The solutions of this 
equation are the values of M corresponding to 
the intersection of the curves of F vs. M with 
the straight line of unit slope F = M. It is 
noted that at higher temperatures this inter¬ 
section occurs only at M = 0. As the tempera¬ 
ture is reduced the slope increases until at 7V 
the limiting slopes of the two lines become 
equal and at this point the system can sustain 
a permanent moment. 

Equation (2) may be solved explicitly foriW 
to yield 

ITSbx + 

C?~ 1-786 X ' ' 

and this equation may be employed conven¬ 
iently to evaluate T^. Following the pro¬ 
cedure described above, we equate the right 
hand side of (4') to F and note that is the 
temperature at which (dF/dM) = I for /Vf = 0. 
This leads to the condition 

_ 1-786X 10'X (g4p„) 2 ‘>/e\p(~EJkT^) 

^ ________ 

(5) 

where the superscripts on Q and B indicate 
that they are to be evaluated for M (or //) = 0. 
From equation (5) it is found that is 24-4°K 
if X/, = 13-5 or 32°K if K,, — 19-1 (OeFmole/erg. 

It is instructive to note that the appearance 
of a spontaneous moment follows directly 
from the properties of equation (4). The 
second term in the denominator in the latter 
equation leads to an enhancement of M by the 
applied field //„ and it follows that as this 
term approaches Q in size a vanishingly small 
value of Hq can produce a sizeable value of M. 
The rapid decrease df the value of the de¬ 


nominator in equation (4) (and also (5)) as the 
temperature decreases toward provides 
another convenient way of estimating r<.. 
Actually at 7^ the value of the denominator in 
equation (5) is about 0-14. Moreover, since D 
is a strong function of temperature, 7V can be 
conveniently established (and with as great 
reliability as needed) as the temperature at 
which D vanishes. This is only about 1 deg 
lower than the temperature obtained from 
equation (5). The temperature at which 
spontaneous magnetization appears, accord¬ 
ing to equation (5). is in very good agreement 
with that observed [10], namely 25°K. We 
believe that the considerations set forth 
represent the essential features leading to the 
development of order in Pr at low tempera¬ 
tures. 

The argument just presented indicates that 
the spontaneous magnetization according to 
equation (4) can be calculated only over a 
very narrow temperature range-from 
obtained by use of equation (5) down to the 
temperature at which D vanishes-that is 
about l°K lower. The question arises: what 
happens when D vanishes? The /x.’s (and M) 
increase very rapidly (assuming X remains 
constant) through the action of the molecular 
field and very quickly equation (3) ceases to 
be valid, /z becomes a constant independent 
of field and the second term in both the 
numerator and denominator of equation (4) 
vanishes. It (equation (4)) then tends toward 
equation (4') and the usual Weiss approach is 
required. It is obvious that equation (4) 
cannot be used at temperatures below to 
calculate curves of F vs. M, such as those 
shown in Fig. 10, because of the failure of 
equation (3) and the vanishing of the denomi¬ 
nator. The quantities plotted in Fig. 10 were 
calculated directly from equation (2'). 

In the absence of susceptibility information 
and the neutron diffraction measurements we 
should expect ferromagnetism to develop in 
Pr for T < Tc- Clearly this does not happen 
and we shall return to this point later. As T is 
decreased below 7^, the system can lower its 
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lino leprcscnis iciiil(s computed in the picsent work using the energy levels given in 

Table 4 


energy by developing a spontaneous mag¬ 
netization. This is made clear by reference to 
Fig. I 1. Repopuliition of the doublets a, h 
and c which tire split by the developing 

H X 10"’ kOe 


20 40 60 80 100 



Fig. 10. Plot of F (the right hand side of equation (2')) 
vs. Solutions correspond to intersections of the curve 
with the dashed line F ~ M. 


magnetic field results in a lowering of the 
energy of the system as docs the repopulation 
of the two singlet levels S, and 52. which act 
like a Kramer's doublet except that the 
splitting remains for // = 0. This process does 
not occur for T > T,.. 

The situation involved in equation (4) 
resembles the conventional molecular field 
description of the development of ferro¬ 
magnetism. There are, however, three dif¬ 
ferences, two of which underlie the strange 
behavior of Pr. First and least important is 
that the development of Mh involves as 
stated the 3 doublets and the two singlet 
states instead of the 27-1-1 equally spaced 
states in the conventional ferromagnet. 
Second, the moment of each state is not 
constant but increases with M. Third, the 
spacing between the two singlet states is 
weakly dependent on H and does not vanish 
for // = 0, whereas in the usual development 
of ferromagnetism the spacing between states 
is linearly dependent on H (or M) producing 
the avalanching effect and leading to the 
cooperative nature of the process. It is this 
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150- 



0- S| 


H=0 H^O 

Fig. 11. .Schenialic representation of the alteration of the 
energy levels of hexagonal I'r'' ions by a magnetic liekl. 


third feature which is responsible for the 
weakly cooperative nature of the ordering in 
Pr. The data in Table 4 show that the energy 
separation of the two singlet states is only 
trivially altered by the development of the 
Weiss field. Hence the avalanching effect is 
absent. Thus the thermal anomaly is of the 
Schottky type with only a minor perturbation 
associated with the development of order. 

As noted above we expect a spontaneous 
moment to appear in Pr whan it is cooled 
below Tp, where ~ 25°K. is fixed by A,,, 
the polarizability of the two singlet states 
.V| and ^ 2 , and their separation. The original 
problem was to account for the fact that the 
Pr*^^ ions do not fall into two singlet ground 
states at low temperatures and the assemblage 
of ions act as a simple Van Vleck paramagnet. 

The problem now is not one of producing M 
which is non-vanishing; it is instead one of 
accounting for the fact that M remains finite 
at 7 ^ Tp. The value of A for Pr is such that 
cooperative ordering wAild occur somewhere 


around 15“K if it behaved as a conventional 
paramagnet. Thus below 7^ exchange is 
strong and ordering of the moments is not 
unanticipated. If the ordering were simple 
ferromagnetism, as implied by the sign of A, 
the third term in equation (2) would produce 
an increase in up to the limiting value of 
the ground state. Bulk magnetic measure¬ 
ments and the neutron diffraction results show 
that the order which develops is a complicated 
variety of antiferromagnetism, with first 
neighbors coupled essentially ferromagneti- 
cally. The development of antiferromagnetic 
order corresponds to a decrease in A„ and the 
situation for 7 < 7^ can be formally described 
as a decrease in A/, at such a rate that D does 
not vanish. On this basis it is necessary that 


^ 6-1 


(Oe)^ mole 
erg 


at 


4-2°K. 


Since/4 0 02 at this temperature. A/, = 6-I-S. 

In order that the moment be 1 per atom 6 
must be on the order of 10"*>. A,., from the 
earlier considerations, is given by 0-38 A„, 
where — 13’5, the value for the paramag¬ 
netic region. Thus A at 4’2'"K is 5-6. 1 /y = 
l/x,>-k, where I/x» represents the exchange- 
free value. Taking l/xo at 4-2°K to be 10-1 
from the calculations used to produce Fig. 6, 
we compute l/x at 4-2'’K to be 


4-5 


(Oe)^mole 

erg 


which compares very favorably with 4-3, the 
average of the values in Table 1. If A* is 
taken to be 19-1, the computed 4-2°K value is 

^ y (Oe)““ mole 
erg 

Thus in a formal sense we can account for the 
trend toward temperature independence of 
X below 20°K and the limiting value of l/x in 
the liquid helium range through the use of 
equation (4). In general then A can be ex- 
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pressed as follows: 

, Q \ 

^"2r'’'^l-786x 

With equation (6) and the data in Fig. 6, x vs. 
T can be computed. The agreement with 
experiment, especially considering that the 
measured x’s vary by 10 per cent, shown in 
Fig. 1, can be regarded as entirely satisfactory. 

The field dependency of x- which was 
largely responsible for initiating the con¬ 
siderations presented in this paper, can also 
be rationalized through equations (4) and (6). 
When the field acting on the assemblage of Pr 
ions is increased by applying an external field, 
//„, Q is reduced and B is increased. To 
prevent the infinity catastrophe for M,„ X must 
decrease. Thus l/x is increased and x ‘In¬ 
creases with increased //„. This is, however, 
only part of the effect. We believe that the 
trend toward satuiation for heaxgonal Pr*' 
ions shown in Fig. 7 is also involved, although 
the details are not clear. If the magnetic 
structure can be ignored except for the exis¬ 
tence of a non-vanishing X„, it can readily be 
shown that the variation of magnetization with 
field strength at 4-2°K can be obtained from 
the plots in Figs. 7 and 8 using as an effective 
field H„l(\-y\) where y-0163 and (H)36 
for hexagonal and cubic sites, respectively. 
Faking X,. ■■-.‘>•1 it is found that X* = 3-2 to 
account for the low field susceptibility. Using 
this value of X,,, the expression //,.(,= //„/ 
(I—yX) and the variation of moment with 
field given in Figs. 7 and 8, we obtain the 
calculated x values shown in Fig. 2. The 
agreement is excellent but may be fortuitous 
since X* required for the field dependency is 
significantly different from 6-1, the value used 
above to account for x at 4-2°K. This dis¬ 
crepancy indicates the representation of the 
properties of antiferromagnetic Pr by a single 
molecular field parameter is at best a crude 
approximation. 

From the foregoing remarks it is clear that 
the ‘excess’ susceptibility is due to pre¬ 


dominantly ferromagnetic exchange. We note 
(Fig, 4) that the susceptibility falls rapidly 
with dilution. This can be regarded as due to 
the rapid decrease of X as Y or La replaces Pr 
in the lattice. 

The observation that antiferromagnetic 
instead of ferromagnetic order develops 
merits comment. The general features of the 
structure are consistent with the nature of the 
exchange in the lanthanide metals. It is 
accepted that exchange is indirect —of the 
Ruderman-Kittel type. Polarization of the 
conduction electrons provides the coupling 
mechanism. This polarization is oscillatory so 
that the interaction changes sign as distance 
from the central ion is increased. All the 
evidence from the lanthanide elements 
indicates that first neighbor interactions are 
ferromagnetic. It seems likely that the inter¬ 
actions involving second neighbors are of 
opposite sign for Pr and Nd. In this way we 
can understand the sinusoidal variation of 
moments in the basal plane and the anti¬ 
ferromagnetic coupling of adjacent hexagonal 
layers in Nd and Pr. Fhus as moments develop 
below 7',. in the Pr ions which are in the two 
singlet states, they couple antiferromagneti- 
cally leading to the reduced X/, referred to 
above. At 25'’K 86 per cent of the ions are in 
the two lowest energy states. For higher 
temperatures these states are without moment 
and for magnetic order to develop the higher 
energy doublet states would have to be in¬ 
volved. Their dilution is such that ordering is 
not expected; it must await the development 
of moment on the singlet states whose ions 
occupy the bulk of the hexagonal sites. 

4. Lack of order at the cubic sites. We now 
turn attention to the question of whether 
spontaneous moments develop and order at 
the cubic sites. From equation (4) we con¬ 
clude that this does not happen. The condition 
i.s that D, the denominator, must vanish. For 
the cubic sites T786x lO^XcBc- 

X<. = 5 I and the maximal value of B (see 
Table 4) is 19-9X 10”^. Flence D^—Qc~ 
0-181. Since Qc^ I, can never vanish. 
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Thus we conclude that spontaneous moments 
do not exist at the cubic sites. 

At this point it is appropriate to return to the 
alloy Prfl.sLao 5 and consider the importance of 
exchange in regard to its properties. The 
treatment accorded it tacitly assumed that all 
interactions except with the crystal field are 
negligible. It should now be re-examined in 
the light of equation (4). The limit of D/, as T 
approaches zero is Q;, —0-163 X*= I — 0163X*. 
Hence for a spontaneous moment to appear 


X,, for Pr is, as noted earlier, 13-5. Dilution 
with La will reduce X/,. The rate of reduction is 
unknown but if linearity with composition is 
assumed Xy, for the alloy is 6-8, which is close 
to the minimal value for a spontaneous moment 
to appear. We thus regard Pru.sLao.s as having 
interactions so weak that the conditions for a 
spontaneous moment can hardly be met, if at 
all. This and the chemical dilution of Pr makes 
it unlikely that the conditions which lead to 
magnetic structure in the element can be met 
in the alloy. It is for these reasons that the 
exchangefree susceptibility applies to the 
alloy, 

5. CONCLLDINt; REMARKS 
To summarize the foregoing remarks, out 
analysis shows that spontaneous moments 
will develop at the hexagonal sites in Pr for a 
critical temperature, T^. is established to 
lie in the range 24-4 to 32°K depending on the 
value of the molecular field parameter. The 
calculated value is in good agreement with 
experiment. 25'’K. The general features of the 
interactions involving lanthanide are such that 
we expect the moments to couple so that near 
neighbors couple ferromagnetically. Modula¬ 
tion of the structure is expected, however, so 
that more distant neighbors are not collinear. 
Conditions for the appearance of a spontan¬ 
eous moment cubic sit^ are not favorable so 
that they remain non-magnetic at the lowest 


accessible temperatures. These moments and 
structure involve ions in singlet states. The 
difference between Pr in cubic and hexagonal 
sites stems from the fact that the polarizability 
of the latter is larger by a factor of 4 -5. 

Using overall splittings of 122 and 246°K 
for the hexagonal and cubic sites, the values 
found earlier by Bleaney, we are able to give 
an excellent accounting for the x vs. T 
behavior of Pro-sLao-j alloy, for which ex¬ 
change effects are insignificant, and the ther¬ 
mal anomaly of Pr. The molecular field 
approached is employed in the prediction of 
Tc and the variation of x for Pr with tempera¬ 
ture, field strength and composition. It 
provides an excellent accounting for and a 
fair accounting for the other properties. 

The ordering is primarily between the 
singlet ground states that are split 26° by the 
crystal field. Since this splitting is only trivially 
altered by the field which develops during 
ordering, the ordering process is very weakly 
cooperative. It is for this reason that Pr 
exhibits no X-type thermal anomaly [24] and 
no abberation in x at Tj.. Splitting of the two 
ground state singlet states is produced by the 
sixth order contribution, as Bleaney pointed 
out earlier. Hence this interaction is of crucial 
importance in respect to the low temperature 
behavior of Pr. The various considerations set 
forth make it clear that while Pr is anti- 
ferromagnetic its structure is an incidental 
feature and for most purposes it can be treated 
as a Van Vleck paramagnet which is ex¬ 
periencing appreciable exchange. 
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Abstract —A loss peak caused by addition of NaF to CaFj was studied by dielectric loss and internal 
friction methods. The observed relaxation times of the sodium ion-fluorine vacancy dipole in electrical 
and mechanical fields are given by equations (I) and (2). 

- 7-2,S X 10- exp ( I) 

=3-:9xl()-''£\p(^^j. (2) 

It is proposed that the dipole relaxation occurs by fluorine vacancy jumps In the( 100) direction ol the 
first cooidination shell of the sodium impurity. A possible explanation of the observed peak broadening 
as a function of dipole concentration is offered. 


1. INTRODUCTION 

The CaFi structure allows considerable solid 
solution of impurities as well as a high degree 
of mobility of F interstitials and F' vacancies 
at relatively low temperatures. These features 
have made CaF^ a useful material for the 
study of dipole relaxation in solids. 

Recently Chen(I] and IVfcDonnough(2J 
have reported dielectric loss peaks in CaFj 
doped with Sm'U ' 'and Y*^'. They postulate 
a relaxation mechanism for rotation of dipoles 
made up of 1V1+' substitutional impurity and its 
F" charge compensator at the nearest inter¬ 
stitial site. They reported activation energies 
of 1-7. 1-4 and 1-2 eV for Sm^" and Y+" 
respectively. Southgate has also studied[3} the 
lelaxation of CaF.^ doped with Y^" where the 
conclusion is drawn that the interstitial F ion 
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is associated with Y^ ‘ and occupies NN and 
NNN sites. 

The above dielectric loss studies involve 
relaxation of a substitutional -1-3 impurity — 
fluorine interstitual dipoles in CaFa. In this 
research the effect of a substitutional -El 
impurity in CaFj is reported, the dipole 
produced by solution of NaF in CaFj. The 
structure of CaF^ and CaF.i doped with NaF 
are shown in Fig. 1. Tressler has determined 
the CaF 2 rich side of the CaFz-NaF phase 
diagram and reports (4] a maximum solubility 
of about 2 mole per cent NaF at 820°C. This 
is in contrast with a solubility [.S] of 4.‘5 mole 
per cent irivalent yttrium in CaFo. Sodium 
fluoride is reported[5, 6] to go into solid solu¬ 
tion in CaFo by forming a substitutional Na^ 
and a F“ vacancy which can associate to create 
(Na^-Vf ) dipoles. I'he relaxation of these 
dipoles was first reported [7] by the present 
authors in a previous note. This paper gives 
additional experimental observations on the 
(Na'-V,^^) dipole in CaF 2 and interprets these 
results in terms of the theoretical treatments 
by Wachtman[8] and Chang [9] who have 
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considered the modes ol' dipole relaxation in 
the fluorite lattice. 

2. tXPERlMKNT.M. PROCEDURE 

(1) Specimens 

The polycryslalline specimens used in this 
investigation were prepared from J. T. Baker 
and Mallinkrodt reagent grade CaF^ powder 
and J. T. Baker reagent grade NaF powder. 
Powder mixtures were pressed into disc and 
rod shaped specimens and fired at 75()-100()°C, 
depending on the extent of doping. High purity 
CaFo single crystals in { KKJ), (110) and (III) 
orientations in the form of l ods 6-4 mm in dia. 
hy 100 mm in length and discs 40mrn in dia. by 
8 mm thick were obtained from the Optivac 
Company. The polycrystalline samples were 
approximately the same size. The single 
crystal rods were doped by diffusing NaF into 
them. 

Cjold was evaporated onto the faces of the 
discs to form electrodes. This method of 
electrode application was found to be free 
from space charge effects which can cause 
serious errors. 

(2) Apparutus 

Dielectric loss data were measured with a 
General Radio Type 716-C capacitance 
bridge. Both the specimen and the lead wires 
were electrically shielded. The specimen was 
surrounded by a copper ring which made 


thermal contact with two thermoelectric 
elements. This assembly could function both 
as a low temperature furnace or a refrigerator 
depending on the desired sample temperature. 
Tap water was used as a heat sink for the 
thermoelectric elements. A bell jar enclosed 
the entire assembly. Argon gas, which had 
been dried over Drierite, (CaSO^), then 
Anhydrone, MgfCIO^)^, was passed over the 
sample and exited through a vacuum oil 
bubbler, which kept a positive pressure inside 
the sample chamber. 

I'he Forster technique [10] was used for 
internal friction measurements. An Atlas 
model PD 5()-T loudspeaker driver connected 
to a Hewlett-Packard Model 200CD wide 
band oscillator was used to drive the samples 
while an Astatic Model 64TS phonograph 
pickup was used to measure the amplitude of 
the sample vibrations. The output from the 
phonograph pickup was connected to a 
Tektronix type 2A6I differential amplifier 
which served as the vertical section of a Tek¬ 
tronix 564 storage oscilloscope. The horizon¬ 
tal section of the oscilloscope consisted of a 
Tektronix type 2B67 time base plug-in unit. 
Vertical signals could then be observed at any 
desired sweep rate. The vertical plates of the 
oscilloscope cathode ray tube were connected 
to the inputs of a Hewlett-Packard 400H 
vacuum tube AC voltmeter and an Atec 
Model 7A86 frequency counter. The voltage 
on the vertical plates of the oscilloscope CRT, 
and consequently the voltage displayed on the 
VTVM, served as a measure of the amplitude 
of the sample’s vibrations. 

Sample rods were suspended near the nodes 
by 40 ml dia. chromel wire in a chamber in 
which the sample was surrounded by a split 
copper tube assembly. The copper tube was 
connected at each end to thermoelectric ele¬ 
ments which could be used to heat or cool the 
sample relative to the heat sink. (An ethanol- 
dry ice bath proved to be a convenient heat 
sink for the temperature range desired.) 
Helium gas was passed through the sample 
chamber to prevent moisture from the air 
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from condensing on the sample. The gas was 
first dried over Drierite, (CaSO^), followed by 
Anhydrone, (Mg(C 104 ) 2 ), and then cooled to 
the chamber temperature before passing over 
the sample and out of the chamber near the 
sample support wires. 

(3) Procedure 

In the case of dielectric loss measurements, 
the capacitance and dissipation factor were 
measured as a function of frequency so that 
the loss spectra could be plotted at each 
temperature. 

The internal friction data were obtained 
from the amplitude decay curve displayed on 
the oscilloscope screen and recorded with a 
Polaroid camera. Anelastic loss was measured 
at a number of different temperatures to find 
the loss peak for each frequency studied. The 
fundamental frequency of the rod was in¬ 
creased by decreasing the sample length. 

Figure 2 shows the theoretical curve of 
tan for a crystal containing free vacancies 
and dipoles. The dielectric losses are com¬ 
posed of ohmic losses due to free vacancies 
and dipole orientation losses due to bound 


vacancies. The ohmic losses are given by the 
first term of the equation in Fig. 2. Note that 
the ohmic losses depend onthis produces 
a straight line with a 45° slope on a log tan 8 vs. 
log/plot. This feature allows one to graphic¬ 
ally subtract the ohmic losses from the total 
losses to give the dipole losses. It is important 
to have low frequency data so the ohmic loss 
line can be subtracted accurately. 

The shape of the dipole losses shown in 
Fig. 2 is that given by the Debye equation 
which assumes the dipoles have one relaxation 
time and that there is no interaction between 
dipoles. Perfect Debye losses give a peak 
which has a half height frequency ratio (peak 
width) of/;//, = 13-8. 

In the case of internal friction the losses are 
plotted vs. 1/7'. thus the peak widths are 
measured in electron volts instead of a fre¬ 
quency ratio. 

3 . RESUI T.S AND DI.SCUSSJON 
(I) Hffect of temperature and concentration 
on loss peaks 

The dipole relaxation in CaFj doped with 
NaF was studied as a function of concentra- 



0.1 I O *1 10 >2 100 

Frequency (kcps) 


Fig. 2. Theorafical curve of tan S for a cry.stal containing free vacancies and dipoles. 
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t/on and temperature. Figure 3 shows the 
effect of NaF concentration on the dielectric 
loss spectra of polycrystalline CaF,i. 

The relaxation time, Tpiec appeared to be 
independent of concentration. Similarly in¬ 
ternal friction measurements showed that the 


mechanical relaxation frequency was also 
independent of dipole concentration. Figure 4 
shows a typical mechanical loss vs. reciprocal 
temperature plot for CaF^ doped with NaF. 

The dependence of the frequency of the loss 
peaks on temperature is shown in Fig. 5. The 



I ly. } KU'ecl of NaE uddilion on observed dipole relaxation in CaFi. 



TCK) 


Fig. 4 Internal fnciion loss peak for polycrystalline CaFj with I per cent NaF. 
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Fig. 5 Tempcralure dependence of loss peaks of Caf j doped wilh Nap 


method of least squares with 95 per cent 
confidence limits was used to calculate T and 
A//| from the frequency of the loss peak at 
each temperature. The activation energy for 
dipole relaxation is 0-53+ 0 05 eV from dielec¬ 
tric loss data and 0-53 ±0 03 eV from internal 
friction data. Observed relaxation times for 
dipole relaxation in an electric field are given 
by equation (1); mechanical dipole relaxation 
times are given by equation (2). 

T'.ii.c = (7-25 X lO”'-'^ sec) exp (I) 

^mech = {3-29 X I0~''* sec) exp (2) 


These observed activation energies agree well 
with that required for Vf . diffusion which is 
reported[5, 11] to be 0-55 ± 0-03 eV. 

The dielectric loss peak width appeared 
virtually independent of temperature and the 
internal friction peaks were not broadened on 
one side any more than the other. This would 
support the idea of a single activation enthalpy 
for the relaxation process, since if more than 
one relaxation enthalpy were involved, the 
dielectric loss peak width should decrease 
with increasing temperature and the internal 
friction peaks should be broadened on the 
low temperature side. It is possible that the 
activation enthalpy is the energy required to 
create an activated state from which different 
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If ,hi, ih. found fo bn ‘lirKtly proportM In 

/\^nF concentration. However, the internal 


types of jumps could occur. 

was not strictly proportional to the initial 


result purely 
tropics and the loss peak width would be 
independent of temperature. Inspection of 
scale size solid models of the Na'^-V,- dipole 
in CaFo indicate that the (100) jump should 
occur with much less lattice strain than either 
the (110) or the (III) jump. 

It is interesting to compare the electric 
dipole relaxation time of the (Na^ -V,.) dipole 
to that recently reported (12J for the (O -V,.) 
dipole in C'aF;,. 


NaF concentration. The high vapor pressure 
of NaF can result in heterogenous samples 
because the NaF is expected to concentrate 
in the neck regions which are formed during 
the initial stages of sintering. The rod shaped 
samples were not fired to theoretical density; 
therefore, most of the flexing of the sample is 
expected to occur in the neck region since 
this area has a smaller cross sectional area 


T,,„,.(Na"-V,) - 7-2.^ X 10 ''’exp 

-V,) = l()-(K) X 10 '•-■exp . 

'I he (O —V,. ) dipole is expected to relax 
by the O jumping into the V,, in a (100) 
direction. The (Na'-V/.) dipole can relax by 
(100) jumps of the into any one of 3 F 
ion positions, but only the F in the original 
V,,' site can reverse the (Na'-V,) dipole. 
Since O and F have virtually the same 
mass, one would expect that the (Na’-Vf) 
dipole can reorientate in 1/3 the time of the 
(O -V^) dipole in one direction, but will 
require equal lime to return to its original 
orientation. 'Fhus, the pre-exponential of the 
relaxation time for (Q- -V,.) should be 1-5 
limes longer than that for (Na+--V;.) because 
of the relative number of jump sites. C'om- 
parison of the (Na'-V, ) and the (0"“-Vf ) 
pre-exponential terms shows that the (O ) 
pre-exponential is on the order of l-.S times 
greater. Ideally, one should compare mic¬ 
roscopic relaxation times of the dipoles 
instead of macroscopic relaxation times as is 
done here. The relaxation between macro¬ 
scopic and microscopic relaxation times will 
be discussed later in the appendix. 

When the ohmic losses were subtracted 
from the loss spectra, the height of the 
dielectric loss peak due to dipole relaxation 


than the grains. Thus one can expect both the 
dipole concentration and the stress concentra¬ 
tion to the greater in the neck regions unless 
the samples are sintered to theoretical density 
to remove necks and distribute the NaF 
uniformly. Another problem which affected 
the preparation of the NaF doped rods 
resulted because of the necessity that the 
rods hang free while they were sintered. 
The hanging rods were subject to NaF 
vaporization during the sintering process. 
This NaF loss during sintering would be 
expected to be greatest at the outside surfaces 
of the rod shaped samples where internal 
friction measurements are particularly sensi¬ 
tive to changes in the number mechanical 
dipoles. Thus the loss peak height is a func¬ 
tion of the initial NaF concentration and the 
sample preparation conditions. 

(2) Dipole-dipole interaction of (Na^-V^.) 
dipoles 

When one studies the shape of the loss 
curves for both dielectric loss and internal 
friction, it can be seen that the experimentally 
observed loss peaks are broader than those 
predicted by the Debye equations. This alone 
is not surprising since the Debye equations 
are based on a single relaxation time and the 
correct internal field leads to a distribution of 
relaxation times. 

In the case of dielectric loss, the loss peaks 
show some evidence of a slightly enhanced 
low frequency broadening. It is most obvious 



RELAXATION IN CaF, 


37 


I t low losses. Internal friction measurements 
o not detect enhanced low frequency 
broadening; thus, if the low frequency 
dielectric loss peak is due to dipole relaxation, 
the relaxation would have to correspond to 
a (111) V^ jump through the Na+ ion or a 
jump involving one of the 24 next nearest 
neighbor sites which are active in electric 
fields and not mechanical fields. It appears 
more likely that small electrode problems are 
the cause of the observed dielectric broaden¬ 
ing since the effect was most obvious at low 
losses where slight electrode effects would 
cause the greatest error. 

The slight electrode effects or possible 
second loss peak do not account for the 
symmetrical broadening of the loss peaks 
observed by both dielectric loss and internal 
friction. This broadening could be caused by 
dipole-dipole interaction or additional modes 
of relaxation associated with second nearest 
or more distant sites. 


The observed relation between the dielectric 
loss peak broadening and the NaF concentra¬ 
tion can be expressed empirically by equa- 
tion(3) 

lu (/i/Zi) = AfCsar (3) 

where K = constant and = NaF concen¬ 
tration. 

Increasing the NaF concentration should 
cause more dipole interaction as is observed 
in Fig. 6. When the In/j//, vs. concentration 
is extrapolated to the hypothetical perfect 
Debye peak/.^//, ratio, (13-8), it is seen that 
a separation of 14-6 A is predicted as the 
approximate separation between the (Na+-V,.) 
dipioles in order to avoid noticeable dipole- 
dipole interaction assuming that this explana¬ 
tion is indeed operating. 

Because of the previously discussed prob¬ 
lems in controlling the NaF concentration in 
the internal friction specimens, the relation- 



Fig. 6. Dipole broadening in NaF doped CaF... 
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ship between the internal friction loss peak 
width and the dipole concentration is less 
clear. However, it was found that the area of 
the internal friction peaks appears to have the 
same relationship to the peak width as the 
NaF concentration in the dielectric loss case. 
This would be the case if the ‘effective’ 
dipole concentration was proportional to the 
loss peak area. 

(3) Possible mechanisms of {Nd*-Vy) dipole 
relaxation 

The dipole relaxation of NaF doped CaFj 
has the same activation energy as that for Vp 
motion, thus indicating that the (Na"-Vyi) 
dipole relaxes by a fluorine vacancy jump 
from one site to another while the substitu¬ 
tional Na' remains fixed for all intensive 
purposes. Wachiman[8| and Chang [9] have 
considered the modes of relaxation of dipoles 
with the structure of (Na'-V^). Wachtman’s 
8-position model applies to the possible sites 
of a V,.. neighboring a Na* ion. This model has 
been confirmed by measuring the dipole length 
and comparing it with the expected dipole 
length for a V, in the first coordination shell 
of Na*. The change in dielectric constant 
from the reliixed side of the loss peak to the 
unrelaxcd side was used with equation (4) to 
calculate the dipole length. 

(Ci) €x ) hT 

where a is the dipole length and where N, the 
dipole concentration, is assumed equal to the 
NaF concentration times the fraction of 
theoretical density (0-88). 

The calculated dipole length of 2-38 A 
agrees well with the (Na'-V,,), (Ca*--F ) 
distance of 2-36 A as given by Pauling( 13J for 
F in the first coordination shell of Ca*^-in the 
CaF^ lattice. 

Further evidence that the can be 
considered in one of the 8 positions in the 
first coordination shell of the Na*" is given by 


internal friction measurements on NaF doped 
CaF 2 single crystal rods. If the Vf is in the 
first coordination shell, the rods with the 
(111) and (110) directions parallel to their 
axes should exhibit the polycrystalline loss 
peak whereas the (100) rod should be inactive 
under mechanical stress. 

Figure 7 shows the internal friction of CaF.^ 
single crystal rods of different orientations 
both before and after NaF was diffused into 
the surface regions. The (110) and (111) rods 
had loss peaks which agreed with the relaxa¬ 
tion times, (equation (2)), of the NaF doped 
polycrystalline CaFj. A similar (100) speci¬ 
men showed no corresponding relaxation peak. 
The agreement of the (110) and (111) 
orientations and the absence of a similar 
(110) loss peak support the theoretical 
predictions of the 8-position model discussed 
by Wachtman. 

The nature of the low temperature peak in 
the (100) orientation was not identified; it is 
possible it could be due to contamination 
or suspension problems. 

Both dielectric loss measurement of dipole 
length and internal friction measurements on 
single crystal relaxations confirm the dipole 
structure of Na* surrounded by a V* in one 
of the eight nearest neighbor sites. When one 
considers the V,. to be in the first coordination 
shell, there are three different types of jumps 
that the vacancy can make. I’hese are shown 
in Fig. 8. When the vacancy jumps to relieve 
the stress imposed on the dipole, the number 
of possible jumps depends on the type of 
jump which occurs and the nature of the stress 
imposed, (i.e. whether electrical or mechani¬ 
cal). 

When the normal modes of a dipole are 
known, it is possible to write the equations 
relating the jump frequency to the type of 
stress field imposed. The normal modes for 
the 8-position model have been worked out by 
Wachtman 18J and Chang [9], and Wachtman 
derived equations (5) and (6) which relate 
the relaxation modes to the types of jumps and 
the nature of the applied stress. 
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Km-h - 4 {(0 + w’} 

A,.|pr = 2(0J+2<ij' + w"> . 


(5) dielectric loss peak broadeninjj fo||„ 
linear relationship with dipole concem^*^ “ 

(6) which could result from classical , i? 
dipole interaction. 


It is interesting! to note that the w" jump 
which corresponds to the jump along the body 
diagonal does not appear in the mechanical 
modes. Also, the nearest neighbor jump, u>. 
corresponding to the (100) direction, should 
occur twice as often in the mechanical case as 
the electrical case because there are always 
two CO jumps to relieve mechanical stress 
whereas there is only one electrical co jump 
which can relieve stress. If the ( 100) jump 
were the only important jump, the electrical 
relaxation time should be exactly twice the 
mechanical relaxation time, giving 
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friction measurements show that the \y is 
located in one of the 8 nearest neighbor 
positions around Na^ The ratio of the 
mechanical and eiectrical relaxation times 
agree with Wachtman’s theoretical prediction 
of the ratio which would re,suit if dipole 
relaxation occurs by (JOO) jumps of the V,. 
in the first coordination shell of the Na^. 

Both dielectric loss and internal friction 
loss peaks, were broader than Debye loss 
peaks. The effect of dipole concentration on 


APPENDIX 

Rflaxtitum time corrections 

It is often necessary to apply a correction to the 
macroscopic retaliation limes derived from tan S mca.suie- 
ments tn order to obtain the microscopic relaxation times 
of the dipoles. 

In the ca.se of internal fnetion, the relaxation time 
correction depends on (F„/F»)''^ where F„ is Young's 
modulus on the low frequency side of the loss peak and 
y„ is 'Young's modulus on the high frequency side. For 
CaF.j doped with NaF the difference between the 
relaxed and unrelaxed values of Young’s modulus was 
less than I part in 1000. Thus the value of the macro- 
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mechanical relaxation time. T, is essentially the 
, j the microscopic relaxation time, t. 
macroscopic relaxation time derived from dielec- 
Iss data is subject to the following corrections. When 
Bpole concentration is large, the dielectric constant, 
gll change significantly on passing from the relaxed 
iinrelaxcd side of the dielectric loss peak. This 
be in the dielectric constant causes the relaxation 
j^erived from tan S measurements to differ from the 
stion time derived from loss factor, t" peak. The 
jSonship between the two is given by equation (8). 


r 


Ttan 8 . 


( 8 ) 


pe effect of the internal field on dipole relaxation time 
pten neglected. However, the tendency for the 
ization to maintain itself is always active to some 
pit so that macroscopic relaxation time, T, is always 
rr than the microscopic relaxation time, t. The 
t to which the polarization maintains itself depends 
|he internal field; thus any equations relating the 
oscopic dielectric relaxation time to the microscopic 
xation time must comsider the internal field, 
lehye in his original theory of dielectric relaxation 
1|141 the Lorentz internal field, £,= [(e,',4-2)/3]E. 
! leads to the following relation: 



is fairly well agreed that both the Lorentz field and the 
biting correction factor are in error and lead to 
tessive corrections. 

3nsagerl 15] proposed that the part of the internal field 
ich can orientate a dipole is given by an empty cavity 


around the dipole. The Onsager internal field is £, = 
(3€„/2«„+ \ )E. Onsager pointed out that the remaining 
part of the internal field, the reaction field, is parallel to 
the dipole moment and therefore cannot orient the dipole. 
Cole modifiedll7] the Debye theory using the Onsager 
internal field; unfortunately his result cannot be given in 
terms of the Debye equations because the Onsager 
internal field leads to a distribution of relaxation times. 
However, if the macroscopic relaxation is represented by 
a single relaxation time, T*. it is found that T* can be 
related to r by equation (10). 



Powles[l8] used a time dependent Onsager type 
internal field in an ad hoc manner to obtain equation (11). 
This correction has more fundamental support from 
Cole's recent paper) 19] which uses correlation function 
theory. 


r,we. = [~^]T* (11) 

It can be noted that the macroscopic and microscopic 
relaxation times obtained from Powles equation are close, 
the maximum ratio being 1-5 for very large differences 
between and ««. 

Scaife[20) has used an Onsager internal field, but also 
included an additional term in his equation to attempt to 
take into account any additional torque on the dipole due to 
fluctuating polarization of the surroundings. He concluded 
that there is a distribution of relaxation times as found 
earlier by Cole (17] and Powles (18) due to the use of the 
cavity field. However, the dipole coupling term resulted 
in a shift in the single relaxation time used to represent the 


Table I. Effect of correction factors on electric relaxation time of 
1 per cent solution o/(Na''‘-VF) dipoles in CaF* 


Microscopic lelaxation 

T„ 

Dielectric loss correction 
factor applied to To tan S 

7 „x lO '*sec‘' 

T 

* OmtTh 

r,, tan S 

— 

7-25 

2-21 

T„£‘' 

[J]'\tan8 

7-97 

2-43 

^ilDribyo 

[sniiTTi 

6-33 

1-93 


fa"[g7;] 

6-12 

1-87 

rwmrh = 3-28 X 10 sec~‘ 
€i = 9'92 

t; = 7-50 


7-34 

2-25 


11 percent NtiF added to CaFj. 
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distnbution of microscopic relaxation times. This shift 
would apply to both the electrical and mechanical 
relaxation times since the dipole interaction occurs 
regardless of the type of stress field applied. Thus, this 
correction factor does not change the T,y,n.„/T,m„h ratio. 

The Scaife correction factor is given by 


'^St niff 


l + lto-D- 
T,i(r„ + 2) * 


( 12 ) 


When the factor is applied to Caf^ doped with I-I per 
cent Nal-. it predicts that the observed mechanical and 
electrical relaxation times are reduced by the factor O-hO?. 
A summary of the various correction factors for elec¬ 


trical relaxation times is given in Table I. The correc¬ 
tions are applied to the observed relaxation of a CaFj 
sample doped with M per cent NaF so the effect of the 
corrections on the electrical relaxation time and the ratio 
of the electrical to mechanical relaxation time can be 
seen. The correction factor of Powles currently appears 
to be the most acceptable. Regardless which correction 
factor is used, the r,«.i,.,/Tom,.,.h ratio is near 2 0/10 which 
means the principal mechanism of dipole reorientation is 
by (100) jumps of V, in the first coordination shell of 
NaT Thi.s agrees with the hard sphere models made to 
scale and shows that the (I00> vacancy jump can occur in 
the CaFj lattice with much less lattice strain than either 
the (110) or the (I 11 > jumps. 
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Abstract— Optical absorption spectra of colorless, pink, green, blue, brown and black tourmaline 
have been taken to determine the origin of the colors and to explain the color changes which occur on 
healing. Absorption data were taken with polarized radiation parallel and perpendicular to the e axis 
at 77 and 30()°K. Cell dimensions supported by partial chemical analyses were used to characterize 
the specimens. 

The data combined to show that generally speaking the color is due to electronic transitions in and 
the amount of Ec”*. Ec’* and Mn” in the crystal. Specimens on the dravite-schorl join are charac¬ 
teristically colored shades of brown. With small to moderate concentrations of transition metal ions, 
colors on the elbaite-schorl join are clear pinks, greens and blues according to the Ee^VlFe'^*-!' 
Ee " -I- Mn-') ratio in the toiiimaline. 

Intensity changes of absorption peaks and shifts in the absorption edges, correlated with removal 
of hydrogen and consequent oxidation of Fe’* to Ec‘' in the structure, account for color changes 
observed when tourmaline is heated in air. Blue tourmaline becomes green on short-term heating and 
rcdish-brown on further heating. 

Assignments of absorption peaks from 0-3 to 2 0/x to specific transitions in the appropriate cations 
have been made and the origin of the characteristic dichioism is discussed. 


INTRODUCTION 

Tourmaline is the name given to members 
of a complex compositional series. The 
basic members of the scries are dravitc, 
NaMg.|AI«B:|Si«Oj 7 (OH, F),; schorl, Na(Fe. 
Mn),|AI,|B,(Sirt 077 ( 0 H, F), and elbaite, Na(l,i, 
AI).|AI,jB:j.Sifi0.27(0FJ, F) 4 . The series is con¬ 
tinuous between schorl and elbaite and 
between dravite and schorl, but a gap is 
thought to exist between dravite and elbaite. 

Tourmaline has a hardness of 7 on the Mohs 
scale, it is very dichroic, its color is variable 
depending on composition, the space group is 
R3m and cell dimensions vary from a 15-84- 
16-03 A and c 7-10-7-25 A. Tourmaline is 
commonly associated with granites and gran¬ 
ite pegmatites and has long been used as a 
a gem stone. 

The structure consists of linked layered 


islands. A tetrahedral layer is formed by a 
ring of six nearly regular Si tetrahedra point¬ 
ing in the same direction along the c axis. It is 
bonded to an octahedral layer which may 
contain Mg, Al, Li, Fe and other cations in 
smaller amounts. According to the refinement 
of dravite[I] the three central octahedra con¬ 
tain Mg ((b) position) and the six smaller 
peripheral octahedra contain aluminum ((c) 
position). Boron triangles are attached to 
oxygen ion vertices of the octahedral layer. 
An additional cation site, filled typically by 
Na or Ca is situated near a central hydroxyl 
on the 3-fold axis inside the silicate ring. Three 
other hydroxyl ions in the octahedral layer 
occupy a position such that each is shared by 
one inner and one outer octahedron. 

Epprecht[2] has compiled a useful set of 
chemical analyses. X-ray structure deter- 
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minations have been reported by Donnay and 
Buerger[3] (dravite) and Ito and Sadanaga[4]. 
on what was supposed to be an elbaite[5]. 
Recent structural refinements of dravite and 
buergerite have been reported by Buerger 
et a/.[ll and Barton[5]. 

Bradley and Bradley [6] studied the spectra 
of pink and green tourmaline in zoned mater¬ 
ial. Their data do not extend far enough into 
the infrared or ultraviolet to make specific 
assignments of transitions in the 3d level 
electrons, although they were partly correct 
in indicating that the color of pink tourmaline 
is due to Mn-^ and green to Fe^^^. They also 
noted color and cell dimension changes which 
occur on heating. 

Grum-Grzhimailo[7| studied three green 
and one blue tourmaline but did not include 
the ultraviolet nor extend the spectra beyond 
1-2 fjL in the near infrared. He correctly re¬ 
lated the color to but attributed some 
peaks to Mn-'*^. No specific assignments to 
d-d transitions were made. 

It is the purpose of this paper to extend the 
previous optical work, to correlate the X-ray 
and chemical analyses with absorption data, 
to assign d-d transitions to appropriate 
cations and to explain the color in normal and 
heated tourmaline, and to clarify the origin of 
the strong dichroism found in all spectra. 

EXPERIMENTAL 

Absorption spectra between 0-3 and 2 0^ 
were recorded on a Cary 14 spectrophoto¬ 
meter using calcite air gap prisms for polari¬ 
zers. Crystal face development, extinction 
directions and back reflection Laue photo¬ 
graphs were used to orient samples which 
were then cut into plates with a diamond saw 
and polished with Linde A powder and dia¬ 
mond paste. Absorption spectra were run at 
300 and 77°K, the latter using a liquid nitrogen 
cryostat. The data have been plotted in terms 
of the absorption coefficient a and wavelength 
in microns; wavenumbers are given for refer¬ 
ence. Heating experiments were carried out in 
a resistance furnace in air. The reduction was 


done in a sealed tube furnace in a hydrogen 
atmosphere. 

Precision unit cell parameters were ob¬ 
tained from X-ray powder diffractometer data 
with silicon internal standard using the 
Burnham [8] least squares computer program. 
Twenty resolved peaks between 20“ and 50° 
2 0 were used and each specimen was run in 
duplicate. Partial chemical analyses were 
made on representative specimens. Total Fe 
and Mn determinations offered little difficulty 
and were done by conventional colorimetric 
and volumetric methods. Total iron was 
checked by atomic absorption flame photo¬ 
metry. The results are given in Table 1. 
Ferrous ion determinations were attempted by 
IngamelslO] method, but in many cases the 
results were unsatisfactory and they are not 
quoted here. 

DISCU.SSION 

The optical absorption spectra of the 
specimens measured at 77°K are shown in 
Figs. 2-7. Room temperature measurements 
which are essentially identical are not shown. 
Specimens were selected for their range in 
color. The spectra include two black tour¬ 
malines, one schorl and one low alumina 
tourmaline! 10], two brown tourmalines, one 
blue tourmaline heated and unheated, one 
light green tourmaline heated and unheated, 
two darker green tourmalines for comparison 
and one pink, and one colorless sample. 

X-ray determination of the unit cell para¬ 
meters (Fig. 1) indicates that the composition 
of most samples falls close to the join between 
schorl and elbaite. The two brown specimens 
are dravites, the black specimen. No. 7, is 
schorl, and the low alumina tourmaline. 
No. 10, has anomalous parameters. After 
heating at 800°C for 18 hr, the cell dimen¬ 
sions of the blue tourmaline. No. 5, underwent 
considerable change, a decreasing from 
15-908 to 15-838 A and c increasing from 7-123 
to 7-135 A. This is consistent with increase 
in the buergerite type structure unit of this 
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Table 1. Unit cell dimensions and chemical analyses of tourmaline 






Total Fe 

I'otal Mn 

No. Sample 

a 

c 

da 

(Wl. %) 

(Wt. ”/,) 

1 Pink (Mt. Mica, Maine) 

108916* 

15-845 

7-103 

0-4483 

0-19 

0-26 

2 Colorless (Mt. Mica, Maine) 

15-840 

7-108 

0-4484 



108917* 

3 Pale green (Mt Mica» Maine) 

15-871 

7-112 

0-4481 

1-82 

1-22 

lOSOLI* 

4 Green (locality unknown) 

15-896 

7-123 

0-4481 

4-03 

0-61 

108915* 

5 Pale Blue (Mt. Mica, Maine) 

15-908 

7-122 

0-4477 

4-85 

0-76 

108912* 

6 Green (Governador, Minas Geras, 

15-914 

7-128 

0-4479 

5 60 

0-04 

Brazil) 97723* 






7 Black (locality unknown) 

15-965 

7-198 

0-4509 

7-35 

0-088 

108914* 

8 Brown (Gouverneur, N. York) 

15-956 

7-208 

0-4517 



86312* 

9 Brown (Brazil) 

15-946 

7-213 

0-4523 

1-38 


86330* 

10 Black (Madagascar, low aluminum. 

16-045 

7-238 

0-4511 

Fe''- = 3-65 


108796* 

11 Pale blue No. 5 heated in air 

80()°C, 18 hr. 

15-838 

7 - 1.35 

0-4505 

Fe’* = 7-43 



* Harvard Miiicum number. 



a -► 

Fig. 1. « vs. (■ lallice paramelers olThe lourinaline samples discussed in this paper. 


specimen due to oxidation of ferrous ion and 
release of hydrogen [11]. 

F.lectronic transitions in the transition metal 
ions contained in tourmaMlie give rise to the 


optical absorption bands, while the sharper 
infrared bands are due to vibrational transi¬ 
tions in OH and possibly some H 2 O mole¬ 
cules. The transition metals which are nearly 
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alway.s present [2] in varying amounts are 
Fe■*^(^/®), Mn^^(i/’), possibly 

and Ti of uncertain oxidation state. 
Ti is usually only present in minor amounts. 

Of the two octahedral cation sites, one has 
symmetry m and the other symmetry 1. Of the 
three end-members only dravite has a struc¬ 
ture determination of high refinement[ll, but 
the structure of the oxy-tourmaline buergerite 
has also been carefully refined[5]. Although 
preliminary work has been done on a 
schorl(3], no final data have been published. 

With this in mind the Buerger structural 
refinement of dravite will be accepted as the 
most relevant information available. In this 
structure the central octahedral (b) position 
is filled with Mg. The major distortion of the 
octahedron is a tetragonal elongation along 
the O, —0:i(0H|-OH,,) axis. The Mg ion is 
displaced from the center of the octahedron. 
The ()|-()| axis makes an angle of about 
6.3° with the crystallographic c axis. The 
average metal-oxygen distance is about 
2 ()5 A. I'he general position (c) is mainly 
filled with Al and is much more irregular. The 
mean metal-oxygen distance is 1 '93 A. 

In buergeiite the Fc-Oi distance is shor¬ 
tened rather than lengthened as in dravite, but 
the pseudt)symmctry of position (h) may still 
be taken as 4 mm. 

When allowance is made for the two posi¬ 
tions of differing symmeti y, magnetic suscep¬ 
tibility measurements are consistent with a 
’7 ground state for Fe-' and a "/i ground 
state for Fe" 412. 13). 

PINK TOURMAI.INE 

Both colorless and pink tourmalines show 
some weak but definite absorption in the 
visible (Fig. 2 and Table 2). The colorless 
sample shows only a faint pink color on close 
examination and came from the clear termina¬ 
tion of a pink rubellite crystal. Even though 
there are weak absorption peaks, they are 
broad and nearly flat, permitting all wave¬ 
lengths to be transmitted, thus appearing 
colorless. 


Table 2* Crystal field spectra of various 
colored tourmalines, showing absorption 


peak positions in angstroms 
numbers 

and wave- 

6 II 

c 

Eic 


(XA) 

(I'cm"') 

(XA) 

(rem ') 



4,400 

22,730 



4,600 

21,740 

.S,200 

19.230 

5,200 

19,2.30 



.5,800 

17,240 

7.200 

13,890 

7.200 

13,890 



8,200 

12,195 

Green tourmaline (Fig. .^(a)) 

4,100 

24,400 





.5,500 

I8,(H)0 

7,200 

13.890 

7,2(H) 

13,890 

11,100 

9.()(H) 

11,100 

9,000 

nine lounnuline (Fig. .^(a)) 


4,9(M) 

20.410 

4.9(H) 

20.410 

5,.‘i(K) 

18,180 

.5,9(H) 

16,950 

7,200 

13.890 

7.2(H) 

13.890 

I2..‘i00 

8.000 

11.000 

9,0<>0 

Brown tourmaline {V\^. 6 (a) and (b)) 

4,400 

22.730 

4,400 

22,730 

7,200 

13.890 

7,()(H) 

14,300 

10.800 

9.260 

in,8(H) 

9.260 

lila 

(k tourmaline IFig. 7(a)) 

4.4(H) 

22.730 



4,600 

21,740 



.S.OOO 

20,(HH) 

5.000 

20, (H) 

.S,4(H) 

18,.520 

.5.6)H) 

17.860 

7.2(H) 

13,890 

7,500 

13.330 

Him) 

9,260 

11.000 

9,090 

Hhii k. low 

(ilnminion tourmaline 7(b)) 

4.400 

22.730 



5.000 

20.000 





5,800 

17,240 

7,.S(H) 

13..330 

8,000 

I2,.500 

11.KH) 

8.849 

11,300 

8,849 


'Excludes (OH) vjbruliondl peaks. 


Rubellite, on the other hand, has a peak at 
5200 A, absorbing in the blue-green and 
transmitting in the red. Chemical analysis 
gives 0-26% Mn and 019% Fe in the crystal, 
indicating that transitions in Mn^"^ and Fe®^ 
can account for this peak. Both ions have a 
</•’ configuration. The divalent Mn and tri- 
valent Fe spectra are due to spin forbidden 
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l-ig 2 (a)The absorption specli a of a visually colorless termination 
of an otherwise pink tourmaline from Ml. Mica. Maine. (No. 2, 
fable I). (b)The absorption spectra of the pink portion of the same 
crystal (No. I, Table I). 


transitions from the "Ai ground state to ex¬ 
cited quartet states. There is little evidence on 
the distribution of available cations between 
the (b) and (c) positions in tourmaline. 
Analyses [2] indicate that there is nearly 
always sufficient Al to fill the (c) position, but 
it cannot be assumed that this will always 
occur. I ndeed, the structure determination on 
buergerite[5J indicates that more than 8 per 
cent of the (c) position is filled with Fe, al¬ 
though the chemical analysis shows sufficient 
Al to completely fill this position. Mn^^, 
because of its size and valence, most reason¬ 


ably occupies the (b) position and, although 
other interpretations are possible, the spectra 
can be interpreted most simply by assuming 
that Fe"’^ occupies the (b) position as well. 

In a site of 4 mm symmetry each degenerate 
quartet level is split [14], giving rise to ad¬ 
ditional peaks in the absorption spectrum. The 
transition ®/4i is resolved into two 

peaks and accounts for absorptions at 5200 
and 5800 A in the Elc spectrum of the 
colorless sample. *T.> *- “A, is the strong peak 
at 5200 A in rubellite, while the 
lower energy transition is represented by a 
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shoulder at 5800 A. The sharp peaks between 
4600 and 4000 A are probably due to one or 
more of the following; *A,(G), **£(0), "‘TilD) 
and Bums and Strens[14J have 

assigned ‘‘E, «— '’y4i to the peaks at 4700 

and 4500 A in epidote and it seems correct to 
assign these to the tourmaline peaks at 4600 
and 4400 A. The sharpness of these peaks 
is consistent with the fact that the energies of 
the *E and ^A, terms do not change much 
relative to the ground state term with 
changes in the crystal field splitting parameter. 
The weak peak at 7200 and 8200 A are as- 
igned to a split 'T, «— ''A, transition. Since the 
analysis indicates both Fe and Mn, an alter¬ 
native explanation which is also possible 
would argue that the doubling of the peaks in 
this region is due to the difference in the Orgel 
diagrams of Mn’*' and Fe^^, and that each 
transition is seen twice, one peak originating 
from the other from Fe'’*^. The field 

independent transition '£, 'A, *— "A, for Mn''^^ 
would not be observed since it would occur on 
the absorption edge, where instrumental 
re.solution is low. 

Heating a deep pink rubellite for as short a 
period as two hours at 650'’C has the effect of 
flattening out the absorption peaks, giving the 
sample the appearance of being only slightly 
colored. This presumably is due to disorder of 
Fe-" and Mn-^ between the (b) and (c) piosi- 
tions, overlap between the absorptions of the 
two ions distributed over two sites producing a 
smeared spectrum; however, this is a point 
that will .-equire further investigation. 

(tREEN AND BLUE TOURMALINE 

Fe^^ is by far the most common transition 
element ion in most analysed tourmalines and 
of FV^, Fe’*+ and is the only ion having 
a spin-allowed transition (■’£ <— in an 
octahedral environment. In green tourmaline 
there are two broad absorption peaks at 7200 
and about 11,000 A. Although there can be no 
doubt that the 11,000 ■ peak is due to Fe*^, the 
origin of the 7200 A peak requires some 
discussion. 


The ionic radius of being larger than 
that of AF^, most Fe^^ ions are expected to be 
situated in the (b) position. Since the crystal 
field splitting parameter A is approximately 
proportional to the inverse fifth power of the 
mean metal-oxygen distance, if the 11,000 A 
peak is associated with Fe^^ in the (b) position, 
Fe^+ in the (c) position would absorb at about 
9200 A. This maximum value is based on 
dravite metal-oxygen distances. Clearly the 
7200 A band is not due to distribution of Fe“+ 
among the (b) and (c) positions. 

Grum Grzhimailo[71 has assigned the 
7200 A absorption to Mn®\ but this band 
always has approximately the same ratio of 
intensity to the Fe^' band at about 11,000 A, 
which is inconsistent with the widely varying 
ratio of Mn to Fe-+ in analyzed tourmalines. 
The spectrum of tourmaline. No. 6 (Fig. 4(b) 
for example, shows a large absorption at 
7200 A, but the analysis is very low in Mn; 
also in rubellite, when the Mn content may be 
high, none of several specimens examined 
shows a band of any intensity in this region. 

Recently Hush [15] and Allen [ 161, studying 
vivianite and crocidolite respectively, have 
ascribed bands around 7000 A to intervalence 
transfer between Fe^* and Fe^^. Since tour¬ 
maline commonly contains iron in both val¬ 
ence states, it may be asked if the band at 
7200 A in tourmaline is due to the same cause. 

One would expect the intensity of the band 
to be related to the concentration ratio of 
Fe'*^ to Fe^\ but in blue tourmaline (to be 
discussed in more detail later) where the 
7200 A band is very well developed, both 
our spectra and chemical analysis[2] show 
very low concentrations of Fe*^. Certainly the 
7200 A band is no better developed in green 
tourmaline, where the Fe^'^/Fe^+ ratio is much 
higher. In fact, whether the Fe’+ concentra¬ 
tion is high or low, the 7200 A band correlates 
in intensity with the 1 1,000 A band; con¬ 
sequently we feel that intervalence transfer is 
not a valid explanation for tourmaline. Hence 
the two peaks at 7200 A and 11,000 A are 
most readily explained by crystal field tran- 
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Wove number (cm'') 



Fig. 3. (a)Thc unhealed absorption spectra of a pale green tour¬ 
maline from Ml. Mica, Maine, (No. 3, Table 1). (b)The absorption 
spectra of the green tourmaline healed to 7,50^0 in air for 24 hr. 


sitions «— but involve a splitting of the 
"’ll state in the energy diagram. The 

resulting spectrum is quite similar to that 
reported for cordierite[17]. The splitting is of 
the order of 5000 cm~‘, comparing well with 
the maximum cordierite splitting of 6000 cm'", 
As in cordierite is felt that the splitting can be 
accounted for by distortions of the octahedra 
occupied by Fe^*^, although the possibility of 
splitting due to the dynamic Jahn-Teller 
effect cannot be dismissed. 

The other peaks in the green tourmaline 
region 6000-3500 A ar^ due to Fe*+ and 


Mn*^ transitions and the transitions are the 
same as those discussed for rubellite. The 
crystal is green in color because it transmits in 
the green region of the spectrum in both 
polarization directions and absorbs in the red 
and blue regions. Two other spectra of green 
specimens are given for comparison. Figures 
4(a) and 4(b), and show that green tourmalines 
have essentially the same spectra. A difference 
of some significance is that in both the com¬ 
parative specimens there is about 1300 A 
difference between peak positions in the two 
optical directions. The strongly asymmetric 
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Wave number (cm"') 
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1 ig 4, (.i.h) I he unhciiled absorption spectra of two green 
touini.ihnes given heic for eompartson with 1-ig. 5ta). 
la)No 4, I able I), locality unknown; (bWNo 0. fable 1). 

Ciovernador. Minas f ieras, Brazil 

absorption at 10,800 A in the Klc spectrum 
of Fig. 4(a) must be interpreted as two over¬ 
lapping bands of differing intensity about 
1300 A apart. They could possibly represent 
distribution of Fe-' between the two available 
sites, or the effect of an additional lower 
symmetry crystal field component. 

The spectrum of blue tourmaline. Fig. 5, 
is again dominated by two peaks at 7200 and 
10,800 (£lO and 12,300 {E || c ). These peaks 
have the same origin as in the green crystals, 
that is, •'£ *— transitions with the state 


Wave number (cm"') 



Fig 5 (a)The iibsorplion speclni of an unhealed pale 
bloc lourmalme from Ml. Mica. Maine, (No. .S, Table 1). 
(biThe same blue sample heated lo 800“C in air, (No, I I. 

Table 1) 

split by structural distortions. The interesting 
feature of the spectra is low absorption in the 
blue region, indicating a low amount of Fe'" 
and Mn'^+. The crystal is blue, not only 
because of this transmission, but also because 
of absorption in the green region. 

The band at 10,800 (£lc) is again clearly 
composite and the development of the peak in 
the £ II f spectrum at 10,300 A after the 
specimen has been heated to 800°C for 18 
hr is due to the Fe+'’‘‘T| «—transition, 
since it is not present in the spectrum of the 
sample after the oxy-tourmaline layer is 
removed. 
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BROWN TOURMALINE 

The two brown tourmalines (Figs. 6(a) and 
6(b)) studied fall close to the dravite-schori 
join. The spectra are characterized by strong 
absorption in the blue region, indicating Fe*+ 
or Mn^^ transitions, but partly due to overlap 
from the tail of the charge transfer band in the 

Wave number (cm"') 


5035 25 20 16 14 12 10 9 8 7 S«tO’ 



'K (a)7he absorption spectra of a brownish Uruvile 
rom Bia 2 il, (No 9, Table 1). (b)The absorption spectra 
'I a brown-orange dravite from New York (No. ((, 
Table IW 


ultraviolet. Despite the low percentage of 
Fe®*^ in these samples (total Fe 1-38% 
Brazilian) the *E, *A, *— “/I,, 4400 A, and the 
*7-2 «—®/4„ 5600 A, are without splitting and 
quite intense. The Fe“+ spectra do not com¬ 
pare well with those observed in rubellite and 
oxidized blue tourmaline where Fe-'^ and 
Mn^^ are probably in the pseudo-tetragonally 
distorted (b) position, and it is suggested that 
Fe^'*' may be characteristically present in the 
(c) position of dravites. The color is due to 
absorption in the blue-green and some of the 
red region and transmission in the yellow- 
orange region of the spectrum. The actual 
color of the samples is a yellow-brown for 
(b) and an orange for (a) in Fig. 4. 

The low absorption in the near infrared at 
7200 and I 1,000 A would suggest that only a 
small proportion of the iron is present as 
Fe^^ in these specimens. The dravite absorp¬ 
tion spectrum is quite characteristic and dis¬ 
tinct from other tourmalines examined as a 
consequence of the more intense absorption 
in the blue (Fe“'^) region of the spectrum as 
compared with Fe^^ absorption in the near 
infrared due to greater concentration of Fe“^ 
in the highly distorted general site. Analyses 
[2] indicate Ti in dravite. consequently Ti®+ 
may also contribute to the u.v. spectrum. 

BLACK TOURMAI.INE 

The absorption spectrum in Fig. 7(a) is of a 
schorl whose lattice parameters locate the 
sample on the dravite-schori join. Although 
quite opaque in hand specimen, the sample 
was translucent in thin section. The crystal 
analyzed at 7-35 per cent total Fe. 

Peaks at about 7500 and 11,000 A occur on 
the absorption spectrum and are due to the 
transitions «— '’Tj in ferrous iron with the 
^E level split by structural distortions as 
previously discussed. The peaks around 
5000 A are due to Fe^^ and if previous 
assignments are correct must be interpreted as 
due to Fe-‘+ in both (b) and (c) positions. The 
dichroism is quite marked in this specimen. 

The spectrum of the low aluminum tour- 
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Wave number (cm■*) 
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I uble 1 1. 

iiwlintl l()|, Lij>. 7(h) shows an almost fcatuio- 
less rise Cioni the ocar infrared to the blue 
region of the spectrum. The sharp rise in 
absorption in the visible reflects the high 
amount, 7-4.^ per cent of ferric iron. Peaks on 
the spectrum are quite broad and nearly 
masked by the high blue absorption but 
maxima at 7200 and H,000A are easily 
discernible, especially in the £lr direction. 
The spectrum is, therefore, in accord with the 
chemical analysis which shows some ferrous 
iron. The largely featureless Fe’*^ region is 
also what would be expected from the 


distribution of a large amount of ferric iron 
^ over both (b) and (c) positions as suggested by 
Frondel ct al.[ 10]. The high absorption 
throughout the visible, falling off towards the 
red, results in a brownish color in thin section. 

HEATINt; KXI’ERIMENTS 
rhe nature of the oxidation is the same as 
that recorded for amphiboles[ 18, 19] and 
biotile micas [20.211, and involves the 
oxidation of Fe-' by OH and consequent 
loss of hydrogen. The same reaction may be 
expected to occur in any silicate which has 
OH' adjacent to Fe-*^ in its structure. The 
uneven thickness of the surface oxidation 
layer shows that removal of hydrogen parallel 
to the layer structure is faster than normal to 
[ the layers. No visible change occurred when 
an oxidized thick section of blue tourmaline 
was reduced in hydrogen at 800°C for 8 hr. 
The efteet of healing on the spectra of green 
and blue tourmaline is to be seen in Figs. 3(b) 
and 5(b) respectively. The rise in intensity in 
the blue-green region of the spectrum in both 
cases results from the o,\y-toiirmaline layer. 
This gives rise to a reddish-brown color in the 
oxidized sample. The original color may be 
restored by removal of the ox>-tourmaline 
layer. 

Inwrprcidlioii oj the dichroism of the optical 
absorption .spectra of tourmaline 

I he characteristic dichroism of all the 
louimaiine spectra has been noted early in 
the lilcraturel22.23). Fxaminalion of the 
absorption spectra m Figs. 2-7 shows that 
except for the sharp peaks in the 14,000 A 
region assigned to the OH and/or H.O 
molecular vibrations, all the optical spectra 
are much stronger for E i c than E || e. Ad¬ 
ditionally, the spectra generally appear to be 
residing upon strong charge transfer bands 
polarized similarly. Within each polarization, 
the intensity of the optical bands appears to 
mciea.se with proximity to the ultraviolet 
c arge transfer band. This suggests that the 
mechanism invoked by Fnglman[24] is the 
mam source of their intensity. Namely, the 
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odd crystal field mixes a small amount of the 
charge transfer state into the d” states, making 
the d” -* d” forbidden states slightly allowed. 
The relationship to the charge transfer band 
appears stronger, affecting the polarization 
too. To further investigate this, sample 3 (see 
Table 1) was cut down and its absorption 
spectrum was run in the near ultraviolet. As 
suspected, an intense band appeared at about 
24,000 cm'', also strongly polarized in the 
Elc direction. We tentatively identified this 
band as due to an Fe*^ transition. This band 
itself resides upon stronger bands in the 
further ultraviolet, having the same polar¬ 
ization properties. This is further evidence for 
Fnglman mixing. 

Thus we see that though the local point 
symmetry of the ion is quite low, the 
strong polarization dependence of the 
absorption spectra suggests that the mechan¬ 
ism that is responsible for making these 
forbidden transitions allowed is quite sym¬ 
metric. The different states’ energies will still 
reflect the distorted environment by showing 
considerable splittings. It is important to note 
that this is not inconsistent. This is because 
the crystal field can always be expanded in a 
set of decreasing terms, some of which are 
odd and some of which are even in their 
symmetry properties. The detailed splittings 
will be due to the even and odd terms of the 
lowest symmetry. However, the intensities 
are only due to the odd symmetry terms with 
the major portion due to the larf’csi odd terms. 
Thi s is what allows us to talk of one symmetry 
for assigning energy levels and another for 
intensities. 

An important criterion exists, however, 
experimentally in order to see the effect of 
this odd field symmetry. It must be related in a 
simple way to the crystal symmetry axes. 
Analyzing the coordination of the metal ions, 
we find that the targesl odd field term is a 
trigonal field in the main diagonal direction of 
the octahedral field. This direction almost 
coincides with the c axis of the tourmaline 
host, so we may take our main c^tribution to 


the intensity as due to a pseudotrigonal field 
in this direction. 

Based on this approach, we believe that the 
dichroism can be completely explained by the 
combination of the d" states mixing with the 
nearby charge transfer states and the trigonal 
component of the local crystal site that effects 
this mixing field. Furthermore, this interpre¬ 
tation is quite general, and is quite indepen¬ 
dent of the assignment of the particular state 
in the visible. Qualitatively, the approach 
goes as follows: 

This strong dichroism in the near ultraviolet 
in a trigonal crystal field allows us to assign 
the symmetry of the two states involved in 
this transition. It was found that two possible 
choices only exist. We then assume that all 
optical transitions borrow their intensity from 
this allowed band, mixing due to the trigonal 
field. The leading odd term in this field has 
been shown to be of the same symmetry as 
that of the electric dipole operator, so that 
except for a proportionality constant, the 
same selection rules apply in calculating the 
perturbation matrix element. 

We then consider the E || < and E 1 c polar¬ 
ization terms, using the electric dipole selec¬ 
tion rules, for optical d” states of either of the 
two possible state symmetries in the trigonal 
field. This means we consider four cases in 
all. For two of these the E || c terms vanish 
altogether, certainly suggesting that the E l < 
absorption spectrum will be greater than for 
E II c. For the other two cases, where neither 
E II (• nor E 1 v vanish, the Elc term is 
expected to be larger than E || c because of 
the much smaller perturbation energy de¬ 
nominator in the latter. This forces the optical 
intensity states to take on the polarization 
character of the allowed band, yielding the 
strong dichroism even in the optical. 

Trigonal field sficclion rules and assignment 
of symmetry of the “allowed" ultraviolet hand 

We now focus on the dichroism of the 
strong ultraviolet bands. We assume C 3 
symmetry, where the trigonal states arising 
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V Let us now consider the four possible 
Combinations of states il >3 and calculate 

She electric dipole matrix element for £||c 
land E 1 c for all of them. These are given 
lin Table 3. The two cases where 
vanishes, of course, immediately show why 
we should expect the absorption for E i c 
L'ljt , For the case where i/»,, i/zj, 1//3 are res¬ 
pectively E, A, A, we note that the two differ 
in only that ((/(I'rniK) (£3 — and ife') 
(£.,-£^) However. £., — £2 is always 
less than E-,, —E, (and for states that are 
near the blue, considerably less), so again 
£ 1 (• > £||(. For the final case, where ilt,, tpi, 
i/r, are A, £, £ respectively, these comments 
apply, over and above two uJditioncil terms 
that contribute to the E 1. c matrix element. 

In conclusion, we wish to point out a useful 
result of these last mathematical arguments. 
Namely, the ratio 



provides a measure of the minimum dichroism 
of intensity to be expected on this simple 
model. This also implies that in general the 


dichroism will increase as we approach the 
ultraviolet. 

SUMMARY 

In conclusion, we have seen that tourmaline, 
a complex solid solution of composition 
(Na. Ca) [ Mg. FeAl. Li],. BsSi^O^tOH, Fu. 
has colors and dichroism which are a function 
of the amount of iron, particularly Fc^^, and 
manganese substituting in (b) and (c) positions 
of the crystal .structure. The dichroism has 
been explained by the combination of two 
mechanisms. The d" states mixing with the 
charge transfer states provide the basic 
mechanism for making the optical transitions 
allowed, while the trigonal component of the 
local point symmetry in the crystal then 
provides the mechanism for the dichroism. 
Consideration of the selection rules of the 
trigonal field shows that the £ || c terms are 
weak, while the £lf terms are strong, thus 
producing the particular dichroism so ch.u'ac- 
teristic of tourmaline. The splittings of bands, 
however, have been explained on the basis of 
all the components of the low local point 
symmetries, especially the (b) position. 

Fxperiments have demonstrated that color 


7'tihU’ 3. Electric dipole matrix elements for F||c and E 1 c 
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changes induced by heating are largely sur¬ 
face effects and can be explained by oxidation 
of Fe^^ to Fe'“ and are attendant on the 
removal of hydrogen during healing. 
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ON THE NATURE OF THE LOW-TEMPERATURE 
PHASE OF NaD,i(SeO,)2 

1-. A. SHUVALOV, N. R. IVANOV, L. F. KIRPICHNIKOVA and N. M. SCHAOINA 
Institute of Crystallography of the Academy of Sciences of the USSK, Moscow. L'SSK 


{Heveived \4 Decemhcr revi\c’JJor/n Mav 

Abstract — Dielectric and optical properties of NalXl^e()i )2 single crystals were studied From the 
results obtained the low-temperature phase of NaD*,(Se()|l:i is considered to be ferroelectric It 
is shown that the phase transituin is attended with 2/m -♦ m symmetry change associated with dis¬ 
appearance on strong deuteration of the interstitial triclinic ferroelectric phase which was found 
to exist for NaHj^ScOila- 


INTRODUCTION 

The large isotopic shift of the Curie point 
in NaH:i(SeO ,-,)2 crystals upon substitution 
of f) for H was discovered by Rlinc and 
co-workcrs[l] and independently by CJavril- 
ova-Podolskaya el al.[2]. Such an isotope 
efl'ect is entirely consistent with similar 
effects found in many other ferroelectrics. 
In addition to the shift of Curie temperature 
with deuteration, it was concluded that the 
character of the lower phase changed and 
that NaD:,(SeO,i )2 was antiferroelectric 
[1.3-6). As a similar isotope effect of a change 
in character of the lower phase has not yet 
been observed in any other system, one might 
question the conclusion that NaD.,{SeO,,)i 
is antiferroelectric. In this connection a 
detailed analysis of the nature of the low- 
temperature phase of NaU.,(.SeC>|).j was made. 

PREPARATION OF URVSTAI.S AND EXPERIMENTAI. 

PROCEDURE 

I he synthesis of NaDifSeO;,), was carried 
out as follows. DjSeO.i was obtained by 
dissolving SeOj in DjO; on interaction of 
IXSeO^ with NaA O 3 solution in heavy 
water NaD.,(SeO :,)2 material was obtained, 
fhe crystals were grown in the temperature 
range 40-30° by the temperature decreasing 
method. During a month’s time colourless 
transparent crystals were grown, their 
weight reaching 50 g. The orientation of 
the orthogonal crystallophysic axes adopted 


by us coincides with the system of co¬ 
ordinates which we had used previously 
for NaHjtSeO.,).^ crystals|7]. This orient¬ 
ation differs from that developed by Blinc 
el «/.l4] so that our x-. y- and z-axes. being 
parallel to the main axes of the optical indic- 
atrix. coincide with the directions -X cos 36°. 
K. -Z cos 36° reported in(4J. 

Measurements were carried out using plates 
0-5-1 mm thick and I cm'* in area. Low-fre¬ 
quency t80() Hz) dielectric constant measure¬ 
ments were performed for a field strength of 
lOv/cm with a RFT 1(H)7 bridge. A nitrogen 
cryostat was used for sample thermal stabiliz¬ 
ation which is believed to be accurate to 0 0 l°. 
The temperature was measured to within 0-05° 
with the help of a copper-constantan thermo¬ 
couple. The polarimetrical measurements 
employed the techniques and apparatus 
described in|8,9). Dielectric hysteresis loops 
were obtained in the usual manner. For these 
measurements both fresh and one year old 
crystals were used. 

EXPERIMEfSTAL RESV l.TS 

Figure 1 shows the results of dielectric 
measurements on crystiUs for which the 
amount of deuteration w as 60 and 98 per cent 
(deuteration per cent was determined in 
accordance with 13]). As one can see from 
the graph, the temperature of maximum 
dielectric constant, «j.. (which is considered 
for £, = 0 as the transition temperature) 


.X7 
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Temperature (“^1 

t'lg I IcinpciMluic rlcpciidcncc of ilickxliK. (.onsl.inl 
compuncnf, ol N.itfl,, lSc(),K and NaD (ScO,). 
cryslals al vaiioiis hitiMn;! fif'd sironjjlhs (f - hj) 
y- and .--cnniponcnl arc >hown lot /cio biasing field 
Nine fhaf niaMinum of e„ shifts in the field E„ in the s.imc 
diiecfion as inasimuni nfe^ does 

shitls towards a higher temperature region 
with applied d.e. electric field, E ^ E,. The 
character of the shift is nonlinear, it is closer 
to an law than to the linear one (Fig. 2.). 
Figure 2 also shows the dielectric eonslani, 
€j.. vs. d.c. biasing field for different tempera¬ 
tures in the low temperature phase. 

The behaviour of follows a C'urie-Weiss 
law both for E = 0 and £ # 0: for E = 0. 
C’= (0-8 + 0-5) X lO'deg and /„ = -| |± 
0'5°C. at 7 < T,,. = —.S'6±0 |°C; C ~ 
UxiO^deg and T„ = -14±4T at T > 7, 
for NaD,(SeO,.,), (Fig. 3). These values 
satisfactorily agree with the results obtained 
by Blinc et al.[\]. It should be mentioned that 
the Curie-Weiss constant, Ct<t , has a 
tendency to decrease with a d.c. biasing field 


increase. At the same time the characteristic 
slope change in the dependencies (ej.-!)"' 
(7 ) in the vicinity of the phase transition has 
a tendency to disappear with the d.c. field 
increase. But neither temperature hysteresis, 
nor discontinuity in dielectric constant change 
(as well as in other properties investigated) 
were observed within experimental error. 

To establish the symmetry of the low- 
temperature phase of NaD.,(SeO;,)a we used a 
polarimetrical method of measuring the 
rotation angle of the optical indicatrix, as 
was also the case with NaH:,(SeO:i)2[7]. 

In NaD;,(SeO ;,)2 crystal the indicatrix, 
at temperatures both above and below 7',r, 
rotates about the y-axis only (Fig. 4). This can 
be described in terms of the thermooptic 
effect. It is of interest to note that due to the 
phase transition the thermooptic coefficient 
changes its sign. The same phenomenon 
was observed in the case of NaH:,(SeO;,).j 
although the existence of an interstitial phase 
makes the rotation curve more complicated [6], 
We have found that it is impossible to ob¬ 
serve domain structure by means of polarizing 
microscope method, while the domains in 
NaH:,(SeO.,)2 crystals are visible [7). This fact 
is important for further discussion of the 
crystal symmetry. 

From the data reported by Blinc[ 1.3) one 
could expect that double hysteresis loops re¬ 
flect the nature of NaD.lSeQ.,). itself. Flow- 
ever our observations show that double loops 
take place only for aged specimens, while as- 
grown cryslals show normal hysteresis loops. 
Double loops of our aged crystals have a low 
critical field comparable with the value of a 
coercive one which is about 2 kv/cm for 
—20°C. C ycling in the a.c. filed gradually de¬ 
creases the critical field strength and leads to 
its complete disappearance, which is also in 
accordance with the behaviour of loops dis¬ 
cussed in| IJ. 

Temperature dependence of spontaneous 
polarization determined from dielectric hy¬ 
steresis loops measurements is shown in 
Fig..*). The dependence P, (T) is much 
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dc biasing field (kV/cm) 

Fig. 2 Shift of point of maximum of tj. of NaDjtScOi), crystal under the action of an 
electric held and tj.(f ) dependence for different temperatures in the loss-temperature 

phase. 



Fig. 3. A"-component sif the recipiocal susceptibility ss. temperature for 
various biasing field strengths t£ = t'r*. 


smoother than that given by Blinc et «/.[•]• ferroelectric and antiferroelectric states), the 
The measurements of hysteresis loops were symmetry of the phase and a comparison with 
ciirried out at an a.c. field strength about two NaH;,{SeO;,).j (i.e. the peculiarity of isotopic 
or three times the vttlue of the coercive field, effect). 

(1) As one can see from the results of the 
DISCUSSION experiment described above the phase trans- 

The questions under discussion are the ition in NaD,(SeO:,)j has the features of both 
character of transition, the nature of low- first and second order. This can be seen on 
temperature phase (i.e. the clfoice between the one hand, in the behaviour of the shift of 
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I It: 4 l liciin.il lol.ilmn of ihc opiical inilicalnx about the \-axis In- 
ilii aii IX loiation about \ ami r axes docs not take place 

dieloctn'c constiint miixitnum with (he d.c. procal susceptibility near the phase transition 
field, in the eontiiuiity of the physietil proper- ;is well as in (he difference between the extra- 
tics ditniiij transition, in the absence vxithin pointed (,'urie-Wciss temperatures. T„. in the 
experimental error limits of thermal hysteresis two phases, I hus one can conclude that we 
of dtclectric and optictil properties and. on the deal with cither transition of second order, 
othei hand, in the change ot skipe ot reci- close to first order, or that of first order, close 
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to second order. The choice between these 
two possibilities can be made only on the 
basis of more precise experiments. 

(2) Nevertheless the nature of the low- 
temperature phase of NaDalSeOa)^ can be 
determined whatever the order of transition 
may be. Thermodynamic theory predicts and 
experimental results confirm the shift of the 
point of maximum of e(7) with applied d.c. 
field towards the higher temperatures for 
ferroelectrics. So far there is no theoreti¬ 
cally well-grounded answer to the question 
of the direction of shift of transition tempera¬ 
ture for antiferroclectrics. however experi¬ 
ments show that the temperature of the maxi¬ 
mum dielectric constant lowers under the 
external field (lOJ. Therefore from our experi¬ 
ments on the shift of the temperature of the 
mtiximum dielectric constant one can suppose 
that NaD:i(SeO :,)2 is ferroelectric. This be¬ 
comes all the more evident if one takes into 
account the fact that young crystals and 
crystals to which a field treatment has been 
given have normal hysteresis loops. 

The explanation of the fact that double hy¬ 
steresis loops are observable should be based 
on consideration of the influence of impuri¬ 
ties and ageing-rejuvenating effects rather 
than on the assumption that the antiferro- 
electric and field induced ferroelectric 
phase coexist. 

(3) The thcrmooptic measurements clearly 
demonstrate that NaD^itSeO:,)^ exhibits a 
transition from the monoclinic phase 21m to 
the monoclinic one. The impossibility to ob¬ 
serve the domain structure by means of a 
polarizing microscope method also strongly 
confirms the fact that the crystal in the low- 
temperature phase has a monoclinic symmetry. 
In addition, the electric measurements show 
that the P, vector lies in the mirror plane of 
the paraelectric phase (7, = P,^) whereas the 
y-coniponent of P, is zero. All these measure¬ 
ments. as compared to the data reported in 
f^l. clearly show that an interstitial triclinic 
ferroelectric phase of NaH,,(SeO ;,)2 dis¬ 
appears upon a high degree of deuTeration and 


NaDafSeOjjj undergoes a transition with 
Hm -* m symmetry change. 

From the analysis of previously known 
results and our own results obtained for NaD^ 
(SeO.,).^ crystals we can make the following 
conclusions. 

i. The phase transition in NaDjtSeOdz has 
the features of both first and second order. 
More precise experiments are necessary to 
define transition order. 

ii. The transition is attended with the 
change of symmetry 2/m -* m. An intersti¬ 
tial triclinic ferroelectric phase of NaH., 
(SeOa).. crystals disappears upon a high de¬ 
gree of deuteration. 

iii. The low-temperature phase of NaD-, 
(SeO;,)., crystals is ferroelectric not anti- 
ferroelectric as it has been considered up to 
the present. 

A(kn<»\letli‘emenl\-iror (ScOj), crystal 

the authors arc indebted to K S, Aleksandrov W'c are 
very gratel'ul to Dr. W Reese for the useful criticism 
made upon reading the manuscript. 
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The paper was presented at the 5"' .Annual Solid State 
Physics Conference 3-6 Janu;u 7 . 1968 held at the Uni¬ 
versity of Manchester Institute of Science and Tcchnol- 
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ogy, England. Some of the conclusions made in this 
paper aic in agreement with the recent NMR data ob¬ 
tained by R. Blinc and co-woikeis| 11], which became 
available to us after manuscript had been sent to the 
editorial board 

I he results of our tecent studies of the phase diagram 
of the system NatH, j-Oj-titSeO,); show in addition to 
our previously obtained data that the iaiersiitial triclinic 
lerioeicctiic phase exists m ciystals at 0 .« •- 0 5 I he 


upper phase transition curve is found to split into two 
curves, i.e. the sequence of transitions Im-* m \ m 
occurs on lowering the temperature, {Zh. Eksper. Teorel. 
f'iz. I'h'ma V redcikliiyii 8, 23.S (1968)). Moreover, the 
more picci.se i< {T) measurements show a small hysteresis 
on transition from paraelectric phase for all Na(H,_j.Dj .)3 
(SeOjlj crystals which supports the suggestion on first 
order of the transition. 
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PHOTOCONDUCTIVITY IN CADMIUM IODIDE 


R. M. YU* 

H. H. Wills Physics Laboratory. University of Bristol. England 
{Received 1 May 1968) 

Abstract—Experimental measurements of the spectral distribution of photoconductivity in single 
crystals of cadmium iodide have been compared with the distribution calculated from Oe Vore's 
theory to estimate the phenomenological parameters governing the photosensitivity of this material. 
For solution grown cadmium iodide crystals subjected to an excitation rate of 5 >' 10'* photons 
jiec 'm ^ the lifetime of photo-electrons is of the order of 15 nsec and the surface recombination 
velocity is estimated to be of the order of 400 km sec '. The photon energy corresponding to peak 
photoconductivity is 3-2 eV at 290°K. It decreases linearly with temperature at the rate of — I -5 x 10 * 
eV”K which is similar to the temperature shift of the optical absorption edge. At peak photo¬ 
sensitivity, the photocurrent is proportional to the O-Tth power of the light intensity over two orders 
of magnitude of illumination intensity. The photocurrcni-light intensity variation also depends on the 
photon energy. For the same value of photocurrent the rise and decay times are shorter for photo¬ 
currents excited by photons of higher energy. 


1. INTRODUCTION 

Cadmium iodide is a typical layer-structure 
ionic solid. The basic structural unit is a sand¬ 
wich consisting of two layers of close-packed 
iodide ions and one layer of Cd^ ’ ions lying 
in the octahedral interstices between the iodide 
ions. The cleavage plane is the plane which 
separates two iodide layers containing no 
Cd'' ionsll]. Fotland[2] first reported that 
photocurrents could be observed in cadmium 
iodide single crystals illuminated with photons 
in the energy range between 3 0 and 3-3 eV. 
In the present work photoconductivity in 
cadmium iodide is studied quantitatively 
and in much greater detail. In particular, the 
variation of photosensitivity with photon 
energy is reported and a well-defined photo¬ 
sensitivity peak is found at about 3-2 eV 
(3874 A): the exact photon energy of the peak 
is slightly dependent on the thickness of the 
crystal, l o interpret the nature and shape of 
the photoconductivity spectral curve it is 
necessary to know the spectral distribution 
of optical absorption for this material. 
Although photocurrents in most photocon¬ 


y/‘recent address. Physics Depariment..Vlniversiiy of 
Hong Kong. Hong Kong. 


ductors are attributed to free charge carriers 
generated by band-to-band transitions, in 
some photoconductors the dominant process 
may involve the dissociation of excitons. 
Recent optical absorption studies on cad¬ 
mium iodide have revealed many interesting 
exciton features in the high energy part of 
the absorption spectrum[3-.‘']; but no 
exciton lines have been observed near 3-2 eV 
by any of these workers although Gross and 
Kaplyanskii[6] did report one line in 
a much earlier paper. Absorption near 3-2 eV 
is now attributed to indirect band-to-band 
transitions and the present photoconductivity 
results are interpreted on this model. 

2. EXPERIMENTAL TECHNIQUES 
Photoconductivity measurements are 
made on cadmium iodide single crystals 
grown by allowing aqueous solutions of 5;V- 
pure cadmium iodide (principal impurity 
being Si. 5 ppm) to evaporate in a light-light 
desiccator. The crystallization process takes 
place in about 2 weeks. It is important lo 
keep the solution in complete darkness, as 
cadmium iodide slowly decomposes when 
exposed to sun-light. Cadmium iodide forms 



64 


R. M. YU 


colourless, transparent, hexagonal crystal 
platelets with areas up to I cm^and thicknesses 
between 10 and 1000/am. 

The cadmium iodide crystal is mounted on 
a P.T.F'.R. holder. Electrical contacts to the 
crystal are obtained by cementing two corners 
of the crystiil onto nickel electrodes with 
colloidal silver solution. These nickel-silver 
contacts are ohmic since the pholocurrent 
and ionic current are both (biiiul ft) vary 
lineaily with the electric field over a wide 
range of electric field strength (from I kV m ' 
up toat least 100 kV m '). 

A qutirt/. lens focusses the light beam from 
a 2kW xenon dischtirge lamp onto the input 
slit of a double qiuirtz-prism monochrmnalor. 
The bandwidth of the monochromtitor is 
40 A at the cadmium iodide plnitoconductivity 
peak ill WOO A (at .1600 and 4.100 the band- 
widths iire .10 and 5.‘l A respectively). The 
light beam coming out of the monochromtitor 
IS focussed by a second quart/ lens onto the 
crystal surface. A piece of optically flat 
qtuirtz plate is interposed at ;in angle of 4.1 deg 
between (he monochromator and the second 
condensing lens to rellect 4 6 per cent (at 
4000 A) of the light intensity onto ;i Mullard 
type IIOu.v. photocell, so that the light 
intensity incident on the crystal can be 
monitored. The absolute and spectral ,sen- 
sitivitie.s of the photocell have been calibrated 
by the National Physical Laboiatory. To 
determine the true spectral variation of photo¬ 
sensitivity, one has to ensure that the number 
of photons incident on the crystal per sec 
per unit area remains unchanged while the 
photon energy is varied. This is achieved by 
monitoring the photocell current and adjusting 
a neutral density filter interposed between 
the light source and the monochromator. 7 his 
method is preferable to altering the slit width 
as a means of changing the light intensity, 
since it has the advantage of keeping the band¬ 
width and the cross-sectional area of the out- 
ping light beam constant. The same technique 
is also used to study the variation of photo- 
current with light intensity. 


3. SPECTRAL DEPENDENCE OF o two 

PHOTOCONDUCTIVITY “* 

^oret, 

3.1 Theory the 

’sis 

De Voref7J has presented a theoretican, 
analysis of photoconductivity spectral 
response curves taking into account the 
optical absorption coefficient, the surface and 
volume recombination processes and the 
diffusion of photo-electrons due to a concentra¬ 
tion gradient. He considers the case in which 
a light beam of intensity I photons per sec 
per unit area is incident perpendicularly on 
the surface of a photoconductor of unit area 
and thickness </. Assuming the photons have 
unit quantum efficiency in producing free 
electron-hole pairs and neglecting any 
reflection from the back surface of the photo¬ 
conductor. he finds that the number ofconduc¬ 
tion electrons produced in the photoconductor 
IS given by 

I colhtfA) 

X [ I f (jM- z^coth (^Z)l j ^ I ^ 

where /' = l{l~R} 

R — reflectivity of the surface 
r = electron lifetime 

o = absorption coefficient of the photo¬ 
conducting material 
A 

D — diffusion constant of conduction 
electrons, related to mobility by 
Einstein relation 

6 =- 

S = surlace recombination velocity 
= t' c^^umhination rate per unit area at the surface 
excess concentration just below the surface 

De Vore has computed N/t/V) for a wide 
range of parameters and plotted the cor¬ 
responding photosensitivity spectral response 
curves. The following limiting cases of 
equation (I) are of interest;- (A) if surface 
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recombination is negligible compared with 
volume recombination, i.e. if 5 < {D/ry^ 
then 

/'T(l-e-*) 

= (total number of absorbed photons) 

X (electron lifetime). (2) 

In this case N increases monotonically from 
zero for small values of Z to I'r for large 
values of Z. There is no peak in the photo¬ 
sensitivity spectral curve; (B) if surface 
recombination is large compared with volume 
recombination, i.e. if.S (D/t)*'^, then 

N -* Q as Z —» 0 

N has a maximum value for intermediate 
values of Z, the Z-value corresponding to 
maximum N depends on k and 

3.2 Experimental results and discussion 
The experimentally observed spectral 
variation of photocurrent in a 400>Am-thick 
cadmium iodide single crystal at room 
temperature is shown in Fig. I. In order to 
compare the experimental results with De 
Vore’s theoretical prediction, it is necessary 
to plot the photocurrent as a function of the 
parameter Z = ad, rather than the photon 
energy. Using Greenaway and Nitsche’sI3] 
values of absorption coefficient the photo¬ 
conductivity results on the 400 p.m-thick 
crystal arc replotted as a function of Z in Fig. 
2. The fairly sharp photosensitivity peak 
observed suggests that ^ is of the order of 
loot). Assigning a v£ilue of 1000 to it is 
found from equation (1) that when A = 4, 
the position of the theoretical photosensitivity 
peak will coincide with that of the experi¬ 
mental peak at Z = 2. Figure 2 shows that 
the theoretical curve fits the experimental 
curve only approximately, this is because:- 
(I) De Vore's theoretical analyj^s does not 
take all the relevant factors into consideration. 


Photon Wavttlonglh In Angetrems 



Fig. I. Spectral distribution of photocurrent in a 400 )im- 
thick cadmium iodide single crystal. 


For example, the effect of direct recombina¬ 
tion of charge carriers at high densities is 
neglected; (2) the absorption coefficient a 
is difficult to determine accurately when it is 
smaller than 10 cm ' and larger than 2000 
cm'*. Any inaccuracy in the absorption 
coefficient data will change the shape of the 
experimental curve; (3) the flat shoulder 
located at Z = 10 to 20 in the experimental 
curve is a genuine feature of cadmium iodide 
photoconductivity spectral distribution 
curves. It cannot be explained satisfactorily 
by the simple De Vore theory. The nature of 
this shoulder and the photoconductive 
behaviour of cadmium iodide at higher 
excitation energies are being investigated 
by Wright (Private communication) at the 
University of Warwick. 

The quantitative measurements of photo¬ 
conductivity as a function of incident photon 
energy and intensity enables the carrier 
lifetime and surface recombination velocity 
to be calculated. For a photoconductor of 
area aX /> and thickness d, the resultant photo¬ 
current J due to N free electrons in an electric 
field £ along E direction is 

J = aNneE (4) 
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where e == electronic charge — 1-6 X 10 ''■’C: 
fj. - mobility of conduction electrons. The 
data for the 400//.m-thick cadmium iodide 
crystal are as follows: 


electrons in one square metre of the 400 /i,m- 
thick crystal as 


A'= ^^=2-4x101 
eafit 


(5) 


a — 0-55 cm 
/> = G-35 cm 


(/ — 400 /j.m 
R = O^.*! 

/ =-- 5 X 10'” photons sec ' nr- 

f-- 1000 
\ = 4 

V„,ax=6XlO ‘-A 
^ 100 V 

E — rm — = 286 V cm 
0-35 cm 


From a survey of photoconductivc pro¬ 
perties of ionic solids in general, it is reason¬ 
able to assume that in cadmium iodide, as in 
other ionic solids, the dominant charge carriers 
liberated by photo-excitation are conduction 
electrons with a mobility of the order of 100 
cm* V“' sec ' (the electron mobilities of 
CdS, ZnO and AgBr are 200, 180 and 240 
cm* V ' sec"' respectively). The electron 
mobilities of all known photoconducting 
ionic solids do not differ from 100 cm* V ' 
sec"' by more than one order of magnitude [8). 
Equation (4) gives the number of photo- 


By substituting this value of N and the other 
experimental data into equation (1) the 
electron lifetime t is found to be 1 5 nsec. 
Since the quantity N/(/'t) varies only slightly 
with the parameters X, ^ and uncertainties 
in these parameters do not change the value 
of T by more than one order of magnitude. 
The surface recombination velocity is found 
from the definition of f to be of the order of 
400 km sec"'. 

The variation with temperature of the 
photon energy corresponding to peak photo¬ 
conductivity in cadmium iodide has been 
studied in the temperature range 287° to 
420°K. The results show that in the tem¬ 
perature range studied the photon energy 
of the photoconductivity peak decreases 
approximately linearly with temperature at 
a rate of —(1-5 ±0-2) x 10“* eV°K"'. This is 
similar to the temperature shift of the optical 
absorption edge[3]. 

4. OKPENDENCE OF PHOTOCURRENT ON 
ILLUMINATION INTENSITY 

Moss [9] has shown that for a model 
similar to the one considered in Section 3, 
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the pholocurrent increases linearly with light 
intensity at low levels of illumination, but 
only increases as the cube root at high light 
intensities. For a photoconductor with a large 
surface recombination velocity, there is an 
intermediate region in which the photocurrent 
varies as the square root of light intensity, 
but ultimately it increases as the cube root 
at high illumination intensities. 

In this work the dependence of cadmium 
iodide photocurrents on the excitation energy 
as well as the illumination intensity has 
been studied. Figure 3 shows the relation 
between photocurrent and light intensity 
(on a log-log plot) at three different excitation 
energies for a 954/im-thick crystal. For 
3 eV(4130 A) photons on the low energy side 
of the photosensitivity peak, the slope /3 in 
the photocurrent-light intensity plot is equal 
to 0-8. For 312eV (3950 A) photons cor¬ 
responding to peak photosensitivity, /3 is 
equal to 0-7. For 3-23 eV(3820 A^ photons 
on the high energy side of the photosensitivity 
peak, /3 changes from 0-5 to 0-3 as the 
illumination intensity increases. Thus fi 
is a function of the energy (i.e. the absorption 
coefficient of the crystal) as well as the intensity 
of the incident photons. The cause of this 


variation in the value of (3 as a function of 
excitation energy is attributed to variations 
in the carrier lifetime at different excitation 
energies. Even for the same illumination 
intensity, a higher concentration of charge 
carrier is generated by the high energy 
photons than the low energy photons, since 
the former are strongly absorbed in a thin 
layer near the crystal surface. The carrier 
lifetime is consequently shortened by the 
increased surface recombination and direct 
recombination. This accounts for the observed 
decreases in the value of /3 from 0 8 to 0-7, 
0-5 and 0-3 for the three excitation energies. 
The general behaviour of photocurrent- 
light intensity relations in cadmium iodide 
is thus quite well accounted for by the 
theory developed by Moss|9). The fact that 
photocurrents excited by photons of different 
energies have different values of /8 implies 
that the photoconductivity spectral curve 
is a function of the intensity of illumination 
as well as the other crystal parameters such 
as thickness and absorption coefficient. 

5. TRANSIENT RESPONSE OF PHOTOCURRENTS 
Investigations on transient behaviour of 
photocurrents in cadmium iodide at room 



Fig. 3. SpedRitl and intensity dependence of phtMocurrent 
in cadmium iodide. 
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temperature show that the response times 
(rise and decay times) are of the order of one 
minute (electrometer response time less than 
one second) as compared to the calculated 
electron lifetime of 1 -5 nsec. This shows that 
the loss of conduction electrons by recombina¬ 
tion is replenished by electrons thermally 
liberated from trapping centres so that the 
obseiwed decay time is much longer than the 
electron lifetime. For the same magnitude of 
photocurrent, the response times are shorter 
for photocurrents excited by photons of higher 
energy, that is, by photons which arc most 
strongly absorbed by the cadmium iodide 
crystal (see Fig. 4). This observation supports 
the view that the recombination rate at the 
surface is higher than that in the volume of 
the photoconductor (refer Section 3). 
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Postscript The Editor kindly draws my attention to Ihe 
fact that Dr. D. 1-. Greenaway of RITA Laboralorie.s, 
Zurich, has recently observed an cxciton absorption 
peak at 3 24 eV in cadmium iodide at 77"K. The tempera¬ 
ture coefficient of the exciton is —2-1 X 10 * eV“K'' 
compared 10-1-26 x 10 = e V°K ' for Ihe absorption edge. 
As Ihe lempcraiure is raised the absorption edge at 3 48 
eV smoothly-approaches the 3 24eV peak and completely 
covers it at 300"K. In the light of this new information 
the observed pholocurreni in cadmium iodide at room 
temperature can arise from both band-to-band transitions 
and disswialion of excilons. Low temperature photo¬ 
conductivity mea,suremcnls are being undertaken by 
Wright (Private communication) to separate these 
contributions. Since ihe observed temperature coefficient 
of the photoconductivity peak agrees with that of the 
absorption edge and is one order of magnitude larger 
than that ol the exciton, the room temperature photo- 
conducdvity peak should be essentially band-lo-band 
transition in origin. The shoulder located at Z= 10 to 
20 in Fig. 2 could be due to room temperature broadened 
exciton. I am most grateful to Dr. D. L. Greenaway for 
making available lo me his unpublished new results on 
optical absorption of cadmium iodide and for his helpful 
comments on ifiis paper. 




Fig. 4, Transient responses of cadmium iodide photocurrents excited 
by photons of various energies. 
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THE LOW TEMPERATURE HEAT CAPACITY OF 

PLATINUM* 

W. T. BERG 

Solid State Division, Oak Ridge National Laboratory, Oak Ridge, Tenn. 37830, U S.A. 
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Abstract —The heat capacity of platinum has been measured between 2-6° and 20‘K. Analysis of the 
results gavey = 6-59 x IO“’J/g-alom deg* and240-l“K for the Debye temperature at 0°K. 


1. INTRODUCTION 

The heat capacity of platinum at low tem¬ 
peratures has been the subject of several 
investigations [1-5]. There are, however, 
significant differences in the value of y, the 
electronic coefficient of the heat capacity, and 
the value of the Debye temperature at 0°K. 
While the results of this research were being 
prepared for publication, Shoemake and 
Raync[6] published the results of their 
measurements on platinum between 1-4° 
and lOO^K. As will be seen later there is 
reasonable agreement between the two 
values of y, however, there remains some 
uncertainty as to 6^^. 

2. SAMPLE 

The calorimetric sample consisted of eight 
rods, i in. dia. and 1 in. long, supplied by 
Materials Research Corporation, Orange¬ 
burg, New York. The rods had been subjected 
to a three-pass electron-beam zone-refining 
procedure by the supplier. Table I gives the 
results of the spectrographic analysis per¬ 
formed by the Spectrochemical Laboratory 
ofORNL. 

The platinum sample was treated with warm 
concentrated HCl, thoroughly washed with 
distilled water, and dried in an air stream. The 
rods were then vacuum annealed (1 x 10“® 


•Research sponsored by the U.S. /^mic Energy 
ommission under contract with Union Ci^ide Corpora¬ 
tion. 


Table I. Spectrographic analysis 
of the platinum sample (Values 
given are in ppm by weight) 


Al 

15 

Fe 

30 

Ru 

0-5 

Au 

<10 

Ir 

<2 

Si 

90 

Ca 

2 

Mg 

1 

Sn 

0 2 

Nb 

1 

Mn 

1 

V 

1 

Co 

0 1 

Ni 

4 

w 

1 

Cr 

3 

Pd 

2 

Zr 

1 

Cu 

1 

Rh 

15 




Torr.) at I000°C for 24 hr. After cooling, the 
rods were placed in the calorimeter vessel and 
the vessel evacuated to 1 x 10"* Torn and then 
sealed off with 1 -6 X 10'* g-atom of helium gas 
for heat conduction. The sample weight was 
135-982 g. 

3. EXPERIMENTAL 

The adiabatic calorimeter assembly is 
similar to the one described by Morrison 
el a/.[7] except that a copper can is used as 
a helium reservoir in place of a Simon bomb 
and the adiabatic shield is automatically 
controlledlS]. The working thermometer is 
an Allen Bradley nominal lOH, ^ watt car¬ 
bon resistor. The derivation of the temperature 
scale has been previously described(9). 

4 . RESULTS AND DISCUSSION 
The experimental results are collected in 
Table 2. Below 4‘’K the inaccuracy of the data 
is thought to be no worse than ± 2 per cent, 
decreasing to ±0-5 per cent above I0°K. 
In the region I0-20“K the results of Clusius 
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Table 2. The heat capacity of platinum in Jig-atom deg 
e„ (Calculated from the experimental data using y = 6-59 x 
10^^ Jig-atom deg^) 


rK 

cp 

e„ 

7"K 

t'P 

9« 

1 657 

0-02005 

237-2 

9-763 

0-2151 

228-9 

2 962 

0-02322 

238-9 

10-178 

0-2394 

228-3 

3-147 

0-02520 

238-4 

10-959 

0-2902 

227-2 

3-438 

0-02844 

239-1 

11-290 

0-3142 

226-8 

3-700 

0-03171 

237 8 

12-137 

0-3817 

225-8 

3-884 

0-03400 

238-5 

12-346 

0-4003 

225-5 

4-286 

0-03971 

237-2 

13-268 

0-4877 

224-7 

4-348 

0 04054 

237 8 

13-436 

0-.5052 

224-5 

4-824 

0-04812 

237-3 

14-342 

0 6058 

223-8 

4 885 

0 04929 

236-6 

14-452 

0 6187 

223-7 

5-304 

0-05688 

2.36-5 

15-3.58 

0-7342 

223-1 

.5-4% 

0-06070 

2.36-3 

15-440 

0 7454 

223-1 

5-8/3 

0-06765 

2.35-2 

16-299 

0 8697 

222-5 

6-150 

0 07546 

234-8 

16.579 

0-9117 

222-3 

6-327 

0 07971 

234-8 

17-2.59 

1-020 

222-3 

6-815 

0-09294 

2340 

17-694 

1-094 

222-1 

7-040 

0-09984 

233-2 

18-2.39 

1-195 

221-8 

7-675 

0-1209 

232-0 

18-786 

1-2% 

221-7 

7-9ti9 

0-1315 

231-8 

19-247 

l-,388 

221-6 

8-689 

0-1612 

230 6 

19-900 

1-.523 

221-5 

9-025 

0-1769 

230 0 

20.300 

1-609 

221-4 


and co-workers [ 10) are about 7 percent higher 
a( l()°K. and al 20'^K (hey are 2 percent lower 
than the results reported here. The earlier 
data of Kok and Keesom(5| are 1-.^ per cent 
higher below 9°K, and above 9°K they are 
2-.5 per cent lower than the present results. 
Direct comparison with the results of other 
investigators) 1-4.6) can only be made on the 
basis of derived parameters. 

At low temperatures the heat capacity of a 
simple metal can be written as 

C,. = yT-i-ar'‘ + hr-hcr + ... ( 1 ) 

where yT is the electronic contribution to (he 
total heat capacity. The remaining terms in the 
series give the lattice contribution. The 
coefficients a, h and c are related to the coeffi¬ 
cients of the series expansion for the lattice 
frequency spectrum at low frequencies. In 
particular, a gives the Debye temperature 
at 0“K by means of the relation 

(2) 


where rt is in units of J/g-atom deg^. 

The usual practice in analyzing calorimetric 
data on metals is to plot C,./T vs. P and then 
lit a straight line to the graph. The intercept 
at 7'“ = 0 gives y and the slope of the line gives 
a. This method gives good results if the data 
extend to very low temperatures where the 
effects of the dispersive coefficients, h and c, 
are small. Barron and Morrisonfll] have 
shown the importance of including terms 
beyond 7 ' in order to obtain accurate esti¬ 
mates of 0o''. This is fairly straightforward 
for insulators; however, in the case of metals 
there is the added complication of the elec¬ 
tronic term. A more sensitive method of treat¬ 
ing the data is to plot (C,. — yT)/7^ against 
7^. This type of plot is shown in Fig. 1 using 
the experimental results of this investigation 
with the y values given by Dixon and co- 
workers) 1) and by Ramanathan and Srini- 
vasan[31 from measurements in the range 
1 < T < 4-2. The results below 5'‘K show 
large changes in slope, indicating that in one 
case y has been underestimated and the lattice 
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Fig. I. Graph of {C,.-yT)l'P vs. 7’. Open circles y = 6-507 x 10 ’ J/g-atom deg* from Dixon 
ct al.[ 11. Filled circles y = 6-676 x 10 * J/g-alom deg* from Ramanalhan and Snnivasanl2l. 


heat capacity is too large while in the other 
case y is loo large. 

Although the present experiments extended 
to only 2-6°K, an attempt was made to ex¬ 
tract y from the data. The parameters in 


equation (I) were determined by a least- 
squares analysis of the data below 7®K. 
Numerical values of the coefficients are given 
with the values of other investigators in Table 
3. The value for r is not included because the 


Table 3. Parameters derived from heat capacity and elastic constant measurements 



■yX 10* 

(J/g-alom deg*) 

a X 10“ 

(J/g-alum deg*) 

CK) 

6x 10' 

(J/g-atom deg*) 

0B(elastic) 

1 his work 

6-59 + 0-03 

1 404 ± 0 040 

240-1 + 2-3 

2-3+ 1-5 


Shocmake and 

6-56 ±0-03 


234-4 + 2-5 

1-8 + 2 


Rayne*"' 






Dixon el at.'"' 

6-507 ±0-006 


234-9 + 0-4 



Budworth el all' ' 

6-41 ±0026 


235-3+ 1-3 



Ramanath-an and 

6-676 + 0-042 

1-410 ±0-058 

239-7 + 3-1 



Srinivasarf'*’ 






Rayne*'’ 

6-90±0-.33 





Kok and 

6-74 





Kecsom''* 






MacF-arlane et a(.‘"’ 





237 8+ 1 5 


'"’Reference [6). 
'“’Reference 11 ]. 
''■’Reference [2]. 
"'’Reference [3). 
''’Reference [4], 
"’Reference (SJ. 
'“’Reference [12). 
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Kig. 2. Graph of - yV )/T'v>. T* 'nlh 7 = (>-59x 10 ^J/g-atom deg^ The vertical 
b.iis show the effect of a I per teni change in C,., keeping the electronic contribution 
constant The smooth curve shows the fit of a least-squares analysts to the experimental 

points below 7"K, 


error limits make its value. .‘'(± I0)X 10'"’ 
J/it-atom deg", uncertain. The agreement with 
Oi,'' ohlained by Ramanathaii and Srinivasan 
must be fortuitous in view of the different 
values deduced for y. 

Figure 2 again shows (O-yD/P vs. P 
u.s/ng the y calculated from the data (y = 
6-59X 10 ■’J/g-atom deg'), and the smooth 
curve shows the resulting fit of the least- 
squares analysis. The large change in slope 
has been removed and the extrapolation goes 
-smoothly to P -= 0. Included in Table 2 are 
Debye temperatures calculated from the 
experimental heat capacities using the same 
value of y as in Fig. 2. 

As seen from Fable 3 the agreement with 
the recently published work of Shoemake 
and RaynetbJ is almost satisfactory. They 
carried out experiments between 1-4” and 
lOO^K and analyzed their data with the same 
method used in this work. The values of y 
agree within the uncertainties shown; how¬ 
ever, the values of differ by over 2 per 
cent. Also listed in Table 3 is 0„(elastic) 
determined by MacFarlane e/ a/.[ 12] from low 
temperature elastic constant measurements. 


V derived from the present measurements 
agrees with this value of 9„ (elastic) within 
1 percent. 

Ackmnr!ed>;emettt.'i~yhe author wishes to lhank L. C. 
Tcmpltion for his valuable a.ssistance in all of ihe 
experiments and the Specirochemical Laboratory of 
OKNl, for canrying out the analysis of the platinum 
sample. 
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A DIELECTRIC STUDY OF THE SYNTHETIC 
LINDE TYPE-/4 ZEOLITE-1. EXPERIMENTAL METHODS 
AND THE LINDE 5-/I-WATER SYSTEM 
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Edward Davies Chemical Laboratory, University College of Wales, Aberystwyth, U. K. 

(Received 10 April 1968^ 

Abstract -A system, designed particularly for the study of the dielectric properties of zeolites on 
the adsorption of vapours, is described. It enables compacted disc samples to be dehydrated at 450°C 
and IO“‘Torr., and then measured, in the frequency range 5 Hz-148 kHz, with any equilibrium 
pressure, up to 760 Torr., of most gaseous adsorbates. 

Measurements of the permittivity and dielectnc loss factor have been made for the Linde Molecular 
Sieve zeolite type 5-A in the dehydrated state and with adsorbed water at all water contents up to 
saturation. By the use of conventional dielectric measuring techniques the water saturated material 
has been measured in the frequency range S Hz-8-5 GHz. 

A well dehned region of dielectric absorption, occurring in the low frequency (< 148 kHz) range, 
has been ascribed to movement, within the zeolite cavities, of the interstitial cations. The behaviour 
of this absorption with variation of water content and temperature has been investigated. A further 
low frequency absorption, attributed to the adsorbed water, has been observed and its behaviour 
with water content and temperature studied. The results suggest that the total dipole polarisation due 
to the water relaxes in two stages: one is of a low frequency ice-like character, the other, relatively 
much smaller dispersion, gives absorption(s) throughout the MHz region. 

The permittivity increment shows a sequence of linear increases with water content which have 
been interpreted as indicating coverage of the first and second most active adsorption sites in the 
zeolite cavities. 

Possible mechanisms of these processes are discussed. 


INTRODUCTION 

The zeolites offer unusually interesting 
models of molecular and ionic behaviour 
with their essentially rigid anionic alumino¬ 
silicate framework regularly incorporating 
molecularly large cavities and channels in 
which different cations can be introduced 
and where they can move between preferred 
positions. A great variety of molecules, limited 
in size by the channels, can be adsorbed and 
their mobility in these systems has been studied 
by a number of methods in recent years; n.m.r. 
[1], infra-red[2], neutron scattering[3].etc. 

In the absence of adsorbates, dielectric 
studies might well establish aspects of cation 
movements. Non-polar adsorbates should 
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influence such movements —and the strong 
ionic fields might detectably polarise the ad¬ 
sorbates. With polar adsorbates a wide spec¬ 
trum of interactions might be revealed by 
dielectric studies. Perhaps experimental 
difficulties have limited such studies, especially 
over significant frequency ranges. Lebrun [4] 
found that the lype-A zeolites gave complex 
dielectric spectra, but there was little control 
of the adsorbate content in that study and few 
conclusions are established by the results. 
Recently Dubinin et a/. [5] have published 
accounts of systematic dielectric studies of 
the type-A zeolite where the adsorbate content 
has been well controlled. Relevant aspects of 
these results will be referred to later. One 
special feature of the zeolites is their remark¬ 
able avidity for water. So pronounced an 
aspect of their behaviour is this that the pre¬ 
sent studies almost necessarily commenced 
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with a survey of the dielectric properties of a 
typical zeolitC'Water system. In suitable in¬ 
stances the permittivity (e ) and dielectric loss 
(t”) have been measured from 5 Hz to 8-5 
GHz. 

EXI'ERIMKNTAL 

Several experimental difficulties are en¬ 
countered in a dielectric study of zeolites, the 
two major problems being the form of the 
sample and the adsorbate content control. 
Dubinin used powder samples, as have 
many other workers in dielectric studies of 
adsorbent-adsorbate systems. While this 
method simplifies the measuring cells required 
and facilitates the achievement of the high 
vacua and temperatures required for activation 
of adsorbents, it greatly increases the possible 
occurrence of interfacial polarisation and the 
method requires the use of equations, such as 
the Bdttcher relation (6J, to approximate to the 
permittivity and loss factor of the bulk 
crystal. 

In the particular case of the type-/! zeolite 
it is impossible to obtain single crystals of the 
size required for dielectric studies and in the 
present work compacted discs of the crystal¬ 
line powder have been used. It has been well 
established that compacted discs give dielec¬ 
tric panimeters quantitatively comparable (±2 
to ±5 per cent) with the bulk material solidi¬ 
fied from the melt for organic mateiiah includ¬ 
ing polymers. Such materials are generally 
relatively soft and tend to flow under applied 
pressures. The hardness of the zeolites reduces 
the degree of compacting in a pressed disc and 
so the attainment of a density matching that 
of the bulk crystal. No data are available in 
the literature comparing the permittivity and 
loss of single crystals with those of compacted 
discs of hard crystalline inorganic materials. 
However Ducros[7] showed that compacted 
di.sc,s of the natural zeolite chabazite gave di¬ 
electric parameters comparable with the bulk 
crystal (to within ±2 per cent). 

Heterogeneity in compacted discs can occur 
at the surface of the disc and at particle- 
particle interfaces due to local distortion (or 


destruction) of the lattice by the high applied 
pressures [8]. Freeman and Stamires investi¬ 
gated the difficult problem of compacting zeo¬ 
lite specimens [91 and, using more severe 
conditions than those of the present work, did 
not find any structural damage when the 
powder was pressed with only small amounts 
of adsorbed water present; large amounts of 
adsorbed water did lead to structural damage. 
They have patented[10] a technique which 
presses the zeolite powder at a temperature 
of I50°-200°C under a vacuum of lO^^Torr. 
for 15 mins at a pressure greater than 10,000 
p.s.i.; using this method they achieved densities 
close to 90 per cent of the single crystal value. 
No structural damage occurred until pressures 
above 50,000 p.s.i. were used[9]. 

In the present work the crystalline powder, 
after dehydrating at 450°C for 24 hr, was 
pressed in an accurately machined die of 50 
mm dia. with an applied pressure of approxi¬ 
mately 15,000 p.s.i. This gave discs which 
had densities of about 75 per cent of the X-ray 
crystal density. Large amounts of adsorbed 
water reduced the density of the discs ob¬ 
tained; samples almost saturated with water 
gave densities only 50 per cent of the X-ray 
value. Compacted co-axial samples of external 
dia. 14-10 mm and internal dia. 6-10 mm were 
also prepared. The smaller surface area en¬ 
abled greater pressures to be applied and with 
pressures of 40,000-45,000 p.s.i. compacts of 
density 85 per cent of the X-ray crystal 
density were obtained. Vacuum pressing was 
not tried. Heating the die did not result in 
denser compacts and all pressing was carried 
out at room temperature. 

Pressing the zeolite powder to the maximum 
extent (i.e. for co-axial line samples) did not 
affect the adsorptive properties. The samples 
were allowed to saturate by standing over 
distilled water: determination of the amount 
sorbed, by ignition at 1000°C, showed that the 
total intracrystalline volume was available to 
the water. This also indicated that structural 
damage was minimal. In view of the lower 
pres.sures used in compacting the 50 mm disc 
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samples it was unlikely that structural damage 
occurred and this source of heterogeneity 
has been assumed to be absent. 

The presence of 15-25 per cent air in the 
compacted samples could also give rise to 
spurious effects in the dielectric properties. 
Good reproducibility was obtained between 
samples of less than 70 per cent density and 
samples of more than 80 per cent density 
suggesting that the presence of air, presumably 
in the form of voids and fissures in the com¬ 
pacted disc, had little effect on the dielectric 
properties. A Maxwell-Wagner loss process 
arising from this source would probably be 
small and its detection in the presence of the 
large reproducible losses of the zeolite/ 
adsorbate system was unlikely. The major 
effect of the voids or air gaps is to reduce 
the permittivity and loss relative to those for 
the ideal zeolite lattice in essentially the same 
ratio as the density. As, however, experi¬ 
mental evidence for the validity of a density 
correction is not immediately available in 
these systems, no such correction has been 
applied to the data. 

A further source of heterogeneity in 
synthetic zeolites arises from the possible 
occlusion of sodium aluminate in the sodalite 
cages of the type-zt structure. It is well 
established that NaAIOj can be occluded in 
varying degrees up to a maximum of one 
molecule of NaAI 02 per unit celllil,121. 
While the first two causes of heterogeneity 
occur during the preparation of the sample 
for measurement and can, to some extent, be 
eliminated, the occluded sodium aluminate 
presents a difficult problem in that it cannot 
be removed. The presence of such an ion-pair 
can affect the dielectric properties considerab¬ 
ly since, although it is unable to escape from 
the sodalite cage, it is conceivably free to 
rotate within the cage and can be expected to 
give rise to dielectric dispersion. 

The second experimental problem, that of 
adsorbate content control, varies considerably 
with the measuring procedure used. In the 
present work measurements hav« been made 


over the frequency range 5-25 Hz to 8-5 GHz 
using the following equipment. 

(i) Thompson Bridge[13]; 5-25 Hz to 148 
kHz 

(ii) Boonton R-X Meter[14]: 0-5 to 140 MHz 
(hi) General Radio Slotted Line[15I: 250 to 

900 MHz 

(iv) Microwave Dielectrometer[16]; 1-0, 3 0 
and 8-5 GHz. 

With the Slotted Line and Dielectrometer 
co-axial lines and waveguides are used: these 
are normally open to the atmosphere and 
consequently variations of adsorbate content 
are difficult to eliminate. The use of such 
lines has currently been limited to the watcr- 
.saturated material. No significant loss of 
adsorbed water occurred from these samples 
in the measuring cells over a period of 48 hr. 

For the Boonton Bridge a co-axial cell is 
used which may be completely enclosed. 
The water content may be varied in this 
system by starting with a saturated sample 
and ‘drying’ it at a pailicular temperature, 
then weighing the water lost from saturation. 
Samples were ‘dried’ at various temperatures 
for at least 24 hr which ensured equilibrium 
at each stage. Many samples were ignited at 
I0()0°C after measurement to check on the 
water content; in all cases the agreement was 
excellent. Water contents down to about 30 
per cent of saturation may be measured in this 
way without significant pick-up of water. 

The large majority of measurements have 
been made on the Thompson Bridge, i.e. at 
5-25 Hz-148 kHz. In this case three different 
methods of measurement and two methods of 
water content variation were used. In the 
first instance a conventional two terminal 
parallel plate capacitor, the plate gap being 
adjustable by the use of a micrometer screw, 
was used and the sample measured by a direct 
substitution method. The water content was 
varied as for the co-axial line. Aluminium 
foil electrodes were attached to the sample to 
reduce electrode and surface conductivity 
effects. Colloidal silver electrodes were also 
tried but they gave little improvement over 
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ato/nto M l>dd 'dd 

considerably impainng the adsorpti P 

perties of the sample. nlait- 

Temperature variation with a parade p 
capacitor is difficult and a .30 cm length of 
co-axial air-line may be conveniently sea/eti 
at one end to form a cell which can be im¬ 
mersed in suitable thermostat baths. The 
water content v/as controlled as alieady 
described; that no moisture pick-up occurred 
during measurement was adequately checked 
by finally returning the specimen to its original 
temperature and remeasuring it. At water 
contents close to saturation, temperatures 
above room temperature cannot be employed j 
as loss of water occurs. At other water 
contents the maximum temperature used was Fi 
taken as JOT less than that used to equili- “> 
briate the sample when establishing the water 
content; this prevented further loss of water. b; 

To investigate the zeolites at low water w 
contents, and also with other adsorbates, in 
required the design and construction of a si 
dielectric cell capable of being heated to I- 
4.S0°C and evacuated to l()~^-IO'’’Torr. A el 
parallel plate capacitor was used to accom- th 
modate thin disc samples offering a large ar 
surface area to adsorbate vapours. The use of be 
a three terminal cell gave greater accuracy bt 
and eliminated the effect of the long leads 





Fig. 1. Section of the vacuum dielectric cell showing exit 
to vacuum line, electrical lead outlets and general arrange¬ 
ment of the electrodes. 


by a double ‘O' ring shaft seal; this, together 
with the electrode assembly is shown in detail 
in Fig. 2. The electrode is insulated from the 
shaft by being suspended from a teflon plate 
15 cm thick by means of three pillars, the 
electrode connection being made to one of 
these pillars. The electrode is 40 mm in dia. 
and surrounded by a guard ring 8 mm wide, 
both of stainless steel, the mica insulated gap 
being 1 mm wide. 

The base electrode is 5-7.5 cm in dia. and is 


necessary in the cell. Figure I shows the main 
cell compartment. The glass body is a standard 
‘Q.V.F. Unequal Tee Piece’ of minimum 
internal dia. 15 cm and height 30 cm; the side 
arm has an internal dia. 5 cm. The top and the 
base are of 2 cm Duralumin plate with the 
surface machined over the area mating with 
the ground glass ends of the cell body. The 
seal between the two is effected by 'Q.V.F. 
Flycar’ rubber gaskets 3 mm thick. Fxit to the 
vacuum line is through the side arm via a 
standard ‘Q.V.F. Hose Connector’ welded on 
to the vacuum line. The seal between the 
main cell side arm and the hose connector 
ground faces again being affected by a ‘Hycar’ 
rubber gasket. 

Movement of the top electrode is allowed 


supported from the baseplate as shown in 
Fig. 1, insulation being provided by the 
teflon insulator shown in Fig. 2. The cavity 
in the base electrode, shown in Fig. 2, con¬ 
tains a heater capable of heating the 6-5 mm 
thick plate forming the electrode surface to 
about 6()0°C. The heater can also be used for 
temperature variation. Since only the base 
electrode is heated, equilibration depends 
solely on conduction and consequently takes 
some considerable time. When the cell is 
evacuated a considerable temperature gradient 
develops across the sample but in the presence 
of a gas temperature equilibration is more 
readily achieved. 

The thermocouple, electrode and heater 
leads are taken out of the main cell com- 
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Fig. 2. Electrode assembly and 'O' ring shaft seal which 
allows movement of the top electrode inside the cell 
compartment. 

partment via the side arm and out of the 
system through the two B34 cone ‘pinch’ 
seals shown in Fig. 1. All leads are insulated 
with aluminous porcelain insulators. The 
electrode leads are screened, the earthed 
screens being attached as shown in Fig. 1. 

The whole system can be evacuated to a 
pressure of 10~* Torr. by a 4-stage oil diffusion 
pump. A gas handling system permits any 
required pressure of adsorbate vapour to be 
established over the sample. The system does 
not contain an adsorption balance and 
available isotherms were used to determine 
the adsorbate contents from the known 
equilibrium pressures. 

Whilst initially desorbing from high 
adsorbate contents the disc became very 
mobile, moving about the base electrode 
surface on a cushion of desorbing vapour. A 
thin annular ring of aluminiun* ensured the 


samples remained on the electrode. The ring, 
0*5 mm thick and 3 mm wide, did not affect the 
capacitance measurements at electrode gaps 
above 1 *5 mm. This was the lower limit of 
sample thicknesses used. 

The sample thickness determines the 
electrode separation and the two electrodes 
have no common support for alignment. 
Accordingly it was important to check the 
reproducibility of the capacitances of standard 
samples after repeated movement of the 
upper electrode and after dismantling of the 
cell. Measurements of capacitance to 1 in 10^ 
showed them reproducible for sample 
thicknesses from 0-75 to 4-0 mm to ±0-5 
per cent. By clamping a micrometer screw to 
the shaft seal the electrode gap (/) was con¬ 
trolled. Good linear plots were obtained for 
the measured capacitance fCmeas.) against 
III for both air and teflon specimens. Then 
from the relation. 


where e' is the known permittivity of the 
teflon (2 08) or air, the cell constants (Cn and 
C„) were obtained. Both C„ and €„ vs. I/t 
plots were linear in the thickness range 
10-3-5mm. The optimum zeolite sample 
thickness for the Thompson Bridge range was 
2 0 mm. Further checks of the measuring 
system showed; (i) the known permittivities 
of discs of various materials were reproduced; 
(ii) no loss was measurable for loss-less 
samples; (iii) the losses measured for materials 
otherwise characterized dielectrically in this 
laboratory showed good agreement; there was 
good agreement for identical zeolite speci¬ 
mens measured in the vacuum cell and in 
standard conventional capacitors. 

MATERIALS 

The zeolites studied in the present work are 
various cation forms of the type-/l zeolite. 
The mixed ion forms available commercially 
as Linde Molecular Sieves Types 3/1, 4A 
and 5-A were used. The present paper reports 
the results for the 5-/4/HjO system. The 
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composition of 5-/4 is quoted as Ca^.sNa.! 
[(AlO2),2(SiO2),2]30H2O for the hydrated 
material [17], The pure powdered material 
with no clay binder as supplied by B.D.H. 
Ltd. was used. In the vacuum cell distilled 
deionised water, to provide the vapour, was 
first degassed by repeated freezing and 
evacuation to remove dissolved air. 

RE.Slll.TS 

All results refer to a temperature of 22 ± 
rC unless otherwise staled. The dielectric 
methods will be referred to as; Method I for 
the conventional method using parallel plate 
and co-axial capacitors as described above, 
and Method II for those obtained using the 
vacuum cell. The state of the sample in all 
cases was a compacted disc with a density of 
75 ± 5 per cent of the X-ray crystal dcn.sity, or 
a compacted co-axial sample with a density of 
80+-5 per cent of the X-ray value. The accu¬ 
racy in determining the dielectric parameters 
is ±2 per cent both e' and e". The water con¬ 
tents for Method I are quoted as molecules 
of water per unit cell of zeolite, checks on 
which gave agreement to ± 0 - 21-120 p.u.c. 
The water contents quoted for Method II are 
obtained from isotherms provided by the 
Linde Division of Union Carbide Corporation 
and have been described elsewhere! 181. No 
quantitative data for the uncertainties in these 
data are available but the agreement obtained 
between the dielectric parameters obtained by 
Methods 1 and II suggest that the values are 
accurate to about ±0-2 HjO p.u.c. The equili¬ 
brium water vapour pressures at the various 
water contents are given in the tables where 
applicable. Dielectric reproducibility between 
samples was generally better than ±4 per cent, 
but varied somewhat with water content, i.e. 
increasing from ±2 per cent at dehydration 
to about ± 5 per cent at saturation. Some com¬ 
ments on the procedure accompany the pre¬ 
sentation of the results; these should clarify 
their significance before attempting their 
interpretation. 

Table I gives the dielectric parameters by 


Table 1. Dielectric para¬ 
meters of anhydrous 5-A 


Frequency 

(Hz) 


1(P«" 

5-25 

2-40 ±0-05 

45 ±5 

18-0 

2-39 ±0-05 

30±3 

54-0 

2-38 ±0-05 

25±3 

179 

2-37 ±005 

17 + 3 

S2.S 

2-36 ±005 

I7±3 

I.S86 

2-35±005 

I5±3 

S269 

2-34 ±005 

15 + 3 

I.S-9X 10'' 

2-.33±005 

15 + 3 

51-9X I0-’ 

2-32±005 

15 + 3 

I48X i(y> 

2-32 ±005 

15 + 3 


Method II for the dehydrated 5-A zeolite 
after desorption, at 400-450°C and 10"‘'-10’® 
Torr., of not only H^O but also for CO 2 , SOj 
and NH;,. Under the above conditions de¬ 
sorption times for water exceeded 24 hr; for 
other adsorbates 12 hr sufficed. The values in 
Table I are mean values obtained from three 
different samples after firstly desorbing water 
and then the subsequent adsorption/desorp¬ 
tion of one or more of the other adsorbates. 
After desorption of water at 350°C the values 
obtained were larger by about 5 per cent 
Desorption at 50()°C reproduced Table 1. 

The increase in both e' and e" at low fre¬ 
quencies probably shows conductivity 
together with some electrode polarisation 
(foil electrodes were avoided in Method 11). 
From values of €''x/= l -8x a maxi¬ 

mum conductivity, k. may be estimated. As is 
usual with solid samples e"/still varies at low 
frequencies and the value of e" at/= 5-25 Hz 
suggests A: = 1-31 ±015 X lO *'* fl ' cm '. 
Topchieva[19] reported that the conductivity 
of anhydrous Cd-A was less than 10 '^ fi ' 
cm '. Values of conductivity obtained from 
dielectric measurements are maximum pos¬ 
sible values since e" (measured) contains 
dielectric loss and loss due to electrode 
polarisation or Maxwell-Wagner effects. 
Provided Cmax.and /ma*. of a dielectric loss 
peak are known the value of e" (dielectric) 
may be calculated at any frequency from the 
Fuoss-Kirkwood relation. Thus e" at 5-25 Hz 
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can be corrected for the dielectric loss to 
estimate the conductivity. 

Figure 3 shows the permittivity, e'.and loss 
factor, e", of completely hydrated 5-A (5-A 
30 HjO p.u.c.) over the frequency range 
5-25 Hz-3 GHz. The region above 100 MHz 
has not been investigated at water contents 
other than 30 HjO p.u.c., and over a range of 
temperature below 22°C to —SO^C. The loss 
and permittivity values decrease as the large 
absorption at 16 kHz moves to lower fre¬ 
quencies. The absorption at 400 MHz moves 
very little, if at all, with temperature indicating 
an extremely low activation energy. This 
suggests this feature is not due to adsorbed 
water as the liquid has an activation energy, 
for dipole reorientation, of about 5 kcal. mole' 
and an increased value would be expected for 
absorbed water. The 10 GHz absorption does 
move to lower frequencies and appears either 
to broaden or to fall in peak height as the 
temperature falls and it merges with the 400 
MHz feature. The results do show (hat major 
absorptions due to the adsorbed water are 
below 100 MHz and the value €' = 4 0 at 
8-5 GHz emphasizes that virtually no dipolar 
dispersion occurs above that frequency. 

1 he frequenc y range 5 • 25 H z-100 M H z has 
been fully investigated with variation of water 
content. Figure 4 shows some typical loss 



Hg. 4. Absorplion I in 5-A/H,0 at two water contents 
(a) 27-4 H,0 p.u.c. (b>25-1 H,0 p u.c. 

curves at various water contents obtained by 
Method I. As water is removed from 5-A the 
large absorption at 16 kHz moves rapidly to 
lower frequencies, the peak height (€„,„ ) also 



Log f 

Fig. -t. Peijiittivit> (+) and dielectric loss (•) in .S-A 
.tOHjO p.u.c. 
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hig 5. VariMion I'f peak position. log/„,„, and peak 
height, . for absorption I in with water 

content. Ditt'ctenl specimens indicated by x (j +, 


falling rapidly. Figure 5 shows the variation of 
peak position and peak height with water con¬ 
tent. The curves in Fig. 5 include results from 
various samples and show their resproducibi- 
lity. Table 2 lists the dielectric parameters for 
this absorption (which will be referred to as 
absorption I) obtained by Method I. en,ax. 
e„ and t., are obtained from f'ole-Cole circular 
arc plots[2()|, log/,,,,, is obtained from Fuoss- 
Kirkwood plotsf2l | i.c. 


where n h Hie Fuoss-Kirkwood dislribuUon 
oarameter. Such a plot allows an assessment 
of relaxation time and its distribution on the 
basis of loss factors only and also gives a 
measure of the total dispersion involved from 


The relaxation time, t, is obtained from the 
relationT= I/a)= U2nf„ax.- 
The variation in /3 values and at water 
contents close to saturation is readily under¬ 
stood as the effect of removal of more water is 
observed. When absorption I has moved to 
low frequencies a second smaller peak 
(absorption II) is revealed. The increase in e" 
values on the high frequency side of absorp¬ 
tion I due to absorption II overlap^ng causes 
to vary. A similar effect appears on the low 
frequency side of absorption 1 by an increase 
in e" values from conductivity. At water con¬ 
tents below 26 H..iO p.u.c. the €„ and y3 values 
for absorption 1 become constant. Figure 4(b), 
for a water content of 25-1 HjO p.u.c., clearly 
shows the presence of two peaks. Absorption 
II follows the first to lower frequencies, the 
curve of its movement with water content 
being shown in Fig. 6. The various points on 
Fig. 6 show the good agreement obtained be¬ 
tween the two methods of measurement in 
which the water contents were controlled in 


ruble 2. Dielecirie absorption iHirameters for absorption 
I III 5-A at mrbnts water contents 


H,() p.u.c. 

€|. 

€, 

mjix 

30 

lOS 

10-5 

36 4 


102 

22-7 

27 5 

27-4 

89 4 

18-6 

21 9 

26-5 

790 

17-3 

16-9 

25') 

69 0 

20-8 

160 

25-4 

57-0 

21 0 

13-5 

25-1 

.SS 6 

20-8 

12-9 

24-7 

52 5 

20-2 

12-3 

24-3 

51-2 

20-1 

11-2 


+ ()03l +01 Ttset) 


4 20 

0-62 

lOx 10 ■' 

2-90 

0-49 

2 0X 10 ^ 

2-20 

0-53 

lOx 10 “ 

1 83 

0-46 

2 -4 X 10 •' 

1-45 

0-56 

5-7 X 10-» 

1 13 

0-52 

l-2x 10+" 

102 

l)-53 

1-5X 10' 

0-85 

0-53 

2-3 X 10“' 

0-65 

0-52 

3-6 X 10-' 
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10 12 m 16 18 20 22 24 26 28 30 


Mol«cultt H^O p«r unitc«ll 

hig. 6. Variation of peak position, log/m,,, for absorption 
II in 5-A/H,0 with water content: different specimens. 
Method I • +, Method II O. 

quite different ways and entirely different 
capacitance cells used. The amplitude of 
absorption II remains essentially constant at 
all water contents. Table 3 lists some typical 
values of the dielectric absorption parameters 
obtained by Method II. Table 4 gives the 
permittivity and loss values at water contents 
below those for which absorption II is in this 


frequency range. The loss values at 11-0 and 
9-5 HtO p.u.c. do not permit estimation of the 
peak position assuming a constant Cmax. since 
the low frequency values are increased by 
conductivity and electrode polarisation effects 
and do not give circular arcs in Cole-Cole 
plots. This difficulty is inherent in Method II 
measurements and the water content pick up 
during measurement forbids the use of 
Method I. 

Figure 7 shows the temperature variation of 
absorption 1 in 5-A 30 HjO p.u.c. at various 
temperatures. An Arrhenius plot of log/n,,,. 
vs. 10’/7^K gives an activation energy of 
16-7± 1 0 kcal. mole"'. The large temperature 
coefficient limited the range over which these 
data could be collected; the almost water 
saturated samples could be studied only below 
room temperatures. Temperature variation for 
absorption II was studied in a cell consisting 
of a modified 30 cm co-axial air line. The 
results have been evaluated on the basis of 
Eyring’s rate equation; 



This gives A///? == A//* (Arrhenius)—/?/', and 
from its best values AS^ is evaluated. Table 5 
shows the variation of activation enthalpy and 
entropy at various water contents for absorp¬ 
tion II. 


Table 3. Dielectric absorption parameters for absorption II in 5-A at 
various water contents obtained by Method II 


HjO vap. «0 fmmn P log/nui. T 


HjO p.u.c. 

press. Torr. 

±01 

±0-1 

+ 0-1 

±0-1 

+ 0-03 

(sec) 

20-3 

1-0 

17-80 

4-45 

4-60 

_ 

3 90 

2-Ox 10 * 

19-7 

6-0 X I0“‘ 

17-70 

4 40 

4-40 

— 

3 76 

2 8x 10 ‘ 

19-4 

4-5 X 10' 

17-75 

4 30 

4-.30 

— 

3-70 

3-2 X |0“» 

18-4 

2-2 X 10' 

16-40 

4 10 

4-10 

0-.50 

3-67 

3 4x I0-» 

181 

l -gx 10 ' 

15-.50 

4 05 

4-05 

0 49 

3-63 

3-7 X 10“ 

17-6 

l•4x 10-' 

15-50 

4 10 

4 10 

0-.52 

3-.56 

4-4 X 10 * 

16-4 

80 X 10-» 

15-25 

3-85 

3-85 

0-52 

3-18 

1-1 X 10 * 

15-4 

5-.S X I0-« 

14-60 

3-75 

3-75 

0-.54 

3 13 

l-2x 10 * 

I.S-I 

.S OX io-> 

15-40 

3-80 

3-80 

0.55 

3-06 

l-4x 10* 

140 

3-5 X 10-« 

15-.50 

3-75 

3-75 

0-49 

2-74 

2-9 X 10 * 

12-8 

2-45 X 10-* 

15-60 

3-65 

3-65 

0-47 

2-01 

1-6X 10 * 

12-1 

2-0 X 10-> • 

15-40 

3-60 

3-60 

0-48 

1-71 

3 1 X 10 * 
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Table 4. 


Dielectric punimeters in 5-A 


at various water contents 


HzO vapour 
pressure Torr, 

1 5X 10 ’ 

l-l X 10 ’ 

HjO p.u.c. 

ll-O 

9 5 

1 req, Hz 

€' e" 

e' 

t" 

5-25 

11-93 5.04 

10-12 

4-84 

18 U 

9 16 .3 89 

7-,39 

3-37 

.54-0 

6-77 2-85 

5-77 

2-.30 


5 26 1 67 

4-81 

1 37 

,‘i25 

4-58 1 14 

4-30 

0-84 

l.SSfi 

4 18 0-68 

3 98 

0-53 

5269 

3 90 0-43 

.3 77 

0-35 

15-914 

3-71 0-31 

3 62 

0-27 

51 •9k 

3-58 0 22 

3 52 

0 19 

148k 

3-47 0 15 

3 41 

0-13 


Values of the apparent conductivity, 
obtained as already indicated, at various water 
contents, together with the activation energy 
of conductivity, arc given in Table 6. 
(cond) increa.ses approximately linearly with 
increiise in water content in the above range. 

DISCISSION 

It is appropriate firstly to recall the salient 
features of the zeolite lattice structure [11,17, 
22], The crystal structure of type-A consists of 
large cavities (a-cages) of 11-4 A dia. separa¬ 
ted, in a cubic array, by 4-2 A dia. windows 
formed by 8-membered oxygen rings. The 
structure also contains smaller cavities (fi- 
cages) of 6-6 A dia. separated from the large 
a-cage by 2-2 A dia. windows, formed by 6- 
membered oxygen rings. The mobile interstit¬ 
ial cations (K^ in 3-/4, Na+ in 4-A and Ca^^ in 
5-/4) occupy preferred positions in the lattice. 
There are eight type-1 ion sites[23,24] close 
to the 6-membered oxygen ring windows. This 
is the preferred cation site and the cations re¬ 
main close to this position in the presence of 
an adsorbate. The type-I I cation sites are close 
to the 8-membered oxygen ring windows in the 
dehydrated material but in the presence of an 
adsorbate the cations from these positions are 


SOxlO'' 4 5x10-’ l-.SxlO^ 


8-0 6 2 


e' 

€" 

e' 

e" 



7 46 

3-65 

4-86 

1-82 

2-94 

0-21 

5-65 

2-01 

4-24 

0-94 

2-88 

0-18 

4-75 

1-22 

3-98 

0-57 

2-79 

0-16 

4-24 

0-78 

3-79 

0-.34 

2-68 

0 - 10 , 

3-98 

0-51 

3-69 

0-26 

2-62 

0 - 07 , 

3-77 

0-.34 

3-54 

0-22 

2-.59 

0 - 05 < 

3-64 

0-26 

3-45 

0-19 

2-.56 

0 - 04 ;, 

3-47 

0-20 

3-30 

0-16 

2-55 

0 - 03 ., 

3-41 

0-15 

3-22 

O-ll 

2-54 

0 - 02 i 

3.34 

0-10 

3-15 

0-07 

2-54 

o-ou 


Table 5. Variation of 
activation energy and 
entropy for absorption // 
in 5-A with water content 


HjO p.u.c. 

kcal.mole"' 

c.u. 

12-2 

12-l±0-2 

-7-9 

14-1 

12-7 + 0-1 

0-4 

16-5 

13 9±0-l 

7-9 

20-4 

14 9 + 0-1 

13-0 

22-4 

14-3 + 0-5 

14-2 

23-3 

14-5 ±0-2 

14-5 


Table f>. Apparent conduclives of 5-A at 
22°C and various water contents and 
their activation energies 


H.iO p.u.c 

k.H 'cm ' 

M 5 25 Hz 

aHVcond) 
kcal. mole ' 

30-0 

68x 10 ” 

10-5 ± 1-2 

27-4 

14 X It) 


25-9 

4-4 X 10 ” 


22-4 

3-5X 10 '» 

6-7+ 0-9 

20-4 

3-0 X 10 

5-8+ 0-8 

19-8 

2-9 X 10 

5 9 + 0-5 

15-0 

2-6 X 10 

5-0±0-2 

0 

I-31±0-I5x 10 '•> 
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Fig. 7. Temperature variation of absorption I in 5-A 
30H,O p.u.c. O -20“C; A -IO-5'’C; +-.yC; x-|“C; 

• + 3-5’C. 

believed to move into the centre of the cavity 
to form a cluster with the adsorbate [24]. The 
type 5-A zeolite, to which this paper refers, 
has only the type-I cation sites occupied. 

FREgUENCIF,S ABOVE 100 MHz 
Whilst the results obtained at frequencies 
above 100 MHz are very limited they do pro¬ 
vide the important conclusion that most of the 
adsorbed water, even near saturation, does 
not behave as bulk water. The permittivity at 
3 GHz. i.e. before the dispersion indicated at 
higher frequencies (see Fig. 3) is 4-37 at 20°C. 
An estimate of the permittivity after the 
dispersion may be obtained using Lich- 
teneckers logarithmic mixing rule (25] 

logclnix. = fl, loge; +flilog€z 

where 0, and ej are the volume ratio and per¬ 
mittivity of the zeolite lattice and dj and ej are 
those for water. Taking cj as the dehydrated 
5-A permittivity, 2-32, and as for water, 
4-5, and 0, and 6^ as 0-68 and 0-32(221 a value 
of for the 5-/4/H,0 system of 2-87 is ob¬ 
tained. Hence (to—« Jfor the highesttrequcncy 


absorption is about 1-50: in liquid water this is 
76 and in ice at O^C, 88. A dispersion of this 
size could not possibly account for more than 
about 2 per cent of the water present. The 
permittivity at liquid air temperature is 2-96 
and the loss 90 x 10“’. This permittivity is in 
reasonable agreement with the above esti¬ 
mated value of 2-87. 

ABSORPTION II 

The striking feature of the results from 
5-25 Hz to 100 MHz is the constancy of peak 
height, c"„, of absorption II. This suggests 
that the absorption is not due to the adsorbed 
water. If it were due say to that water bound 
to the most energetic adsorption sites (which 
would be a constant amount and the last to be 
removed on dehydration thus accounting for 
the peak height constancy) then it is difficult to 
envisage why the activation energy for the 
process should vary in the way it does. 
Further, a similar peak is observed with 
adsorbates other than water[26) (CO*. SO* 
and NHj). This peak is accordingly ascribed 
to an ionic jumping process. 

For a cation jumping process the variation 
of activation energy with water content is 
understandable. As the water content in¬ 
creases the water molecules will impede the 
movement of a cation (or cations) either by 
simple steric hindrance, or by becoming 
attached to the cation and increasing its 
effective volume. In the region beyond 20 
HjO p.u.c. the cavities are about two thirds 
full of water and the latter is approaching a 
state similar to that in the liquid. The cation 
movement could then be considered as taking 
place 'in solution', the activation energy de¬ 
creasing as the 'solution' becomes more dilute. 
The increasing entropy of activation is also 
consistent with this interpretation. As the 
water content increa.ses the cation has to push 
more water aside in jumping from one site to 
another, causing greater disorder in its en¬ 
vironment. The negative entropy of activation 
is difficult to interpret. However, it should be 
realised that there is much doubt as to the 
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quantitative correctness of the Eyring abso¬ 
lute rate expression fbr dielectric relaxation 
[27] and that the ^S terms are arbitrary and 
only their increasing positive trend is signifi¬ 
cant. It may have been anticipated that the 
Eyring model would be applicable to the pre¬ 
sent process, i.e. a cation effectively loosening 
a bond at one site and forming a bond to 
another; were it strictly applicable the nega¬ 
tive A5* would imply that the activated state 
is one of more order than the initial one. This 
is difficult to envisage. 

DrELEC'IRK. I.SOTHERMS 
Dielectric isotherms are plots of the per¬ 
mittivity increase, at a fixed frequency, as a 
function of amount sorbed. Care must be 
taken in obtaining such plots to ensure that the 
frequency is sufficiently high so that no inter¬ 
ference from movable peaks passing through 
the measuring frequency is observed in the 
permittivity. Such a dielectric isotherm may 
be obtained for the 5-AlH^O system by plot¬ 
ting e* for absorption 11 against water content. 
An isotherm obtained in this way is shown in 
Fig. 8. Values of e* used are those from Table 
3 and, at water contents below 12 HjO p.u.c., 
the values aie the 148 kHz values of «' from 
Table 4. The initial slope, which extends up to 



Fig. 8. Dielectric isotherm for water on .‘i-A, (•) Method 
II, (X) Method I. 


6 HjO p.u.c., implies that over this range the 
addition of water has had a smoothly con¬ 
tinuous influence, i.e. that they are all of the 
same (most strongly adsorbed) type and that 
this type is ‘saturated’ at 6 HjO p.u.c. The 
second change in slope at about 17 HjO p.u.c. 
could then indicate the start of capillary con¬ 
densation after the full occupation of the 
second most active sites. N.m.r. studies [1(b)] 
indicate the existence of two types of active 
centre in type-/f zeolites. 

The figure of 6 HjO p.u.c. for completion of 
occupation of the most active sites is supported 
by the indications from the vapour isotherms 
[18]: for both 4-A and 5-A zeolites a definite 
‘kink’ in the isotherms occurs at about 6 HjO 
p.u.c. The value of 6 HjO p.u.c. also matches 
a discontinuity in Dubinin’s dielectric iso¬ 
therm for 4-A [5]. A similar discontinuity was 
observed in the increase of conductivity with 
water content at 6 H 2 O p.u.c [28]. The 
agreement for 4-A and 5-A from four different 
sources merits some consideration as to 
exactly which are the most active sites in 
these two ion forms. Accepting that these sites 
are the same in 4-A and 5-A, as it is difficult to 
envisage otherwise with the same value for 
full occupation in both, the type-11 cations can 
be ruled out as they are not present in 5-/1. If 
the type-I cations form the most active sites 
for initial water adsorption then a figure of 
8 H 2 O p.u.c., or some multiple of this, would 
be defined for their full occupation in 4-A. 

Plausible sites in the type-A cavity which 
could give a figure of 6 HjO p.u.c. for the most 
active centres would be the six 8-membered 
oxygen ring windows. Good general reasons 
can be advanced for choosing this anionic 
rather than cationic site for the first adsorption. 
The interaction energies will be principally of 
ion-dipole character. The local charge (and 
hence field) is much stronger at the (H+) sites 
in the water molecule and so, for ions of equal 
size, interaction with an anion will be pre¬ 
ferred. Further, polarisability is much higher 
for anions than cations, giving an enhanced 
dipole-induced dipole energy. This would 
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mean that each window had to offer two such 
sites since each is shared by two cavities. It 
does this naturally by holding one water 
molecule on each side of its plane. It is pre¬ 
cisely this position that a water molecule 
first encounters on entering the cavity and in 
such a position it can hydrogen-bond to the 
oxygens of the windows in alternative 
orientations, i.e. it has a favourable entropy 
term. In the case of monovalent ion types a 
water molecule could at the same time be 
associated through its oxygen to the type-II 
cation, which in the dehydrated material lies 
just inside the cavity from the 8-membered 
ring window. This would increase the inter¬ 
action in monovalent ion types and stabilize 
the position of a water molecule in the ring. 
Such a mechanism for adsorption is supported 
by the X-ray work of Lewis [29] who showed 
that the sites in which adsorbed water 
molecules have a relatively long residence 
time are these sites in the 8-membered ring 
windows in both 4-A and 5-A. 

Some further information can be obtained 
from the dielectric isotherm. It is reasonable 
to suppose that the dielectric increment, A«', 
above that of the value of 2-32 for anhydrous 
5-A is entirely due to water. The high fre¬ 
quency results showed that the large amount 
of water could not be accounted for by the 
intensity of the high frequency (above 3 GHz) 
loss. That the contribution of water to the 
permittivity increment, in the form of orien¬ 
tation polarisation, varies is obvious from the 
form of the dielectric isotherm. In order to 
attempt to estimate the amount of water 
contributing to the loss above 100 MHz the 
apparent dipole moment of water at various 
concentrations has been calculated. For an 
order of magnitude calculation the Onsager 
equation [30] appropriate for a polar solute in 
a non-polar medium has been used. 

«o «« Ac 1^ 2e.-)-c.s J 

^ is the number of polar molecules per cm®: 
the high frequency permittivity^of the pure 


solute species and c, the solvent permittivity. 
Regarding the system as water (c «2 = 4-5) 
dissolved in the zeolite (e, = 2-32) apparent 
molecular moments for the adsorbed water 
can be obtained from the permittivity incre¬ 
ments. c„ for the system has been estimated by 
Lichteneckers rule. 

Over the range of the initial linear portion of 
the isotherm a mean dipole moment of 0-84 D 
may be obtained from the slope, i.e. Ac'/HzO. 
In the second and third regions of the isotherm 
no useful information can be obtained from 
the slopes since the extrapolated lines do not 
pass through the anhydrous zeolite per¬ 
mittivity. Over these regions of water content 
the dipole moments must be obtained on an 
incremental basis. The values are given in 
Table 7. 

Table 7. Apparent dipole 

moment of adsorbed water in 
5-A obtained from the permit¬ 
tivity increments given by the 
dielectric isotherm 


HjO p.u.c. 

Monusn- 

60 

0-79 

8 0 

0 74 

10 0 

0-71 

120 

0 69 

14 0 

0 67 

160 

0-66 

180 

0-67 

200 

0-72 

220 

0-75 

240 

0-79 


The form of the dielectric isotherm and 
these reduced dipole moment values could be 
interpreted by considering a possible model 
for adsorption. Maintaining the most active 
sites already suggested, a molecule held by 
hydrogen bonds to the lattice oxygens would 
be able to contribute to the total polarisation 
by a rocking movement about the hydrogen 
bonds. In this case the observed dipole 
moment would be ;*( 1 — cos e) where 6 is the 
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angle through which the dipole could move 
and is the total dipole moment for water. In 
the first region 0 would be 57°. As more water 
is adsorbed the rocking movement would be 
reduced by the presence of neighbouring 
molecules, i.e. if those molecules, adsorbed at 
water contents above the monolayer, al.so 
become attached to the cavity walls. In the 
third region, the molecules adsorbed at these 
water contents could be expected to fill the 
cavity centre and thus behave more like 
liquid water. 

If it is supposed that the third region of the 
dielectric isotherm is due to water in a state 
similar to the liquid, the data for this region 
extrapolated to a water content of 30 HjO 
p.u.c., i.e. assuming linearity up to this water 
content, gives a dielectric increment of 3-29. 
Assuming the normal (and liquid phase) value 
/x(H. 20) = 1-82 D(32] an apparent concen¬ 
tration for water behaving as liquid water of 
5-9 g,mole. 1.“' is obtained from the Onsager 
equation. This amounts to 5 or 6 molecules 
per unit cell, or about 17-20 per cent of the 
total water at saturation. However, perhaps 
what is more likely is that the water mole¬ 
cules in this region are hydrogen bonded to 
those molecules attached to the cavity walls 
and reorientate at most about one (0-H) 
bond. 

ABSORKIKIN I 

Since the permittivities and losses at fre¬ 
quencies above 100 MHz are too small to 
account for more than 20 per cent of the 
adsorbed water at saturation it seems in every 


in type-A zeolites of the order of 10~*sec, 
whilst slow neutron scattering studies [3] leads 
to a diffusion coefficient for water with a time 
constant of I0“® sec. These values are close to 
that obtained here for 5-A 30HjO p.u.c. 
i.e. TOx I0“*sec. This value is also close to 
the relaxation time of water molecules in ice 
at —o re (2-2 X 10'® sec). This is in agree¬ 
ment with Barrer's conclusion [33] from 
measurements of diffusion coefficients of 
water in zeolites that such water is inter¬ 
mediate in state between supercooled water 
at —2°C and ice at —2°C. 

From the peak height in saturated 5-A it is 
possible to estimate the contributing amount 
of water assuming the full dipole moment of 
1-82 0. Insufficient data are available to use 
the Onsager equation and the Bdttcher 
approximation of the Debye equation[34] has 
been used; 





(e’-f2) 


21 kT 


where e' is the permittivity after the dispersion 
under consideration = 15-0, Cmax. = 36-4 and 
fi — 0-62. This gives a value of the concentra¬ 
tion of water contributing to the loss peak of 
19-2 g. mole.l. ', which is equivalent to about 
75 per cent of the total water. Even though this 
is very approximate, due to the inadequacy of 
the Debye equation, it does suggest that 
absorption I could account for the bulk of the 
adsorbed water. 


CONDUCTIVITIES 


way reasonable to suggest that absorption I is 
due to adsorbed water. The reproducibility 
of peak position and height from sample to 
sample would not be expected of a Maxwell- 
Wagner process which may be considered to 
be an alternative cause of absorption I. Some 
support for attributing absorption I to ad¬ 
sorbed water can be obtained from a considera¬ 
tion of the relaxation time observed and a 
comparison with those from other techniques. 
N.m.r.[l(b)] gives relaxation times for water 


The apparent conductivities of the 5-A 
zeolite with adsorbed water also merit 
consideration in view of the comparatively 
low values obtained. In all the dielectric 
studies made on type-/! zeolites low values of 
conductivity have been derived, i.e. Dubinin 
concluded that the conductivity of 4-A de¬ 
creased as the amount of water increased and 
gave values of conductivity of the order of 
10”'^ fi^’em'*. A very different conductivity 
was reported by Stamires[9,28] for the 
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4- A/HiO system. His values, based on resis¬ 
tance measurements, increased from about 
10 “*fl'‘cm"', in the dehydrated material, to 
about 10'“ll“'cm“‘ at saturation. If these 
values were correct then the dehydrated 
zeolite would be difficult to measure dielec¬ 
trically at frequencies less than 1 kHz and 
quite impossible to measure in the hydrated 
state. The fact that dielectric measurements 
have been made casts considerable doubt on 
Stamires’ values, particularly since the state 
of the sample in the present work colsely 
reproduces his. In view of the agreement 
between the values obtained here and those of 
Dubinin and Topchieva, it must be concluded 
that Stamires' values are unreliable. 

The increase in AH* (conductivity) with 
increasing water content in the 5-A zeolite 
(also reported by Dubinin for 4-A) can be 
accepted as further evidence of the hindering 
effect of water on cation movement; this has 
already been deduced from the absorption II 
behaviour. 

CONCLUSION 

The observed dielectric properties of the 

5- A zeolite-adsorbed water system have been 
interpreted in terms of possible processes in 
the zeolite cavity. One well defined region of 
dielectric loss has been attributed to move¬ 
ment, within the cavity, of the interstitial 
cations. Regions of dielectric loss in type-/! 
zeolites were attributed to similar processes 
by Lebrun and Dubinin. 

While a direct analysis of the data suggests 
that the major bulk of adsorbed water has an 
ice-like character and the remainder behaves 
more as in liquid water this interpretation is 
probably over simplified. The absence of a 
high frequency absorption due to liquid-like 
water shows that the amount of water not 
contributing to the ice-like process has a wide 
spectrum of relaxation times. Also the fact 
that the ice-like absorption process falls in 
intensity immediately water is removed indi¬ 
cates the over simplification. Pr^ably the 
best interpretation that can be given is that 


the whole amount of water can contribute to 
the high frequency polarisation by relaxing 
some small part of its dipole moment whereas 
the major part of the dipole moment relaxes as 
in ice. Here again the picture may be over¬ 
simplified but to allow greater definition of 
the exact nature of adsorbed water in zeo¬ 
lites requires further insight from other 
techniques over wide variations of water 
content and temperature. 
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A DIELECTRIC STUDY OF THE SYNTHETIC LINDE 
TYPEv4 ZEOLITE-11. DIELECTRIC PROPERTIES 
OF 5-A WITH ADSORBED AMMONIA, SULPHUR 
DIOXIDE, CARBON DIOXIDE AND A-PENTANE 


BRIAN MORRIS 

Edward Davies Chemical Laboratory. University College of Wales. Aberystwyth, U.K, 
(Received 10 April 1968) 

Abstract —The dielectric properties of the Linde Molecular Sieve Zeolite Type i-A with a series of 
polar and non-polar adsorbates (NH.,. SO 2 . CO, and n-CjH,,) have been investigated in the fre¬ 
quency range 5 Hz to 148 kHz. A region of dielectric absorption is observed which has been assigned 
to a jumping process involving the interstitial cations. A possible mechanism for the process is dis¬ 
cussed and the results analysed on the basis of the apparent dipole moment, associated with the cation 
Jump, which is obtained from the dielectric absorption parameters. The theoretical basis of the anal¬ 
ysis is given in an appendix. 

Plots of the permittivity increment against adsorbate content for polar adsorbates are discussed in 


terms of the rotational mobility of the sorbed phase. 

INTRODUCTION 

In Part I[1] the dielectric properties of the 
synthetic zeolite Linde 5-A with water as 
the adsorbed phase were discussed. A region 
of dielectric absorption was attributed to 
movement, within the cavities, of the inter¬ 
stitial cations. Further support for this assign¬ 
ment will be given in the present paper which 
reports the results, obtained in the frequency 
range 5 Hz to 148 kHz, for 5-A with some 
typical adsorbates, both polar and non-polar. 

experimental 

All the results given in this paper were ob¬ 
tained using the vacuum cell described in 
Part 1. As in the case of water it was not 
possible to determine the adsorption iso¬ 
therms for the various adsorbates and avail¬ 
able isotherms [2] have been used to obtain the 
adsorbate contents quoted. In some cases, 
particularly with sulphur dioxide as the ad¬ 
sorbed phase, these are only approximate 
and in all cases the equilibrium adsorbate 
pressure is given with the results. As before 
all results refer to a temperature of 22°± 
1°C unless stated otherwise. --m 


The adsorbates used were purified as 
follows. 

(1) Ammonia: liquid ammonia, obtained 
from a cylinder, was distilled and de¬ 
gassed, by repeated freezing and evacu¬ 
ation, before use. 

(II) Sulphur dioxide: liquid sulphur di¬ 
oxide, from a cylinder, was distilled and 
degassed before use. 

(II) Carbon dioxide: carbon dioxide was 
vacuum sublimed from solid carbon 
dioxide. 

(IV) n-Pentane: laboratory reagent grade 
«-Pentane was degassed before use. 

All adsorbates were passed through a zeo¬ 
lite trap into the cell, which served the dual 
purpose of removing traces of water and, 
by loading the trap with the adsorbate, 
allowed easy manipulation of low adsorbate 
pressures. Samples were measured every 
15 min after the pressure had become steady, 
following the admission of adsorbate vapour, 
^d equilibrium was assumed to be attained 
when the dielectric parameters became 
constant: this generally took 60-90 min. 
All samples were allowed at least 120-150 
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min equilibration before Ibe final w 
menls were taken. In some cast, when uP 
to 12k wm allowed for eqoilibraim no 

2o!iintkSdekncp«mio,soeconed 

after 2 hr. 

resvlts 

The conditions pertaining (o (he individual 
systems are briefly considered heloie a 
discussion of the genera/ conc/usions. I he 
remarks in Part / concerning (he accuracy 
of measurements a/so apply to the piesent 
data. 



MolKulet NH, per unlcpll 


fa4> Ammonia on 5-A zeolite 
'['he results obtained on the first adsorption 
of ammonia were irreproducible but all 
subsequent adsorption/desorplion runs gave 
reproducible results. Figure I shows the 
effect of various ammonia pressures on the 



Fig. I. Effect of adsorbed ammonia on dielectric loss in 
S-A. (•) 0 031 Torr.; (O) O OOOTorr., (©) I OOTorr 
(C) 160 Torr. 

dielectric loss in 5-A. The appearance of a 
dielectric loss peak, moving to high frequen¬ 
cies as the ammonia content increases, is 
clearly shown. Figure 2 shows the movement 


Fig. 2. Movement of the dielectric absorption in 5 -. 4 /NH 3 
with ammonia content. (•) 1st adsorption; (O) 1st 
desorption; (O) 2nd adsorption; (C>) 2nd desorption; 

(©) 3rd adsorption. 

of the loss peak with ammonia content, 
including the first adsorption. The experi¬ 
mental points for the second adsorption/de- 
•sorption show some evidence of slight 
hysteresis between 4 and HNHj per unit 
cell. Table 1 gives the dielectric parameters 
for one adsorption/desorption run. e#, €« and 
*’max obtained from Cole-Cole circular 
arc plots [3] of the data and the log/ma*. 
values were obtained from Fuoss-Kirkwood 
plot.s{4J: p is the Fuoss-Kirkwood distri¬ 
bution parameter. 

The e'max. values are reasonably constant 
over all values of ammonia content, except 
2 ONH 3 p.u.c., and show no tendency to 
increase or decrease with ammonia content 
above 3 NH 3 p.u.c. The /3 values, however, 
show a considerable fall as adsorption pro¬ 
gresses reaching a minimum at saturation. 
From the indication in Fig. 1 (i.e. curve 2) 
and the peak height at 2*0 NH 3 p.u.c., there 
is a suggestion that the peak height falls at 
low ammonia contents. Table 2 gives the 
absorption parameters obtained in investigat¬ 
ing this change and Fig. 3 shows the variation 
in with ammonia pressure. 

Temperature variation gave little informa¬ 
tion since no adsorption isosteres were 
available to enable constant ammonia 
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Table 1. Dielectric absorption parameters in 5-A at various 
ammonia contents (adsorptionidesorption) 


NH, pressure 
Torr. 

NHj p.u.c. 

±0 1 

l-f 

±0*1 

±0-03 

±0-01 

0-09 

2-0 

2-46 

11-60 

2-90 

0-950 

0-43 

0-22 

3-8 

4-00 

1600 

3 30 

1 500 

0-46 

0-45 

5-7 

4-08 

1625 

3-40 

1-580 

0-44 

100 

7-9 

4-02 

1635 

3-65 

1-725 

0-44 

3-60 

9-9 

3-90 

16-30 

3-70 

1-950 

0-42 

8-20 

11-7 

4-03 

16-55 

3-80 

2-175 

0-41 

390 

15-8 

3-50 

15 35 

3-85 

2-500 

0-39 

160-0 

18-3 

3-75 

16-10 

4-25 

2-600 

0-37 

760 

19-7 

3-25 

17-10 

3-50 

3-040 

0-35 

301 0 

19-1 

3 55 

17 40 

4-25 

2 825 

0 35 

77-0 

17-0 

3-70 

17-60 

4-00 

2-550 

0-36 

170 

13 9 

3 58 

1625 

3-75 

2-460 

038 

7-0 

II-2 

3-78 

16-30 

3-75 

2-280 

0-38 

1-75 

8-9 

3-65 

16-10 

3-50 

2-025 

0-40 

0-65 

6-8 

3 88 

16-05 

3-60 

1 920 

0-43 

0-35 

3 0 

3-92 

16-30 

3-45 

1-790 

0-43 


Table 2. Dielectric absorption parameters in 5*A 
at low ammonia pressures 


NHj pressure 
Torr. 


«« 

€• 

log-/*.. 


3-lx 10 * 

1-59 

8-50 

2-55 

-0-20 

0-41 

4-1 X I0-* 

1-58 

8-55 

2-60 

0-20 

0-41 

4-7x 10 > 

1-81 

8-55 

2-70 

0-29 

0-41 

5-2X 10 ' 

2 88 

12-20 

2-85 

0-33 

043 

7-0 X 10 • 

3 18 

12-60 

2-95 

045 

045 

7-7 X 10 • 

3-58 

14-75 

3-00 

0-525 

0 46 

1-1 X 10' 

4 11 

16-75 

3-00 

1 10 

0-46 



f'lR- 5. Variation of the amplitude of the dielectric 
absorption in S-v^/NH, at low ammonia pressures. 

content to be maintained. The apparent 
activation energies obtained are therefore 
minimum possible values, since ihcrease in 
log/ 

max. due to increase in temperature will 


be compensated for, to some extent, by 
reduction of log/m*, due to adsorbate loss. 
Examination of Fig. 2 shows that small 
losses of adsorbate at saturation lead to large 
shifts in log. fmax - Temperature variation 
was thus carried out at an ammonia content 
of ISNHj p.u.c. (NHj pressure l70Torr.), 
i.e. at the top of the flatter portion of the curve 
in Fig. 2. The results obtained gave a reason¬ 
ably good linear Arrhenius plot. Fig. 4, with 
an activation energy of 11 -0 ± I -0 kcal. 
mole'*. 

(B) Sulphur dioxide 

The effect of sulphur dioxide on dielectric 
loss in 5-A is somewhat similar to that of 
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Fig, 4. Arrhenius plot for the dieleclHc absorption in 

.?-/4/NH,I at approximately I707brr NHj pressure. 

ammonia in that a dielectric loss peak appears 
and moves to higher frequencies with increase 
in sulphur dioxide content. As with ammonia 
the first adsorption gave anomalous results. 

Figure 5 shows the effect of various equili¬ 
brium sulphur dioxide pressures on the 
dielectric loss. Curves 5 and 6 show some 
indication of a dielectric loss peak. At higher 
sulphur dioxide pressures than those shown 
in Fig. .*> the loss curve remains similar in 



Fig. 5. Effect of adsorbed SO 2 on dielectric loss in 5-A 
(O) 0-07Torr.; (•) 0-26Torr.; (0) 0-70Toit.; (C>) 0-85 
Torr.; (O) 2-20 Torr.; ((^) 4 00Torr. 


shape to curve 6 but moves to higher fre¬ 
quencies. The conductivity loss increases and 
the dielectric loss peak is not then completely 
resolved. The Cole-Cole circular arc plot 
proves very successful in separating the loss 
process from the conductivity. For a con¬ 
ductivity process the loss factor generally 
increases at a much greater rate than the 
permittivity as the frequency falls so that 
the Cole-Cole plot usually distinguishes 
between the two, but the procedure is 
effective only when the dielectric loss 
process is not too small relative to the 
conduction process over a significant fre¬ 
quency range. In Fig. 6(a) the loss factor and 
permittivity is shown for a sulphur dioxide 
pressure of 50 Torr. Figure 6(b) shows the 
Cole-Cole plot for the data. It is the inter¬ 
dependence of e' and c" in the Debye function 
which makes the Cole-Cole plot a discrimina¬ 
ting one for such cases. Once a value of 
is estimated by the Cole-Cole plot log. /mg*. 



Fig. 6. (a) Permittivity ((^) and loss (-O) in 5-A with 
50Torr. SO* pressure; (b) Cole-Cole plot of the data 
showing the dielectric absorption resolved from the 
conductivity. 
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is obtained from the Fuoss-Kirkwood plot. 
The m^or uncertainty in such an analysis 
is in obtaining the appropriate value of 
Cmax • value given by the Cole-Cole plot is 
only approximate since generally several 
circular arcs fit the experimental points, 
e'mBx. typically varying by about ± 0-2. Adjust¬ 
ment of the value of Cmax. obtained from the 
Cole-Cole plot, when used in the Fuoss- 
Kirkwood plot shows that the Cole-Cole 
values tend to be the maximum possible 
values in most cases since on increasing these 
values the Fuoss-Kirkwood plot deviates 
from linearity. On decreasing the e'max. values 
the Fuoss-Kirkwood plot remains linear for 
fmax. values 0-2 to 0'3 less than the Cole- 
Cole values so that a mean e",, may be 
obtained with an uncertainty of ±015 
(i.e. 5 per cent). Log /max. varies with this 
range of Cma,. values by about 01, so that 
the uncertainty in log /max. is ± 0-05 and in 
jB it is ±0'01. The values of given here 
are those obtained directly from the Cole- 
Cole plot and the log./max. values are obtained 
from these. Table 3 gives the dielectric 
absorption parameters for one typical absorp¬ 
tion/desorption run, and Fig. 7 shows the 
movement of the loss peak with sulphur 



Fig. 7. Movement of the dielectric loss peak in 5-AISO, 
with SOj content, (+) 1st adsorption; (x) 1st desorption; 
(©) 2nd adsorption; (®) 3rd adsorption; (A) 4th ad¬ 
sorption/desorption; (O) 5th adsorpuon; (•) 5th 
desorption; (□) 6th adsorption; (■) 7th adsorption, 
after ammonia desorption. 

dioxide content. The values of SO 2 p.u.c, 
are only approximate due to the inadequacy 
of the available isotherm. 

In Fig. 7 there is no evidence of dielectric 
hysteresis on adsorption and desorption 
above 3 Torr. SOj pressure. Below 3 Torr. 
there is some evidence that dielectric hystere- 


Table 3. Dielectric absorption parameters in 5-A at various 
sulphur dioxide contents (5th adsorptionidesorption} 


SO, Pressure 
Torr. 

SO, p.u.c. 


«0 



/s 

60 

6-6 

3-60 

15-95 


1-875 

0-49 

7’6 

6-9 

3-74 


3 95 

1 850 

047 

110 

7-4 

3-52 

15-70 

3-87 

2-000 

0-48 

210 

80 

3-62 

1600 

4-00 

2-070 

0-47 

500 

8-5 

3-85 

17-30 

3-85 

2-150 

047 

100 

8-8 

3-80 

16-30 

4-10 

2-250 

0-47 

760 

9 5 

3'60 

16-70 

4-12 

2-400 

0-44 

100 

8-8 

3-73 

16-10 

407 

2-275 

0-48 

510 

8-5 

3-79 

16-20 

4-02 

2-150 

0-48 

210 

80 

3-55 

15-60 

3-98 

2-100 

0-47 

110 

7-4 

3-52 

15-40 

3-80 

1-970 

0-48 

5-8 

6-5 

3-54 

15-40 

3-78 

1-875 

0-49 

3-3 

5-6 

3-63 

15 50 

3-80 

1-675 

0-46 

20 

4-6 

3-73 

15-75 

3-70 

1 580 

0-47 

F3 

3-4 * 

3-60 

15-50 

3-78 

1-460 

0-46 

07 

2-2 

3-60 

15-50 

3-70 

1 310 

0-47 
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sis occurs. The specimen was allowed over 
12 hr for equilibration at each pressure on the 
fifth desorption below 3 Torr. hence the de¬ 
viation shown by these points is perhaps less 
an expression of non-stoichiometric equili¬ 
brium in the adsorption than of non-uniformi¬ 
ty within the adsorbent. 

There is no indication that falls at low 
SOj pressures as was the case with ammonia. 
To ascertain if the anomalous results ob¬ 
tained on the first adsorption were peculiar 
to adsorptions following water desorptions, 
one sulphur dioxide adsorption was made on 
a sample after desorption of ammonia. The 
points are shown in Fig. 7. It can be seen that 
this did not give anomalous results. 

Temperature variation is subject to the 
same limitations as for ammonia, since no sul¬ 
phur dioxide isosteres are available, thus 
activation energies obtained are minimum 
values. Reasonably good linear Arrhenius 
plots were obtained giving the activation 
energies in Table 4. The equilibrium pressure 
variation is also given in the table. Above 
room temperature the dielectric loss peak 
moved out of the conductivity loss and the 
peak was clearly distinguishable. This con¬ 
firms the dielectric loss indicated by the Cole- 
Cole plots and .shows the loss process has a 
higher activation energy than the conductivity 
process. 

f C) Carbon dioxide 

As in the two previous cases the first 
adsorption gave irreproducible results. 

Table 4. Activation energy of the 
observed dielectric loss process in 
5 -A/SO 2 at various SO^ contents, 
with the equilibrium pressure vari¬ 
ation corresponding to the extremes 
of temperature used 

Temp. °C Pressure Torr. AH,* 
max. min. max. min. kcal. mole ' 


73-0 25-0 760 760 14-5+1-5 

61 0 22-5 37 0 28 0 9-6+J O 

no 35-5 190 8 t 6-8+10 


.subsequent adsorption/desorptions gave re¬ 
producibility. Figures shows the eflfect of 
various equilibrium carbon dioxide pressures 
on the observed dielectric loss in S~A. The 
curve for 760 Torr. carbon dioxide indicated 



Fig. 8 tffcci of adsorbed CO, on dielectric loss in S-A, 
(•) l-Oforr.; (O) lOTorr.; (9) SOTorr.; (f)) 150 
Torr,; (-0-J 750Torr. 

the possible presence of a dielectric loss peak. 
Cole-Cole and Fuoss-Kirkwood analysis 
confirmed this. Table 5 gives the dielectric 
absorption parameters thus obtained: it 
can be seen that some variation of €*„»,. 
occurs on adsorption/desorption but no varia¬ 
tion occurs in log/„„,. 

Temperature variation is made difficult 
since the peak only moves into the measur¬ 
able frequency range at saturation and. 
although isosteres for carbon dioxide ad¬ 
sorption are available, pressures above 760 
Torr. are required to maintain constant carbon 
dioxide content and the apparatus is not 
suitable for this purpose. The Arrhenius 
plot obtained by temperature variation with a 
carbon dioxide atmosphere of 760 Torr. is 
shown in Fig. 9. The activation energy 
obtained, i.e. 8-5±1-0 kcal.mole'*, is again 
a minimum possible value. 

(D) n-pentane 

The effect of various n-pentane pressures 
on the dielectric properties of S-A is given 
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Table 5. Dielectric absorption parameters in 5-A 
at various carbon dioxide contents (adsorptioni 
desorption) 


CO, Pressure 
Torr. 

CO, p.u.c. 

4.. 

±01 

^OgfmMX. 

±0-05 


SO 

65 

3-84+0-3 

-0-20 

0-50 

150 

7-8 

3-94 

0-20 

0-46 

300 

8-2 

3-40 

0-55 

0-47 

760 

90 

3-02 

0-98 

0-48 

300 

8-2 

3-17 

0-55 

0-46 

150 

7-8 

3-32 

0-30 

0-47 

50 

6-5 

3-66 + 0-2 

-0-23 

0-47 


DISCUSSION 

The most striking feature of the above 
results is the similarity of the dielectric loss 
peak observed with ammonia, sulphur di¬ 
oxide and carbon dioxide as the adsorbed 
phases. There is also a striking similarity to 
the dielectric loss peak, absorption II. ob¬ 
served in the S-zi/HjO system[ll. The appear¬ 
ance of an absorption having very similar 
characteristics in the presence of four very 
different adsorbates indicates that the process 
is not due to the adsorbate itself, particularly 
in the case of the non-polar carbon dioxide. 
The present data indicate that the process is 
ionic in character and supports the assignment 
of absorption 11 in Part 1 to such a process. 
Other authors have favoured ionic mechan¬ 
isms for similar processes observed in silica 
gel, e.g. HeukelonfS) showed that a region 


Table 6. Permittivity and loss factor of 5-A at various 
n-Cs H ,2 pressures 


C,H„ Pressure 
Torr. 

11 

39 


230 

230 

after 24 hr 

Freq. Hz 

c' 

KPe' 

€* 

We" 

f' 

10 **' 

€' 

10 **’ 

5-25 

3-09 

37-8 

3-21 

41-5 

3-23 

40-7 

3-21 

39-0 

18-0 

2-96 

24-9 

302 

26-3 

3-04 

284 

3-02 

28-1 

54-0 

2 90 

17-5 

2-90 

18-3 

296 

20-1 

2-96 

17-6 

179 

2-84 

11-7 

2-84 

12-3 

2-88 

13-5 

2-88 

119 

525 

2-82 

8-6 

2-82 

9-0 

2-84 

9-8 

2-84 

8-7 

1586 

2-78 

6-1 

2-78 

6-1 

2-82 

6-5 

2-82 

6-0 

5269 

2-76 

4-5 

2-78 

4-7 

2-78 

4-9 

2-78 

4-7 

I5-9k 

2-76 

4-2 

2-76 

4-2 

2-78 

4-4 

2-78 

4-2 

51-9k 

2n 

4-0 

276 

40 

2-78 

4-1 

2-78 

4-0 

148k 

2-70 

3-8 

2-72 

3-8 

2-76 

3-8 

2-76 

3-6 



Fig. 9. Arrhenius plot of 5-AlCO, loss peak at 760Torr. 
CO, pressure. 

in Table 6. There is a considerable increase 
in both permittivity and loss on n-pentane 
adsorption, although variation of the amount 
adsorbed has little effect on the loss after the 
first amount adsorbed. 
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of loss in silica gel was independent of the 
nature of the adsorbate and Zhilenkov[6] 
favoured this mechanism on the basis of 
movement to higher frequencies of the loss 
process with increasing amount adsorbed. 

To suggest a specific mechanism for the 
cation process is hazardous but a consider¬ 
ation of the possibilities is worthwhile. Firstly 
some other relevant data should be men¬ 
tioned; a similar process has been observed in 
the KT3-/4), Nan4-/4) and Ag^ ion forms of 
type-/4(71. the frequency of occurrence, and 
value of varying with the cation. It is 

reasonable to assume that the process is due 
to the same type of cation in all these ion 
forms and that the most probable cations 
involved are those which lie close to the 6- 
membered oxygen-ring windows in the type-/l 
cavity, i.e. the type-1 cations. The basis of 
this assumption is, firstly, that in 5-A these are 
the only cations present and secondly, in 3-/4. 
4-/4 and Ag--4 the type-11 cations will be 
moved away from their sites to form a 
cluster with the adsorbate [8]. They are thus 
unlikely to jump between well defined sites 
and hence give rise to such a constant value 
of e'niax." whereas the type-1 cations move only 
slightly, if at all, from their sites in response to 
an adsorbate [8-10]. The process in 5-A is 
believed not to be due to the sodium ions 
present since in 4-.4 the cation process occurs 
at a very much higher frequency than that 
observed in 5-/4. 

The immediately obvious possibilities for 
a cation jump between well defined sites for 
the type-I cations are: (I) If the cation does 
not lie in the plane of the 6-membered oxygen 
ring: a jump through the 6-membered ring 
window to an electrostatically equivalent 
site on the opposite side; (II) A jump from one 
type-I site to another type-I site; (III) A 
jump from a type-I site to a position close to 
the 8-membered oxygen-ring window, i.e. 
the type-II ion site in the anhydrous material. 

While Jump (I) is possible for unhydrated 
cations it is unlikely that a hydrated cation, 
particularly the ion, would pass through 


a 2-66 A dia. window. Further, it is difficult 
to envisage how the presence of an adsorbate 
would have the effect on the activation energy 
observed if the cation remains unhydrated for 
this jump. Jump (II) is even less likely since 
this would necessitate a type-I ion site being 
vacant for the ion to jump to. Whilst this 
may be possible in 5-A, in the univalent ion 
types all the type-I sites are occupied and for 
the process to occur it would require a type-1 
ion first jumping to another position to create 
a vacancy. 

Jump (III) is thus the most likely since it 
could occur in all the ion forms. A cation jump 
of this nature can explain the observed experi¬ 
mental facts. In the dehydrated state, the type- 
1 cations would be so tightly bound in their 
sites that the jump would occur at a very low 
frequency or practically not at all at room 
temperatures. As an adsorbate fills the cavi¬ 
ties the type-1 ions move away slightly from 
the oxygen-anion-ring in response to the 
adsorbate, hence weakening the bond between 
the cation and the lattice. That the activation 
energy for the process increases as the cation 
becomes more mobile, i.e. see Part 1 and SO 2 
data this paper, can be accounted for, as in 
Part I, by either simple steric hindrance or by 
the adsorbate becoming attached to the cation. 

To estimate the actual effective polarisation 
and hence dielectric absorption to be asso¬ 
ciated with a cation jump is a distinctly 
arbitrary process. The closeness of approach 
of the ions to the lattice makes polarisation 
(induced moments) of major significance and 
it is difficult to assess this quantitatively. 
Because of the large negative charge asso¬ 
ciated with the zeolite lattice a simple cation 
jump giving rise to an effective dipole moment 
^ 1 = 1/2 ed. where e is ionic charge and d 
the distance it moves, as used by Volger 
et a/.[II] for dielectric loss due to cation 
jumping in glass, cannot be used. In the 
present case it is more realistic to consider 
the effective dipole formed by the cation and 
the lattice in each of these two sites and 
relate these to the observed moment. A 
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treatment of a case such as this is given in the 
appendix, the particular result immediately 
applicable is that of the special case (III) in 
which the energy difference between the two 
potential minima must be zero, so that the 
observed dielectric loss maxima, e'max, and 
thus /Ueff is independent of temperature as is 
here observed. Such a situation can arise in 
the zeolites since Barrer[12] has shown that 
translation of certain ions between 6- and 
8-membered rings may not involve large 
energy changes, e.g. when a sodium ion ap¬ 
proaches a 6- or 8-membered ring along the 
axis normal to the plane of the ring the mini¬ 
mum electrostatic energies are 154 and 155 
kcal.g.ion * respectively. Since in the present 
situation the proposed mechanism involves 
sites close to 6- and 8-membered rings then 
special case (III) in the appendix can apply. 
Thus the observed dipole moment for the 
process, is given by 

=- 4 - 

where /x, and are vector quantities repre¬ 
senting the dipoles formed between the ion 
and the lattice in each of the two sites. The 
observed dipole, and hence is merely a 
function of the sleric positioning of the cation 
in the two sites relative to the lattice. 

The dipole moment associated with the 
cation process has been evaluated using the 
Onsager equation! 13] for a solution of a 
polar solute, i.e. 



AnN,u^ 

'€ i (««2 + 2 ) 



2 €| + e «2 


and treating the system as a solution of cations 
in the zeolite. In the above equation iV, is the 
number of dipoles per cm'' of solution. With 
the assumption that only one cation per unit 
cell jumps during the process and taking a 
constant density of 2-0 for 5-A the Ca="- 
concentration is 1-2 g ions.l."'. has a 
mean value for all adsorbates of 3To and /3 


has a mean value of 0-48. The terms e,, the 
solvent permittivity, and e. 2 , the solute high 
frequency permittivity, may both be given the 
value 2-32, i.e. the anhydrous zeolite per¬ 
mittivity, since the cation process is indepen¬ 
dent of the adsorbate. With these values the 
effective dipole moment for the cation process 
in 5-A is 10-0 D independent of adsorbate or 
content. 

In 5-A the cation lies close to the plane of 
the 6-membered oxygen ring so that fi, for 
the cation in site I will be small, i.e. the 
induced dipoles in the ring oxygens will tend 
to cancel each other and the effective positive 
and negative centres will tend to coincide, so 
that to a first approximation we may take 
fi, = 0. fipt, then becomes n^ll, i.e. fi* = 
20 0 D. From /x = e.d. d = 20 0/9-6 = 2 1 A. 
This means that in site II the cation lies about 
2-1 A away from the plane of the 8-membered 
ring. In Na-A the type-11 cation position is 
about 2- 5 A away from the 8-membered ring 
[lOJ.It is quite probable that for a Ca*^ ion this 
distance would be smaller because of the 
double charge on the calcium ion, and a value 
of 21 is not unreasonable. This distance will 
increase if fx, is not zero. i.e. if the Ca^"^ ion 
moves from the plane of the 6-membered ring 
in response to the adsorbate. 

The fact that the absorption appears to fall 
in intensity at low ammonia contents indicates 
that possibly a certain amount of adsorbate is 
required before the process can take place; 
possibly the amount corresponding to cover¬ 
age of the most active sites. Alternatively an 
equilibrium distribution of the ammonia 
throughout the disc may not have been 
achieved, although if this were the case some 
increased distribution of relaxation times (i.e. 
a smaller value of j8) would have been 
expected. 

DIELECTRIC ISOTHERMS 

In Part I a dielectric isotherm was obtained 
for the 5-AlH^O system. In a similar manner, 
i.e. by plotting e* for the cation process against 
adsorbate content, dielectric isotherms can 
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on 5-A. These are shown .n Fig. 

The adsorbate contents quoted for _ ^ 
only approximate due to the inadequacy ol the 
available isotherm, as has been indicated. 



I'lfi 10. Dielcctnc isotherms tor co mnmoni.i on .s-,4, 
(•) adsorption (■,') desorption, th) sulphur slioside on 
.S-/4 (•) adsorption: l< ') desorption: (+) low piessuie 
run. 

Therefore little reliance can be placed on the 
adsorbate content required for coverage of the 
most active sites. 

From the ammonia isotherm. Fig. t0(a), 
coverage of the most active sites occurs 
between .1 and 4 molecules per unit cell. 
Ammonia is capable of hydrogen bonding and 
may be expected to have similar most active 
sites in the zeolite cavity to those of water. If 
(his is the case, i.e. that the 8-membered 
oxygen ring windows form these sites as 
suggested for water in Part I, then a figure of 
3 or 4 molecules would indicate that the 
presence of one ammonia molecule in the 
window prevents a second also being there. 
The X-ray work of Lewis[10] showed that the 
8-membered ring windows were the sites 


where timmonia molecules had the longest 

residence time. . . u • ■ 

The form of the ammonia isotherm is sim¬ 
ilar to that of water, again showing three linear 
regions, except that for ammonia the slope of 
the third region is less than that of the first; 
this is unexpected. Because of the hydrogen 
bonding capabilities of ammonia the same 
interpretation of the isotherm as for water can 
be given (Part I), i.e. the contribution to the 
high frequency permittivity by relaxation of 
part of the dipole being suppressed by neigh¬ 
bouring adsorbate molecules as the cavity fills 
up. This would indicate that the final ammonia 
molecules adsorbed are hydrogen bonded to 
those on the cavity walls by at least two 
hydrogen bonds thus reducing the dipole 
contribution to the high frequency permittivity. 

Evaluation of the dipole moment of ad¬ 
sorbed ammonia over the range of the iso¬ 
therm by the Onsager equation is prevented 
by the absence of an value for ammonia. An 
estimate can be obtained using the Bottcher 
appioximation of the Debye equation [ 14J, 




~mf~ 


where e„ is the zeolite permittivity (2-32) and 
N, is the number of dipoles per cm''. F.valu- 
ation of/a(H.^O) by this equation when com¬ 
pared with the values obtained from the 
Onsager equation (Part I) showed the 
Debye dipole moment values to be increased 
by about 30 per cent. The values obtained for 
ammonia are given in Table 7. Comparing 
these with ju.(NH;,) = 1-42 Df 15] shows that in 
no region does the ammonia molecule con¬ 
tribute its full dipole moment to the high 
frequency polarisation (i.e. allowing for the 
increase due to the Debye equation). This 
result is, however, a normal one for adsorbed 
molecules; if they are rigidly held (hen, as in 
most polar molecule crystal lattices, /u.(obs) 
becomes zero. The significantly large ^t(obs) 
measures the residual mobility of the ammonia 
molecular moment. 
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Table 7. Apparent dipole moment 
of adsorbed ammonia at various 
ammonia contents, obtained from the 
dielectric isotherm 


NHa p.U.C. 

Debye D 

1-5 

1-36 

30 

1-37 

4-5 

L28 

60 

1-14 

7-5 

106 

90 

1-00 

10-5 

0-95 

120 

0-92 

13-5 

0-90 

150 

0-87 

16-5 

0-86 

18-0 

0-88 

19-5 

0-90 


In the case of sulphur dioxide the lower 
slope in the second region of the dielectric 
isotherm is particularly unexpected. The 
adsorbed molecules are unable to hydrogen 
bond to the lattice and once the most active 
sites have been covered, in this case probably 
the cations, then the full dipole should be able 
to contribute. The dipole moments of adsorbed 
SO.J, again from the Debye equation, are given 
in I able 8. Comparing these with /xlSOj) = 
1-61 D[ I .SJ and again allowing for up to 30 per 
cent increase due to the use of the Debye 
equation shows that the reverse of the ex- 

Tahle 8. Apparent dipole moment of 
adsorbed sulphur dioxide at various 
SO.j contents, obtained from the 
dielectric isotherm 


SO.; p.u.c. Debye D 


10 

1-51 

20 

1-57 

30 

E6I 

40 

L6I 

50 

1-49 

60 

1-42 

7-0 

1-37 

80 

1-33 

90 

1-30 


pected behaviour is the case. Several causes of 
lower slopes in the second region of dielectric 
isotherms have been suggested in the liter¬ 
ature. Petrie and McIntosh[i6] suggested a 
different electric field may exist within the 
pores from that within the solid, Chapman and 
McIntosh [17] suggested that interaction 
between the material in the first layer and 
subsequent adsorbed layers could be the 
explanation and Zhilenkov[18] suggested that 
as further layers form the dipoles in the first 
layer become localised. The explanation of 
Chapman and McIntosh is essentially that 
given here for water and ammonia on 5-A, the 
interaction between molecules on the most 
active sites and their neighbours on the 
cavity walls possibly becoming so great as to 
meet Zhilenkov’s condition. These conclus¬ 
ions seem less applicable to sulphur dioxide 
except in the more general sense that steric 
restriction to the reorientation of the adsorbed 
molecules is enhanced as the cavities are 
filled: the first molecules have a partial 
mobility which is lost. 
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ipplied electric field, as outlined by Hoffman and Pfeiffer 
119] and (B) a correlation funclion method similar to that 
outlined by Colcf201. 

{A ) Relaxation due to the withdrawal of a steady electric 

field 

If a steady electric field F is applied to the system (sec 
Fig. A.I) then the occupational probabilities of the sites at 
equilibrium will be given by 


Phys. 22, 132(1954). 

:(). CiOLE R. H.,y. them Phy.',. 42, 637(1965) 

APPENDIX 

by G. WILLIAMS and B. MORRIS 

We wish to cviiliiiile the dielectric behaviour foi the two 
site model show'n in Figure A I We consider ihe case 
wheie the dipole moment of a unit in site I is given by 
Pi = PiPi* and the dipole momeiil for a unit in site 2 is 
~ Pdh* Here pi and p, are the magnitudes of the 



Position of unit 

big. A1 Local free energy di.igram lor the assumed two 
sue model. Occupation by the unit of sues I and 2 leads 
to resultant dipole moments of p, and p., respeettvely 


-F/' expg.OO 
‘’P/~ Se\pi^ '-l(T 


°pf and °P/ represent the equilibrium occupational 
probabilities of sites I and 2 respectively in the presence 
of the field. For low field densities, equation (A,2) may be 
expanded, and with the aid of the relation "Pf + °Pf = i 
we have 




kT 


= ^P„ ~^p ^p ^ ) 

^ k-r 


(A..3) 


Here. )/(I + 5 ). “P; _ s/( ] + 5 ), correspond to the 
equilibiium occupational probabilities of sites I and 2 
respectively in the absence of an electric field. A com¬ 
parison ol (A. I) and (A..3) shows that if the steady electric 
field IS withdrawn at t = 0. then />,(r) decays to ‘F,. 
according to equation (A.I) with m =''P,'*F 2 (/i,-F- 
fi., F)lkl. I he relaxation time for this process is obtained 
via 0 (t).sothat 

The magnitude of the dielectric relaxation process is 
obtained by evaluating the averaged polarization in the 
presence of the field. Since 11 , and r.j lie along the x axis, 
the polarization arises from the component of the polanz- 
afion along this axis so the polarization per unit is given 

■A = [°P/ n, + “P/' jzJ. cos e (A..5) 


dipole moments, p, = ± | and p- = a: I, and x is the unit 
vector m Ihe positive x dircclioii as indicaicd in the liguic 
I he units move between sites I and 2 m Ihe absence of an 
applied electric field according lo ihc elementary irans- 
ition probabilities k,, and k.,,. and ihc energy dilfcrente 
tetween the sites is denoted as F so that kjk,, - exp- 
Vlk = S. say. 

The occupational probabilities of sites I and ’’ at lime t 
arc given by (19] 

^t(/) =-j-^-Fmi|/(r) 


I he averaged value of .P, is obtained by averaging over 
all directions of F, so a combination of equations (A 2) 
and lA ,5), with (cos- ff} = ( gives 


= °P,°P2 




(Mi 


ikT 

-p-tV-F 


UT 


The dipole polarizability per unit is given by 


(A.6) 


Fslt) = 


1+5 


-mijjtt). 


(A.I) 



”P,“P2 


ikT ■ 


(A,7) 


Here <l>(t) = exp-{k„ +k^,)t, and m is lo be delei 
mined from the initial conditions. 

We may now evaluate the dielectric behaviour for ; 
polycrystaibne sample (coordinates fixed with respect ti 
tome, but randomly oriented in space). Two methods wi| 
be useii (A) The perturbation of the barrier system by ai 


Thus the system behaves as if it had an effective dipole 
moment p^„ per unit, where 

5 


(A. 8 ) 
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The result is that the system yields a single relaxation 
lime as given by equation (A.4), and appears to have an 
effective dipole moment per unit 
We note for the special case Mi = “/Si. which was the 
case considered by Hoffman and Pfeiffer, that = 
4 ‘’/’]°f ’2 agreement with the result of these authors. 

( B ) Correlation function method 
Cole has derived the relations!20} 


From equations (A. 11), (A. 14) and (A. 15) we have 

+ S(/i|-M«)V'(r)] (A.16) 

For a polycrystalline sample the time independent 
term in equation (A. 16) will not contribute to the di¬ 
electric relaxation so we may write 



2€„-F<,. J 

(A.9) 

(M(0)M(t)> 
“(m(0)-m(0 )> • 

(A. 10) 


y indicates the l.aPlace transform and y{t) is the 
dipole moment correlation function. The theory was 
derived for N units, each having the same dipole moment 
^ In the present case the dipole moment in sites I and 2 
aic different. It .seems reasonable to suppose that the 
dipole decay function may be expressed as the weighted 
sum of the individual decay functions so that 


JpolycrwlallliH! 


5 

(1-1-5)*^'*' 


(A.17) 


From equations (A. 10) and (A. 17) we have 

Y(i) = Hr) 


so from equation (A.9) 



I 


l-K 


3<i. 

2«o-l-ex 


■JIUT 


(A.18) 


(A. 19) 


•i 

</i(0)-/x(/)> = 2; [/t(0)/x(()],-»p,. (A.ii) 
(-1 

Here [fi(0) /»{/)], is the decay function for units 
initially in site iatt = 0, and the summation is taken in this 
case over the two available sites. 

For units in site I at t = 0. then P,(0) = 1 so equations 
(A Dread 

/’*(') (A.12) 

Now [/a(0)]r = Ml and 


Merer is given by equation (A.4). 

The magnitude of the process is proportional to <m(0)- 
M(0)) so equation (A. 17) gives 

Men “ t ( M(b)’MI®) ) ]pol>rry»ttlllne 

Thus the system behaves according to equations (A 19) 
and (A.20), and we see that the correlation function 
method yields the same result as method (A) above. 

This IS the general solution for a two site model and Men 
increases with increasing temperature through 5. Con¬ 
sidering the special cases of variables Mi, M< nndS. 


[M(/)]. = Pi(/)-M. + P2(t)Mr- (A. 13) 
Thus a combination of (A. 12) and (A. 13) yields 

fM(0)-M(t)]i=-j—[Mr(Mi + 5/*2) 


Ml = — Ms “ttt* 'fCig. A 1. F = 0 i.e. 5 = 1 



(I) 


(ID 


+ '3'Mr(Mi-M sIiK')] (A.14) 
In a similar manner we obtain for units in site 2 at f = 0 

fM(0)M(t)],=Y^[M,-(Mi + 5Ms) 

-Ms(Mi-Mi)'<<(')] <A.I5) 


and Men independent of temperature. 
With F = OandMi M Ms 

, (Ml-Ms)’ 
M^n =- 2 -• 


(III) 


Men again independent of temperature. 
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A DIELECTRIC STUDY OF THE SYNTHETIC 
LINDE TYPE-/4 ZEOLITE-III. DIELECTRIC 
PROPERTIES OF 3-A, 4-A AND Ag-A WITH 
ADSORBED WATER 

BRIAN MORRIS 

Edward Davies Chemical Laboratory. University College of Wales. Aberystwyth, U.K 
(/ieceived 10 April 1968) 

Abstract-Thc permittivity and dielectric loss factor for the Molecular Sieve Zeolites type i-A and 
4-A and a silver exchange form of typc-A have been measured in the frequency range 5 Hz to 140 
MHz with various amounts of adsorbed water present. 

A region of dielectric loss in all three may be attributed to movement, within the cavities, of the 
interstitial cations. The activation energy for the process varies with water content and at any one 
water content a linear relationship exists between the activation energies and the size of the cations 
concerned. The behaviour of the activation energy with temperature suggests some change of phase of 
the adsorbed water takes place, equivalent to freezing, at a temperature well below OX. 

A further region of dielectric absorption has been observed which has been attributed to relaxation, 
with an ice-like character, of the major part of the adsorbed water dipole moment. The remainder of 
the water dipole relaxing by motions, other than complete reorientation, at higher frequencies than 
those available in the present study. 

INTRODUCTION 

In Parts 1 and 11 [1) the dielectric properties 
of the Linde Molecular Sieve Zeolite type 5-A 
with various polar and non-polar molecules 
constituting the adsorbed phase are reported. 

In the present paper the dielectric study of the 
lype-/f zeolite is extended to the K^(.1-/4). 

Na^(4-/I) and Ag^ ion forms. In these cases 
the number of cations per cavity is increased 
from the 7-5 in 5-A (i.e. Ca,,, Na,) to 12 in the 
monovalent ion forms. This may be expected 
to have some influence on the dielectric 
properties of these types. The only adsorbate 
studied in these ion forms so far is water. 

EXPERIMENTAL 

The majority of results reported in the pre¬ 
sent work were obtained using the conven¬ 
tional techniques, i.e. Method 1, described in 
Part 1, and cover the frequency range 5-25 
Hz to 140 MHz. The materials used were the 
commercially available Molecular Sieve 
Zeolites type 3-A (K„Na.,[(A102),2(Si02),2l 
27 H./)) and type 4-A (Na,2[(A10j)|j(SiOs),zJ 
27 HoO). The pure powder material was used, 
containing no clay binder, as sqjpplied by 
B.D.H. Ltd. 


A silver form of lype-A was prepared by 
ion-exchange. The 4-A or 5-A material was 
shaken for 24 hr at room temperature with 
each of four portions of AgNOj solution con¬ 
taining an excess of AgNO.., above that re¬ 
quired for complete exchange of the starting 
material in any one exchange. Analysis of the 
product showed 100 percent exchange to the 
silver form to have taken place. A sample of 
Ag'/t containing 80 per cent silver was also 
prepared. Several batches of Ag-/4 were 
prepared: 

From 5-A 100% exchange 

AgijK AI02),j(Si02),2]24 HjO 
From 4-A 80% exchange 

Ag,.,Na2lAI24 H^O 
From 4-A 100% exchange 

Ag,2[A]24H20. 

The saturation water contents quoted are 
those given by Breck [2], 

RESULTS 

(A} Type 3-A 

Only one sample of 3-A has so far been 
measured in the vacuum cell after dehydrating 


in.x 
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Table I. Dielectric parameters for 
anhydrous 3-A zeolite 


Frequency (Hz) 


e" 

5-25 

4-60 

1-690 

180 

3-87 

0-903 

.W-O 

3-60 

0-529 

179 

3-.36 

0-291 

52 ^ 

3-23 

0-181 

1586 

3-15 

0-106 

5269 

3-10 

0-070 

15-Ox 10' 

308 

0-049 

51-9 X 10' 

3 04 

0-038 

148 X 10" 

3 04 

0-029 


at 45()°C and 10 ■‘ Torr.; it gives the values in 
Table 1. The value of e' at 148 kHz (3 04) is 
somewhat higher than the value for 5-A in the 
anhydrous state (2-32), This, together with the 
increase in both e' and c" in moving to low 
frequencies, could be due to a greater con¬ 
ductivity arising from the presence of the 
more mobile type-U ions. From e" at 
5-2 Hz, using the relation «" x /= i-8 x 10'^ k, 
a maximum possible value of the d.c. conduc¬ 
tivity is obtained of 5 x 10'*^ tl^'cm "'. 

The effect of adsorbed water on the dielec¬ 
tric properties of 3-/f is similar to its effect in 
5-A. Figure I shows the permittivity, e'.and 
loss factor, e", of 3-A completely saturated 



Fig. I. Permittivity (O) and dielectric loss (•) in 3-/4 
27H,0 P.U.C. 


with water, i.e. 3-A 27 H 2 O p.u.c. in the fre¬ 
quency range I kHz to 140 MHz. Below 1 
kHz e" continues to rise, presumably due to 
conductivity, and at frequencies below 100 
Hz becomes too great to measure on the 
Thompson Bridge. As water is removed the 
large peak at 200 kHz moves rapidly to lower 
frequencies, the peak height also falling 
rapidly. Figure 2 shows the peak movement. 



peak height. . with water content of absorption 
1 in 3-/I; (O) and (•) indicate different specimens. 

and its variation in height, e'max. with water 
content. The agreement between two different 
specimens is indicated on the figure. Table 2 
lists the dielectric absorption parameters for 
this absorption (absorption 1). 

As absorption I moves to low frequencies 
it is followed by a second dielectric loss peak, 
(absorption 11). As was the case with 5-A the 
peak height for absorption 11 is constant, but 
in 3-A the frequency separation between the 
two absorptions is greater. Figure 3 shows the 
movement of absorption II with water content 
and Table 3 lists the dielectric absorption 
parameters. In Table 3 values of €« and e« are 
not given at high water contents since good 
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Table 2. Dielectric absorption parameters for absorption I in 3-A at 
various water contents 


HzO p.u.c. 

^roax. 

«o 


+ 0-05 

+ 0-01 

T 

(sec) 

270 

42 0+ 1 0 

125 ±2 

80+20 

5-30 

0-68 

7-9 X 10-^ 

26-2 

3I0±0'5 

1I3±2 

11-0 + 20 

4-73 

0-60 

3-0 X 10-" 

25 ■$ 

22-1 ±0-3 

95±2 

I00±20 

4-55 

0-50 

4-5 X lO" 

24-4 

I8-3 + 0-2 

86-5+ 10 

I20± 1-0 

412 

0-51 

l -2x IO-» 

23-3 

I5-6 + 0-2 

790+ 1-0 

15-5+ 1-0 

3-40 

0-50 

6-3 X IO-» 

22'5 

I30 + 0-2 

72 0+10 

15-5 ± 1-0 

3 00 

0 49 

l -6x I0-* 

20-8 

IO-3 + 0-2 

570+ 10 

16-5+ 1-0 

1-75 

0-52 

2-8 X 10 * 

20-3 

9-4 + 0-2 

55-0+10 

17-0+10 

1-60 

0-53 

40x 10-' 


Table 3. Dielectric absorption parameters for absorption II in 
3-A at various water contents 


HjO p.u.c. 

*nuiK. 

±005 

±0-2 

±0*2 

± 0-03 

li 

+ 001 

T 

(sec) 

22-5 

315 



f.-27 

0-33 + 003 

8-5 X 10 * 

211 

3-15 



5-98 

0-39 + 002 

I-7X 10-' 

19-9 

3-20 



5-76 

0-42 

2-8X 10-’ 

190 

3-25 



5-63 

0-42 

3-7 X 10’ 

17-7 

3-20 



5-40 

0-47 

6-3 X 10-’ 

16-4 

3-20 



5 10 

0-53 

1-3X 10 * 

15-4 

3 05 

14-7 

■ 5-5 

4-95 

0-54 

1-8X 10-* 

13-6 

3-25 

14-6 

5-2 

4-70 

0-55 

3-2 X 10 “ 

12-4 

3-30 

14-4 

5 0 

4-48 

0-60 

5-3 X 10 * 

11-3 

2-95 

12-8 

4-4 

All 

0-60 

8-5 X 10-* 

10-9 

3 05 

12-8 

4-4 

4-23 

0-60 

9-3 X 10* 



F'S- -L Position of absoiption II in 3-A at vaMous water 
contents. (O) and (•) indicate different specimens. 


Cole-Cole arc plots were not obtainable: the 
low frequency points, used to define e„. are 
increased due to the tail of absorption I and 
the high frequency values required to define 

are above 140 MHz. 

Temperature variation of absorption I has 
not been investigated for the same reasons as 
in the case of the 5-A specimens. Temperature 
variation of absorption II showed the change 
of activation energy with water content to be 
more marked than for absorption II in 5-A. 
Arrhenius plots were obtained for four water 
contents. 11 1, 12-2, 15-4 and 18-0HjO p.u.c. 
For Ill and 12-2 HjO p.u.c. good linear plots 
were obtained but for l.S-4 and IS OHjO the 
presence of two lines was clearly indicated, as 
can be seen in Fig. 4. Figure 5 shows the t" 
vs. log / plots at various temperatures for 
18-0 HjO p.u.c. These indicate the reason for 
the large uncertainty in log/„a* at —25“ and 
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l ig. 4. Arrheniu> plot for absorption II in i-A I8H;0 
p u.t. 



Fig. 5. Dielectric loss in 3-/4 18 0 HjO p.u.c. (a) • 
5’C, O- I0°C,«- I9°C; (b)- 25‘'C; (c)- 30‘>C; 
(d)-40°C. 


-30°C shown in Fig. 4. A similar apparent 
change in activation energy occurs for 15-4 
HjO p.u.c. Figure 6 shows the variation of 
activation energy with water content. 

The apparent conductivities, as evaluated 
from the relation e'/= l’8x 10'“ k. at some 
water contents where the dielectric loss and 
conductivity loss can be separated are given in 
Table 4. 

(B) Type‘i-A 

The adsorbed water results repeat those of 
3-/4 and 5-A in that a large dielectric loss peak 
(absorption I). situated at between 10'' and 
lO" Hz in the saturated material, moves to 
lower frequencies and diminishes in peak 
height as water is removed. Instead of moving 
out of the frequency range, as occurred with 
3-/4 and 5-A after removal of 8 or 10 mole¬ 
cules of water per cavity, the peak subse¬ 
quently moves more slowly and assumes an 
approximately constant peak height. Figure 7 
shows the movement of the peak and Fig. 8 
the variation of 6"max. with water content. 
The dielectric absorption parameters for 
absorption I are given in Table 5. Tempera¬ 
ture variation has been studied in absorption I 



Fig. 6 Variation of activation energy for absorption II 
in 3-/4 with water content. 
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Table 4. Apparent conductiv- 


ity of 3-A at various water 
contents 

HjO p.u.c. 

k.ft”' cm“' 
at525(Hz) 

27-0 

6-34 X 10 " at 179 Hz 

26-2 

l-SSx l0-'« 

2.S5 

9-13X 10-” 

24-3 

5-95X I0-” 

23-8 

3-21 X 10” 

23-3 

2-20X 10-” 

22-5 

l•40x 10 ” 



I'lg. 7 . Movement of ab!>orption I in 4-A with water 
content. (O) and (•) indicates different specimens. 

at three water contents over the range where 
the peak height has ceased falling rapidly, 
i e. 22-0. 18 0 and 15-5 HjO p.u.c. Good 
Arrhenius plots were obtained showing the 
activation energy to be constant over this 
range of water contents i.e. 16-0±0-8, 16-8± 
0 8 and 16-4± l Okcal. mole~' respectively. 

Figure 9 shows the permittivity and loss for 
a water content of 7-4 HjO p.u.c. in the fre¬ 
quency range 5-25 Hz to 148 kHz. T^ere is a 
clear indication of a second peak following 



Fig. 8. Variation of amplitude of absorption I in 4-A 
with water content. 



Fig. 9. Permittivity (O) and dielectric loss (•) in 4-A 
7-4HzO p.u.c. 

absorption 1 to low frequencies. This could 
not be fully investigated by Method I due to 
water pick up at the low water contents at 
which the peak moves into the available 
frequency range. The peak has been fully 
observed at low temperatures as shown in 
Fig. 10. The activation energies obtained at 
14-4 and ll -SHjO p.u.c. were 13-5 ±0-9 and 
8 0±0-4 kcal.mole"' respectively. Over the 
temperature range used there was no positive 
indication of a change in activation energy at 
low temperatures, as occurred in 3-/4. although 
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Table 5. Dielectric absorption parameters for absorption 1 in 4-A at various 

water contents 


HaO 

p.u.c. 



<0 

±003 

a 

+0-01 

T 

(sec) 

27-0 

43 5±0-5 

123+I 0 

34+ 10 

5-51 

0-71 

4-9 X 10-’ 

25-9 

2l-7±0-5 

79-5± 1-0 

21-0+1-0 

4-85 

0-63 

2-3x I0-» 

24-8 

11-0 + 0-2 

46-1+0-5 

17-3 + 0-5 

4-32 

0-61 

7-6 X 10-“ 

23-4 

8-0±0-2 

37-0±0-5 

16-3 + 0-5 

3-95 

0-65 

1-8X 10-» 

21-2 

6-2±0l 

.32-8 + 0-3 

16-3 + 0-3 

3-41 

0-61 

6-2 X lO-* 

19-9 

6-0±01 

31-6 + 0-3 

15 9 + 0-3 

3-00 

0-62 

1-6X 10-< 

17-9 

5 5±0-1 

29-5 ±0-3 

15-3 + 0-3 

2-38 

0-60 

6-6 X 10'* 

16-8 

5-2±0I 

29-2 ±0-3 

l5-2±0-3 

2-34 

0-60 

9-2 X 10'* 

14-9 

5-5 + 01 

29-5 + 0-3 

15-4 + 0-3 

1-98 

0-62 

1-7X I0-“ 

13-0 

5-2+0-1 

28-i±0-3 

15-7 + 0-3 

1-90 

0-65 

2-0 X 10'“ 

11-4 

4-9 + 01 

29-5+0-3 

14-8 + 0-3 

1-78 

0-65 

2-6 X 10-» 

9 9 

4 9 + 01 

27 l±0-3 

14-8 + 0-3 

1-.56 

0-66 

4-4 X 10-“ 

S-'i 

5-2 + 0-I 

— 

— 

1-15 

0-72 

1-1 X 10“ 

7-8 

4-9±0-I 

— 


1-00 

0-73 

1 6x 10“ 

7-3 

5-3 ±0-1 


— 

0-70 

— 

3-2 X 10-“ 


40 



Fig. 10. Ab.sorpdon II in 4-^ l4 4HjO. O 
©-50”C; Ci-40“C; •-SOT. 

for II-51-120 p.u.c. the lowest temperature 
point (—73-5°C) deviated considerably from 
the good linear Arrhenius plot obtained from 
the other points. The loss peak at this tem¬ 
perature also broadened; /3 falling from a mean 
of 0-47 for temperatures from -19-0"C to 
-60-0'>C to 0-39 at -73-5'‘C. This suggests that 
a similar change to that observed in i-A may 
occur, but at a much lower temperature, e. for 
this second loss peak, absorption II, in 4-A 
fell from 6-9 + 0-2 at 14-4 HjO p.u.c. to 
3'70±0-l at IT 5 H 2 O p.u.c. At liquid air 
temperature e' was constant at 3-01 from 5-25 
Hz to 148 kHz for 11-5 HjO p.u.c. 

Apparent conductivity v^ues for 4-A at 
high water contents are given in Table 6. 
Below ZI’ZHjO p.u.c. the conductivity re- 


Table 6. Apparent con¬ 
ductivity of 4-A at various 
water contents 


H2O p.u.c. 

k n-'cm"' 
at 5-25 (Hz) 

27-0 

1-19X I0-'» 

25-9 

1-54X 10-" 

24-8 

8-31 X 10-'“ 

2.3-4 

4-26X 10-‘“ 

21-2 

1-75 X 10 

70 

I-75X 10-'“ 


mains almost constant at 1-75 +0-6 x 10"'* 
cm ' down to 7-0 H^O p.u.c. 

JC) TypeAg-A 

No difference in results were observed 
between the silver forms obtained from the 
4-A or 5-A material. The results obtained 
were similar to those for 4-A. A large peak, 
absorption I, moves to lower frequencies as 
water is removed, e'^ax. also falling. Figures 
11 and 12 show the variation of peak position 
and peak height with water content. Little 
difference was observed between the 80 and 
100 per cent exchanged samples at any stage; 
the two being indicated in the figure. Table 7 
summarises the dielectric absorption para- 
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ig, II. Movement of absorption I in Ag-A with water Fig- 12. Variation of amplitude of absorption I in Ag-/t 
content. (O) 100% silver; (•) 80% silver. content, (O) 100% silver; (•) 80% silver. 


Table 7. Dielectric absorption parameters for absorp¬ 
tion I in Ag-A at various water contents 


H,0 

p.u.c. 

^ma* 

log/m„ 

n 

r 

(sec) 

240 

38-5 

5-80 

0-61 

2-5 X I0-' 

23-1 

23-0 

4-92 

0-50 

l^x 10'* 

22-6 

19-1 

4-77 

0-54 

2-6 X I0-* 

21-1 

13-2 

4-45 

0-61 

5-6 X lO-* 

20-2 

10-5 

4-04 

0-61 

1-5 X 10'* 

19-4 

9-7 

3-80 

0-60 

2-5X 10-> 

18-2 

9-5 

3-38 

0-61 

6-6 X 10'* 

16-5 

9 1 

3-20 

0 59 

1 -Ox l0-‘ 

15-5 

8-4 

2-92 

0-62 

1 -9X lO * 

12-5 

8-0 

2-80 

0-63 

2-5 X 10-• 

110 

8 0 

2-65 

0-62 

3-6 X 10 ‘ 

7-8 

6-6 

2-63 

0-62 

3-3 X 10* 

6-9 

7-0 

2-45 

0-59 

5-7X 10 * 

5-2 

7-1 

2-40 

0-58 

6-3 X 10-^ 

4-4 

7-0 

2-20 

0-53 

1 -Ox 10 •' 

4-2 

6-6 

2-15 

0-53 

1-1 X 10“ 

3-6 


2-05 

0-51 

I-4X 10 •’ 


no 


B. MORRIS 


meters for absorption 1 in the 100 per cent 
exchanged material. The silver form of type-y4 
is more readily dehydrated and less suscepti¬ 
ble to water pick-up than the other ion forms 
[3], this enabled the low water contents to be 
measured by Method I. 

A second absorption, absorption II, 
followed the first to low frequencies, its 
movement with water content is shown in 
Fig. 13. The dielectric absorption parameters 
tor absorption II are summarised in Table 
8 . In contrast to the results for the other ion 
forms e'mi,,, for absorption II in Ag-A increases 



3 6 9 12 i5 18 21 2*1 

MoMcum HjO p«r unit cell 


Fig, I.V Movement of absorption II in Ag-W with w. 
content, (U) and (•) indicates different specimens. 


with decrease in water content. Good esti¬ 
mates of €o could be obtained for 

neither absorption from Cole-Cole plots 
due to the close proximity of the two peaks. 
For both absorptions the peaks are clearly 
defined from e" vs. log / plots. Fuoss Kirk¬ 
wood plots were obtained fromt" values close 
to the peaks. 

Enhanced polarisation effects, due to the 
higher conductivity of Ag-/1, vitiated tempera¬ 
ture variation studies of absorption 1. For 
absorption II the variation of activation 
energy with water content was similar to 
that^in 3-A. Again an apparent change in | 
activation energy was observed. Figure 14 
shows the Arrhenius plot obtained at a water 
content of 22 OH 2 O p.u.c. In this case the 
change occurs at a much lower temperature 
than in 3-/I. Figure 15 shows the variation of 
activation energy with water content. For 
water contents of 20-4 and 22 0 H^O p.u.c. 
the intercept of the two lines in the Arrhenius 
plots occured at temperatures of — 68'± 
2‘’C and -65±1°C respectively, the higher 
activation energies occurring below these 
temperatures. At 6 0 H 2 O p.u.c. c' was con¬ 
stant at 4-51 over the frequency range 
5 Hz-148 kHz at liquid air temperature. 

The apparent conductivity of Ag-A con¬ 
siderably exceeds that of the other ion forms. 
Table 9 summarises the variation of con¬ 
ductivity with water content. 


Table 8. Dielectric absorption parameters for absorp¬ 
tion II in Ag-A at carious water contents 


H,0 

p.u.c. 


log/ma. 

±003 

b 

+ 001 

T 

(sec) 

240 

6 5 

8 20 

0 59 

1-0 X 10 “ 

23-1 

6-2 

7-93 

0-62 

1-9 X 10" 

22 0 

6-8 

7-70 

0-53 

3-2 X 10 “ 

19-6 

67 

7 58 

0-50 

4-2 X 10 " 

18-8 

6-4 

7-45 

0-48 

5-6 X 10-“ 

15-9 

69 

7-32 

0-60 

7-6 X 10“ 

12-8 

7-6 

713 

0-56 

1-2X 10-« 

12-2 

81 

707 

0-62 

1-4X 10-“ 

7-9 

80 

6 20 

0-57 

lOx 10 ’ 

7-6 

80 

5-93 

0-61 

1-9X 10 ’ 

60 

8-6 

4-92 

0-60 

l-9x 10-* 
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t ig 14. Arrhenius plot for absorption II in Ag-zt 22 0 
H.iO p.u.c. 



1 ig 1.“' Variation of activation energy for absorption II 
in Ag-z< with water content. 

DISCUSSION 

Ahsorption 11 

It was suggested in Parts I and II that the 
region of dielectric loss, absorption II. in 
and the absorption observed in 
5-/4 with SO 2 , NH 3 and COj as adsorbates 
was probably due to a cation-jumping Mocess. 
The region of loss, absorption II. observed 


Table 9. Apparent conductivity 
of Ag-A at various water 
contents 


H.jO p.u.c. 

k.fl'cm' 

240 

3-6xlO-»atL5kHz 

23-1 

l•8xl0-•at54Hz 

22-6 

9 0X lO 'Oat 54 Hz 

21-9 

3-6xi0"> at 5 Hz 

20-9 

8-8 X 10 " at 5 Hz 

19-4 

4 0X 10-"at5 Hz 

I8'4 

3-5 X 10 " at 5 Hz 

160 

1-3 X 10 " at 5 Hz 

12-5 

8-8X 10 " at 5 Hz 

110 

4-3 X 10 " at 5 Hz 

4-5 

40 X 10 "at 5 Hz 


in the 3-/4. 4-/4 and Ag-A water systems be¬ 
haves similarly to absorption II in 5-AlH.,0. 
and is probably due to the same cause. For 
a cation process some correlation between 
the properties of the ion and the dielectric 
absorption might be expected. Figure 16 
shows the activation energies of absorption 
II as a function of ionic radius for the two 
water contents at which AH* is known for 
4-/4. i.e. 115 and 14-4 H.jO p.u.c. The conres- 



Fig. 16. Activation energy of absorption 11 in monovalent 
ion forms of type-/4 zeolite as a function of cation radius 
(Cation radii are mean of Goldschmidt and Pauling 
values). 
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I f \ * fnf flOC/ ^ 

ponding values ^irrespectively. 

are obtained from Figs 6 / 5 respecfi 

Both the Pauiing and Go/dschmid 
of ionic radius [4] 


/f morris 

more water becomes adsorbed, thus reducing 


shown on the figure 
because of the large difference between these 
values for the Ag" ion. The correlation in 
Fig. 16 supports the proposal that iibsorplion 
II is due to a cation process in 3-/<. 4-/t and 
Ag-/4. It was also suggested in Part II that 
this cation jump, as in 5-A. is a jump involving 
the type-1 cations. The type-11 cations would 
not be expected to undergo jumps between 
well defined sites, to give rise to a constant 
«niax US they are moved from their sites in 
the presence of an adsorbate to form a cluster 
in the cavity with the adsorbate molecules [5]. 
These cations are so mobile that they would 
be expected to give rise to conductivity rather 
than a dielectric loss process. The linear 
relationship in Fig. 16 suggests that the ions 
behave as though they were unsolvated. 
Thus, although the hydration numbers of 
Na+ and are similar (5±1 and 4±2 
respectively)[61 the Ag^ ion is considerably 
less susceptible to hydration and would not 
be expected to give a linear plot with the two 
hydrated ions. For (he type-11 ions to behave 
as unhydrated ions is extremely unlikely and 
this again indicates that the process concerns 
the type-I cations in the monovalent ion 
forms. 

It thus appears that the mechanism pro¬ 
posed for the cation process in 5-/1 in Part 
II also applies to these monovalent ion types. 

If this is correct it also implies that the variation 
of activation energy is due to steric hindrance, 
by the adsorbate molecules, of unhydrated 
ion migration, at least in that adsorbate con¬ 
tent region where the activation energy in¬ 
creases. The fall in activation energy observed 
in 5-A, 3-A and Ag-A at high water contents, 
attnbuted in Part I to cation movement in 
conditions approaching ‘solution’, does im¬ 
ply hydration to some extent. Alternatively 
the fall in activation energy could be due to 
a general fall in the binding energy of the 
water molecules to the zeolite surface as 


the impedance of the ion jumping by such 
molecules. The apparent change in activation 
energy which occurs at low temperatures in 
1-A and Ag-A. and probably also in 4-A. 
can be interpreted as an effective ‘freezing’ 
of the zeolite water, perhaps its rigidification 
into a glassy form. The cation jump would 
then revert to the fully hindered condition 
as is indicated by the linearity in Figs 6 and 
15 between A/f * values at low water contents 
and the higher activation energies at high 
water contents. 

The suggestion that some change of state 
of the water molecules, or at least a change in 
mobility, at low temperatures is supported by 
n.m.r. studies!?], where line shape transitions 
at about ~75°C were ob.served in Na-y4 and 
Na-A' zeolites: on cooling the signal changes 
from a narrow line, characteristic of liquid 
water, to a broad line, characteristic of ice. 
The temperature at which the change occurs 
depending on the water content; increasing 
as the water content increases. Kiselev[8] has 
recently confirmed that phase transitions 
(melting) occur when adsorbed molecules are 
present at concentrations higher than those 
corresponding to monolayer coverages. From 
the results given here it appears that the 
temperature at which the transition occurs is 
also dependent upon the cation, since in 3-A 
ISFliO p.u.c. the change in AH* occurs at 
about — 20°C (or, more likely, over the range 
— 20° to -t 30°C) whereas in Ag-A, 2 OH 2 O 
p.u.c. the change occurs in the region —60° to 
-70°C. 

That the activation energy for absorption 11 
in 5-A is slightly less than that for 4-A at the 
same water content i.e. at 14-4 H 2 O p.u.c. 
A//4*(4-A) = 13-5 kcal.mole"' and AH*(5-A) 
= 12-9 kcal.mole ' is unexpected. As the 
ionic radii of Na^ and Ca^*^ are similar, 0-% 
and 0-99 A respectively, an activation energy 
of about twice that for 4-A could have been 
expected for 5-A because of the double 
charge on Cdf*. That is, of course, on the 
assumption that absorption II in 5 -A/H 2 O is 
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due to jumping and not to a process 
involving the small amount of Na+ present. 
The latter possibility is unlikely since a pro¬ 
cess involving Na+ would have been antici¬ 
pated to occur at a much higher frequency, i.e. 
similar to that for absorption II in 4-A. The 
similarity in activation energy is reasonable if 
the main contribution to A/// comes from the 
hindering effect of the water rather than from 
the binding energy of the cation to its site in 
the lattice, so that the activation energy 
depends mainly on the ion size and not on the 
charge. Further work with divalent ions is 
required to clarify this point. 

We can apply the analysis of the apparent 
dipole moment associated with the cation 
dielectric process given in Part II, i.e. 

=- 4 - 

where /X| and are the dipoles formed by the 
cation in sites 1 and II, to the present data. For 
the 4-A zeolite an estimate can be based on the 
On-sager equation, 

le'mas _ 47rA/^tft^rei(€»2 + 2)l* 

13 3kT [ 2€, + €*.2 , 

by taking the zeolite lattice permittivity as 
3 01. i.e. the value of e' at liquid air tempera¬ 
ture. The concentration of one sodium ion per 
cavity is 1-05 gm.ion.l. ' has a mean 

value of 3-40 and /3 = 0-47 over the tempera¬ 
ture range — 20° to — 70°C. These values give 
an apparent dipole moment of 7-8 D. The 
position of a type-I sodium ion is a position 
0-4 A from the plane of the 6-membered 
oxygen ring window, this gives /x, = e.d. = 
1-9 so that /LI 2 is 13-7 D. This gives a value for 
the distance of the Na^ ion from the plane of 
the 8-membered ring window of 2-9 A. In 
dehydrated 4-A the type-I I cation position is 
about 2-5 A away from the plane of this 
window[9]. The similarity between the value 
obtained here and the observed cation posi¬ 
tion indicates that the suggested cation jump is 
reasonable. 


No data are available for the cation posi¬ 
tions in 3-/4 and Ag-A. If the analysis is applied 
to the data for absorption 11 in 3-/4 an apparent 
dipole moment of 7-7 D is obtained. This is 
similar to the value for 4-A and indicates that 
the cation positions are similar to those in 4-A. 
A smaller value may have been anticipated 
since in site I the cation would be expected 
to lie further than 0-4 A from the 6-membered 
ring for steric reasons thus increasing/t,. In 
the case of Ag-A, taking the lattice permitti¬ 
vity as 4-51, i.e. the liquid air value at 6 0 HjO 
p.u.c., gives an apparent dipole moment of 
8-9 D. The fact that c'max, increases in moving 
to lower water contents (i.e. see Table 8) 
probably indicates that the Ag"^ ion moves 
towards the cavity centre as the adsorbate 
content increases thus causing p,i to increase 
and hence /Xeif to decrease. The cation ring 
distances obtained by this analysis will be 
maximum values since contributions to /x, 
and fxt by induced dipoles in the ring oxygens 
have been neglected. However the model 
suggested appears at least qualitatively 
consistent with the variety of data reported. 

Absorption I 

As in the case of 5-A, absorption 1 in 
3-/4, 4-/4 and Ag-A is most probably due to 
relaxation of water molecules. Although e* 
for the cation process is not so well defined 
for the monovalent ion types to enable a 
dielectric isotherm to be drawn, the indi¬ 
cations are that a similar behaviour occurs 
and that the large amount of water present 
cannot be accounted for by the permittivity 
increment at frequencies above 100 MHz. 
The observed relaxation times at 22°C in 
the various ion forms saturated with water 
are: 


3-/4 

4-A 

7-9 X 10“' sec. 

4-9 X 10 

Ag-A 

5-/4 

2-5 X 10“'sec. 

l-Ox 10 


N.m.r. studies give similar relaxation times 
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flOl having a v^ide Spectrum of relaxation times, 
for water in type-rf zeolites. ac analogy to ice is perhaps a poor one 

concluded that the bulk of the adsorne of low temperatures on the 

water relaxes by a variety of processes navi s suggests, the adsorbed water 

correlation times of the order of lu o ^^^jergoes a further rigidification at low 
sec, the actual time depending on the ca • jn the zeolite cavity at these 

^ . A II r'/irr^lntlOn IinicJ» ^ _ 


Cohen-AddadiIll gives correlation times le 
for nuclear relaxation of water in 4-A of about lO' 
10 “ sec. This time was associated with tig 
jumps of molecules from one lattice site to It 
another. A shorter correlation time was also of 
found (I0'“sec) and ascribed to molecular wc 
rotation for molecules not attached to the tht 
cage walls. 

The similarity between the n.m.r. values wa 
and dielectric relaxation times given here cot 
supports the suggestion that absorption I tyf 
is due to adsorbed water. The smaller relax- at 
ation times observed in the monovalent ion om 
types from that in 5-/I are reasonable since in sh< 
liquid water the effect of ions is to reduce the off 
relaxation time of water(l2) c.q. rlHoO) for 
at 2.‘'°C = 94X 10-'" sec; t(H,0) in 1-0 tio 
molar NaCI solution = 8 6 X 10"'" sec. The the 
very much higher concentrations of cations is 
in the zeolites would be expected to give spt 
a greater shift of the relaxation time, thus 1 
reducing the relaxation lime from that in ap[ 
5-yl, which has no type-11 cations present, mo 
to that in the monovalent ion forms which at 
have these ions. ly | 

The closeness of these relaxation times to reo 
that of water in ice[l3J (2-2xlO-^sec at aga 
— 0-rC) and the fact that absorption 1 begins wal 
to fall in intensity on removal of the first 

/IcA 

amounts of water from saturation indicates 
that all the adsorbed water relaxes the major cour 
part of its dipole moment in a manner similar 
to that in ice and only contributes some small 


lower temperatures the water must be as 
tightly bound as is water of crystallisation. 
It would be interesting to observe the effect 
of low temperature on absorption 1; this 
would, however, occur at frequencies lower 
than those used in the present work. 

The levelling off in c'inHx. observed as the 
water content decreases in 4-A and Ag-/f 
could be due to some process involving the 
type-II ions which only becomes possible 
at low water contents, such as a jump from 
one water molecule to another. Figure 2 
shows some indication that a similar levelling 
off may occur in 3-/4, as would be expected 
for a monovalent ion form. That the relaxa¬ 
tion process is a complex one involving both 
the water molecules and the type-11 cations 
is expected from the clustering of these 
species at high water contents. 

The activation energy of absorption 1 
appears to be constant at about 16kcal. 
mole"' in both 5-A 3 OH 2 O p.u.c. and 4-/4 
at various water contents. This is significant¬ 
ly greater than the activation energy for dipole 
reorientation in ice (13-4kcal.mole"') and 
again reflects the rigidity of the adsorbed 
water molecules. 

AiknoH letlgemenl.\ — \ wish to thank Dr Mansel Davies 
foi his interest and much helpful discussion during the 
course of this work, and S.R.C. for a Research Student- 


part of its dipole to the polarisation at high 
frequencies by some other process such as a 
rotation about one (OH) bond or the flap¬ 
ping of a molecule attached to the cavity 
walls. The absence of a well-defined dielectric 
absorption at frequencies between 100 MHz 
and 8-5 GHz in 5-A 30 HjO p.u.c. indicates 
that the partial contribution to the high fre¬ 
quency loss occurs by a variety of processes 
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CALCULATION OF THE ION-ION REPULSIVE 
INTERACTION IN THE RARE GAS SOLIDS AND IN 
THE NOBLE METALS 
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Abstract—An exchange charge model technique which was fairly successful for the ionic alkali halides 
is now extended to the rare gas solids and the noble metals. The radial dependence of the repulsive 
Born-Mayer potential which is caused by overlapping core states is obtained. Exchange charges 
are calculated in terms of overlap integrals and the resulting repulsive potentials are obtained by a 
summation of the exchange charge potentials. The calculated radial dependences of this interaction 
for the rare gas solids are in quite good agreement <2-5 per cent) with the experimental data. For the 
noble metals, the outer d free ion functions are certainly an approximation to the actual case with the 
result that the agreement (25 per cent) is less satisfactory. For the noble metal series the magnitude 
of the exchange charges, the fractional closure failures for the elastic constants, and the ratio C,JCu 
all display the same behavior. This implies that the overlap mechanism can account for the non central 
contribution to the elastic constants. The rare gas and noble metal overlap integrals and their radial 
dependence are tabulated. 


1. INTRODUCTION 

It is well known that the Pauli exclusion 
principle prevents atomic matter from collaps¬ 
ing and that is is the primary cause of the clas¬ 
sical Born-Mayer (BM) repulsive potential. 

(/rep = -4 exp(-r/p). (1) 

However, since valid quantum mechanical 
calculations of this potential can be quite 
difficult to perform, it is desirable to resort 
to some approximate method. Simplified 
calculations are often useful in that they add 
to the physical insight and enable us to treat 
more complex systems and phenomena. 

Certainly the rare gas molecules and 
solids, on the one hand, and the noble metals 
on the other, form two distinctly different 
types of materials, and thus one might con¬ 
sider a separate discussion for each. However, 
since the simple model which we shtill use 
appears to approximately describe the re- 


'Supported by the National Science Foundqgion and 
the Office of Naval Research. 


pulsive potentials of both materials, we shall 
treat them both here. The Bom-Mayer inter¬ 
action is the main cause of the interionic 
repulsive interaction for the rare gases, but 
it is only a partial cause of the repulsive inter¬ 
action of the noble metals. However, Fuchs 

[ 1 ] has shown that, for the noble metals, the 
Born-Mayer interaction is the main cause of 
the elastic constants C 44 and (C,, —C, 2 ), 
and that it gives the main contribution to com¬ 
pressibility of copper. Succeeding experiments 
in the noble metals have shown that a many- 
body, non-central force is needed in order to 
understand the data. 

In our calculations we will use some of the 
approximations which Dick and Overhauser 

[2] used for their work with the Exchange 
Charge Model (ECM). This model has been 
successful in explaining the many diverse 
properties of the alkali halides such as the 
dielectric constants [2], the failure of the 
Cauchy relation Cis=C44 [3], and the 
Bom-Mayer repulsive potential[4]. It is the 
purpose of this paper to extend the ECM to 
two other systems, the rare gas solids and the 
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noble metals. The ECM considers the de¬ 
formation of the free ion wave function which 
is caused by the overlapping of the outer 
atomic shells, and which results in a decrease 
of the electronic density in the region between 
the ions. It represents this lack of ^gative 
electric charge as a 'pomt-hke positive 

charge which resides at the 
between an ionic shell and its neig ■ 

of an exchanee charge .x s™p V 
related to its overlap integrals. As a solid 
compressed the overlap integrals increase, 
resulting in enhanced exchange charge effects. 

A few first-orderf.S, 6/ perturbation cal¬ 
culations have been performed on the re- 


-H /iti*{l,2).^(l,2)<lT, 

— O) ^«(])] 

where the overlap integral S^b = (d>A(2)j,pg 
(2 )}~S^h the normalization constant 
M = 12(1 By considering 5^8 « j, 

ccjuHtion (3) Ctin be rewritten in terms of an 
enhanced negative electron density 

p-'d) ^-^t(i+SiB)<hMUi) 

+ (i+si„)d>i,(n ( 4 ) 


pul.sive interaction of rare gases, as well as 
calculations of the non central many-body 
component(7J of this force. However, similar 
calculations for the noble metals have not 
been performed. Since the free ion d-wave 
functions which we have used for the noble 
metals arc only an approximation of the actual 
wave functions, our results on the noble 
metals will be only approximate. However, 
because our results on the metals agree fairly 
well with the experimental data, we can hope 
that some of the ECM ideas might be applic¬ 
able for the calculation of many-body effects 
in the noble metals. 

The Exchange Charge Model will be dis¬ 
cussed further in Section 2 and the results 
for the rare gases and the noble metals will be 


and a positive exchange charge density 

( 5 , 

The electron densities given by equations (4) 
and (5) can also be obtained by a considera¬ 
tion (4) of the leading terms in the charge 
densities given by Lowdin’s[9] technique 
of symmetrical orthogonalization. By integrat¬ 
ing equations (4) and (5), it follows that the 
total electronic charge, and the total 
exchange charge, are given by 

q'-' = -k| (6) 

and 

i/-= + k|S38 (7) 


discussed and compared with experimental 
data in Sections 4 and 5, respectively. 

2. THEORETICAL CONSIDERATION.S 
(A) The Exchange Charge Model 
The nature of exchange charges can be seen 
by considering[2,8] the Heitler-London 
wave function of the triplet state of the hydro¬ 
gen molecule 

iKl .2) = M(d>AO)4>H(2)-ct>d2)f}>„{ I)). 

( 2 ) 

The electron density of the (1) electron can 
be obtained by calculating 


thus conserving the total electronic charge. 
For the interaction of atoms with configura¬ 
tions more complex than the (Is)^(1s)b H-H 
configuration, S\b should be considered to be a 
summation over the outer orbitals of its 
neighbors, 2 

V 

By evaluating the He-He interaction in¬ 
tegrals [8] which were obtained within the 
Heitler-London framework, Dick and 
Overhauser[2J have shown that all the inter¬ 
actions are proportional to S\bIv, and that the 
interaction between exchange charges and 
effect nuclear charges is the main part of the 
repulsive potential. They found that it is 
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Fig. I. The exchange charge model for Ihe f.c.c. phase 
Ilf (he rare gas solids and the noble metals. The nuclear 
etfeciive charge is represented by Q and the exchange 
charge which is created by the overlap of d>< and <bt is 
represented by . 

given by 

t/rc = 2 S5fl e^lr = 2|t'|<y"/r (H) 

where the separation of the two helium nuclei 
is denoted by r. Equation (8) implies that the 
repulsive interaction in solids which stems 
from orthogonality considerations can be 
considered to be merely the repulsive coulom- 
bic interaction of ‘point-like’ positive exchange 
charges, and positive nuclear effective 
charges, Q. Figure 1 represents the exchange 
model of a rare gas solid or noble metal in the 
f.c.c. phase. This same approximation has 
been applied [4] to more complex closed- 
shell systems such as the alkali halides and 
the agreement with the experimental data 
was quite satisfactory (~ 10 per cent). In 
this previous work the radial dependence of 
equation (8) was fitted near the equilibrium 
position r„ to the Born-Mayer exponential 

2 2 =» Bexp(—r/^) (9) 

V 


where the summation was carried out for 
both nearest neighbors and next nearest 
neighbors. Since the ionic cores of the rare 
gases and the noble metals are also closed- 
shell ions, it is not too unreasonable that 
this same approximation can also be applied 
to these systems. Because there is only one 
type of ion for the rare gases and the noble 
metals, and because the next nearest neighbor 
overlaps are considerably less than the nearest 
neighbor overlaps, the summation must 
be carried for nearest neighbors only. In 
considering the region from (r„ —0-2A) to 
(ro-F0'2A). we have found that equation (9) 
can be described by an exponential to within 
about 0-2 percent. In Section 3 the summation 
is explicitly written out in terms of 

the r-. p- and t/-orbitals. 

In order to obtain the electrostatic energy 
between exchange charges and nuclear 
effective charges, as well as between the 
exchange charges themselves, it is necessary 
to show that the effective charges are reason¬ 
ably well-localized in space. To investigate 
this we have performed integrations of the 
type (</),^|l/r^|(^>a) for several interatomic 
distances r. Our results show that to within 
10 per cent the following relation is correct 
near r,,: 

( 10 ) 

This indicates that the exchange charges are 
quite well localized in space and that their 
positions remain at the points of tangency of 
the intersecting ionic spheres, r/2. 

(B) Muny-hody forces 

Since the magnitude of the exchange charge 
depends on the overlap of two ions, it is 
obvious that the description above only 
pertains to central forces. However, when one 
considers the interaction between an effective 
charge and a distant nuclear effective charge, 
the force becomes many-body and noncentral 
in its nature. This type of force can possibly 
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^ .hough, ofbeing s,™,ar .o ,he n.™y- - 

body interaclions which have been discussed ol ““ «'“™ “ WH ndu, *e , j 

deiL by Ldwdinlh) and b, Lo.brfi 

S .he magnilude of the three-bod, poten- The overtaps .hich rnvolv^ j„„ 

tid IS dDoul p ^ techniques that are descnbed in refenacei III 

cohesive energy for a and with the coordinate system shown in FiJ 

more recent work. Lombardi an < - ^ overlaps which involved d-orbitah 

have indicated that, for the rare gas solid . 
the contribution to the cohesive energy rom 
the four-body force is considerably smaller 
than the contribution from the three-body 
force. These authors feel that it is the niany- 
body force which causes the rare gases to 
solidify in the f.c.c. sfrucrure, but because of 
the sma/l magnitude of its contribution we 
shall ignore this force in our calculations. 

Even is such an interaction had been included, 
our results would not have been greatly modi¬ 
fied because only one value of the nuclear 
effective charge is used here and because of 
the rapid decrease of S'i^ as the separation 
distance is increased. 

It is also possible to construct a four-body 
force from the interaction of two exchange 
charges, but since this involves terms pro¬ 
portional to the fourth power of the overlap 
integral 

we can neglect this interaction. 



Fig. 2. The coordinate system used to compuie the two 
center integrals. 

the two center integrals can be expressed 
solely in terms of the coordinates of center 
/I*. This is done by using the following 
gcomtrical relations 


'■« = ( r'iji + r/-2r^r^g cos 
cos0„= (rgi,~rg cos 0^)1 


( 12 ) 


(r^g + r/ —2r^„r^cos0g)'‘'^ ( 13 ) 


3. OVERLAP INTE(;RAI-S 
Numerical Hartree-Fock (HFI. analytical 
Hartree-Fock, and numerical Hartree-Fix'k- and we obtain 


sin 0„ = r, sin 0aH r^g + r/ - 2rggrg cos 0., 


( 14 ) 




4 iJ I rn.,i-,<-2r.„,cosd,)'S- 


II 0 
» n 


PAr^)P„lr„)sm0,^r,[2{rgg~rgCOS0g)^-r/-sin-0g]-\ . 

(^+r:^-2r,«r,cos0,)-- J 


( 16 ) 


*lf the coordinate system had been picked so as to have 
e'^n-e„. then the (p„g|p„„>, (JdlPan). <P,d|d,«>- 
, , , , . , (4„.|p„.) and (d, \d„ ) integrals would have had the 

for the calculations. Since the overlap integrals opposite sign. 


Slater (HFS) wave functions with the full 
Slater exchange approximation were used 
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Pjd<^j--rj] [ (r5. + r,*-2w,cose.)=''* 


0 0 


{cijp.h) ^~rll[ 
0 0 


\/l5 ff fPa(r^)Pp(rg)(2cos^0^-sin^aA)(rM-r^cos0^) sine^r^' 


('■5ji +'•/- cos J 


dr.de^ 


(PnA I 4 

V'45 


V'45 fffPp(rA)Pd ( r„) sin^g^r/(r^w-Q cos 6>^), 


III 


(r'ie + r/-2rABrA cos Oa 
, , V45 ffrP,(rA)Pr ( r«) cos Oa sin’e.r/] 




0 0 
« IT 


>4 

(17) 

I 

(18) 

(19) 

( 20 ) 


u 


I Id ) - [[ r ^«(^x<)/"d(/'«) sin 6)^/-^(2cos’6>.,-sin-e,, 

"' 8 J J L {+ r,;- - 2r,«/-^cos 0,)’"- 

0 0 

X [2 (r^fl - cos )’~ sin’ ] j dr, 




I / \ — f f ^ 'I^^a)P 

4 JJ [ {r\ 


ddA 


(rfl) cosMin;%^(r,,g-r,4COs0J 


( r\H + - 2rAnrA cos Oa V' 

0 0 

. . , , V . 15 ?rr P.(r,)/’<,(r«)sin''0,r,’ _ 


j dr^dfl^ 


( 21 ) 

( 22 ) 

(23) 


where/’,,(r, 4 ) = r^<()rf(r, 4 ). etc. 

The re.sults were tested by performing 
overlap integrals between similar ions with 
rAB = 0 and noting that the orthogonality 
between the spherical harmonics was obeyed 
to within two parts in 10^ i.e. 

=0. (p,Jd*^)=0, <d,Jdj„>=0, 

“Id (d,Jd,j> = l. 

In addition it was noted that for finite separa¬ 
tions 

and ^ 

(d^AlPng) ~ (PvAl^irg) 


to within two parts in 10^. 

For the numerical Hartree-Fock functions 
we have used Hartree’s Ar[12] and Cu^[13], 
and Mayer’s Xe[14], Worsley’s Ag^[l5] and 
Mann’s Ne, Ar, Kr and Xe functions[16]. In 
addition we have used Watson’s Kr and Xe 
analytical Hartree-Fock functions[17] and 
Cowan’s Hartree-Fock-Slater functions[18] 
for Cu+, Ag^ and Au’^. Because the numerical 
Hartree-Fock functions are not required to 
fit a limited basis set, we shall consider the 
results from these functions to the the closest 
to the actual free ions. Excellent agreement 
(~0-4 per cent) was obtained when comparing 
the overlaps calculated from Mann's HF 
functions to the overlaps calculated from 
Hartree’s HF Ar functions. Similarly, the 
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results obtained with Mann’s HF Xe functions 
agreed to within 0-2 per cent when compared 
with Mayer’s HF Xe functions. The results 
obtained from the analytical HF functions 
deviated by about 10 per cent from the HF 
numerical results. We shall not use the 
analytical results becau.se we feel that they 
are obtained with a restricted basis set. 

Since the HF functions for the Au' ion 
were not .available, we have extrapolated the 
HF value for Au' from the HFS results for 
Au+. The extrapolation procedure also used 
the results for K^, Cs’’, C'u* and Ag' which 
were obtained! 19] from both the HF and HFS 
functions. Since the full Slater exchange 
overestimates the exchange interaction, the 
calculated HFS ions are smaller than the 
HF ions. However, because this compres¬ 
sion! 19] is a slowly varying function of Z. we 
feel confident that we have been able to 
extrapolate to the HF Au* case to within 
about 3 per cent. 

Calculations!19j of overlap integrals with 
the relativistic Dirac-Slater functions and 
with the nonrelativistic Hartree-Fock and 
Hartree-Fock-Slater functions indicate that 
the integrals between the heavier ions (i.e. 
/' — 1 ) are reduced by relativistic effects by 
about 10 per cent. Because these results are 
strongly dependent on the amount of Slater 
exchange used, we ignore this correction 
here. 

The sums of the squares of the overlap 
integrals can be defined using the above 
integrals. For the rare gases 

+ 2{i>Jp„} ( 24 ) 

whereas for the noble metals the following 
terms must be added to equation (24) 

+ 4(d^lp„y+8(djp„y. (25) 

Because these overlap integrals may be 
useful to other workers, we have decided to 


list them for the crystalline equilibrium 
spacing rn. Their radial dependence about t„ 
can be obtained from the equation 

5(r) =5(r„) exp [-(r-ro)/p] (26) 

where the parameter p is also listed. We have 
used our results for the rare gases in Table 1 
to recalculate* the pressure dependence of 
the Xe NMR chemical shift[20] in gaseous 
Xe. For the noble metals we have listed in 
Table 2 only the overlaps which involved 
the f/-orbitals since they are considerably 
larger than the overlaps involving the .s- and 
p- orbitals. 


4. RARE GAS SOLIDS 

The interaction energy of two rare gas 
atoms consists mainly of the attractive Van 
der Waals force and the repulsive Born- 
Mayer interaction. The most common form 
for this interaction is the Lennard-Jones 


*The valued of the Xe overlaps which we have cal¬ 
culated from the HF wave functions are about 15 per cent 
larger than those calculated by Adrian[20] from the HFS 
wave functions. This amount of contraction of the HFS 
ions caused by the overestimate of the Slater exchange 
agices with previous comparisons!19|. Adrian has used 
his overlaps in a discussion of the effect of exchange 
interactions on the pressure dependence of the NMR 
chemical shift of Xe in Xe gas. By using our values 


IA„„ + 5„)" = D OIONtexp |- (r-r„)/t)-.fX(X)6] 

where r„ —3-39A, Adrian has calculated (ir,,) = -4 0x 
It) V' for the density dependence of the chemical shift 
of Xe in xenon gas. The density p' is in amagats where 
one amagat is the density of an ideal gas at 273°K and 
7M) mm Hg pressure. This new value of (o,,) is closer to 
the experimental value of (o-„) =-4-.1 x lO ’p' than the 
previously calculated value of-2-8.') x I0"’p'. 

We have also calculated the volume dependence of the 
chemical shift of Xe in solid xenon and we obtain 


At 

dp 




V* S'* 

I 4, ^ iZi 

P»ir Pe 


!_ V S 


VPtrtr Pirn' 


where a is the fine structure constant and A is the average 
excitation energy. Using the values <r ■''> = 17-8ao 
and A = 9-6 eV, we obtain fkrldp' = -8-3 x KT’ amagar' 
Although we did not consider the temperature dependent 
effects, this value agrees with experimental data within 
a factor of two. 



ION-ION REPULSIVE INTERACTIONS 


123 


Table 1. Overlap integrals for the rare gases obtained from 
Mann’s Hartree-Fock wave functions*. The values of the 
integrals have been fit to within 0-2 per cent to the expression 
S = C exp(—r/p). The first row refers to the values of p 
(in Angstroms) and the second row refers to the values of the 
overlap integrals at the crystalline equilibrium separation. The 
sum of the overlaps 5) is defined by equation (24) 



(i|.5) 

<-s1p,> 

<Pa\P„) 

(P^\P^) 

V 

Ne p 
3130 A 

0-32.34 

0-000.5941 

0-4208 

-0-003626 

0-5046 

0-009268 

0-4232 

0-001450 

0-2393 

0-0002335 

Ar p 

3-815 A 

0-002065 

0-5360 

-0-009787 

0-6455 

002502 

0-5139 

0-004054 

0-3056 

0-001709 

Krp 

4 074 A 

0-4607 

0-002699 

0-5827 
-0 01281 

0-7087 

0-03345 

0-5777 

0-005527 

0-3347 
0-003031 

Xe p 
4-435 A 

0-5228 

0-004790 

0-6.503 

-0-01870 

0-7901 

0-045.50 

0-6349 

0-007.598 

0-3706 

0-005816 


*Reference(16| 


Table 2. Overlap integrals for the noble metals obtained from Hurtreee-Fock wave 
functions*. The values of the integrals have been fit to within 0-2 per cent to the ex¬ 
pression S = C exp(—r/p). The first row refers to the values of p (in Angstroms) 
and the second row refers to the values of the integrals at the crystalline equilibrium. 
The contribution hv the d-overlaps equation (25) accounts for 99 5 per cent of 



<d„|p,) 


(d„\s) 

<</.|d»> 


UM.) 

1 I.V.ilal' 

C'u' p 

2-55 A 

0-3849 

-0-003394 

0-4663 

-0-01099 

0-4487 

0-01124 

0-43.55 

0-00.3545 

0.5449 

0-01720 

0-7.561 

0-02343 

0-2777 

0-00.3413 

Ag> 

2-88 A 

0-3848 

-0-00390 

0-4736 

-0-01460 

0-4344 

0 01 111 

0-4185 

0-003188 

0-5198 

0-01875 

0 6949 
0-03054 

0-2727 

0-004788 

All' p 

2-88 A 

0-38 

-0-00633 

0-48 

-0-0288 

0-44 

0-0166 

0-43 

0-00.505 

0-53 

0-0293 

0-72 

0 0457 

0-27 

0-012 


’For C'uReference (13); for Ag'. Reference (151: For Au*. Reference) 18) and Section 3. 


((>,«) potential where the Van der Waals 
terms is proportaional to r"® and the repulsive 
pan is proportional to r~" where n is usually 
12 . However, the repulsion term is not 
well founded theoretically from quantum 
mechanics, and thus a more realistic repulsive 
potential is desired. Calculations[5,6] of the 
interaction of rare gas atoms have indicated 


that the usual Bom-Mayer exponential e ’"’ 
is preferable, and because of this, we will 
only compare our results to the more realistic 
Buckingham (6, exp) potential. 

The parameter p for the rare gases has been 
determined by Mason and Rice [21] and 
others[22] from the experimental data of the 
equilibrium properties (Z-„, the heat of 
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sublimation at 0°K; r„, the crystal lattice 
spacing; and B(l) the temperature dependence 
of the second virial coefficient) as well as the 
transport properties such as the viscosity 
coefficient. The potentials derived from the 
equilibrium properties agree only fairly well 
with the potentials derived from the non¬ 
equilibrium transport properties (thermal 
conductivity, diffusion). Reviews of the rare 
gas potentials have been published by Jones 
and Dobbs[23] and by Pollack[24], Recently 
Munn and Smith{25] have shown that the low 
temperature viscosities calculated from 
Mason and Rice's potential are somewhat too 
small. 

The values of p which we have calculated 
for the rare gases are compared to Mason and 
Rice’s values in Table 3 and in Fig. 3. We 

7'ah/(‘ 3. The calculated and experi¬ 
mental value of the repulsive parameter 
fj (in Anfistroms) for the rare gas solids 
and the noble metals 
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p ciilciiliiled 

p experimental 

Ne 

{h222 

{).2l7u,. 

Ar 

()-282 

()•278<''' 

Kr 

vny) 

0'330"" 

Xe 

0-342 

().342'.ii 

Cu 

0-2.S0 

0-2l9"",0-l9l'". 
O-TOr"'. 0-2(K)"’. 
()188<'’. 0-183'“’. 

0159'I". 

Ag 

0'249 

0-20.Vi'’,0l82"'’, 

0168''" 

Au 

0-25 

0-177"’, 0-168''" 


I'" Reference [21], 

Reference[36J, wiih m* = m. 

"■> Reference [3 6), with m* = 1-38 m. 
Reference (37), 

Reference (30], 

Reference[32]. 

Reference (29J. 

Reference [31]. 

‘“Refcrence(38]. 


have not calculated solid helium because its 
zero point kinetic energy is approximately 
equal to the potential energy. The agreement 


Fig. 3. Companson on the calculated and experimentally 
determined values of the repulsive parameter p for the 
rare gas solids. 

(2-5 per cent) is very good, in fact, sur¬ 
prisingly good in view of the approximations 
of our work as well as the approximations of 
Mason and Rice. In addition our result for 
Ar (p= 0-282 A) is also in good agreement 
with Kunimune’s[6] first-order perturbation 
calculation (p = 0-273 A). Certainly the 
neglect of many-body forces and the use of 
a point exchange charge, coulombic potential 
are our greatest approximations. Neverthe¬ 
less, we interpret the agreement in magnitude 
and trend as a clear indication that the 
exchange charge model is valid for the rare 
gas solids. Thus, it appears that many addi¬ 
tional parameters for the rare gases, such as 
the elastic constants, the dielectric constants, 
and phonon dispersion curves might be cal¬ 
culated within the framework of the exchange 
charge model. 

Recently, Barron and Klein [26] have 
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calculated the elastic constants and Debye 
temperatures at 0°K for the rare gas solids 
using the (6, 12) potential. It might well be 
useful to apply the (6, exp) potential to 
calculate these quantities and compare them 
with recent compressibility datafZ?, 28]. 

5. THE NOBLE METALS 
The BM potential is most strongly felt in 
metals where there is a considerable over¬ 
lapping of the ionic cores. Thus we shall 
consider only the noble metals, which have 
rather extensive outer r/-wave functions, and 
not the alkali metals. Historically, it was 
Fuchs [ 11 who first recognized the importance 
of the repulsive potential in the noble metal 
copper. While carrying out a Wigner-Seitz 
calculation of copper, he pointed out that such 
a potential was needed to explain its com¬ 
pressibility and sheer constants. Fuchs made 
corrections to the shear constants for electro¬ 
static effects and he indicated that these 
corrections were about 1/4 to 1/10 smaller 
than the contributions caused by the ion-ion 
overlap. By considering a two-body, central, 
repulsive force such as equation (I), Fuchs 
obtained the elastic constants of a f.c.c. 
metal, 

i(C„-C,.,) =^[r„^t/;;p-F7r„t;;ep] (27) 

and 

C44 = ^[r«^t/;;n+3r„fy;pp] (28) 

where v„ is the atomic volume, r„ is the nearest 
neighbor separation. = dt/rep/dr],^ and 
t^rpp = d“ty„p/dr“]rr Fuchs did not directly 
calculate the BM potential, but used an 
approximate result from a Fermi-Thomas 
method. The BM potential has also been 
shown to be of importance for other problems 
in the noble metals such as self-diffusion [29] 
and radiation- damage [30]. In all of these 
calculations it has been necessary Jp use 
potentials which have been obtained from 


experimental data rather than to calculate 
them from an interaction. 

In addition, it should be pointed out that 
measurements of the pressure dependence of 
the elastic constants {C 44 , C,, — C, 2 , C,,+ 
2 C|2) of the noble metals by Daniels and 
Smith [31] have indicated that equation (1) 
does not adequately describe the repulsive 
potential. Because these workers have 
measured the elastic constants at one atmo¬ 
sphere as well as their pressure dependence, 
they have obtained six experimental values 
which more than overdetermines the para¬ 
meters A and p of the BM potential. Their 
results show that it is necessary to add closure 
factors, AC to equation (27) and (28). We have 
plotted these factors in Fig. 4 and it should 
be noted that AC is strongly dependent on 



Fig. 4. Values of the exchange charges for the noble 
metals, fractional closure failures for the elastic constants, 
fractional closure failures for the hydrostatic strain de¬ 
rivative of the elastic constants, and the ratio Cii/Cu 
indicating the failure of the Cauchy relation C,j = C„. 
Deviations from 0, 0 and 1 for the 2nd. 3rd and 4th 
graphs are caused by noncenlral many-body forces or 
by contributions from the distortion of the Fermi surface. 

On this graph C = C«andC' = (C,, —C„)/2. 

the atomic number of the noble metal. It 
is quite small for Cu, and it becomes pro¬ 
gressively larger for Ag and Au. These results 
indicate that equation (27) and (28) are not 
valid and that a many-body force is needed. 

Part of the closure failure is certainly 
dependent on some aspects of band theory. 
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we have calculated directly from over¬ 
laps, it would seem reasonable to calculate 
f/Jl® directly from the overlap integrals S,ab. 
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Abstract-The liquidus isotherms in the Ga rich comer of the Ga-AI-As phase diagram have been 
determined from 800 to 1100°C and at I000°C the corresponding solidus isotherm was obtained. 
A simple thermodynamic treatment which permits calculation of the solid and liquid isotherms 
is described. Approximate values of the change in the absorption edge of Ga,AI,.j.As as a function 
of composition are given and the implications of the phase data for solution epitaxy are discussed. 


INTRODUCTION 

The GaAs-AIAs mixed crystal system is one 
in which there exists the possibility of ob¬ 
taining crystals with selected energy gaps, 
within the limits imposed by the energy gaps 
of GaAs and AlAs. Such crystals are of con¬ 
siderable interest because of their potential 
value for optoelectronic and other solid 
state devices. Furthermore, it has been amply 
demonstrated for GaAs [1-6] that device, or 
bulk materials grown from Ga solution gen¬ 
erally have more efficient radiative recombina¬ 
tion than materials prepared in other ways. 
This is presumably due to the lower Ga 
vacancy concentration in such material [6], 

Black and Ku[7] have prepared Ga^-Ali.^As 
crystals by iodide vapor transport and from 
the melt, and have studied diodes prepared 
by iodide transport [8], Ruprecht, Woodall 
and Pettit [9] have prepared p-n junctions in 
Gaj.Al]_j.As by solution epitaxy. The latter 
junctions had high external quantum efficien¬ 
cies. As is to be expected, the relative 
intensity of the low energy to the near gap 
electroluminescence is smaller for solution 
grown diodes of Ruprecht ei al. than for the 
vapor grown material of Black and Ku. 

In this paper we present the ternary 
liquidus-solidus phase diagram of the Ga-AI- 
As system in the region of primary interest 
for solution epitaxy, and discim the thermo¬ 


dynamic implications of that phase diagram 
with particular reference to the 1000°C 
liquidus and solidus isotherms. The approxi¬ 
mate band gap relationship with Al content 
of the solid is also presented, and the im¬ 
plications of the optical and phase properties 
of the system toward solution epitaxy are 
discussed. 

EXPERIMENTAL 

Differential thermal analysis studies 

Ga, GaAs and Al with purities better 
than 99-99 per cent were used in this work. 
The required amounts of Ga, GaAs and Al 
were weighed and placed into boron nitride 
crucibles which were sealed under vacuum 
into fused silica capsules in the manner shown 
in Fig. 1. The volume of melt used in a run 
ranged from 5 to 8 cc. The differential thermal 
analysis cell was placed in a large steel 
block inside a resistance furnace. Ceramic 
fiber was packed around and over the cell in 
order to provide a poor heat transfer path 
between the cell and the steel block. 

The furnace, and thus the steel block and 
the DTA cell were heated to 100-200°C 
above the expected temperature for the first 
appearance of solid. When the cell had reach¬ 
ed the desired temperature, the furnace 
power was either reduced or turned off. Ther¬ 
mal effects were noted by continuously 
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Fig. I. The differential thermal analysis apparatus. 

recording the output of a thermopile con¬ 
sisting of four Cr-AI thermocouples in the cell 
thermocouple well, bucked against four 
thermocouples placed in the well in the steel 
block. Temperature was measured with an 
additional thermocouple in the DTA cell 
thermocouple well. Further details of DTA 
studies with similar cells were presented 
earlier f 10 ). 

Liquid epitaxy 

For most of the work reported here it was 
convenient to use a tipping technique which 
permitted the growth of epitaxial layers of 
Ga,Al,_^As quickly, with a small amount of 
source solution. For some of the work, how¬ 
ever, a dipping technique similar to that 
reported by Ruprecht[9] was employed. 

The tipping technique reported by Nelson 
[1] for GaAs could not be used, particularly 
for solutions containing appreciable amounts 
of Al, because of the formation of an AI 2 O 3 
scum on the liquid surface. A system was 
therefore designed, which would effectively 
remove the oxides so that uniform wetting 
and crystal growth could occur. In this 
tipping technique the solution is held sta¬ 
tionary in a recess in the bottom of a graphite 


tLIOCK 



I 


RAPHITE iOAT ^SEED '—SOLUTION 

Fig. 2. The tipping apparatus. 


boat (Fig. 2). The substrate crystal is carried 
by a sliding holder which simultaneously 
wipes away the oxide scum from the surface 
of the gallium solution and deposits the 
substrate seed on a clean oxide free solution. 
Growth is achieved by cooling the solution 
with a programmed furnace control system 
between 0-5 to 5°C/min. In this range with Al 
above 1 at. % in the liquid, the cooling rate 
did not appear to affect the amount of Al 
in the solid. The growth could be stopped 
at any time by tipping the furnace and sliding 
the seed away from the source solution while 
simultaneously wiping its surface. All epitax¬ 
ial layers were grown on the 111 As surface 
of boat grown GaAs purchased from the 
Monsanto Corporation. Semiconductor grade 
Ga and Al were used for this work. All layers 
were grown under pure H.^ produced by a 
Mathieson Corporation Model 8315 genera¬ 
tor. 

The best control over the composition of 
the regrown layer was obtained, either with 
dipping or tipping techniques, where the 
dipping or tipping was done at a temperature 
which corresponded to the temperature of 
first formation of solid for the solution being 
used. Generally, therefore, a solution was 
prepared by adding the amounts of Ga, GaAs 
and AI required to yield a solution which 
would be completely liquid above the dipping 
or tipping temperature with solid precipitat¬ 
ing below that temperature. For most of the 
work reported here, the 1000°C isotherm of 
the ternary was used. It was generally neces¬ 
sary to heat the solution to 50-100°C above 
the tipping temperature to dissolve all of the 
GaAs in a reasonable length of time. 

The epitaxially grown layers were used both 
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for optical transmission measurements to aid 
in the estimation of the way in which the 
absorption edge changes with A1 concentra¬ 
tion, and were analyzed with an electron beam 
microprobe to provide data for the determina¬ 
tion of the solid solubility isotherm. 

Optical measurements 

In order to determine, approximately, the 
change of the absorption edge, £ 4 , as a func¬ 
tion of aluminum concentration in the 
GajAl,_,As mixed crystals, the optical 
absorption of the layers and the substrate 
GaAs was measured as a function of wave¬ 
length. This was done by focusing an illum¬ 
inated source slit on a thin polished bar of 
the substrate plus epitaxial layer and pro¬ 
jecting the image of the slit (as transmitted 
through either the epitaxial layer or the 
substrate) upon the entrance slit of a 0-5 m 
grating spectrometer. We were not able to 
obtain precise enough data for absolute trans¬ 
mittance values for the samples; but an es¬ 
timate of the way varied with composition 
was obtained by comparing the relative 
transmittance of GaAs and the layer on the 
same bar as a function of wavelength. The 
selection of a transmission value for com¬ 
parison was arbitrary. The energy differ¬ 
ence at the highest transmission of which the 
curves for both GaAs and the mixed crystal 
were exponential was taken as It is 
understood that this is not a precise way of 
obtaining and thus the band gap energy as 
a function of A1 concentration. It does, 
however, provide data of sufficient accuracy 
that we can show the gross behaviour E^ 
with increasing aluminum concentration and 
show approximately at what composition the 
transition from direct to indirect gap material 
occurs. 

RESULTS AND DISCUSSION 

Liquidus isotherms in the Ga-AI-As ternary 
phase diagram: thermodynamic properties of 
the system 

The only thermal effect studied in this work 


was that for the first formation of solid upon 
slowly cooling the liquid. The data for the 
various compositions studied are given in 
Table 1. The Ga-As binary diagram of 

Table 1. Temperature for 
the formation of first solid 
when cooling Ga-Al-As 
liquid solutions 


Ga 

At% 

Al 

As 

P’C 

96 5 

10 

2-5 

898 

940 

10 

50 

952 

890 

10 

100 

1037 

840 

10 

150 

1082 

925 

50 

2-5 

1002 

900 

50 

5 0 

1067 

850 

50 

100 

1140 

825 

150 

2-5 

1074 


Thurmond[lll was the only binary boundary 
used in the construction of the ternary 
phase diagram. Since this work was done 
only in the Ga-rich corner of the ternary 
system the As-AI boundary was not needed. 
As will be shown below, part of the liquidus 
for that phase diagram may be estimated 
from the work presented here. For all com¬ 
positions considered, the formation of the 
first solid in the ternary occurred above the 
liquid temperature for any composition in the 
Ga-AI system, that binary was therefore not 
used for the drawing of isotherms in the 
ternary. 

In order to obtain the liquidus isotherms 
for the Ga-Al-As ternary, the data of Table 1 
were plotted in two ways. First, with iso¬ 
arsenic curves for the transition temperature 
T, as a function of A1 concentration. Fig. 3, 
and second with isoaluminum curves for the 
As concentration as a function of 1 /T. Fig. 4. 
Interpolation and extrapolation of these 
curves yields data points for the Ga rich 
corner of the ternary diagram of Ga-Al-As. 
Fig. 5. The isotherms shown in Fig. 5 were 
drawn through points thus obtained. 

The shapes of the isotherms of Fig. 5 are 
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Fig. 3. Isoarsenic curves of the liquidiis temperature (T) 
as a function of aluminum concentration m the liquid. 
Data on the zero % Al axis is from Thiirmondll 11. 



Fig. 4. Isoaluminum curves of arsenic concentration as a 
function of \IT. 


o DT« OOMPOSinONS 
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Fig. 5 The Ga-rich corner of the Ga-AI-As ternary 
phase diagram. 

quite interesting. The addition of Al to a solu¬ 
tion of Ga and As severely depresses the 
arsenic solubility. Since the liquidus isotherm 
shapes depend upon interactions among the 
components in the liquid and in the solid as 
well as upon the stability of the pure solid 
components, it is of interest to understand 
how these factors contribute to the isotherm 
shape in the Ga-Al-As system. 

For the equilibrium of the mixed Gaj.Al,_j.As 
solid with the ternary liquid we may write: 

GaAs,„ Ga<„-t-AS(o (1) 

’YoaiXc.ai'Y As/Xas, 

I^CaAa- U) 

XGaAs^AGaASg 

and 


AIAS(g) AI(/)4" AS(/) 

(3) 

"Xai Aai^VasAas^ 

^AlAs “ 

yAlASgXAlASj, 

(4) 

with the restrictions 


XGbj XaI/Xas^ 1 

(5) 

and 


XoaAs, XaiAs^ ^ * 

(6) 
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Reactions (1) and (3) show formally, the 
equilibrium between the components of the 
mixed crystal solid and the liquid, Kgbas 
and Kaias are the equilibrium constants for 
equations (1) and (3), and the y’s and x’s are 
activity coefficients and atom or mole fractions 
for the components in the liquid (/) and the 
solid (i). 

In this work we are dealing only with the 
Ga and A1 rich part of the system so far as the 
liquid is concerned. Since the Ga-Al binary 
phase diagram [12] is nearly that which would 
be expected for an ideal mixture, we expect 
that in the liquid solution at higher temperature 
with a small amount of As present, the system 
might reasonably be treated as one in which 
the A1 and Ga atoms were indistinguishable 
from each other. Furthermore, the lattice 
constants for GaAs and AlAs are almost 
identical (AlAs; u = 5-639 to 5-662[13-16], 
GaAs; a = 5-6532[17]). It therefore does 
not seem to be unreasonable to expect that 
the solid might behave like an ideal solution. 

It is illustrative to estimate liquidus and 
solidus isotherms on the basis of several 
simple models for the liquid and solid. 

(A) The liquid and solid are ideal: in 
this case all the activity coefficients of 
equations (2) and (4) are unity and equations 
(2), (4), (5) and (6) may be combined to yield 

^A1 As(Xgb( XSaj XuajXAlj) T ^GaAs^ 

(Xa 1,~ XAIi~XGa(XAl() ~ /^GaAs^AlAs = ^ O) 

where ' indicates the ideal equilibrium con¬ 
stants for reactions 1 and 3. 

From Thurmonds Ga-As binarylll] at 
1000‘'C, /C^aAs ~ evaluated 

^AiA« by obtaining the best fit of equation (7) 
to the experimental data in the A1 concentra¬ 
tion range from 4 to 15 at. % A1 in the liquid. 
This was found to be /^aias = x 10“*, 
and the resulting liquidus isotherm from 
equation (7) is shown in Fig. 6. Considering 
the scale of Figs. 5 and 6, the ideal curve is 
in excellent agreement with the experimental 
curve. For the ideal case th^ experimental 
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Fig. 6. The 1000°C liquidus isotherm-experimental 
and calculated. 

liquidus isotherm can be used to obtain the 
corresponding solid solubility isotherm from 
equation (2) with all activity coefficients equal 
to unity and K'c^as~ O’1095 at 1000°C. The 
ideal solidus obtained in this manner is 
shown in Fig. 7. 

{B) The solid and Ga and Al in the liquid 
are taken to be ideal, but Yas, varies with 
concentration at a given temperature accord¬ 
ing to the binary regular solution relation; 

log Yap, = a( I - Xap,)^ (8) 

where a is constant*. For convenience we 
will refer to this solution as ‘binary-regular’. 

From equations (1-6) with the conditions 
above imposed 


^AIAsIXGa, ■“ xSa, XGa,XAI,) + ^GaAp ^ 


^ , x ^AlAs^GaAs ^ 

(Xai, - XXi, - XGajXAi,)-- 0 


Yas 


(9) 


“These assumptions cannot be rigorously true. Vai 
and ycA tnust differ from unity and vary in accordance 
with the Gibbs-Duhem relation. For this work the 
assumptions are sufficient because effects ascribable to 
nonconstant -yoi and are not observed within the 
experimental accuracy of the data. 



IJ4 


M. B. PASISH and S. SUMSKI 


where 


and 


/^GaA.= 


^AIA« — 


X(jBfXA8iy Asf 

(10) 

XCBASg 

XaIiXAhiY ASy 

(M) 

^AlAs^ 




Fig. 7. The HtOO solid solubility i.sotherm for Al mgallium 
aluminum ar.senidc, experimental and calculated. 


From the Ga-As binary phase data of 
ThurmondCm and the Ga-As binary 
activity coefficient data of Arthur[18], at 
1000°C, X'iieAx = 2-745 X 10-^^ /C'caAs and 
equations (8) and (9) have been used to 
determine the liquidus isotherm at 10()0°C 
by fitting the curve at one experimental 
point (xua( = 0'^' As, = 0021). Where 
this is done we obtain A^mas ~ ^ ^ 

and the ‘binary-regular’ curve shown in Fig. 6. 
The ‘binary-regular’ 1000°C isotherm is in 
excellent agreement (probably within the 
limits of experimental error) with the experi¬ 
mental isotherm over the entire experimentally 
determined composition range. 

The 1000°C solid solubility isotherm for 
the ‘binary-regular’ solution model was 


obtained with equations (8) and (10) and is 
shown in Fig. 7. The experimental solid 
solubility data are also plotted on Fig. 7. 

The ‘binary-regular’ solid solubility iso¬ 
therm of Fig. 7 is in excellent agreement with 
the experimental isotherm over most of the 
concentration range studied. There is a small 
difference between these curves in the lower 
Al concentration range which can probably 
be attributed to a small degree of non-ideality 
in the solid. 

The system Al-As and the heat of formation 
of AlAs 

The degree of agreement between the cal¬ 
culated and experimental 1000°C solidus and 
liquidus isotherms lends support to the idea 
that the solid solutions are, in this case, almost 
ideal and that the liquid does have the proper¬ 
ties described above for case (B) above. 
Equations (8) and (9) may then be used with 
Arthur’s [18] activity coefficient data and 
Thurmonds binary phase diagram, to obtain 
^aia 6 fo'' experimental point. These 
may be used with equation (8) and (11) 
and the Vasi of Arthur[18] to estimate 
the Al rich liquidus of the Al-As binary as 
is shown in Fig. 8. The AlAs melting point 
is taken as \1A0°C from Kischio[19]. The 
scatter of the points is an indication of the 
precision of the data of Table 1. 

For any reaction the standard free energy 
change, AF° = In Keq. AF;° —AFi° may 
then be obtained at any T from K'oaAsI 
^AiAs the understanding that -yAi, == 

Tea, = 1). On this basis, from the ternary data, 
at 1000°C Af 3 °-AF,°= 10-6 kcal/mole. 
This value may be used, with thermodynamic 
data for GaAs[ll,18], As[18,20]. Al[20] 
and Ga[20]. to obtain a value of — 26-6kcal/ 
mole for the 298°K heat of formation. A///*'*, 
of AlAs. Since no heat capacity data are 
available for AlAs, the corresponding data 
for GaP (in the form of free energy functions 
[11]) were used since GaP and AlAs are iso- 
electronic with closely matching molecular 
weights. A///** thus determined is in excellent 



Ga-Al-A»; PHASE. THERMODYNAMIC AND OPTICAL PROPERTIES 


135 



Fig. 8 . The estimated Al-As binary. The Ga-As binary 
is shown for comparison. 


agreement with that reported by Kischio[19] 
(-27-8 ± 0-5 kcal/mole). Hoch and Hinge [21] 
have determined A///®* as — 35 4±31 Real/ 
mole by a third law calculation and ~ —28-5 
kcal/mole by a second law calculation with 
the same data. For their third law calculation 
they assumed that heat capacity data for AIN 
could be used for AlAs. If instead we use 
their experimental data with the GaP heat 
capacity data, their third law A///** is —29 ±3 
kcal/mole. 

/ mplications of the phase and optical data for 
liquid epitaxy 

The approximate change of the absorption 
edge (Ef) with aluminum concentration in the 
GaAs-AlAs system is given in Fig. 9. The 
characteristic shape of the curve is in agree¬ 
ment with previously reported data[7,9] in 
which the band gap (Eg) composition 



Fig. 9. 35 a function of composition in gallium 

aluminum arsenide mixed crystals. Note: We have not 
attempted to compare to the band gap shift because 
the method of evaluation of the absorption data could 
lead to systematic errors of as much as 0-1 eV. 

curve is broken down to two straight lines 
which intersect at the composition (in this 
case, approximately Xaia» = 0‘6) at which the 
transition between direct gap and indirect 
gap material occurs. Such a transition is to 
be expected because GaAs is a direct gap 
material with Eg®®*°'‘ = 1-43 eV[22] while AlAs 
is an indirect gap material with Eg’®®°'‘ = 
2-2 eV [ 19,23]. Perhaps of equal significance, 
for its implications towards device fabrica¬ 
tion by solution epitaxy, is the vs. IGOO’C 
liquidus A1 concentration curve of Fig. 10. 



Fig. 10. £ 4 **'“ as a function of liquidus composition from 
which crystals are grown on the 1000 °C isotherm. 
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. <.„o/ CONCLUSIONS 

This curve shows that direct gap matenaj, , 

which is most interesting for devices, can only The 800, 900, 1000^ ! 1^0 C liquids 

be obtained from solutions containing approxi- isotherms in the Ga nch comer of the Ga~ 
niBtely 0*8 Qt % Al or less. In this region the A/-As ternary phase diagram have been 
distribution coefficient for aluminum in the determined experimentally along with the 
solid and liquid (Fig. 11) is high and changing IOOO°C solid solubility isotherm. When a 
I “ 7 single experimental liquidus point is used, 

I / along with data for the GaAs binary, it is 

^°rj I possible to obtain caJculated liquidus and 

[I solidus isotherms (for the 1000° case) which 

25 . I ^re in excellent agreement with the experi- 

I tnental data, by the use of a very simple 

\ I model. In this model the solid is taken to be 

\ I^^^EXPeRtMENTAL ideal and the liquid non-ideal. In the liquid, 

\ \ \ Ga and A1 atoms are assumed to be indis- 

/ 15 - \V,^.:i 0 iNA«y-REaui.»R- tinguishable from each other and have activity 

coefficients which do not change with As 
\\ concentration, while the arsenic atoms in the 

behave as though the solu- 
tion were regular. Since changes only 
5 - \''*****^»»Q_ slightly in the composition region studied, 

cioEAL *bis means that the shapes of the liquidus and 

J. solidus isotherms are primarily determined 

° 002 006 008 010 012 OH by the diffcrencc in the free energy of forma- 

\ tion of pure solid GaAs and AlAs. This is 

g. 11. The distribution coefficient as a function of Al substantiated by the excellent aereement he- 
ncentration m (he/iqtiid on the l(XX)'('isotherm. Note: tu,, k , fe ■ /r * ■ * 

le units here are atom fraction Al in the solid and in of formation of AlAs at 298 K 

the liquid. Obtained in this work from the ternary Ga- 

., AI-As liquidus surface!-26-6 kcal/mole) and 

pidly with Al composition. This is also that obtained directly for AlAs (—27-8kcal/ 
e region where the arsenic solubility is mole) by Kischio[19] 

ghest and therefore where the thickest Transmission measurements reveal that the 

[uid epitaxy layers will be obtained. All of transition from direct to indirect gap material 
ese factors combine to make reproducible occurs at approximately Xaias = 0-6 in the 
jminum concentration m the growth of GaAs-AlAs mixed crystals and that direct 
itaxial Ga-Al-As layers m the direct gap gap material is obtained (at 1000°C) only 
Sion most difficult. The optimum conditions from solutions containing less than approxi- 
the growth of layers with uniform composi- mately 0-8 atom % Al. The distribution 
n in the direct gap region will be attained coefficient for Al in Ga^AI,_^As was shown 
using the largest volume of Ga possible to be high and changing rapidly with Al 
grow a layer over the shortest temperature concentration in the liquid in this composition 
ige possible, starting with a liquid which region. It is to be expected that this will 
itains no solid. The liquid composition result in composition control problems for 
luld be precisely at the composition of solution epitaxy of gallium aluminum arsenide 
liquidus isotherm at the temperature at in the direct gap composition range. 


Fig. I I. The distribution coefficient as a function of Al 
concentration m the liquid on the KHWC isotherm. Note: 
The units here are atom fraction Al in the solid and in 
the liquid. 

rapidly with Al composition. This is also 
the region where the arsenic solubility is 
highest and therefore where the thickest 
liquid epitaxy layers will be obtained. All of 
these factors combine to make reproducible 
aluminum concentration in the growth of 
epitaxial Ga—Al—As layers in the direct gap 
region most difficult. The optimum conditions 
for the growth of layers with uniform composi¬ 
tion in the direct gap region will be attained 
by using the largest volume of Ga possible 
to grow a layer over the shortest temperature 
range possible, starting with a liquid which 
contains no solid. The liquid composition 
should be precisely at the composition of 
the liquidus isotherm at the temperature at 
which the solution touches the seed and 
growth starts. 
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Abstract—The high temperature defect equilibria of ZnTe were investigated by measuring the tracer 
self-diffusion coefficients of Zn" and Te'“ as functions of temperature, component pressure, and 
added impurity content. The experimental results reveal that the self-diffusion coefficient of Zn in 
undoped ZnTe is independent of component partial pressure and is described as 

/-2-69± 0 08eV\ ,, 

D = 14 exp (- — - J cmVsec. 

The self-diffusion coefficient of Te increases with increasing partial pressure of Te, and in ZnTe 
saturated with Te is described by 


/-3-8±0-4eVv 

D = 2 X 10'' exp (- jpj: - - 1 cmVsec. 

The addition of lO'^/cm^AI to ZnTe enhances the self-diffusion coefficienl of Zn at temperatures 
below about 950“C. The addition of 5x lO'Vcm^Ag to ZnTe does not influence the self-diffusion 
coefficient of Zn at 782°C. 

The results may be explained assuming that the self-diffusion of Zn in undoped ZnTe is controlled 
by native defect concentrations which depend only on thermal disorder, rather than deviation from 
stoichiometry. Either Frenkel disorder on the Zn sublattice or Schottky disorder dominates the 
charge neutrality condition at high temperatures. The enhanced Zn diffusion in the Al doped crystals 
below 950°C is interpreted as extrinsic diffusion with charged zinc vacancies compensating the 
impurity donor. The dominant mobile defect proposed for the Te sublattice is an interstitial Te species 
of undetermined electrical activity. 


INTRODUCTION 

Native defects play an important role in 
controlling the physical properties of the 
11-VI compounds. In order to improve our 
knowledge of the native defect equilibria in 
ZnTe, we have determined the radiotracer 
self-diffusion coefficients of Zn and Te as 
functions of temperature and component 
partial pressure. Studies of the defect equili¬ 
bria in ZnTe have been made through 
measurements of the electron transport, 
optical and electron spin resonance behavior; 
hence, the present self-diffusion data provide 
new information concerning the character of 
the native defects in this compound. The 


"Present address: Texas Instruments. Dallas, Texas. 


advantage of using self-diffusion measure¬ 
ments to characterize the high temperature 
defect equilibria is that the results are not 
affected by changes occurring in a sample 
during cooling from high temperatures. Since 
the ll-Vl compounds have a pronounced 
tendency for defects to agglomerate in the 
form of associates or precipitates during 
cooling from high temperatures [1-3], one 
must use care in interpreting properties 
measured at room temperature or below in 
terms of the high temperature defect equilibria. 

The interpretation of the self-diffusion data 
leads to the hypothesis that the defect impor¬ 
tant in the self-diffusion of Zn arises from 
thermal disorder rather than from deviation 
from stoichiometry, and that the defect 
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. .r ■ f Tp k an amount of information. Experimentally, u 
mportant in the self-diffusjon " ^ convenient to introduce the radioactive 

intersUlk! Te acceptor dckct n,s^ ,Zf ia a lidwd reservoir, smcp Ms 
of the high temperature defect equi consuming operation of applying a 

ZnTe differs from the model based on he mathematfcal 

interpretation of electrical property measure- of The diffusion problem, one may 

assume that isotopic exchange occurs between 
the sample and the liquid phase. The vapor 
serves as a transfer medium liquid and solid. 

From the standpoint of experimental and 
analytical convenience, the diffusion source 
was chosen so that L < kJDt, where L 
represents an equivalent width of the liquid 
phase, ka the solid-liquid distribution co¬ 
efficient for the diffusing element, D the bulk 
diffusion coefficient in cm“/sec and t the time 
in seconds. For this limiting case*, the dif¬ 
fusion equation becomes 

Co*F ~X‘‘ 


meats [4-6] which postulates that Zn vacan¬ 
cies are the principal lattice defects at high 
temperatures. 

EXPEHIMENTAI. PROCEDURES 
Crystal growth 

Elemental Zn and Te were reacted to form 
ZnTe by encapsulating approximately lOOg 
of stoichiometric charge in a graphite coated 
quartz capsule, and then slowly heating the 
capsule to about 940°C over a period of about 
48 hr. The reacted material was sublimed in a 
dynamic vacuum (background pressure« 
lO'^Torr.) by heating the charge to about 
750°C. The sublimed ZnTe was free of 
unreacted Zn. Te, precipitates, or voids, and 
was used to prepare crystals by the Bridgman 
method or by the vapor transport method of 
Piper and Polich(7]. Mass and emission 
spectrographic analyses of these ingots 
showed an impurity content of about 
I —5 X 10‘7cm^, with the principal impurities 
being Cu, Si, and the transition metals 
(Fe, Ni. and Cr). Both single and poly¬ 
crystalline samples from melt-grown and 
vapor transport-grown ingots were used in 
the diffusion studies with no detectable 
difference in the bulk diffusion behavior. 

Choice of boundary conditions for the 
diffusion measurements* 

The self-diffusion coefficients of the com¬ 
ponent elements in 11-VI compounds can be 
functions of the equilibrium component 
pressure as well as the temperature. It is 
therefore necessary to measure D as a 
function of both temperature and component 
pressure, in order to achieve the maximum 

*A detailed discussion of experimental problems 
concerning the selection of boundary conditions for 
diffusion studies in 11-VI compounds is given in refer¬ 
ence! 1], 


C*ix,t) = 


V(iTDt) 4Dt 


(I) 


where x is the penetration depth in cm, Co 
is the initial surface concentration of tracer, 
and C*(x,t) is the tracer concentration at 
time rand depth x. 

The experimental method described above 
was found satisfactory for measuring the 
self-diffusion coefficient of Zn in ZnTe in 
equilibrium with liquid Zn, and the self¬ 
diffusion coefficinets of Zn and Te in ZnTe 
in equilibrium with Te. The self-diffusion of 
Te in ZnTe in equilibrium with liquid Zn, 
however, could not be measured in this 
manner. The vapor pressure of Te in the 
presence of excess Zn is suppressed to such 
low values that a uniform distribution of the 
Te radioisotope in the liquid and vapor phases 
is not achieved. The diffusion of Te in ZnTe 
in equilibrium with liquid Zn, therefore, was 
done using the nonreplenished source method 
by evaporating a thin layer (s5(X) A thick) of 
radioactive Te onto the surface. 

The diffusion of Zn and Te in ZnTe having 
the congruently subliming composition was 


*The boundary conditions for the diffusion equation 
are discussed in more detail in the Appendix. 
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also performed using the nonreplenished 
source method. Capsules were filled with an 
inert gas to minimize effects of thermal 
etching and bulk transport on the sample 
surface. However, the temperature range for 
experimental measurements was limited to 
675-750°C. The congruently subliming 
composition was established by annealing 
crystals in large evacuated capsules prior to 
the diffusion anneal and the tracer was an 
evaporated layer of radioactive ZnTe, since 
additions of the pure elements would alter 
the sample composition. 

Sample preparation, diffusion and counting 
procedures 

The ZnTe ingots were sliced into wafers 
approximately 2 mm thick and 8-12 mm in 
dia. Samples were then polished and en¬ 
capsulated with the desired tracer source and 
excess component. The tracers used were 
Zn*** and enriched Te*^^. In the case of excess 
Zn or Te additions, enough was added to 
maintain the three-phase equilibrium solid- 
liquid-vapor at the diffusion temperature, so 
that the self-diffusion data in these instances 
correspond to either diffusion in Zn-saturated 
or Te-saturated ZnTe. When no Zn or Te 
was added to the crystal, the sample compo¬ 
sition corresponded to the congruently 
subliming composition. 

During the diffusion anneal, the capsule 
was contained in a heavy walled inconel tube 
to minimize temperature gradients and to 
prevent temperature oscillations during the 
control cycle. In all cases the maximum 
possible temperature error due to thermo¬ 
couple calibration, controller drift, etc., was 
no more than ±2-5°C. At the end of the 
diffusion anneal the capsules were withdrawn 
from the furnace and quenched in water. 
In all instances, the heating and cooling times 
were very short compared to the time for the 
diffusion anneal. Sample edges were removed 
to a depth of about 1/2 mm, so that tracer 
which diffused in from the edges would not 
affect the penetration profildT The tracer 


concentration profiles were determined by 
conventional sectioning and counting 
methods [1]. Typical profiles for a single 
crystal sample and a polycrystalline sample 
are shown in Fig. 1. In the early stages of the 
investigation each sample was first annealed 
under conditions identical to the diffusion 
anneal, so that any compositional changes 



Fig. I. Penetration profile of Zn“ in single and poly¬ 
crystalline ZnTe. 

which might occur during the diffusion anneal 
would be minimized. As results were accumu¬ 
lated, it was found that the pre-diffusion 
anneal had no effect on the measured value of 
the self-diffusion coefficients; any composi¬ 
tional changes which occurred upon heating 
the sample to the diffusion temperature 
occurred in times short compared to the 
diffusion anneal*. The self-diffusion co-effi¬ 
cients also were independent of the diffusion 


“This result is to be expected since the compositional 
changes are the result of diffusion in a large activity 
gradient, and the chemical diffusion coefficients which 
control these changes are much larger than the self¬ 
diffusion coefficients! 1.8.9]. 
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time, further verifying that composition 
changes during the diffusion anneal did not 
influence the self-diflusion measurements. 

In order to determine whether or not the 
boundary conditions assumed were fulfilled, 
the surface activity of several samples, as 
determined from the concentration profile, 
was compared with that calculated from the 
activity of the liquid reservoir after the 
diffusion anneal, using equation (I) with 
x = 0. In all cases the two values differed by 
5 per cent or less, ccmfirming that the assump¬ 
tion of surface equilibrium is valid. 

In order to insure that inhomogeneous 
tracer distributions did not influence the 
results, autoradiographs were taken of all 
samples after diffusion, and with some 
samples, at various stages in the determination 
of the concentration profile. Typical results 
showing the distribution of Zn*** appear in 
Fig. 2; similar observations were made with 
.samples containing Te''“. Figure 2(a) .shows 
a uniform distribution of Zn"’ in samples 
diffused under conditions of Zn or Te satura¬ 
tion. Figure 2(b) shows a uniform isotope 
distribution near the surface of a poly¬ 
crystalline sample, while Fig. 2(c) shows the 
predominance of grain boundary diffusion 
deep in the crystal. Some of the radioactive 
isotope revealed in Fig. 2(e) is not associated 
with grain boundary diffusion. Apparently 
some other ‘short circuit’ path also is impor¬ 
tant, presumably subgrain boundaries or 
dislocations. All concentration profiles which 
were not described by the proper solution to 
the diffusion equation were obtained on 
samples exhibiting nonuniform isotope 
distributions and were discarded. 

EXPERIMENTAL RESULTS 
Self-diffusion of Tin in ZnTe 
The data for the self-diffusion of Zn"’ in 
ZnTe are shown in Fig. 3. It is apparent that 
in undoped crystals there is no dependence 
of on Zn partial pressure. The data in 
undoped crystals for all temperatures and at 
Zn saturation, Te saturation, and in the 



congruently subliming composition are well 
represented by 


£>zn = 14 exp 


/ -2 69± 0 08eV \ cm‘ 
\ kT / sec’ 


( 2 ) 


An approximate representation of the 
self-diffusion coefficient of Zn in Zn saturated, 
A1 doped ZnTe is given by: 


Dl, = 10-" exp 


/-l-7eV\ 
\ kT ) 


cm*/sec. (3) 


Self-diffusion o/Te in ZnTe 
The results for the self-diffusion of Te‘“^ in 
ZnTe are shown in Fig. 4. This system was 
more difficult experimentally because Z)?e 
was small and surface deterioration occurred 
to depths of X = iVOt. As a consequence, 
there is a larger uncertainty in the data for 
the self-diffusion of Te*“ due to the un¬ 
certainty in defining the position x = 0. 





Fig. 2(a). Uniform distribution of in.santptes diffused under 
conditions of Zn or Te saturation. 


Fig. 2(b). Uniform isotope distribution near the surface of a 
polycrystalline sample. 


[Faring page 142) 



Fig. 2(c). Evidence of grain boundary diffusion deeper in the 
crystal. 


Fig. 2(a-c). Autoradiographs revealing Zn”’ distribution in ZnTe. 
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The maximum and minimum values of 
for each sample were calculated by defining 
X = 0 at first the outer surface and then at the 
greatest depth of the surface attack respec¬ 
tively. The two values of thus calculated 
never differed by more than a factor of three 
to four, and the averages of the two values 
are plotted in Fig. 4. The solid line was 
determined on the basis of all six data points, 
and the least squares equation of this line is 

r-3-8±0-4eVl 

D]:e = 2xl0''exp -- . (4) 

The maximum resolution of the lapping 
technique corresponded to D = 10“*^ cmVsec; 
therefore, the lowest temperature point may 
represent a maximum value only. 

The self-diffusion of Te**” in ZnTe saturated 
with Zn was so small that in all experiments 
bulk diffusion dominated only to depths of 
1-4/a. Autoradiographs revealed that at 
greater depths the only difiVsion of Te 


proceeded down short circuit paths (subgrain 
boundaries, etc.). The tracer concentration 
profiles were rather erratic in the region where 
bulk diffusion dominated due to surface 
deterioration to depths of 2-3during the 
long diffusion times used. Nevertheless, the 
profiles could be used to estimate upper 
limits on the magnitude of in Zn saturated 
ZnTe- These upper limits are plotted as 
circles in Fig. 4. 

In a sample having the minimum vapor 
pressure composition, the value of was 
determined to be less than IO“'''cmVsec at 
695°C- 

Th^se data for the self-diffusion of Zn“ and 
Te'“ in ZnTe are summarized in Fig. 5. It is 
seen that the Zn self-diffusion coefficient in 
undopod samples is independent of Zn partial 
pressure. Tne Zn self-dilfusion coefficient is 
not affected by doping with Ag at 782°C, but 
it is increased by the presence of 10'*/cm^ Al 
at temperatures below 950°C. The self- 
diffusion coefficient of Te is seen to decrease 
with decreasing Tea pressure, values of DJ, 
being too small to measure on the Zn side of 
the phase field. In the temperature range 
investigated the Te self-diffusion coefficient is 
always much smaller than that of Zn. 

DISCUSSION 

Th^ independence of from implies 
that the concentration of defects responsible 
for the self-diffusion of Zn is independent of 
component pressure. This behavior is ex¬ 
plained by thermal disorder rather than 
deviation from stoichiometry controlling the 
concentration of native defects and the charge 
neutrality condition at high temperatures. For 
singly ionized Schottky or Frenkel disorder, 
the charge neutrality condition can be 

[Vi„] = [V-Je] = V/C,. (5) 

or 

[Znn = [V£„] = VK,.. (6) 

Here is a singly ionized Te donor vacan¬ 
cy, VJn ® singly ionized Zn acceptor vacancy. 



144 


/t. STEVESSOS 


R. A. REYNOLDS and D 



I ig 5. Summary of data for the self-diffusion of 7,n andTe in 7.nTe. 


A'.s' is the Schottky constant relating the 
concentration of and V+j,, Zn,+ a singly 
ionized Zn interstitial donor, and K^■ is the 
Frenkel constant relating the concentrations 
of Zn/ and V^n- The defects in (5) and (6) 
could be doubly ionized rather than singly 
ionized. The constants Ks' and K^• depend 
only on temperature[10], so that the self¬ 
diffusion coefficient of Zn depends only on 
temperature. For Schottky disorder, diffusion 
would proceed via a vacancy mechanism in 
contrast to a vacancy and/or interstitial 
mechanism in the case of Frenkel disorder. 
If Schottky disorder were predominant, one 
would have to assume that the jump proba¬ 
bility of Yte in its appropriate charge state is 
so low that another native defect of the Te 
sublattice is responsible for the self-diffusion 
of Te because 0|p is much smaller than £)J„ 
and is dependent on component partial 
pressure. The concentration of this defect 


would have to decrease as 's decreased. 
An interstitial Te defect would meet this 
requirement. If Frenkel disorder on the Zn 
sublattice is predominant at high tempera¬ 
tures, then the defect which dominates the 
self-diffusion of Te could be any species 
whose concentration decreases as the equili¬ 
brium partial pressure of Te 2 over the crystal 
is decreased. Again, an interstitial Te defect 
is the simplest sort of disorder which could 
fulfill the criterion. 

If Schottky disorder dominates the defect 
equilibria at high temperatures, then the 
enhanced self-diffusion of Zn in Al-doped 
ZnTe at lower temperatures is explained by 
anew charge neutrality condition, i.e. 

iVy:n] = [AF]. (7) 

The limiting slope (<T7 eV) of the data in Al 
doped ZnTe in Fig. 3 would then represent 
the activation energy of motion for Vz„, A//*, 
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in its appropriate charge state. The data also 
suggest that the concentration of Schottky 
defects in ZnTe is of the order 10*®/cm® at 
950°C. The lack of any effect of Ag doping in 
Dl„ could be due to Ag possessing a deep 
acceptor level, which prevents it from 
affecting the charge neutrality condition at 
782°C or higher temperatures. 

If Frenkel disorder dominates the high 
temperature defect equilibria then the 
influence of A1 on can be explained only 
if it is assumed that ^"d Zn^ have com¬ 
parable mobilities. If Zn,+ were more mobile 
than V^n it would dominate the diffusion 
behavior in the A1 doped crystal at high 
temperatures (intrinsic region), when the 
charge neutrality is given by equation (6). 
However, in the extrinsic region when the 
charge neutrality condition is expressed by 
equation (7), the concentration of Zn,+ is 
given by 

so that 

D'L = (D/„,) [Zn,^] = (9) 

where is the diffusion coefficient of 

singly ionized Zn interstitials. In the intrinsic 
crystal, however, 

DL = (£>Zn/ ) [Zn,+ ] = (10) 

The activation energy for diffusion in 
equation (9) is larger than that in (10) by an 
amount iA//^ (the enthalpy of formation of 
the Frenkel disorder), so that as T is decreased 
and the charge neutrality changes from that 
in equation (6) to that in (7), AH for Zn 
self-diffusion should increase, contrary to 
experimental observations. The larger value 
of AH would persist until the diffusion became 
dominated by the large concentration of 
vacancies, at which point the activation 
energy for diffusion would decrease to AH*, 
the enthalpy of motion of * 


It is reasonable to expect that the mobilities 
of Zn^ and V^n could be of comparable 
magnitude if the interstitial Zn resides in the 
Te coordinated interstitial sites. In this case 
the atomic jump distance and the geometric 
barrier encountered by the interstitial Zn are 
nearly identical to the jump distance and 
geometric barrier encountered by a Zn atom 
of the Zn sublattice exchanging with a vacan¬ 
cy on a neighboring Zn lattice site. 

A bound Schottky pair (a Zn vacancy and a 
Te vacancy on neighboring lattice sites) could 
also account for the pressure independence 
of the self-diffusion of Zn in undoped ZnTe. 
In this case the defect would have to be 
electrically neutral in undoped ZnTe so that 
its concentration would be dependent on 
temperature only. The Schottky pair, how¬ 
ever, is considered unlikely because its 
movement through the lattice would require 
that the Te self-diffusion coefficient be much 
more comparable to that of Zn than is 
observed experimentally. Other complex 
defects could also be postulated to account 
for the Zn diffusion data. It is only required 
that the defect not introduce a deviation from 
stoichiometry and that it be electrically 
neutral. 

An alternative explanation of the lack of 
a pressure dependence of £)J„ could be that 
the concentration of the native defect taking 
part in the Zn self-diffusion is controlled at 
all temperatures by an unknown impurity. 
This is believed unlikely for three reasons. 
First, no impurity was consistently detected 
in a high enough concentration in the analyses 
of the ZnTe crystals. Second, the concentra¬ 
tion of the impurity would have to be identical 
in all samples in order to produce the con¬ 
sistent values of observed. This is not 
likely since a large number of crystals from 
two different growth methods were used in the 
experiments. Third, the samples that were 
purposely doped with A1 donors show the 
same intrinsic high temperature behavior. 

The self-diffusion behavior of Zn and Te 
in ZnTe is similar to that observed for 
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components in other 11-VI compounds. The 
self-diffusion of Cd in CdTe[ll,12] is in¬ 
dependent of Cd partial pressure due to 
Frenkel disorder dominating the defect 
equilibria on the metal sublattice at high 
temperature! 11]. In CdS[13] and CdSe(2] 
the self-diffusion of Cd increases with in¬ 
creasing Cd partial pressure apparently due 
to interstitial Cd donors dominating the 
charge equilibria at high temperatures. Hence 
self-diffusion measurements suggest that 
interstitial metal atom defects are of great 
importance in these compounds at high 
temperature. 

The self-diffusion of the chalcogen com¬ 
ponents in ZnO(l4], ZnSe[15], ZnTe, 
CdSe[16] and CdTe[ll] all increase with 
increasing partial pressure of the chalcogen. 
In all cases the diffusion behavior of the chal¬ 
cogen is best accounted for by an interstitial 
defect. In ZnO, CdTe and CdSe the self¬ 
diffusion coefficients of the chalcogens were 
found to be proportional to the square root 
of the partial pressure of the chalcogen dimer, 
suggesting that the interstitial defect is 
electrically neutral. 

Since there is no evidence of chalcogen 
vacancies taking part in chalcogen self¬ 
diffusion it appears that Schottky disorder is 
not dominant in self-diffusion in the II-VI 
compounds investigated thus far. Thus charge 
neutrality at high temperatures in undoped 
crystals is most likely determined by either 
Frenkel disorder (ZnTe and CdTe) or by an 
interstitial metal donor—electron disorder 
(CdS and CdSe). 


CONCLUSIONS 

The self-diffusion behavior of Zn and Te in 
ZnTe suggest that thermal disorder dominates 
the high temperature defect equilibria. On 
the basis of the present results for ZnTe, it is 
not possible to distinguish unambiguously 
whether Frenkel disorder on the Zn sub¬ 
lattice, or Schottky dosorder, which involves 
both sublattices, is dominant. However, 


Frenkel disorder appears to be the more 
likely. The self-diffusion of Te in ZnTe 
suggests that the principal defect associated 
with the Te sublattice is an interstitial Te 
atom of unknown electrical activity. The 
high temperature defect equilibria in ZnTe 
are qualitatively the same as those in other 
II-VI compounds as deduced from self¬ 
diffusion measurements. 
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APPENDIX A 

The boundary conditions for the solution to the 
diffusion equation are demonstrated in Fig. 1A for a 
sample of unit area. The amount of liquid is considered 


LIQUID 

TRACEh SOURCE 

ZnTe 

; SAMPLE 

1 

. 



Siq 

— c: 



-L 0 

X-- 

Fig. 1 A. Illustration of boundary conditions for solution 
of the diffusion equation. 


time in seconds, and ka and L are the equilibrium distribu¬ 
tion coefficient for the diffusing element and the width 
of the liquid phase (in cm) respectively and given by: 

(weight of liquid source) 

L -(4) 

(density of liquid) x (area of sample) 

and 


(number/cm^ in ZnTe) 

ka --. 

(number/cm‘ in liquid source) 


(5) 


The solution to the diffusion equation for these 
boundary conditions is not available in the literature 
but may be derived from one given by Carslaw and 
Jaeger|l7] for the equivalent heat flow problem. The 
result is 


C* (JT, /) = AjC* exp (— 

“ V L 


+ 


/.= / 


xerfc 


(X kj \/Di \ 

\2VD/'^ L / 


( 6 ) 


There are two limiting cases for this solution. If L >> 
k^y/Dt, equation (6) simplifies to the error function 
complement solution to the diffusion equation for a 
constant surface composition: 


finite, and the sample semi-infinite (i.e. sample dimen¬ 
sions s> VDO. The initial conditions are 


C* = 


k^C ieifc 



(7) 


c* = c;,-/, < x <0 

C* = 0,x>0 
and the boundary conditions are 

* )znTi! “ )nuldi 3t jr “ 0 


If L « the argument of the error function 

complement is always 3 2, so that the error function 
complement in equation (6) can be approximated by the 
first term in its expansion [ 17] giving 

(2, <«> 


and 

In these equations, C* is the concentration of radioactive 
tracer in counts per min/cm’, P is the self-diffusion 
coefficient in cm’/sec for the diffusing element, t is the 


which is the nonreplenished source solution to the 
diffusion equation. The essence of this result is that for 
large sample areas and small liquid volumes (small L). 
nearly all of the radioactive tracer is exchanged from 
liquid to solid in times short compared to the diffusion 
time, so that the liquid acts as a nonreplenished source 
of the radioactive tracer. 
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ON THE RELATION BETWEEN ELECTRICAL 
CONDUCTIVITY AND PHASE TRANSITION OF 
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Abstract —The electrical conductivity of non-stoichiometric cuprous selenide samples having vanous 
compositions was examined. Measurements were performed over the temperature interval where 
the phase transformation appears. Conductivity variations are explained considering non-stoichiometric 
cuprous selenide as the binary system (Cu^Se + Se), in which alpha and beta phases in mutual equili¬ 
brium have different compositions, i.e. different concentrations of holes. The equations derived on 
the basis of an equilibrium process of phase transition describe the experimental curves with satis¬ 


factory agreement. Further consequences of such 
also discussed. 

INTRODUCTION 

Semiconducting cuprous selenide exists 
in a composition range which does not include 
the ideal stoichiometric composition CujSe. 
Lorenz and Wagner[l] have concluded by 
coulometric titration that x in CUjSe extends 
from 1 -9975 to less than 1 -86 at 400°C without 
the creation of any other phase, e.g. precipita¬ 
tion of copper or another compound richer in 
selenium. Such a compound exhibits mixed 
ionic and electronic conductivity, but the 
ionic component is less than 1 per cent 
below 300°C [2-4] and may be neglected. The 
electronic conductivity is always of p-type 
with a concentration of holes depending on 
the copper deficit in the lattice [4.5]. 

The high temperature or /S-phase of CUjSe 
is cubic with the space group Fm3m found 
by Rahlfs[6], Borchert[7] and Boettcher[8]. 
These authors give different results for the 
symmetry of the low temperature or a-phase, 
so that structural examinations are required. 

Cuprous selenide is a semiconductor with 


*Permanent address: Institute of Physics, Faculty of 
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an approach to non-stoichiometric compounds are 

a theoretically predicted and experimentally 
demonstrated energy gap greater than leV 
[4,9,10] but the temperature dependence 
of its conductivity exhibits an extrinsic be¬ 
haviour from — 192°C up to 600-700“C 
depending on the deviation from stoichio¬ 
metry. Moreover, this behaviour is charac¬ 
teristic of an exhaustion range of conductivity 
where all acceptors, i.e. copper defects in 
CUj.Se [4,5] are ionized. 

An exception to the monotonic change of 
conductivity occurs at the temperature of the 
phase transformation [2, 3, 11]. The thermo¬ 
electric power [2, 3, 11, 12] and coefficient of 
thermal expansion [13] show a similar be¬ 
haviour. One can observe that all these pro¬ 
perties of cuprous selenide behave unusually 
at its phase transition. 

Our interest in the anomalous change of 
conductivity arose from the fact that it occurs 
over a range of temperature, similarly to the 
changes of thermoelectric power and coeffi¬ 
cient of thermal expansion. Our unpublished 
measurements of DTA show that the latent 
heat of transformation is liberated also in 
an interval of temperature with an unsym- 
metrical maximum. Therefore, the present 
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work is intended to give the results of more 
extensive measurements of conductivity 
and the corresponding explanation of its 
changes at the phase transition. 

CONDUCTIVITY IN THE TWO PHASE REGION 
OF Cu^ 

Our explanation of the conductivity be¬ 
haviour at the phase transition of CUj.Se 
is based on the following suppositions; 

1. CUj,Se can be considered as a solid 
solution of Se in stoichiometric CujSe, 
i.e. as the binary system (CujSe-I-Se). 
The justifications for assuming this are 
Lorenz and Wagner’s[II examinations 
on homogeneity range of /3-Cuj.Se. the 
dependence of the transition temperature 
on the selenium content!14] and the 
continual dependence of electrical 
properties in both phases upon the 
selenium concentration(2, 3,12]. 

2. Two phases of solid Cuj.Se, being in 
mutual equilibrium have not the same 
composition. This supposition is 
supported by recent examinations of 
Heyding[l4]. In his paper the composi¬ 
tion of the a-phase was referred to as 
a stoichiometric one, but a possibility 
that this phase is only richer in copper 
than the /8-phase was also allowed. 
Besides, the a-phase behaves like the 
/3-phase, i.e. as a strongly doped semi¬ 
conductor. 

3. All conditions for an equilibrium process 
of the phase transition can be fulfilled 
choosing a proper heating or cooling 
rate. In spite of the fact that solid state 
changes are generally extraordinarily 
slow in the case of CUj.Se an equilibrium 
transition is easily established. The 
fast diffusion of copper ions [2,3,5] 
cancels any concentration gradients 
in a short time. In order to examine the 
the conditions for an equilibrium process 
of transformation, the conductivity was 
measured with different rates of heating 


and cooling. It has been found that good 
reproducibility is obtained with a rate 
of 2°C/min, or less. The quenching of 
the sample from 150°C to room tempera¬ 
ture shows that the phase transition is 
retarded for less than one second. 


If the concentration of excess Se in Cu^Se 
is denoted by C (at. %). then the statement 
of unequal compositions of both phases can 
be expressed as Cj, 9^ C@. Because of the 
fact that an addition of Se lowers the transi¬ 
tion temperature, the ratio of concentrations 
CJCd or the coefficient of distribution is 
less than unity. The equilibrium diagram of 
the (Cu.jSe-I-Se) system is shown in Fig. 1. 
It means that the /8-phase with the initial 
concentration C,, separates during an equili¬ 
brium process of cooling into /8- and a-phases 
with the concentrations and Ca. respec¬ 
tively. The separation starts at the temperature 
Tff and ends at Below the temperature 
Ta only the a-phase exists again with the 
concentration Co. In the temperature range 
between and r„ the concentration of the 
/3-phase varies from Co to C^o. while the 
concentration of the a-phase changes from 
Cao to Co- The relative quantities of both 
phases in this range are governed by the 
iever' rule. 

In the next paragraph we shall mention a 
few experimental facts which enable us to 
conclude that in CUjSe there is a very simple 
relation between the concentration of excess 
selenium and that of holes. Like in cuprous 
sulphide [15] every defect copper atom gives 
a hole, or in other words, every excess selen¬ 
ium atom gives two holes taking part in the 
conductance of the sample. Then below Ta and 
above the sample has a constant concentra¬ 
tion of holes which may be written as 


PaO ' 


"Lfl, Pm)~~ XU ^0 


Ma 




( 1 ) 


where A is Avogadro’s number, and dpo 
are the densities of the phases, and A/o is 
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Cu2S« ATOMIC V. S* CONDUCTIVITY <j 


Fig. 1. Equilibnum diagram of non-stoichiometric cuprous selenide and the cor¬ 
responding conductivity variation. 



s 


u 


Fig. 2. Idealized distribution of selenium during the phase 
transition of non-stoichiometric cuprous selenide. 


the molecular weight of the sample. Con¬ 
sequently, the conductivities of both phases, 
o'ao ~ ^PooMoo (Tgo~ change 

with temperature only due to the temperature 
variations of hole mobilities /Hq. The variation 
of conductivity in the range between T„ and 
Tg is evidently not so simple and requires a 
further discussion. ^ 


Let us imagine that a sample of cuprous 
selenide has a bar shape and that the phase 
transition starts at one end of it. As the 
temperature decreases we shall consider two 
possibilities. In the first case the phase 
boundary moves along the sample remaining 
perpendicular to its length. In an equilibrium 
cooling process the a- and )3-phases are 
homogeneous and have the concentrations of 
dissolved excess selenium Ca and Cg, 
respectively. As the concentrations of holes 
(twice that of excess selenium) are unequal, 
the conductivities of both phases are different. 
Now the sample may be considered as a serial 
connection of two resistors with resistances 
Ra and Rg, and the total resistance of the 
sample is then 

„ „ „ I La I La La 

R=^Ra+Rg — --^-• ( 2 ) 

(Ta S (Tg O 

If we introduce the formal conductivity of 
the sample cr by the formula R = LolcrS we 
can write equation (2) in the form 
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i ' ‘ 1 


(T e' 

\PafJ-a Pat^p} 

Lo epgfig 


(3) 


where and pg, fig are concentrations 

and mobilities of holes in the a- and /3-phases, 
respectively. In the second possible case, 
where the phase boundary moves parallel 
to the length of the sample, the distribution 
of holes between the phases has no influence 
on the conductivity. When considering a bar 
with a small temperature gradient along it, 
the first case is more probable than the second. 
Further analysis will therefore be based on 
the first case, assuming that the parallel 
moving may introduce some deviation in 
comparison with experiments. 

Thus, from the condition that the total 
quantity of dissolved selenium must be 
conserved in the sample we obtain the 
equation 


La Co 

Lo Mo^aL-p L-a 


(4) 


which combined with (I) and (3) gives 


a 



^ Ma 

Mg \ 

2eAMod,p 

\P-adaC a 

PgdgCg) 


j. 



leAfipdpCp 


(5) 


This equation enables us to calculate the 
conductivity of CUjSe samples in the tem¬ 
perature range T„ < T < Tg, if the equili¬ 
brium diagram of the (CujSe-l-Se) system is 
known. 


EXPERIMENTAI. RESLU.TS AND DISCUSSION 
1. Determination of compositions 

In order to determine the equilibrium 
diagram of the (Cu^Se-fSe) system, i.e. the 
temperatures and Tg for Cuj.Se with 
various jc, a series of samples having fixed 
compositions is necessary. Another possi¬ 
bility is to change the initial composition of 
a sample by some procedure. We chose the 
second way. 


The sample with the initial composition 
CU|. 82 oSe (9 at. % of Se in CujSe) was pre¬ 
pared from precisely weighed pure compo¬ 
nents in an evacuated and sealed quartz 
tube. The composition was determined from 
the masses of copper and selenium used in 
the synthesis. After the temperatures Ta 
and Tg were fixed on this sample (see below), 
it was placed into another evacuated quartz 
tube and heated at about 450‘’C. At this 
temperature the evaporation of selenium from 
the sample was remarkable and the initial 
composition shifted to greater x. After 
properly chosen time of heating the sample 
was cooled to room temperature and pre¬ 
cisely weighed. The new composition was 
determined from the initial composition and 
the mass of the sample, assuming that only 
selenium was evaporated from it. This 
procedure was repeated several times giving 
a sample with different and known composi¬ 
tions which cover the whole homogeneity 
range of Cuj.Se. The last measurements of 
Ta and Tg were performed on the sample 
CU| ysaSe (1-9 at. % of Se) obtained after 
heating for 36 hrs. 

2. Determination of the equilibrium diagram 

The temperatures and Tg may be deter¬ 
mined from any physical parameter which 
is influenced by the separation of selenium 
between the two phases. The parameters 
may be electrical conductivity, thermoelectric 
power, DTA or thermal expansion. All 
these properties show a beginning and an 
end, or an interval of phase transformation 
in Cuj.Se. We chose conductivity measure¬ 
ments as a detecting method owing to its 
higher accuracy in determining r„ and Tg 
and the possibility of their measurements 
far below room temperature. 

Ta and Tg were determined observing the 
temperatures at which the measured o- 
branches off from ao (see Fig. 1). This 
procedure was performed after each composi¬ 
tion change described above. The results of 
some conductivity measurements are pre- 
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Fig. 3. Conductivity of Cu^-Se having various compositions and phase 
lines in the <r-7' representation. 


sented in Fig. 3. Each curve has a charac¬ 
teristic shape with an unsymmetrically placed 
minimum nearer to the temperature 7^. Thus 
the determination of Ta is less reliable than 
7fl. The repetition of conductivity measure¬ 
ments on the same sample shows r„ to be 
accurate up to ±TC or better, depending 
on The absolute error in Tg\% less than 
± rC. Ta and Tg were always found in the 
heating cycles, but similar results were 
also obtained in the cooling cycles. These 
cycles showed a hysteresis from about 
6° to 8°C with a small dependence on the 
stoichiometric deviation. 

The two dashed curves in Fig. 3, connecting 
all points cr(To) and (Ti,Tg), respectively, are 
the equilibrium diagram of the (CUjSe-FSe) 
system in a cr, T, representation. Knowing 
the composition of samples and the corre¬ 
sponding temperatures and Tg this diagram 
can be represented in its usual form. It is 
shown in Fig. 4. Both curves extrapolated 
to zero percent of selenium touch the ordinate 
axis at 142°C. This temperature would be 
the transition point of CujSe existing as a 
stoichiometric compound. It i* interesting 


to mention that the values for Ta and Tg 
determined by measurements of thermal 
expansion are very close to those obtained 
by conductivity measurements. Heyding's 
curve of DTA signals [14] determined in the 
cooling cycles is also shown in Fig. 4. 

3. Measurement and evaluation of con¬ 
ductivity 

Measurements of conductivity and its 
dependence on temperature were carried 
out by means of the standard two-probe 
method. The low thermoelectric voltage due 
to the temperature gradient along the sample 
was eliminated reading only the voltage drop 
caused by the current impulse through the 
sample. 

Conductivity measurements could be 
compared directly with the calculations 
according to equation (5). However, the 
properties of Cu,Se enable us to simplify 
this equation, taking into account the follow¬ 
ing facts. Firstly, cuprous selenide in both 
phases is an extrinsic semiconductor in the 
exhaustion range of conductivity, where all 
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Fig. 4. Equilibrium diagram of the (CuaSe + Se) system. 

acceptors are ionized. So it has a constant, 
i.e. a temperature independent concentration 
of holes. Secondly, acceptor states in Cuj.Se 
are caused by copper deficit. Since the linear 
dependence of the conductivity upon the 
composition, together with Hall effect 
measurements [9] show that every defect 
copper atom gives a hole, equations (1) are 
correct. Making a reasonable approximation 
da — = da <3 = dgu = d, from (I) we obtain 

Pan — Pbo = Pa- As the curve o-= <t{T) above 
Tp is always a continuation of this curve 
below r„, and both ^lre parts of a unique 
monotonic curve (r = o-o(7'), there is no 
discontinuity in hole mobility at the phase 
transition. We can therefore put fia = Pb = 
P-ao — Pga = p and equation (5) reduces to 


(r = 


O-o 


Cb-Cq 

CBCa 


-Q 


Cg Cq 

Cb 


+ Uyr-W 

^ B 


( 6 ) 


where <ro = (Tao = o-bo = leAfiodolMo = epoPo 
is the conductivity of a hypothetical sample 
without the phase transformation. Below Ta 
and above 7^, o-q is the real conductivity. 
Other symbols have the following meaning 

P = Q = 2Mcu.seA^cuCo/M? 

U = Mca,seColMo W = 2McuColMo. (7) 

In rearranging equation (5) to (6) the expres¬ 
sions Ma = M(.ujse~2MoCa and M^ = 
M (;ua.se ~ 2Mi,C B are used. 

Let us now discuss equation (6). At 
temperatures above Tb and below r„ the 
conductivity changes are due to po{po ~ 
only, where u is same constant). Inside the 
interval T„ < T < Tb an additional change 
occurs due to the temperature variations of 
Ca and Cfl, causing a decreasing A(r = 
o-„ — 0 -. For T=Ta, i.e. Ca=Co. and for 
T = 7 (j, i.e. Cb = C„. the formal conductivity 
<T equals a,,. 

Figure 5 shows the experimental con¬ 
ductivity of Cuj.flsaSe and the comparison with 
the calculations according to equation (6). 
The shapes of both curves are very similar, 
indicating a two-phase region at the phase 
transition of Cuj.Se. It can be seen that the 
decrease in conductivity is much smaller 
than predicted by theory. The approximations 
made here had some influence, especially the 
assumption that the phase boundary moves 
perpendicular to the length of the sample. 
However, we believe that the main reason for 
this disagreement lies in the fact that the 
calculations do not take into account the 
limited homogeneity range of the (CuzSe-F 
Se) system. For example, calculating the 
conductivity of an Cui.^sgSe specimen 
(Fig, 5) at temperatures between 78° and 
I36°C, the necessary concentrations Ca 
were taken from the extrapolated (dashed) 
a-phase line, not taking into account the 
probable copper precipitation. Similarly 
for the same specimen at temperatures below 
60°C the concentrations exceed 9 at. % 
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of Se and belong to the range where homo¬ 
geneity is very doubtful. Such effects change 
C„ and Cg proposed by the extrapolated 
equilibrium diagram and, according to [6], 
cause a variation of Act and the temperature 
of the minimal ct. 

In spite of this disagreement, it seems that 
in such a case it is possible to make a direct 
correlation between the conductivity measure¬ 
ments and the phase change. We believe that 
our considerations and calculations can be 
applied to other non-stoichiometric systems 
which will allow a similar equilibrium treat¬ 
ment. 
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Abstract — The normal-incidence reflectance of BeO single crystals has been measured in the range 
.‘1-28 eV at room temperature, and from 5-12 eV at 77°K. The data have been analyzed by means of 
the Kramers- Kronig inversion to yield the dielectric function, < = e, -t- icj, and the energy loss function, 
Imd/e*). Exciton features near T may be clearly di.stinguished from broader interband structure at 
higher energies and consist of two peaks, at 10-455 and 10-585 eV (77°K). The stronger, low energy 
peak represents the P.,., exciton and it is possible that an exciton phonon complex produces the second 
peak. There are two very broad structures in the interband spectrum above 11 eV, centered near 
12-5 and 17-3 eV (in tj). Although BeO is hexagonal rather th;m cubic, its band structure is probably 
not greatly different from that of MgO and the spectrum shows certain analogies. There may also be 
analogies with corresponding spectral features seen in other wurtzite materials such as CdS. A 
detailed interpretation is not possible from the present data, which do not exhibit readily identifiable 
critical point structure, and must awah band structure calculations. 

The energy loss function is dominated by a very large, broad peak near 26 eV. caused by a bulk 
plasma resonance. This peak also appears in other similar metal oxides such as MgO and AliOj 


1. INTRODUCTION 

Recent experimental and theoretical work 
on magnesium oxide [1-3] and sodium 
chloride[4] emphasized analogies in the u.v. 
optical spectra of the single crystals which 
arose from similarities in their electronic 
band structure. The experimental reflectance 
data, together with the dielectric parameters 
computed via Kramers-Kronig dispersion 
relations, exhibit sharp, temperature de¬ 
pendent structure typical of excitons and 
higher energy structure associated with inter- 
band transitions. Examination of the energy- 
loss function, derived from the optical data, 
for both magnesium oxide and sodium chlor¬ 
ide, leads to unambiguous identification of 
plasma resonance phenomena within these 
materials. 

*Present address: Bell Telephone Laboratories. 
Murray Hill, New Jersey 07971, U.S.A. ^ 
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It is only recently that theoretical band 
structure calculations have been made for 
these large band-gap, ionic materials: many 
features in existing u.v. data, on the alkali 
halides for example, remain unidentified, 
particularly where the transitions involved 
occur probably at regions of the Brillouin 
zone other then F, and reach conduction 
band levels other than the lowest. The 
success of the empirical pseudopotential 
method (EPM) in describing the spectrum 
of MgO [1,3] is strong encouragement to 
examine analogous materials in the hope 
that the appearance of familiar features in the 
optical data arises from a similar band struc¬ 
ture. This was certainly the case [4] for MgO 
and NaCl: it seemed worthwhile to examine 
beryllium oxide on the assumption that the 
presence of beryllium rather than magnesium 
would not greatly alter the electronic spec¬ 
trum. One might also expect similarities 
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between the data from BeO and those from 
lithium fluoride [5J as indeed had already been 
pointed out by Loh[6]. 

The only known previous measurements 
[6] of the far u.v. spectrum of single crystal 
BeO revealed a sharp reflectance peak at 
10-3 eV with broader structure at higher 
energies. In the present work we present 
more extensive measurements, together with 
a Kramers-Kronig transform of these data 
and analysis of the spectra. 

2. EXPERIMENTAL PROCEDURE 

The samples available were in the form of 
two single crystals of beryllium oxide, fur¬ 
nished by S. B. Austerman, North American 
Aviation. Ideally only freshly cleaved crystals 
should be examined whereas the reflectances 
measured here refer to as-grown or polished 
surfaces. Only two crystals were measured, so 
that the present data should be regarded as 
preliminary. It will be shown below, however, 
that internal features of the data obtained 
indicate that within the above limitations we 
obtained a useful picture of the intrinsic 
optical properties and electronic spectra of 
BeO. 

Reflectance measurements were made at 
near-normal incidence (7i°) and at 300°K 
(5-28eV) and 77°K (5-12 eV). The limit of 
12eV imposed on the low temperature data 
arose from the necessity of sealing the vacuum 
chamber of the reflectometer from the main 
chamber of the monochromator by means of a 
lithium fluoride window. The light source 
consisted of an electric discharge in the carrier 
gas contained in a 3 mm diameter capillary 
bored in boron nitride. The brass anode and 
cathode assemblies were water cooled with 
additional cooling being provided by a fan. 
During operation, the source gas was allowed 
to flow into the main chamber of the mono¬ 
chromator before being pumped away. The 
pressure in this chamber was about 10“®-! 0“® 
Torr., depending upon the gas used. For 
measurements below 14eV, a d.c. glow dis¬ 


charge in hydrogen furnishes intense radiation, 
including a continuum below about 7-5 eV. 
At higher energies, a pulsed spark discharge 
in argon provided dense line emission useful 
to about 28 eV, beyond which the inefficiency 
of the normal-incidence reflection grating in 
the monochromator limits the useful intensity 
at the exit slit. 

The stainless steel reflectometer was bolted 
onto the exit turret of the monochromator 
and housed a glass light pipe, which had its 
face coated with sodium salicylate to monitor 
the u.v. radiation. The resulting signal from 
an EMI 6256 photomultiplier was fed directly 
to a picoammeter and recorder. To prevent 
contamination of the samples at low tempera¬ 
tures, a Vacion-titanium sublimation pumping 
system, which maintained a pressure of better 
than KT’Torr. was used. A detailed descrip¬ 
tion of the instrumentation has been given 
elsewhere [7]. 

3. EXPERIMENTAL RESULTS 

Figures 1-3 show the room temperature 
and 77°K reflectance, at normal incidence, 
from two single crystals. Sample 1 was 
grown with the r-axis perpendicular to the 
surface examined, whereas sample 2 repres¬ 
ents data from an unoriented crystal. The 
relative accuracy of the measurements is 
about 5 per cent below 14 eV, but about 8 per 
cent above, owing to the use of the spark dis¬ 
charge source. The density of line emission in 
the radiation source is by no means uniform, 
and there are some gaps of about 0-4-0-5 eV 
between certain lines above 14 eV. It is 
possible that sharp structure in such regions 
may therefore have been missed: however, 
there is no evidence of such structure in the 
data obtained and the curves in Fig. 1 were 
drawn smoothly through the data points. 
Rinsing the crystal surfaces with acetone 
followed by alcohol caused no differences 
in the measured spectra, and repeated data 
runs over a period of several months did not 
differ significantly. The spectra of Fig. 1 
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Fig. I. Room temperature normal incidence reflectance of two BeO crystals. The full curve 
(sample No. 1) correspontfs to a reflecting surface grown perpendicular to the t -axis. 


broadly resembles the lithium fluoride spec- 
trum[5], but more closely resembles that of 
MgO[2]. 

The fundamental parameter, which best 
describes the spectrum in terms of interband 
transitions, and which is the most fruitful 
for purposes of comparison with theoretical 
work, is € 2 . the imaginary part of the complex 
dielectric response. 

The approximation technique used to obtain 
€2 from R through the Kramers-Kronig rela¬ 
tion when only a portion of the reflectance 
spectrum isknown has been described in detail 
elsewhere[8, 9], together with a discussion of 
the errors introduced by the approximation. 
The dielectric parameters were computed from 
the original reflectance data, and are shown 
for sample No. 1 at 77°K in Fig. 4. A portion 
of the €] curve near the sharp structure at 10-5 
eV has been omitted to preserve the clarity of 
the diagram: for completeness it is shown 
again in Fig. 5. The parameter,e,, is essentially 
a measure of the polarization and^ecause it is 


not relevant to the remainder of this paper will 
not be discussed further. 

It is readily seen that the basic features in 
Fig. 1 are preserved in Fig. 4; in particular 
there are only small shifts in the energies of 
the main features, both in decreasing the 
temperature and in going from reflectance to 
the dielectric response. The importance of 
deriving €2 becomes more apparent when one 
attempts to account for the relative intensities 
of transitions and the details of line-shapes. 
The broad feature above 15 eV in the reflec¬ 
tance, for example, changes quite markedly 
in C 2 compared to the feature at 12-5 eV. It 
must be pointed out, of course, that the low 
temperature reflectance data extend only 
as far as 12 e V, and that the higher energy data 
are assumed to be not strongly temperature 
dependent in the range 77-30(fK. Indeed it 
was found that only the exciton region was 
signiflcantly temperature dependent; data 
above 10-9 eV showed no noticeable tempera¬ 
ture dependence. This is in accord with the 
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tiw{eV) 

F ig. 2 '[ emperatiire-dependcnce of reflectance near the 
cxciton structure in BcO for a crystal grown with the 
reflecting surface perpendicultu to the c-axis (sample 
No, I). 

expectation that the structure above 12eV is 
due mainly to direct interband transitions, 
which are not strongly dependent on tempera¬ 
ture. 

The errors in the dielectric parameters of 
Fig. 4 stem primarily from errors in the experi¬ 
mental determination leflectance. The nature 
of the approximation technique used in the 
Kramers-Kronig analysis leads to computa¬ 
tional errors only at the end-points of the 
experimental data range. At the low energies, 
the raw reflectance data were smoothly extra¬ 
polated into the visible using known values of 
the refractive index[10]. The only significant 
computational error therefore occurs at the 
high-energy limit of 28 eV. The magnitude 
of the error is strongly peaked at the end¬ 
point and rapidly decreases with energy. The 
data in Fig. 4 are truncated at 27 eV and com¬ 
parison with the original reflectance data 
shows no reason to suspect significant error. 

The remaining uncertainty arises from the 


availability of only two samples. It is possible 
that freshly cleaved surfaces examined from 
a large number of crystals will show that the 
intrinsic optical properties of BeO exhibit 
sharper and stronger features than shown here. 
On the other hand, the observed magnitudes 
and form of the structure is consistent with 
those of the analogous materials MgO and 
LiF. We believe that any future measurements 
will reveal only small discrepancies, and will 
not seriously affect the analysis given below. 

In discussing the spectra it is convenient 
to treat the exciton structure separately from 
the interband features. The third section of the 
analysis will deal with the energy loss spec¬ 
trum. 

4. EXCITON FEATURES 

The sharp, temperature-dependent structure 
near 10-5 eV in the spectra of Figs. 1-4 is so 
reminiscent of that in MgO and alkali halides 
such as NaCl, that one has little hesitation in 
associating it with a F-exciton. Unlike MgO, 
which has a f.c.c. lattice with a corresponding 
truncated octahedron for the first Brillouin 
zone, BeO has a wurtzite structure with a 
hexagonal prismatic Brillouin zone. We 
assume that the exciton originates from 
the I’s, r, levels of the valence band (cor¬ 
responding to the r,6 valence band level 
in MgO and NaCI). The exciton structure is 
shown in more detail in Figs. 2 and 3 which 
refer to samples 1 and 2 respectively. In both 
cases one notes the sharpening and the shift 
to higher energies as the temperature is de¬ 
creased. For sample 1 (surface perpendicular 
to c-axis) the room temperature peak lies at 
10-39 ±0 01 eV and moves to 10-455 ±0-01 eV 
at 77°K —a shift of about 3 X 10""* eV/°K. The 
first sharp peak in sample 2 (unoriented speci¬ 
men) exhibits a similar shift, moving from 
10-32 ±0-02 eV at 300°K to 10-39 ±0-02 eV at 
77°K. These shifts with temperature are 
therefore less than those associated with 
similar structure in the alkali halides[5,11] 
where the values are over 8 X 10““ eV/°K as is 
also the case in MgO[2]. The first peak is 
truncated in Fig. 2, but increases to abou* 
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Fig. 3. Temperature dependence of exciton reflectance for an un' 
oriented BeO single crystal (sample No. 2). 


38 per cent reflectance at 77°K from its room- 
temperature value of 31 per cent. It is not 
clear why the corresponding peak in Fig. 3 
does not indicate a similar increase although 
both orientation and crystal surface quality 
may be factors. 

A smaller peak occurs at higher energies in 
both crystals and exhibits strong temperature 
dependence similar to the first peak. The 
splitting between these peaks is about 0'13 eV 
in the first sample and 0-16 eV for the second. 
The difference in these Vcdues is of the order 
of the uncertainty of peeik locations and may 
not be significant. The instrumental resolu¬ 
tion was about 0-01 eV in the range 10-11 eV, 
but the radiation source emits lines rather 
than a continuum in this region, rendering 
precise location of peaks and minima difficult. 
The spectral shift to higher energies as one 
goes from the unoriented specirilbn to that in 


which the electric vector is perpendicular to 
the c-axis is not surprising in view of the 
slightly longer Be-O internuclear distance in 
the c-axis direction [12]. 

For convenience we shall confine our 
remaining remarks to the spectrum from the 
first sample (£ 1 c). In Fig. 5, the dielectric 
parameters for this specimen are shown in 
detail at 77°K. While, as expected, no strong 
changes occur in structure through the 
Kramers-Kronig inversion of the reflectance 
data, the €2 spectrum provides a better basis 
for analysis. The shape of the low energy tail 
of the first band, below 10*4 eV, is uncertain 
in practice, and depends on the way in which 
the original reflectance tail is extrapolated into 
the near u.v. visible region. In the raw reflec¬ 
tance data there is considerable scatter in this 
region, due to additional contributions from 
reflectance at the back surface of the crystal 
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1 ig 4. Dielectric paiamclers of BeO at derived from a Kramers- 
Kronig analysiis of the leflcctance data m f ig. I (sample No. 1). The 
portion ot €i near (he exciton peak has been removed to preserve clarity. 


in regions of transparency. It is difficult to 
estimate the error from this cause owing to a 
lack of sufficient refractive index data in this 
spectral region. For this reason our estimate 
of 0-05 eV for the half-width of the first peak 
is tentative. At 77°K the sharp structure has 
peaks at 10-455±0-01 eV and 10-585±001 
eV, giving a separation of013±0 02 eV. 

The correct interpretation of this structure 
is not yet clear although a possible explana¬ 
tion has been given eJsewhere[l3] and will be 
reviewed below. While the highest valence 
band is p-like, as in MgO and NaCl, the 
degeneracy at T occurring for these cubic 
crystals is lifted for hexagonal materials such 
as BeO. The three fold fis levels are replaced 
by the doubly degenerate Ts and non-degener¬ 
ate T, levels, split by the non-isotropic 


crystal field. Further, the inclusion of spin- 
orbit interaction (giving r„- and Fe- levels 
in the f.c.c. crystals and consequently ay = i, i 
splitting in the observed transitions) replaces 
the Ts level by r„ and Ft levels, and F, by an 
additional lower F? level. Transitions at F 
from the valence band to the lowest conductor 
band (i-like) are allowed and give rise to much 
of the initial strong structure in the spectra 
considered. The separations between these 
levels can be estimated from the free oxygen 
ion splitting to be of the order of a few hun- 
dreths of an electron volt and cannot account 
for the second peak near 10-6 eV. Even if 
there is considerable mixing of d-states from 
the beryllium ion with the p-states of the 
oxide in the valence band, spin-orbit splitting 
effects are still too small by a factor of at 
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Fig. 5, Dielectric parameters of BeO (sample No. I) at 
TT’K, in the region of the f exciton Structure. 


least three (the observed separation from 
Fig. 5 is O'13 ± 0 02 eV). A similar situation 
occurs in MgO[14] where one. however, 
could argue that the exciton was not highly 
localized and that, further, the hole saw 
additional splitting from the neighboring 
cations. This interpretation, given by Krum- 
hans[15] for barium oxide, would be parti¬ 
cularly weak in the case of beryllium oxide 
because of the small size of the cation. 

It is interesting to note that nearP there may 
be additional critical point structure along 
r, — S, in the conduction band structure of 
MgO[3] which could possibly account for the 
form of the exciton structure. Until similar 
calculations are carried out for BeO it is 
fruitful to consider alternative models. 

If one assumes a Wannier model for the 
exciton the nth member of the hydrogenic-like 
series will then be related to the band-gap, 
Ef,, by the expression: 

E„ = Eo-Bln\‘* 


There is some evidence[16] that BeO is 
considerably more like the alkali halides in 
ionicity than other wurtzite materials such as 
hexagonal CdS and ZnO. Although the appli¬ 
cability of the above expression, particularly 
for the n = 1 member of the series, is question¬ 
able for such ionic materials, its use can at 
least provide and estimate for the exciton 
parameters. If we use values of £, = 10-455 eV 
and a band-gap of 10-63 eV, as derived in 
Section 5, the binding energy of the exciton, 
B, is about 0-17 eV. The reduced mass ratio 
film is determined from the expression[17] 

ixe^ 13-6M(eV) 

“ 2h^e^ ~ m 

to be about 0-04, where we have used an 
optical value of about 1-72 for the dielectric 
parameter e. On the same model, the effective 
radius for the nth excited state is given by the 
formula 

hW 0-529 
film 

The radius of the n = 1 state is therefore 
about 25 A, nearly ten times greater than the 
lattice constant, n( —2'69A). Obviously the 
above values of effective mass and radius 
should not be taken too seriously in view of 
the extreme approximation used. The effec¬ 
tive mass in particular seems much too small. 

Liang and Yoflfe[18] recently measured the 
transmission spectra of ZnO and invoked 
the concept of a bound exciton-phonon com¬ 
plex (EPC) to interpret part of the structure. 
EPC peaks are expected to occur at energy 
intervals slightly less than longitudinal 
optic (L.O.) phonon energy at F and be 
favoured in crystals of increasing ionicity. A 
similar explanation would account for the 
exciton structure in BeO and MgO since the 
separation in MgO is 0-07 eV, with a L.O. 
phonon energy of 0-09 eV, while in BeO the 
separation is 0'13eV, and the L.O. phonon 
energy [12] is 0'135eV. The second peak 
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shows somewhat less temperature sensitivity 
than expected for purely excitonic transi¬ 
tions, but at the present time little is known 
theoretically concerning the nature of such 
peaks. 

The 10-585 eV peak is probably too strong 
and of the wrong shape to be regarded as a 
simple L.O. phonon emission although the 
energy separation from the zero-phonon line 
is reasonable. If phonon emission together 
with some strong coupling effects were respon¬ 
sible for the large intensity, one would also 
expect a phonon absorption line to appear near 
10-3 eV. In the original reflectance data, this 
energy lies near the increased scatter due to 
back-surface reflection and no evidence of 
such a line can be seen at roomtemperature 
(where it should be stronger than at 77“K). 
The problem may be one of intensity, since the 
absorption line will be considerably weaker 
than the emission line. 

At the present time the EPC concept is 
attractive as a model for the observed struc¬ 
ture, but more data are required for a detailed 
analysis. 

5. INTERBAND TRANSITIONS 

There is some evidence of structure below 
1T5 eV in addition to that mentioned above. 
It appears only weakly, however (Figs. 1 and 2) 
and is not easily distinguishable from the data 
scatter. The major features of the remaining 
spectrum consist of two very broad bands 
centered near 12-5 eV and 17 eV respectively. 
As in the case of MgO we assume that the 
lack of structure beyond about 22 eV implies 
that the oscillator strength available for inter¬ 
band transitions involving the higher valence 
bands is essentially exhausted. Contributions 
from the tightly bound core electrons are not 
expected at energies within the spectral range 
examined here. If an analogy with MgO is 
used as a guide, then only the first two conduc¬ 
tion bands are involved in the transitions 
occurring below 22 eV. 

Where transitions are direct and reasonably 
well isolated, the appearance of single Van 


Hove singularities [19] or critical points 
provides great help in identification. This is 
not the case here as Fig. 4 indicates. It is 
probable that the marked change in absorp¬ 
tion near 10-7, 11-2 and 16eV are due to 
A/o edges, but the bulk of the structure almost 
certainly arises from near-degenerate clusters 
of transitions where the resultant line shape 
is due to combinations of edges. 

We expect to find an M„ edge lying under 
the initial exciton structure (Fig. 5), giving a 
value for the Fj,, -» F, transition of about 
10-63±010 eV. The uncertainty (0-10 eV) is 
large primarily because the identification of 
the 10-58 eV peak is not clear, and it is difficult 
to separate this from the underlying structure. 
As expected, the band-gap of BeO is therefore 
less than that of the isoelectronic LiF[5] and 
greater than that of MgO. In the latter case, 
transitions at L and A produced the next 
higher energy structure. In the Brillouin zone 
for BeO the zone center F' replaces the L 
point of the [111] face in the MgO zone. 
Along the c-axis, corresponding to the F-F' 
line (mid-point A) in the double-zone[20] 
scheme for wurtzite materials, we therefore 
expect to see structure arising from transitions 
at A and A. There is a rough correspondence 
between the spectrum of BeO and that of 
hexagonal CdS[21] if one considers the £i 
and £ 2 , E\ features in the latter to correspond 
to the two broad bands in BeO. In this case 
the 12-5 eV peak would be analogous to the 
El structure and be interpreted as due to 
transitions at A (forbidden for £l|c) and along 
the 2 line to the zone edge at -* Mi). 

It should be noted that M, critical points near 
the U line have recently been used by Cohen 
to explain part of the Ei structure: transitions 
near U may also be involved in the present 
case. 

A characteristic feature of both the MgO 
and NaCl spectra is the strong peak arising 
from near degeneracies of Mi and M^ edges 
produced by transitions along A and X 
respectively. This particular combination 
does not appear to be preserved in going from 
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the f.c.c. structures to the hexagonal structure 
of BeO. There is no evidence for such a feature 
in Fig. 4. It should be noted however that the 
reflectance data show considerable scatter 
in the region of overlap of the u.v. radiation 
sources (14-15 eV) and several sharp struc¬ 
tures here may have been missed. 

The structure near 17 eV commences with 
a strong increase in absorption characteristic 
at an A/o edge near 16 eV. In the case of MgO 
similar feature marked the onset of transitions 
to conduction bands above the lowest. The 
£2 peak [22] in hexagonal CdS, however, 
has been assigned to transitions at K (/fa .2 
-» K 2 ) with transitions to the F* conduction 
band level giving the £,' peak at higher 
energies. In neither case are the transitions 
strongly localized and no easily identifiable, 
single critical point can be seen in the spectra 
at these higher energies. Detailed analysis is 
not possible until band-structure calculations 
are available for BeO. Measurements using 


polarized light may be useful in identifying 
some of the transitions. 

6. ENERGY LOSS SPECTRUM 
The energy losses suffered by electrons 
transmitted through thin films can be des- 
cribed[23] by the function Imfl/c), where the 
dielectric response function e relates to the 
electron-electron interaction. There is con¬ 
siderable evidence [24] that in regions where 
the random phase approximation is valid the 
longitudinal and transverse dielectric func¬ 
tions are equal and the loss function Imfl/c) 
derived from optical parameters identifies 
electron loss structure. The loss function is 
useful in revealing plasma resonance pheno¬ 
mena as distinct from normal interband transi¬ 
tions. Figure 6 shows this function, Im(l/e), 
computed via the Kramers-Kronig inversion 
of reflectance. Whereas the exciton and 
interband absorption shown in Fig. 4 also 
appears in Fig. 6, the latter is dominated by 



Fig. 6. The ener^ loss function. lm(l/*), for BeO, computed from the 
optical reflectance data of Fig. I. 
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a very large energy loss centered near 26 eV. 
The magnitude of this Joss is rather uncertain 
as it depends critically on the accuracy of the 
reflectance data in this region. The reflectance 
is small near 26 eV and further, this region is 
near the end-point of the energy range where 
errors from the Kramers-Kronig approxima¬ 
tion become important. There is no corre¬ 
sponding structure above 20 eV in the e,! data 
and the 26 eV loss is probably directly analo¬ 
gous to that at 22-2 eV in MgO[2]. The valence 
electrons in BeO are able to undergo collective 
rather than one-particle excitation at this 
energy, resulting in the bulk plasma resonance 
band. In BeO there are effectively 7-32 X 10“ 
molecules/cc and the free electron model 
predicts a plasma frequency, ojp, given by 

, 47r/V<''^ 


where N is the density of absorbing electrons. 
An assumption of 6 valence electrons per 
molecule therefore gives a plasma energy of 
about 24'4eV, remarkably close to the 
observed loss in view of the simplicity of 
this model. There is a striking similarity 
between the loss function of BeO and those 
of similar metal oxides, in particular MgO[2] 
and AkO;i[25]. It is interesting to note that 
these metallic oxides all possess small cations, 
are large band-gap insulators and exhibit 
very distinct and broad plasma loss peaks near 
25 eV, although representing three different 
crystal structures (wurtzite, f.c.c.. and a- 
corundum respectively). It would be rather 
interesting to see if LlO (fluorite structure) 
was in the same category; electron energy 
loss measurements on thin films would give 
this information more easily than optical 
data unless single crystals can be readily 
obtained. The optical energy loss function 
corresponds roughly with available electron 
loss data. Jull[26] measured energy losses 
in oxidized Be films and found a large peak 
near 23 eV. A similar loss peak near 28 eV 
was observed earlier by Watanabe[27]. 


The three plasma peaks mentioned (BeO, 
MgO and AljOs) have not only similar 
energies, but also similar half-widths and 
absolute intensities, these parameters being 
very roughly about 25 eV, 5 eV and 1'5 re¬ 
spectively. In considering plasma oscillations 
in metals Kanazawa[28] derived an expres¬ 
sion governing the half-width for the reson¬ 
ance which may be written 

2hriha>p = € 2 - 


For BeO the left hand side of this expression 
is about 0-4. which is very close to the value 
of 62 near the resonance energy (Fig. 4). 
Although, as mentioned above, the validity 
of applying a free electron model is question¬ 
able, it is interesting that in practice it can 
provide a rough guide to the observed loss 
structure. 
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LOW TEMPERATURE SPECIFIC HEAT OF H.C.P. 

Mo-Ru AND Mo-Rh ALLOYS* 
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Abstract- Low temperature calorimetric measurements were made on some h.c.p. Mo-Ru and Mo-Rh 
alloys. By plotting the electronic specific heat coefficient (y) as a function of the average number of 
valence electrons to atom ratio (eta), a common curve was obtained to approximate the 4</ band 
shape in the eja range of 7-0-8-4. This curve has a minimum at Wfl ~ 8’I. The variation of Debye 
temperature with ela is inversely correlated to that ofy. 

Superconducting properties of some of the alloys are discussed. 

INTRODUCTION some cases, information on the occurrence of 


The low temperature calorimetry is one of 
the most important techniques for determining 
the electronic density of states N(Ef) at the 
Fermi level of metals. Recently, extensive 
studies have been carried out on various 
alloys of transition elements[l]. For the 3d 
series, Cheng et a/.[2] first pointed out that 
/V(£p) can usually be related to a single 
parameter ela, the average number of valence 
electrons to atom ratio, suggesting that the 
well known rigid band model is a good approx¬ 
imation in describing the 3d band structure. 
For the 4d series, similar results[l] have 
been reported for b.c.c. alloys with ela < 6-5 
and f.c.c. alloys with ela > 9, but leaving a 
large open gap in the intermediate region, 
where alloys have mainly h.c.p. structure [3]. 

In this work, calorimetric measurements on 
some h.c.p. Mo-Ru (e/a = 7-0-8-0)[4] and 
Mo-Rh {ela = 7-5-8-4)[5] alloys were under¬ 
taken to complete the whole picture of the 4d 
band shape. The validity of the rigid band 
model can be tested in the overlapping 
region of the two systems. These measure¬ 
ments are also useful in obtaining the values of 
Debye temperature 6o for these alloys and, in 
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superconductivity. 

EXPERIMENTS AND RESULTS 

The specimens, weighing about 100 g each, 
were prepared from high purity material 
(Mo of nominal purity 99-9 per cent from 
Climax Molybdenum Company; Ru and Rh 
of nominal purity 99-98 per cent from Engel¬ 
hard Industries) by repeated arc-melting 
followed by drop-casting into a cylindrical 
mold. Weight loss of these specimens during 
melting was in all cases negligible so that 
alloy composition could be . adequately 
described by the nominal values. 

A He^ cryostat was set up for calorimetric 
measurements. The fairly standard technique 
was used by thermally isolating the specimen 
from the helium bath, applying a known 
amount of electrical heat input, and measuring 
the temperature increase of the specimen. 
The test run on a high purity copper specimen 
gave results [ClmJ/mole-'K) = 0-707 T + 
0-050 T®] in reasonable agreement with 
those reported previously by other in¬ 
vestigators. A l/10W-56fl AUen-Bradley 
resistor thermometer calibrated against the 
He^ vapor pressure (1958 scale) was initially 
used for temperature measurements between 
1-5 and 4-0°K. It was later replaced by a pre¬ 
calibrated germanium thermometer[7], which 
enabled measurements to be extended to 
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Fig. 3. The electronic entropy balance at Tr for Mo„i„ Fig. 4. Electronic specific heat coefficient as a function 

Ruu.-,o. The area under the data curve (0 s T « T^) is of the average number of valence electrons to atom ratio 

equal to the area under the horizontal line (C—fiT^)IT = for all specimens. 

y(0 « T s T,). 


Table 1. Results of low temperature specific heat measurements on 
h.c.p. Mo-Ru and Mo-Rh alloys 


Specimen 

ela 

(electrons/alom) 

V 

(mJ/Mole-“Kn 

d 

(mJ/Mole-°K‘) 

(“k) 

Tc 

(“K) 

Ru 

80 

2-95 

0-013 

530 

0-47* 

MOo |ot^Uo.HO 

7'8 

3 08 

0-015 

505 


MOo-koRUo ho 

7-6 

310 

0-015 

505 

1-45 

^^Ofl.;i((RUy.7o 

7-4 

3-27 

0-017 

485 

2-35 

MOq 4oR^ 

'7-2 

3-65 

0-025 

425 

4-7 

MOo SoRllo 50 

70 

4-50 

0-053 

330 

8-7 

MOfl 2 oR^O »0 

8-4 

3-66 

0-023 

440 


MOo asRho 7s 

8-25 

2-9.3 

0-019 

465 


.IoR^'O'70 

81 

2-65 

0-015 

505 


Moo.4(jRh<) flo 

7-8 

2-93 

0-019 

465 


MOo 5 oR^O 50 

7-5 

3-20 

0-023 

440 

1-9 


*BATTR. H.,Ph.D. Thesis. University of California, Berkeley (1964). 


DISCUSSION 

The results of earlier low temperature 
calorimetric measurements on pure Ru 
contained large discrepancies (Table 2). 
The -y value obtained in this work is in good 
agreement with that given by Batt. Figure 4 
shows the measured y values as a function 
of ela. One common curve can fit quite well 
the data for specimens from the two different 
systems. Beyond its ends, this curve, with a 
minimum at ela ~ 8-1, can be connected 
smoothly to the previously determined 
branches for b.c.c. andf.c.c. alloys, respectively 
[1]. For various h.c.p. alloys of tlje 4d series. 
Booth [7] has found a similar ela dependence 


of their magnetic susceptibility, which is 
another property closely related to N{Ef). 
There is also a minimum at ela ~ 8T. These 
results strongly indicate that the rigid band 
model is valid in this region, and the calori¬ 
metric measurement data can be taken as 
approximating the band shape. The do values 
are plotted against ela in Fig. 5. Even with a 
relatively large uncertainty in the dp values 
thus obtained, due to the fact that the lattice 
term is only a small fraction of the total 
measured specific heat, it is obvious that the 
variation of dp is opposite to that of y. This 
effect is indicative of the influence of con¬ 
duction electrons on the lattice vibrations (I). 
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/■aftfe 2. Low temperature specific heat of 
h.c.p. ruthenium 



Purity 

y 

(mJ/mole-°K*) 

flb 

(“K) 

Wolcott'"’ 

99-98 

3-35 

600 

Clusius and Piesbergen"” 


2-6 

505 

Bat!'"’ 

99-99 

2-98 


This work 

99-98 

2-95 

530 


'"’WOLCOTT N. M., Conference de Physique des Basses 
Temperatures, Paris, 1955, p, 286. Centre de National de la 
Recherche Scientifique and UNESCO, Paris (19.^6). 

"»CI USIUS y. and PIESBF.RGEN U., Z. Nalurforsch. 
14a, 2.1 (1959). 

'"'Balt R. H , Ph D. thesis. University of California, Berkeley 
(1964). 



hill. 5. Debye temperature as a function of the average 
number of valence electrons to atom ratio for all specimens. 


and should be most apparent in transition 
metals and alloys in which N{Ef) is large. 
Similar observations have been found in b.c.c. 
V-Fe and V-Ru alloys [8], and in f.c.c. Ni-Co 
alloys[9]. 

Calorimetric investigations of supercon¬ 
ductivity are particularly interesting since, 
because the entire volume of the specimen 
is involved, it is possible to distinguish 
between homogeneous and non-homogeneous 
transitions. As shown in Figs. 1 and 2, for 
each annealed superconducting specimen, 
there is a sharp discontinuity in its specific 
heat at T^. The jump (cJyT)Tc is close to 
the BCS[10] value of 2'43. C„ is expected 
to drop exponentially with decreasing 
temperature at L < Tc/l-S, such that. 


C,,/y7', = aexp(-h7',/7'). (4) 

This is well illustrated in Fig. 6 for Moq.so 



Fig. 6 Superconducting state electronic specific heat of 

^tOo suRU,] 50- 

Ru„. 5 o with a highest transition temperature. 
The parameters a and b are 10-3 and 1-59, 
respectively. 

According to the BCS expression[10] 

T, - 0-85 (9„exp(-l/A(£,.) V) (5) 

one can calculate the electron interaction 
parameter V associated with the supercon- 
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ducting state by using the calorimetrically 
determined values of 7^, Op and y and taking 
N(Ef) — 3yl2iT^k^ {k: Boltzmann’s constant). 
For the Mo-Ru system, V ranges from 0-23 
eV for Moo. 5 oRuo. 5 o to 0-30 eV for pure Ru. 
The fact that the variations in both V and dp 
are relatively small for a particular system 
leads to the resemblance between the varia¬ 
tion of 7r and that of y often observed in 
transition metal alloys. 

Acknowledgement — 'Ne wish to thank Dr. E. W. Collings 
of the Metal Science Group of Battelle for helpful 
discussion. 
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MAGNETIC FIELD ENHANCEMENT IN 
SUPERCONDUCTING TUBES*t 
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Abstract —The magnetic behavior of tubes of superconducting material cooled in an axial magnetic 
field has been studied in an attempt to understand the increase in held strength that occurs in the holes 
of these tubes. It was found that the magnitude of this effect is determined largely by the shape and 
size of the tube and that it is qualitatively the same for a variety of materials. The results show that 
what is characteristic of a given tube is the amount of flux that will move into the hole rather than the 
held increase that will occur. 


INTRODUCTION 

Magnetic field strength can be enhanced in a 
superconducting tube by cooling the tube in a 
constant field [1,2] or by causing the field 
to break into the tube from the outside [3], 
The investigation reported in this paper was 
undertaken in order to learn the cause of the 
former effect. When this work was begun, 
there was no theory of field enhancement, but 
it was not hard to think of a variety of possible 
explanations. This made a variety of experi¬ 
ments necessary in order to obtain clues as 
to the cause of the effect as well as to rule 
out as many competing explanations as pos¬ 
sible. Only the most pertinent results are 
given here[4], and they show that the en¬ 
hancement effect is caused by the fact that 
in the early stages of the transition the phase 
boundaries coalesce so as to trap flux in the 
tube, and they show further that what fraction 
of this trapped flux will be able subsequently 
to move into the hole is determined largely 
by the shape of the tube. 


* Supported in part by the Research Corporation and the 
National Science Foundation. 

tBased in part on the Ph.D. thesis by E. F. Young, 
State University of New York at Buffalo, 1966 (Unpub¬ 
lished). 

tPresenl address: Xerox Corp.. Roche^r, N.Y. 


Most of the measurements involved cooling 
a tube in constant axial field and monitoring 
the field strength in the hole, but some auxiliary 
studies of flux expulsion are also reported. 

EXPERIMENTAL DETAILS 

Most of the tubes studied were machined 
from polycrystalline rods of pure tin that had 
been cast in glass tubes and cooled very slowly 
under forepump vacuum. After machining, 
the tubes normally were etched. A tin- 
indium alloy and a pure indium tube were 
prepared in similar fashion. A pure single 
crystal tin tube was made by Semi-Elements 
Inc. with as-grown inner and outer surfaces. 
A mercury tube was made by filling a glass 
mold and allowing it to freeze. This mercury 
tube had rounded ends and also had mercury 
guard rings, of diameter roughly the same as 
the o.d. of the tube, at each end. None of the 
other specimens had guard rings. 

A uniform magnetic field was provided by 
a solenoid, with Helmholtz coils used to cancel 
out the horizontal component of the earth’s 
field. 

The axial field in the hole of the tube 
normally was measured with a commercial 
Hall probe, but in a few cases, in which the 
hole was very small, a fine-wire superconduct¬ 
ing probe of a type that has been described 
elsewhere [5] was used. 
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The temperature was monitored with a 
carbon resistance thermometer that was 
calibrated against the vapor pressure of the 
helium bath. An X-Y recorder and a strip 
chart recorder were used to record field 
vs. temperature as well as temperature vs. 
time. A pressure regulator manufactured by 
the Cryonetic Corporation was used to 
achieve controlled, steady, cooling rates. 

RESULTS AND DISCUSSION 
All of the tubes studied were Type I super¬ 
conductors, but a variety of materials were 


employed, as can be seen from Tables 1 and 
2. Field enhancement has been observed for 
every tube on every cooling, showing that the 
effect is quite general. Also, the magnitude of 
the effect does not appear to depend on the 
material used. 

The enhancement factor / is defined as the 
ratio of the final field achieved on cooling 
to the applied field. Because some specimens 
showed some dependence on field and cooling 
rate, /av, the average of all of the values of / 
obtained for a given specimen, was computed. 
Normally fields of 5, 10 and 25 G and cooling 


Table I. Standard, flat-ended tubes (polycrystalline tin 
unless otherwise specified) 


o.d. 

Specimen No. (cm) 

i.d. 

(cm) 

Length 

(cm) 

/.V 

Comments 

1. 

1-8 

1-5 

12 

1-2 

Smith and Rorschach* 

3. 

1-9 

0-4 

6-2 

2-8 



1-82 

0-41 

40 

21 



1-8 

0-80 

40 

15 



18 

0-8 

2-8 

1-3 


4. 

2-38 

0-40 

7-4 

2-9 



1'83 

0-40 

20 

1-4 


5. 

2'.38 

0-39 

7-4 

2-8 


6. 

2-47 

0-40 

7-4 

2-8 

rin + O I percent indium 

12. 

2-.52 

0-39 

)0-6 

1-9 

Indium 

13. 

2-47 

0-45 

7-4 

2-9 



2-42 

101 

7-4 

1-6 


14. 

2 46 

0-46 

7-4 

3-8 


15. 

2-50 

017 

7-5 

7-6 


16. 

2-46 

017 

6-7 

3-5 

light etch 

17. 

2-47 

0-40 

7-4 

3-7 


18. 

2-48 

0-40 

7-2 

3-6 


19. 

2-44 

0-39 

7-6 

51 



2-43 

0-39 

4-7 

3-3 



2-43 

0-40 

2-7 

2-8 



2-43 

0-40 

1-9 

2-7 



2-42 

0-40 

1 26 

20 


20. 

2-45 

0-4 

7-2 

4-6 



1-88 

0-4 

7-2 

5-4 



1-24 

0-4 

71 

3-6 



0-88 

0-4 

71 

1-9 


21. 

2-45 

0-42 

15-4 

41 



2-40 

0-4 

9-8 

2-7 



2-40 

0-44 

4-7 

20 


22. 

2-5 

0-40 

10-2 

3-2 

Single crystal 


SMITH T. I., Unpublished data. 
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Table 2. Other tubes (polycrystalline tin unless otherwise specified) 



o.d. 

i.d. 

Length 




Specimen No. 

(cm) 

(cm) 

(cm) 

Ends 

A. 

Comments 

2 

1-7 

0-95 

10 

rounded 

1-4 

mercury, as cast, 
with guard rings 
at ends 

3. 

1'90 

0'4I 

8-9 

60^ inward 

10-2 



•1-9 

0-4 

6-2 

flat 

2-8 



1-8 

0'4I 

6 2 

30° inward 

10-6 



•1-82 

0-41 

40 

flat 

21 



•1-8 

0'80 

40 

flat 

1-5 



1-8 

0-8 

40 

45° outward 

1-4 



*1-8 

08 

2'8 

flat 

1-3 


7. 

260 

0-42 

81 

15° outward 

2-8 



2-60 

0-42 

8't 

30° outward 

2-9 


8. 

2-40 

0-42 

7-9 

45° outward 

3 0 



2-45 

0-42 

7-4 

60° outward 

2’2 


9. 

204 

0-39 

7-8 

75° outward 

1-5 


10. 

2-38 

0-41 

7-4 

5° inward 

L8 



2-37 

0-40 

7-4 

10° inward 

21 


II. 

2-46 

0-39 

15-2 

60° outward 

20 


13. 

2'52 

0-40 

7-6 

flat 

21 

light etch 


•2'47 

0-45 

7-4 

flat 

2-9 

normal etch 


2 46 

0'47 

7-4 

flat 

2-7 

heavy etch 

14. 

2 48 

0-39 

7-4 

flat 

20 

unetched 


2-48 

0-39 

7'4 

flat 

2-2 

light etch 


•2-46 

0-46 

7-4 

flat 

3-8 

normal etch 


2-46 

046 

7-4 

30° inward 

5 9 



2'42 

046 

7-4 

60° inward 

93 


17. 

2'49 

0-39 

7'4 

flat 

3-8 

not machined, unetched 


*2-47 

0-40 

7-4 

flat 

3-7 

light etch 


2-46 

0-44 

7-4 

flat 

3-5 

heavy etch 

18. 

2'52 


7-3 

flat 


solid rod, light etch 


•2-48 

0-40 

1-1 

flat 

3-6 



2-48 

0-40 

1-1 

30° outward 

3-3 



2-48 

0-4 

7-2 

60° outward 

31 



2-44 

0-41 

4-9 

round 

3-7 


21. 

*2-45 

0-42 

15-4 

flat 

41 



2-4 

0-4 

15 

60° outward 

2-4 



2-4 

0-4 

15 

rounded 

2-4 

approx, ellipsoidal 


*2-40 

0-4 

9-8 

flat 

2-7 



•2-40 

0-44 

4-7 

flat 

20 


23. 

1-3 

0-4 

100 

rounded 

1-6 

indium, approx, 
ellipsoidal 


♦Also listed in Table 1. 


rates of roughly 01 and TK per min were 
employed. (It should be pointed out that some 
tubes showed no dependence on field or 
cooling rate.) Table 1 lists the results obtained 
with standard flat-ended tubes, and other 
specimens are listed in Table 2. 

First consider the flat-ended tubes. In an 
earlier publication [2], a regdlar variation 


of /av with o.d./i.d. was reported. This 
regularity has not been continued by speci¬ 
mens studied more recently, perhaps because 
the newer tubes were made in a slightly 
different way, using a slower cooling of the 
casting. By carefully classifying the tubes 
according to the details of their manufacture, 
it is possible to find systematic groupings, but 
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the most clear-cut way to study shape and 
size dependence seems to be to repeatedly 
machine the same specimen. 

Figure 1 shows how for a given tube 
varies as either the o.d. or i.d. is changed, and 



od/ id 


Fig I. Variation of average enhancement/,„ with o.d./i.d. 
as either o.d. or i.d. is changed without changing length. 
For tube No. 20, the o.d. was varied, while for No.'s 
^ and 1.1. the i d. was changed. The straight lines arc 
intended to be merely suggestive. 

Fig. 2 shows the dependence on length. While 
different tubes of the same material and size 
may have quite different values of the 
variation of /.n with machining is remarkably 
regular. Note that changing either the o.d. or 
the i.d. is equally effective in changing/av. 

A natural question is whether the enhance¬ 
ment is basically an end effect or a bulk 
effect. By an end effect is meant one which 
arises because of the non-uniform fields that 
occur near the ends of the specimen and which 
becomes weaker as the length to diameter 
ratio increases. Figure 2 shows that the reverse 
is true; /av is larger for longer specimens. 
However, the ends play some role, as can 
be seen from Fig, 3, which shows the effect 
of tapering the ends in either concave or 
convex fashion. One interpretation that can 
be put on Figs. 2 and 3 is that the reduction 



LENGTH / OD 


Fig 2. Vaiialion ofwith length/o.d. as the length of 
a lube is varied. The straight lines are intended to be 
merely suggestive 



Fig. 3. Variation of /,v with angle of taper of the ends. 
The definition of t> for inward and outward tapers is 
illustrated in the longitudinal sections shown. The angle 
was varied without changing the overall length, except 
for No. 3 with i.d. = 0-4 cm, for which the arrows indicate 
the order in which the points were obtained. 
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in /av caused by having a finite length can 
be counteracted in part by making the ends 
concave. 

In addition to the tapered specimen, four 
rounded-end tubes are listed in Table 2. 
No.’s 2 and 18 were rounded so as to have 
no sharp edges. No.’s 21 and 23 were rounded 
so as to closely approximate an ellipsoid 
with a hole, and they had sharp edges at the 
ends of the holes. Shoenberg’s work [6] 
suggests that an ellipsoidal tube would 
exhibit a very good Meissner effect, and this 
might lead one to expect that such a tube 
would give very little enhancement, but in 
fact only a moderate reduction in was 
produced by rounding. 

Other aspects of the tubes that might 
influence the degree of completeness of the 
Meissner effect are the perfection of the bulk 
and the smoothness of the surface. It is there¬ 
fore interesting to note that the single-crystal 
tube with as-grown surfaces had an /av that 
was similar to those of polycrystalHne tubes. 
However surface condition can play a small 
role, as is shown by the effect successive 
etches produced on specimens 13, 14 and 17 
(see Table 2). 

In considering field expulsion on cooling 
it is necessary to examine the role that might 
be played by thermal gradients within a 
tube. If the surface cools faster than the 
bulk, the surface may enter the superconduct¬ 
ing state before the bulk, and this would surely 
influence the Meissner effect and probably 
would affect the enhancement as well. Such an 
effect would depend strongly on the cooling 
rate near the start of the transition and would 
disappear for sufficiently slow cooling. From 
this argument it can be seen that thermal 
gradients are not the fundamental cause of 
enhancement, since some tubes show no 
dependence whatever on cooling rate, and 
since attempts to reduce enhancement by 
cooling quasistatically were not successful. 

In some coolings, a ballistic galvanometer 
was used in conjunction with a coil fitted 
around the tube to observe flu^l expulsion. 


It was found that there was an expulsion of 
typically 10-30 per cent of the flux, which 
began before the field in the hole started to 
increase. (A solid tin rod made in the same 
way as the tubes expelled 20-30 per cent 
of the flux.) Within a rather narrow tempera¬ 
ture interval this flux expulsion ceased, 
meaning that a closed superconducting loop 
formed around the outer surface of the tube. 
The flux then trapped did not come out on 
further cooling or on holding the temperature 
constant. (However, curiously, some of it 
would begin to come out any time the specimen 
started to warm.) Generally, the amount of 
flux that moved into the hole was a few per¬ 
cent of the flux originally in the walls, and the 
majority of the flux was permanently trapped 
in the walls. The largest fraction of the flux 
in the walls ever observed to move into the 
hole was 68 per cent. This occurred on one 
trial with tube No. 3 with concave ends and 
gave an/of 15-3. 

Since there is a large amount of flux 
remaining in the walls, a natural question 
is, what limits /? Why is / not much larger? 
Two possible kinds of answers that come to 
mind are; (1) Enhancement ceases when the 
difference between the inside and outside 
fields becomes too large. (Perhaps the walls 
cannot support a greater field difference.) 
(2) Enhancement stops when a given amount 
of flux moves into the hole. (It might be that 
only some of the trapped flux has an easy 
path to the hole.) 

That possibility (1) is certainly wrong 
and that (2) is at least close to the truth 
is shown by measurements made on a tube 
in which the effective area of the hole could 
be varied. In these experiments, a lead rod, 
somewhat longer than the specimen and cut 
so as to fill part of the cross-sectional area of 
the hole, was inserted into the hole. This rod 
was superconducting throughout the measure¬ 
ments, and so the magnetic field was excluded 
from the region occupied by the rod. (The 
amount of flux penetrating into the surface 
of the rod was negligible.) The effective 
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area of the hole was then the area inside the 
tube but outside the-rod. When enhancement 
occurred, a given amount of flux was com¬ 
pressed into this smaller area, giving a larger 
increase in fleld. In other words, if a given 
tube drove a given fraction of its flux into the 
hole, regardless of the area of that hole, then 
the smaller the etfective area the greater would 
be the enhancement. 

Three different lead rods were used 
with tube No. 13, g'iving four values of 
the effective area. /^. was 1-6 with no rod, and 
increased to 3 0 when the effective area had 
been reduced to one-fourth of its original 
value. The detailed results are presented in 
Fig. 4. A</) is the amount of flux that moved 


Having established that what is character¬ 
istic of a given cooling is the flux that will 
move into the hole rather than the enhance¬ 
ment produced, the next question is what 
determines this characteristic amount of flux? 
That this amount of flux has been fixed soon 
after the initial flux expulsion is completed is 
shown by the following experiment. 

On several occasions, a specimen was 
cooled quasistatically while the field was 
modulated in steps of ± 5 per cent. The output 
of the Hall probe in the hole followed this 
modulation. At some temperature, the probe 
ceased to follow the field changes, showing 
that a closed superconducting loop had been 
formed around it. At this point, which was 



Fig. 4. Re!>ulis obtained by inserting various lead rods 
into the hole of tube No 13, so as to vary the effective 
area of the hole The amount of flux that moved into the 
hole on a given cooling, A0. is calculated from/, and N , is 
the applied held. 


from the walls into the hole during enhance¬ 
ment, and A/, is the initial, applied field. 
Atf)///,! has units of area and may be regarded 
as the apparent area of the walls from which 
the flux is expelled into the hole. The figure 
shows that this apparent area is roughly 
()'4 cm’' for all cases, although it may decrease 
somewhat for the smaller effective areas. 
It is perhaps interesting to note that 0-4 cm’' 
is the area of a O' 12 cm strip around the hole, 
and that the cross-sectional area of the wall 
was 3-74 cm’'. 


before field enhancement had begun, the 
external field was slowly brought to zero. 
Subsequent cooling led to an/of I -5, whereas 
a more typical value for this tube was 2-2. 
A second tube, which normally had / = 2-6, 
gave a value of 2-2 under these conditions. 
The effect of turning the field off is surprisingly 
small. In cases in which the cooling proceeded 
somewhat further before the field was turned 
off,/ was the same as if the field were still on. 

These experiments lead to the conclusion 
that flux is trapped in such a way that only a 
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certain fraction of it has an easy path to the 
hole. In other words, the way that the phase 
boundaries propagate during the initial 
flux expulsion and the way that they coalesce 
to give trapping is what ultimately determines 
the field enhancement. It seems most natural 
to suppose that the flux that is able to move 
into the hole is that which lies in normal regions 
which make contact with the hole. 
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Note added in proof: After this manuscript was written, 
a rounded electropolished indium tube (No. 23) was 
studied. The results are preliminary, particularly since 
one end of the hole was damaged during polishing, and 
it is not clear what effect this might have had. On cooling, 
the field in the hole rose in the usual manner, but, begin¬ 
ning at a point which depended on cooling rate, the field 
subsequently decreased again. The value of/,,, was about 
1-2, instead of the value of 1-6 that was found before 
polishing. In one case, a rapid cooling in a field of 10 G, 
the field in the hole rose to a maximum of 19 G and then 
fell to 14 G. corresponding to/ values of 1-9 and 1-4 
respectively. In a slow cooling, the values of 1-5 and I 07 
were obtained from the maximum and the final field 
values. These results are tentatively interpreted as show¬ 
ing that the explanations referred to in the text as pos¬ 
sibilities (1) and (2) are both relevant to this specimen. 
These findings are also singificant in that they provide the 
first evidence that it may be possible, with proper speci¬ 
men preparation, to eliminate enhancement. 
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THE PRESSURE INDUCED METAMAGNETIC 
TRANSITION IN Au^Mn AND THE PRESSURE DEPEN¬ 
DENCE OF THE FERROMAGNETIC CURIE 
TEMPERATURE* 
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Sandia Laboratory, Albuquerque, N.M. 87115. U.S.A. 
and 

F. A. SMITH 

Argonnc National Laboratory, Argonne, 111. 60439, U.S A. 

(Received!^ May 1968) 

Abstract—The AFM-FM transition in Au^Mn has been induced at zero field by the application of 
hydrostatic pressure. The transition pressure is independent of temperature. The ferromagnetic 
Curie temperature increases linearly with a slope of 3 0±0'3“C kbar ' between 18 and 24 kbar. 


The intermetallic compound AujMn is 
known to exhibit ^ metamagnetic transition 
from a helicoidal antiferromagnetic (AFM) 
state to a ferromagnetic (FM) state when 
placed in a magnetic field of about lOkOe 
[1,2], Several investigations have been made 
to determine the dependence of the critical 
field He on pressure and on temperature 
[3-5], In the work of Grazhdankina and 
Rodionov[3], measurements of //<• at pres¬ 
sures up to 10-6 kbar showed a pressure 
dependence of (d//,./dP) = —0-68 kOe/kbar 
[3], There is no simple relation of this to the 
temperature effect since increases slightly 
with decreasing temperature[3,4]. Extra¬ 
polation of the data of reference[3] to zero 
field indicates that AujMn should become 
ferromagnetic at a critical pressure of 
1.5 ± 3 kbar. 

Our sample was prepared by holding the 
mixture of Mn and Au in the melt for 20 min 
and then allowing it to furnace cool. Part 
of the ingot was annealed for four days at 
680°C and water quenched; no detectable 
difference in bulk magnetic behavior was 
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noted due to the annealing process. Analysis 
showed the sample contained 34-3 ±01 
at. % Mn and X-ray data indicated a trace of 
antiferromagnetic AuMn was present. 

The experiment was performed under 
hydrostatic conditions using pentane as 
pressure fluid. An inductance measurement 
technique (described in reference[6], was 
employed to detect the FM-nonFM transi¬ 
tions. Both the critical pressure P^ and the 
Curie temperature B were measured in the 
pressure range of 0-25 kbar and in the 
temperature range 20°-150°C. 

The data in Fig. 1 show the appearance of 
ferromagnetic character in AujMn as pressure 
is increased through the 10-20 kbar region. 
This transition is broad and is centered at 
16-1 kbar, a value which is in reasonable 
agreement with the extrapolated value of 
reference[3], The data of Pr(T) and d{P) 
are plotted in Fig. 2. The data show that, 
within experimental error, P^ is independent 
of temperature between 20 and 90°C. Tenta¬ 
tive evidence that P^ has only a small temper¬ 
ature dependence down to 4-2°K is provided 
by neutron diffraction [7] and Mossbauer 
[8] measurements. It is interesting to note 
at this point that the field induced transition 
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PRESSURE IN KILOBARS 

Fig. I. Pressure induced AFM-FM transition in AujMn 
(T = 22°C). The inductance of a coil containing a sample 
is seen to increase from its air core value L<, as a net 
magnetic moment appears in the sample. 



from the AFM to the FM state observed by 
Grazhdankina and Rodionov[3] was also a 
very weak function of temperature between 
room temperature and 

The pressure dependence of 9 is also shown 
in Fig. 2. At the lowest pressures for which 
measurements were possible viz, the pressure 
at which an appreciable net moment appears 
in the sample, (dfl/dF) is about O-7'’C kbar“‘. 
This is in good agreement with the measured 
pressure dependence of the N6el temperature, 
(d7A,/dP) =0-69±0-07‘’Ckbar-‘ given in 
reference[3]. The value for (dfl/dP) increases 
as the pressure is increased until at pressures 
greater than 19-20 kbar a constant value of 
(dfl/dF) = 3-0±0-3°C kbar~' is observed. 

Several of our experimental observations 
suggest that the AFM-FM transition is second 
order. First, as has just been mentioned, 
(dd/dP) changes continuously and by a large 
amount (a factor of 4) in only a few kilobars. 
It is difficult to envision a mechanism for 
such a change in the FM phase if the transi¬ 


Fig. 2. P-T phase diagram for Au,Mn showing the 
AFM-FM transition line and the pressure dependence 
of the N6el and Curie temperatures. 

tion is first order (even if a mixed phase region 
exists). Conversely, this behavior of 9 is 
compatible with a second order transition. 
Second, from the Clausius-Clapeyron 
equation and the fact that we find Pc to be 
temperature independent, it is required that 
the entropy change AS = 0 (within the accur¬ 
acy of the Pc measurement). Further indi¬ 
cations suggesting that the transition is second 
order arise from both the lack of observable 
hysteresis and the appreciable width of the 
transition. It is recognized that first order 
transitions may be spread over a broad region 
by mixed phases, composition inhomogen- 
ieties, pressure and temperature gradients; 
however in this case, the last two clearly 
cannot contribute. Measurements made on 
a second sample, which was prepared 
differently and is of slightly different com¬ 
position (33 per cent Mn) showed behavior 
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identical to that in Figs. 1 and 2, but with 
a 12 per cent higher value of Pc- This effect 
of composition is not enough to account for 
the transition breadth. The above arguments 
strongly suggest, although do not prove, that 
the AFM-FM transition is second order. 

These observations are consistent with 
behavior which might be expected from 
the model suggested by Herpin and Meriel 
that the spiral spin structure collapses to 
a fan structure with field (or pressure in 
this instance). On the basis of this model, 
previous [7] and present results suggest the 
following as characteristic of the micro¬ 
scopic magnetic behavior of AUjMn under 
pressure. As pressure is applied to AujMn the 
spin angle decreases linearly from 51° at 
Okbar to *=42“ at 9kbar(7]. When the pres¬ 
sure is =» 12 kbar, the spiral structure of the 
Mn moments in the basal plane starts to 
distort until a fan structure is reached at 
about 16 kbar. Additional pressure closes 


the fan until saturation is reached for pres¬ 
sures greater than 20 kbeu*. 

To establish the compositional and pre¬ 
paration tolerances on the alloy, and to 
determine the magnetic structure through 
the AFM-FM transition at low temperatures, 
further experiments employing neutron 
diffraction are in progress by one of the 
authors (FAS). 
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PROCESSUS DE TRANSFERT D’ACTIVITE DU 
Fe(III) DANS LE TRIOXALATOFERRATE DE 
POTASSIUM 
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(Received 26 February 1968; in revised form 10 May 1968) 

Risunii—Le processus de transfert d'activitd du Fe(lll) de FeiOHij ^ K:,[Fe(Cj 04 ) 3 ] 3 H 50 et a 
K 3 [Fe(C 204 ) 3 ] a lieu selon une cin6tique ou chaque isotherme correspond a un palier caract6ristique 
d'unc fa^on analogue au recuit du produit irradi6. 

La pr6sance de I’eau de cnstallisation a la mSme influence sur le processus de transfert que dans le 
cas de cristaux irradies par neutrons. 

Les petites valeures des energies d'activation calculees pour le processus de transfert montrent que 
celui-cl pcut intervenir prdferentiellement dans le processus de recuit. 

L.es spectres des energies d'activation en presence de I'eau de cristallisation indiquent un seui 
groupe de pics dans la cas de la substance dopee tandis que dans le cas de la substance irradiee on 
observe nettemeni deux groupes de pics. 

En confortnite avec ces observations on pent considerer que dans le processus de recuit thermiquc 
du fer de recul, la derniere etape c’esi k dire le pa.s.sage du FellII) de la forme simple dans la forme 
complexe, peut etre representee par un processus de transfert. 


Dans le cas du trioxalatoferrate de potassium 
irradie par neutrons on a montre la presence 
du fer sous deux etats de valence[1], comme 
suite des processus de recul. Les etudes 
concernant le processus de recuit on misent 
en evidence la fait que dans ces processus 
participe le Fe(III) seulement. L’oxydation 
du Fe(ll) a Fe(lll) precede la reaction de 
guerison thermique qui se produi selon une 
cinetique specifique. L’oxydation du Fe(Il) 
a lieu a des temperatures auxquelles la 
guerison ne peut pas commencer. 

Des recherches recentes sur la cinetique 
de recuit thermique en certaines cristaux ont 
misent en evidence I’existence de processus 
de transfert d’activite entre les formes 
differentes du meme element [3-5]. 

Les processus de transfert etudies dans le 
cupferate de fer [6] ont montre la possibilite 
d’un transfert d’activite dans le cas du Fe(lll). 
Le transfert d’activite du Fe(II) dans le 
cupferrate de fer se produi seulement en 
presence du Fe(III)[7]. Dans le cupferrate de 
fer irradie par neutrons I’oxydation du Fe(ll) 
de recul a Fe(IIl) precWe le^rocessus de 


recuit de la meme maniere que dans le 
trioxalatoferrate de potassium. Mais dans ce 
cas la r6action d’oxydation, ainsi que la 
reaction de guerison thermique se produisent 
a la meme temperature. 

Si on compare les processus qui precedent 
la reaction de recuit aux processus de trans¬ 
fert on peut mettre en evidence la difference 
suivante: dans le cas de la substance irradiee 
la reaction precedente est une reaction 
d’oxydation du Fe(ll) a Fe(lll)[2] tandis que 
dans le cas des processus de transfert la 
reaction precedente semble etre une reaction 
de transfert du Fe(ll) a Feflll). 

L’etat de valence du fer est une condition 
n^cessaire. mais le transfert du fer de I’etat 
non complexee dans une combinaison com¬ 
plexe est conditionne par la forme chimique 
de I’agent employe pour le dopage. L’etude 
du systeme sulfate ferreux-hydroxyde ferrique 
a demontre que le processus de transfert est 
accompagne par une transformation de phase; 
seulement le fer qui se trouve dans la duexi- 
eme phase (probablement -y-FejOs) peut 
transferer ensuite dans la forme complexe. 
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Dans le present m^moire nous dtudions la 
cinetique du processus de transfer! d'activite 
du Fe(lII) dans le trioxalatoferrate de potas¬ 
sium. Par difference au cupferrate de fer ou 
les isothermes de recuit thermique se re- 
unissent dans un palier unique, dans ie cas 
du trioxalatoferrate de potassium le processus 
de transfer! correspond a une cinetique dont 
les isothermes de recuit ont des paliers 
differents. Nous etudions egalement I’in- 
fluence de I'eau de cristallisation sur le 
processus de transfer!. 

PARTIE EXP^RIMENTALE 
Le trioxalatoferrate de potassium a ete 
prepare en suivant la methode decrite dans 
la littdrature [8] qui emploie comme sub¬ 
stances de depart le sulfate ferrique, I’oxalate 
de baryum et I’oxalate de potassium. La 
purification a ete realis6e par plusieurs 
recristallisation repetees dans I’eau bidistillee. 
Le produit anhydre a 6t6 obtenu par le 
chauffage de la substance hydratee a IbO’C 
pendant 10 hr. Le melange des cristaux de 
trioxalatoferrate de potassium avec d’hydro- 
xyde ferrique marque avec du Fe''“ a ete 
comprime sous vide k environ 50 atm. 

La separation du fer ^ I’etat simple du fer 
^ I’dtat complex6e, ainsi que la determination 
du fer ont ete effectuees a I’aide des rdsines 
echangeuses d’ions en utilisant la methode 
publiee en[9]. Les traitements thermiques ont 
ete effectues dans un thermostate. De cette 
maniere il a ete possible de maintenir la 
stabilite de la temperature avec une pre¬ 
cision d’environ ±rC. 

L’hydroxyde ferrique a ete prepare par la 
precipitation des ions ferriques, marques avec 
du Fe®*, au moyen d’une solution d’hydroxyde 
d’ammonium. Le precipite a ete filtre et I’eau 
evaporee ^ la temperature ambiante; I’hydro- 
xyde a ete ensuite maintenu dans un dessi- 
cateur avec de chlorure de calcium. 

r£sultats exp^humentaux 
Le trioxalatoferrate de potassium presente 
une grande stabilite thermique, ce qui a rendu 


possible retude du transfer! d’activite 
des temperatures eiev^es. 

Nous avons etudie deux systemes: Fe(III)- 
KalFefC jO,),] 3 H^O et FedlD-KsLFefQOJ,]. 
La variation du transfer! (Tf) en function du 
temps (/) a plusieurs temperatures (120-220'’C) 
est montree sur la Fig. 1 pour le produit 



Fig. 1. Isothermes de transfert dans le K 3 [Fe(C, 04 ) 3 ] 
3H,0-Fe(0H),; 1-120°; 2-130°; 3-150°; 4-180°; 

5-200°; 6-220°C. 


qui contient de I’eau de cristallisation. On 
peut constater qu’a chaque isotherme corres¬ 
pond un palier specihque, d’une maniere 
analogue au produit irradie. Mais le transfert 
commence a une temperature d’environ 
10°C plus elevee. Sur la Fig. 2 nous avons 
represente les isothermes de transfert a 
differentes temperatures pour les cristaux 
anhydres. 



Fig. 2. Isothermes de transfert dans le KjilFetCjOt)]]- 
Fe(OH),; 1-175"; 2-180"; 3-200"; 4-210"; 5-220"C. 
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Le processus de transfert est plus rapide 
pour les cristaux avec de I’eau de cristallisa- 
tion par rapport aux cristaux anhydres, d’une 
luaniere analogue a la substance irradiee par 
neutrons. Le transfert d’activite du Fe(III) 
dans le K 3 [Fe(C 204 ) 3 ] commence 6galement 
a des temperatures plus 61evees. Le domaine 
de temperature dans lequel le processus a 
ete etudie est situe entre 175 et 220°C. 

II est interessant de remarquer qu’a partir 
de la temperature de.l80°C les paliers sont 
assez rapproches pour les deux syst^mes, par 
difference aux basse temperature oil ils 
restent visiblement ecartes. 

Le calcul de la quantity transferee a ete 
effectue selon la formule suivante: 

^ Fe(lIIc) 

^ Fe(III) + Fe(IIIc) 

ou Fe(III) represente I’activite du fer trivalent 
et Feflllc) represente I’activite du fer dans 
le complexe. 

1NTERPR^:TATI0N des RfeULTATS 
Les Figs. 1 et 2 montrent que le processus 
de transfert d’activite du Fe(III) dans le 
trioxalatoferrate de potassium est caracterise 


par un group d’isothermes ayant des paliers 
caract6ristiques. Le processus de transfert 
pour les deux systemes peut etre represent^ 
par le schema suivant; 

Fed 11) -O* Ks[Fe(CM] 3 H 2 O 
et 

Fe(lII) -©+ K 3 [Fe(C 304 ) 3 ] 

ou le symbol -©-» est employe pour designer 
une reaction de transfert [6]. 

L’energie d’activation du processus peut 
etre calculee a partir des isothermes de trans¬ 
fert. Pour effectuer ce calcul nous avons re¬ 
presente la fraction transferee en fonction du 
logarithme du temps. Les courbes composees 
de transfert (Figs. 3 et 4) ont ete tracees par 
le deplacement de I’^chelle du temps cor- 
respondant a ces isothermes, A log/, par 
rapport a une courbe de reference (180“C 
pour la courbe Fig. 3 et ISO^C pour la courbe 
Fig. 4). 

Par la representation des valeures A log/ 
en fonction de I’inverse de la temperature 
absolue (1/7*) nous avons obtenu les droitcs 
montrees sur les Figs. 5 et 6; les pentes de 
ces droites determinent les temperatures 



Fig. 3. Courbe cwnpos^e de transfer! correspondant aux isothermes 
de la Fig. 1; 1 -120"; 2-130’; 3-150*;4-180"; 5-220"C. 
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- -^/n^ I (stc) 


Fig. 4. Courbe comptisee de transfert correspondani aux 
isothermes de la Fig. 2; 1-17.^°; 2-180'’. 3-200°; 4-210°; 
.‘i-220°C. 




Fig. 6. Temperature d’activation du processus de transfert. 
correspondant au syst^me KjIFetCjOjIjl-FetOH).,. 


et dopes avec d'hydroxyde ferrique, nous 
avons calcule les spectres de distribution dans 
les energies d’activation selon la methode 
de Vand et de Primak. Nous avons premiere- 
ment represente la valeur: 

1 d Tf 
“ A:r ■ d(ln f) 

en fonction de I’cnergie d’activation donnee 
par la relation: 


En = kT\\\(Bl) (2) 


Fig. .“i. Temperature d’activation du processus de transfert, 
correspondani au systeme K.ifFctCaOjIal 3FljO-Fe(OFI),. 

d’activation du processus de transfert du 
Fe(lll) dans le KalFetQOda] 3 H 2 O de 
1780°K (0,14eV) et du meme transfert dans 
le K,i[Fe(C 204 ),,] de 5000‘’K (0,4 eV). 

On remarque que la presence de I’eau de 
cristallisation diminue la valeur de la tempera¬ 
ture d’activation. 

Pour comparer les resultats obtenues lors 
du recuit thermique en K 3 [Fe(C 204 ) 3 ] 3 H 2 O 
et en K.i[Fe(C 204 ) 3 ] irradies par neutrons 


ou Tf represente le transfert d’activite, k la 
constante de Boltzmann, T la temperature 
absolue, t le temps et B un facteur de frequence. 

Sur la Fig. 7 est represente le spectre de 
distribution des energies d’activation qui 
correspond au produit qui contient d’eau de 
cristallisation et sur la Fig. 8 le meme spectre 
pour le produit anhydre. Les valeurs carac- 
teristiques des energies d’activation sont 0,325 
eV (Fig. 7) pour le produit avec d’eau de 
cristallisation et 0,32 eV (Fig. 8 ) pour le 
produit anhydre. 
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Fig. 7. Spectre de distribution des Energies d'activation 
pour Ic produit cristaliise avec de I'eau de cristaliisation. 



big. 8. Spectre de distribution des £ner|ips d'activation 
pour le produit anhydre. 


II est a remarquer les valeurs tr^s petites 
des facteurs de frequence B. Nous avons 
calcule ces facteurs en essayant successi- 
vement plusieurs valeurs differents et nous 
avons finalement choisi les facteurs corres- 
pondant a une meilleure superposition des 
courbes. On peur expliquer les petites valeurs 
de ces facteurs, et done les petites valeurs 
des energies d'activation, par I’eventualite 
d’une reactivite chimique entre le ligand et la 
forme dans laquelle se trouvent la substance 
dopante dans le cas du transfert ou les atomes 
de recul dans le cas de la guerison. 

En ce qui conceme les differences entres 
les valeurs des energies d’activation calculees 
au moyen de la representation du A log t en 
fonction de l/Tet les memes valeurs calculees 
au moyen de la methode de Vand et de Primak 
on peut faire la remarque suivante: une erreur 
egale a un ordre de grandeur dans le choix 
du facteur de frequence correspond a une 
erreur egale a 0,1 eV pour I’energie d’activa¬ 
tion. D’une part la precision des resultats 
experimentaux ne permet pas en general 
de se situer au-dessous de ces erreurs, d’autre 
part il est bien connu qu’on obtient une dif¬ 
ference des valeurs calculees au moyen de ces 
methodes. 

DISCUSSION DES RESULTATS 

II faut premierement preciser que I’hy- 
droxyde ferrique, utilise comme substance de 
dopage, n’est lui-meme pas stable pendant le 
chauifage. Selon les donnees bibliographiques 
[10,11] ses poduits de transformation sont 
y-FeOOH et surtout y-FejOs- Ce probleme 
sera etudie en detail dans un autre memoire 
[7], Pour le travail present il a ete important 
d’employer un compose simple du fer trivalent 
qui n’est pas hygroscopique. 

Les valeurs initiates du Tf (Figs. 1 et 2) 
sont relativement grandes. Dans le cas du 
cupferrate de fer le 7/initial est appreciable- 
ment influence par la presence des traces 
d’eau ou d’autre solvent. A cet egard il faut 
egalement prendre en consideration I’efFet 
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de la compression qui peut produire le trans- 
fert dans le cas du trioxalatoferrate de potas¬ 
sium. Pour I'^tude de la cinetique de recuit les 
quelques dizaines de pour cent disponibles 
pour I’etude du transfert repr6sentent un 
domaine comparable au domaine disponible 
dans le cas de la guerison du meme produit 
irradie. 

Si on compare les isothermes de transfert 
d’activit6 dans les cristaux dopes avec 
d’hydroxyde ferrique (Figs. 1 et 2) aux iso¬ 
thermes de recuit thermique de memes 
cristaux irradids par neutrons (Figs. 1 et 
4[1]) on constate une analogic remarquable 
entre ces deux processus. Dans le cas du 
chromate de potassium[4], ainsi que dans le 
cas du cupferrate de fer[61 la vitesse du pro¬ 
cessus de transfert est plus petite par rapport 
k la vitesse de recuit dans les cristaux irradids 
par neutrons. Par contre dans le trioxalato¬ 
ferrate de potassium le transfert est plus 
rapide pour le produit dopd par rapport au 
produit irradid. Le calcul des energies d’activa- 
tion indique des valeurs comparables pour 
les processus de transfert d'activitd et les 
processus de recuit. II rdsulte done que dans 
le trioxalatoferrate de potassium le recuit 
peut se produire prdferentiellement par un 
mdcanisme de transfert. 

Un autre element de comparaison entre le 
transfert et le recuit est represente par les 
spectres de distribution dans les energies 
d'activation. Dans le cas des cristaux hydratds, 
irradids par neutrons, le spectre montre 
['existence de deux families de pics (Fig. 8[1]), 
tandis que dans le cas des cristaux anhydres 
le meme spectre montre une seule famille 
(Fig. 10 [1]). Pour les processus de transfert 
les spectres mettent en dvidence dans les 
deux cases une seule famille de pics (Figs. 7 
et 8) seulement. 

Les differences que Ton constate entre le 
recuit et le transfert sont explicables par le 
fait que I’espece qui transfdre dans ce cas 
(I’hydroxyde ferrique ou son produit de trans¬ 
formation) est diffdrente de I’espdce de recul. 
L’influence de la forme chimique dans laquelle 


se trouve le Fe(lll) utilisd comme dopant a 
un important role dans certains systemes[7]. 
C'est la raison pour laquelle la comparaison 
entre le recuit et le transfert doit prendre en 
consideration certaines circonstances spec- 
iales. A cet dgard on peur remarquer que le cas 
le plus frequent, correspond i la situation lors- 
que la prdsence de la substance de dopage 
frdine le processus de recuit dans les cristaux 
irradids par neutrons. Dans le cas d’autres 
substances, comme c'est le trioxalatoferrate 
de potassium, la forme chimique dans laquelle 
se trouve la substance de dopage accdlere 
le transfert qui se produi plus rapidement par 
rapport au recuit des dspdces de recul. La 
diffdrence qu'on observe lors du recuit entre 
les especes formdes par recul et les dspeces 
de dopage est dgalement augmentde par 
Taction des radiations gamma qui agissent 
dans le rdacteur, produissant des ddfauts dans 
le rdseau des cristaux. 

L'influence de Teau de cristallisation sur le 
processus de transfert dans le systdme 
Co(dipy) 3 (C 104)3 SHjO a dtd expliquee par 
Nath [12,13] prenant en considdration la 
constante didlectrique du rdseau. Le com¬ 
mencement du recuit du complexe hydrate a 
une temperature plus petite que le complexe 
anhydre est explique par la valeur plus grande 
de la constante didlectrique des cristaux 
hydratds. Ces observations ont dtd inter- 
pretees conformement au modele du “variable- 
depth-electron-donors-isotropic-exchange” qui 
est fondd sur le fait que la vitesse de recuit 
est proportionelle a la densite des electrons 
libres. La vitesse de recuit dans le complexe 
hydratd est plus grande que dans le complexe 
anhydre, parce que dans le premier, pour les 
memes conditions de recuit, est disponible 
une plus grande quantitd d’dlectrons libres. 
St on accepte cette hypothese du role de la 
densitd des electrons libres, la prdsence de 
Teau de cristallisation explique Tanalogie 
dans le comportement du produit irradid et 
du produit dopd. 

Nous pouvons tirer la conclusion que la 
comparaison des resultats expdrimentaux 
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obtenues dans le present m^moire, concernant 
le processus de transfert dauis les cristaux 
de trioxalatoferrate de potassium avec ies 
resultats obtenues auparavant dans les mSmes 
cristaux irradies par neutrons [1], confirme 
I’hypoth^se anterieurement emise sur le 
role du transfert dans les processus de recuit. 
En se basant sur ces considerations on peut 
accepter que dans le processus de recuit 
thermique du fer de recul, la demiere dtape 
c’est a dire le passage du Fe(III) simple dans 
la forme complexe peut etre reprdsentde 
par un processus de transfert. 

REFERENCES 

1. RUSI A. et CALU§ARU A., Radiochim. Ada 4, 
206(1965). 

2. cALUSARU A. et RUSI A., Radiochim. Ada 6. 
147(1966). 


3. KAUCIC S. et VLATCOVIC M., Croatica Chem. 
Acta35,365 (1963). 

4. APERS D. J., COLLINS K. E., GHOOS Y. F. et 
CAPRON P. C.,Radiochim.Ada3, 18(1964). 

5. COLLINS C. H., COLLINS K. E., GHOOS Y. F. 
et APERS D. J., Radiochim. Ada 3.18 (1964). 

6. cALUSARU a. et RU§I A., Radiochim. Ada 9, 
I (1968). 

7. RU§1 A., Serra publi6. 

8. YOST DON M., Inorganic Synthesis (Edited by H. 
S. Booth), Vol. I, p. 36. McGraw-Hill, New York 
(1963). 

9. RU$I A. et IONESCO S., Studii fi Cercetari de 
Fizicfl 2,127(1963). 

10. WELLS F., Structural Inorganic Chemistry 3rd Edn, 
Clarendon Press, Oxford (1962). 

11. MELLOR J. W., Inorganic and Theoretical Chem¬ 
istry, Vol. XllI, p. 859-860. Longmans, London 
(1957). 

12. NATH A. et VAISH S. P., J. chem. Phys. 46, 12 
(1967). 

13. NATH A., KHORANA S., MATHUR P. K. et 
SARVPS.,lnd.J. Chem. 4,51 (1966). 




J. Phys. Chem. Solids Pergamon Press 1969. Vol. 30, pp. 195-201. Printed in Great Britain. 


POLYMORPHISM OF POTASSIUM SULPHATE, 
SELENATE AND CHROMATE TO 40 KBAR 

CARL W. F. T. PISTORICS and ELIEZER RAPOPORT 

Chemical Physics Group of the National Physical and National Chemical Research Laboratories, 
South African Council for Scientific and Industrial Research. P.O. Box 395, Pretoria. South .Africa 

[Received 7 May 1968) 

Abstract - Phase transitions of KjSO,. K^SeO^and K 2 Cr 04 have been studied to 30-40 kbar by means 
of differential thermal analysis. The first-order transition temperatures increase with pressure from 
room-pressure values of 584°, 476° and 688-5°C with initial slopes of 18-3. 22-7 and 22-1 deg/kbar. 
respectively. The transition lines of K.^SO, and KjCrO, appear to have triple points at 22-6 kbar. 
996° and 16-6 kbar, 994°, respectively, with the appearance of new high-temperature phases. The 
analysis of earlier high-temperature X-ray results on the thermal expansion of KjCrOi suggests 
strongly that the inversion at 668-5°C is preceded by second-order changes in the range 300-550° as 
in the case of K^SO,. 


INTRODUCTION 

The crystal chemistry of XjYO^ substan¬ 
ces has been fairly thoroughly studied and 
correlated at atmospheric pressure[1]. At 
elevated pressures a single extended phase 
diagram appears to be sufficient to describe 
the polymorphism of NajS 04 , Na 4 Cr 04 [ 2 ] 
and Nai>Se 04 [ 3 ], and the polymorphism of 
the corresponding silver salts[4] is closely 
related to that of the sodium salts. The lithium 
salts [5], on the other hand, have phase dia¬ 
grams without any obvious relationship to the 
other salts studied, and there is comparatively 
little resemblance even among the phase 
diagrams of the lithium salts themselves. The 
corresponding potassium salts have not yet 
been studied under pressure, except for brief 
reports on the polymorphism of K 2 SO 4 to 
1000 bar[ 6 ] in hydrostatic apparatus, and the 
polymorphism of K 2 Cr 04 using uniaxial 
apparatus[7]. However, it is now recognized 
that results obtained in uniaxial apparatus 
are not reliable unless quite elaborate calibra¬ 
tion procedures are carried out[ 8 ,9], 

The orthorhombic pseudohexagonal room- 
temperature modification of K 2 SO 4 has been 
studied by Robinson[10], It belongs to the 
space group D 2 ®-Pnma, with a unit cell of 
ao = 7-46, bo = 5-m, Co = 10-07 ;^[11], The 


atomic arrangement is not close-packed, and 
bears no relationship to the superficially 
similar chrysoberyl structure[12,13], At 
583-586‘’[6,14-17] a transition occurs to 
hexagonal K 2 SO 4 1. The space group of 
K 2 SO 4 1 had been the subject of some con¬ 
troversy, but recently[18] was shown to be 
D»^-P3ml. with a„ = 5-788, c„ = 7-93A at 
6I5°C. In addition to this major structural 
transformation, recent thermal and dilato- 
metric studies on orthorhombic K 2 SO 4 II 
have provided evidence for higher-order 
transitions at - 300°C. ~ 350°C, ~ 450‘’C 
and possibly at ~ 390°[6, 15-17], These 
changes are observable as irregularities in 
the thermal expansion, but are also suggested 
in DTA studies[ 6 ]. Their exact nature is 
unknown at present, but it would appear 
possible that K 2 SO 4 11 just below the 584°C 
transition is not orthorhombic any more [ 6 ], 

K 2 Se 04 11 at room temperature belongs to 
the same space group as K 2 SO 4 11 , but with 
a unit cell of «„ = 7-66, b„ = 6 - 00 , c„ = 10-47 A 
[19], The transition to probably hexagonal 
K 2 Se 04 1 occurs at 472°C[19]. 

K 2 Cr 04 11 at room temperature also belongs 
to the space group Dj^-Pnma, with ao = 7-663. 
<>0=5-919, Co = 10-391 A[7]. The transition 
to K 2 Cr 04 1 occurs at 665-67 TC [20,21], 
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K 2 Cr 04 I is hexagonal with ao = 6125, 
co = 8-245A at 705°C[7]. The space group 
is probaWy the same[7] as for KjSO^ I, 
i.e. DJ<rP3ml. Three further forms in the pres¬ 
sure range to lOOkbar were suggested on 
the basis of resistance studies in uniaxial 
apparatus[7], but the observed effects were 
more probably due to recrystallization [ 22 ] 
or to the effect of impurities. 

EXPERIMENTAL PROCEDURES 

Analytical reagent grade K 2 SO 4 and KjCrQ, 
with a certified purity of 99-8 per cent were 
obtained from Merck. KjSeO^ was obtained 
from Hopkin and Williams Ltd. with reported 
purity of 99 per cent. 

Pressures up to 40 kbar were generated 
in a piston-cylinder device[23]. The furnace 
assembly was similar to that used by Klement 
et <i/.[24]. Phase changes were detected by 
means of differential thermal analysis (DTA) 
using Chromel/Alumel (for KjSeO^) or pla- 
tinum/platinum -10 per cent rhodium-thermo¬ 
couples (for K 2 SO 4 and K 2 Cr 04 ). Correc¬ 
tions were made for the effect of pressure 
on the thermocouples [25]. The salts were 
contained in nickel or stainless steel cap¬ 
sules which incorporated thermocouple 
wells[26]. Typical DTA signals obtained are 
shown in Fig. 1. In the case of K 2 Se 04 
some reaction with the capsule material 
occurred. Post-mortem examination showed 
that it was limited to the edge of the sample 
touching the capsule. This slightly broadened 
the beginning of the DTA signals, but when 
the uncontaminated bulk of the sample 
subsequently transformed, a sharp reversal 
of the DTA curve still occurred. K 2 Cr 04 
became greenish in colour after lengthy 
exposure to temperatures above ~ 1000'’C 
in nickel capsules, but not in stainless steel. 
This effect is apparently due to reduction of 
Cr*"*^ to Cr*'*' or Cr®"*" [27]. Most of the points 
were therefore discarded, and only the first 
few points above 1000°C obtained in any 
run were used. Each phase diagram was 
based on 3-6 separate runs, the results of 


which were consistent. The heating rate was 
in the range 1-3“C/second. Sliding friction 
was determined by comparing results obtained 
on increasing and on decreasing pressure. 
At the temperatures of this study there were 
no non-symmetrical pressure losses[28]. The 
pressures are believed accurate to better 
than ± 0-5-1 0 kbar. The points plotted 
represent the mean of heating and cooling 
cycles. 

RESULTS AND DISCUSSION 
Potassium sulphate 

The phase diagram of K 2 SO 4 is shown in 
Fig. 2. The ll/l transition yielded sharp but 
small DTA signals (Fig. l(i)), with 2-7°C 
thermal hysteresis. The present results 
are in excellent agreement with the points 
of Majumdar and Roy[ 6 ] to 1000 bar. The 
transition line rises linearly with pressure 
to 22-6 kbar, 996°C, where the slope changes 
sharply from 18-35‘’C/kbar to 13-5°C/kbar. 
There is no marked change in the nature 
of the DTA signals at this point, but we 
nevertheless suggest that the change of slope 
indicates a splitting of the II/I phase boundary 
and appearance of K 2 SO 4 III as indicated 
in Fig. 2. No DTA signals corresponding 
to the postulated 1/111 phase transition could 
be observed. The phase relations of K 2 SO 4 
are summarized in Table 1. The transition 
lines were fitted by means of least-squares. 

The heat of transition corresponding to 
K 2 SO 4 11-^1 is 2140cal/mole[29]. This 
transition is among the very few for which 
the thermochemical heat data are most 
dependable. Using the observed slope of 
18-35 ±1 1 deg/kbar, and applying the 
Clapeyron relation, the volume change is 
found to be 

1-92 ±0-12 cm®/mole 

in gross disagreement with the value of 1 -01 
cm®/mole obtained from high-temperature 
X-ray measurements on the basis of a uniform 
orthorhombic indexing from 30-580°C. 
The present results therefore confirm 




Fig. 1. Typical DTA signals obtained, (i) KjSOj Il/lll at 24-8kbar. Fig. 2. Phase diagram of K,SO, to40kbar. 

(ii) KiSeO, II/I at 3-1 kbar. (Ill) KjCrO, ll/I at 12-7kbar, (iv) KjCrO, 

II/IIIat20-9kbar.(v)K,CrO. Ill/lat- l8-7kbar. 
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Table I. Phase behaviour of Kj SO4, 
K2Se04 and K2Cr04 


Transition line 


Fit 

Standard 

deviation 

K2SO4 ll/I 

rCC) 

= .S84+IS-ZSF 

3-3'>C 

KjSO, ll/m 

/(”C) 

= 9%+ 13-5(P-22-6) 

1-4"C 

KjSeO, ll/l 

irc) 

= 476 + 22-65P-0150P‘' 

2 8°C 

KjCrO, II/I 

f(“0 

= 668 5 + 22-I4P-0 I TOP” 

3-2°C 

KjCrO^ II/III 

a°c) 

= 994+ l5-5(P-l6-6) 

3-2°C 

K^CrO, 1/111 

p 

= 16-6 + 0-0083(/-994) 

0-48 kbar 


Majumdar and Roy’s[ 6 ] conclusion that 
K 2 SO 4 II at — .'>80°C differs crystallogra- 
phically from the phase stable at room tem¬ 
perature. We did not succeed in observing 
the second-order changes at ~ 300“C, 
~ 350°C and — 450°C' by means of high- 
pressure DTA. 

Potassium seicnate 

The phase boundary of K 2 SeO, is shown 
in Fig. 3. The I I/I transition also yielded 
sharp but small DTA signals (Fig. I(ii)). 
with l-9°C thermal hysteresis. Our present 
room-pressure point is 476±2°C, being the 
mean of 12 determinations, as compared to 
the literature value of 472'’C[I9]. The transi¬ 
tion line rises with pressure with an initial 
slope of 22 - 6 .'’± 0-8 deg/kbar, but shows 
some curvature at higher pressures. It could 
not be followed beyond 3()'7 kbar, 1()26°C 
due to reaction of the sample with all the cap¬ 
sule materials tried. Up to this point there 
is no evidence of a sudden slope change as 
in the case of K 2 S 04 . The analytical expres¬ 
sion of the phase boundary is given in Table 1. 

Potassium chromate 

The phase diagram of K 2 Cr 04 is shown in 
Fig. 4. The I I/I transition (Fig. I(iii)) had a 
thermal hysteresis varying between 1-6°C. 
Our present room-pressure pjoint is 668-5 
± 3°C, being the average of 6 determinations. 
The I I/I transition line rises with almost 
exactly the same initial slope and curvature 
as the K 2 Se 04 II/I transition line (Table 1) 
up to 16-6 kbar, 994‘’C, where the slope of 


the transition line as well as the signals change 
markedly (Fig. l(iv)). A search of the high- 
temperature region near this pressure revealed 
smeared-out DTA signals of poor quality 
(Fig. l(v)) which were nevertheless reproduc¬ 
ible and consistent, and could be ascribed 
to a transition K 2 Cr 04 I/ll I which is the 
counterpart of the K 2 SO 4 1/1II transition 
postulated above. The K 2 Cr 04 l/IIl transition 
temperature increases very rapidly with pres¬ 
sure. The I I/I II transition has a thermal 
hysteresis of only 1-3°C, and is linear in 
the present pressure range. 

The thermal expansion coefficients of 
K 2 Cr 04 11 [7] are closely similar to the 
corresponding coefficients for K 2 S 04 11 [ 6 ]. 
In particular, the irregularities in the thermal 
expansion of the ba parameter (in Pnma 
orientation) found for K 2 SO 4 II are also 
present in the case of K 2 Cr 04 II, although 
they were not originally recognized as such. 
This shows that there is at least one, and pos¬ 
sibly more, second-order changes below the 
K. 2 Cr 04 II/I transition at room pressure. 
As in the case of K 2 SO 4 , the volume change 
of the K 2 CrOj II/I transition determined 
from an orthorhombic indexing of the high- 
temperature diffraction patterns can therefore 
not be correct. However, the heat of transi¬ 
tion has not been determined very well. The 
two values in the literature, viz. 1-7[ 21 ] 
and 2-44[20] kcal/mole, respectively, are 
in bad agreement. Using these values together 
with the observed initial slope of 22-14±T2 
deg/kbar, we find 

Auii,i = 1 -68 or 2-4 cm“/mole 
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respectively. The probably unreliable dif- 
fractometric value is 1 -9 cm^/mole. 

The initial slope of the 11/1 transition ob¬ 
served in the uniaxial apparatus [7] was — 8 
deg/kbar. This low value can be ascribed 
partly to overestimation of pressure, and 
partly to contamination of the very small 
samples during the experiments. 

CONCLUSION 

The phase diagrams of KjSO^, R 2 Se 04 
and K 2 Cr 04 are very similar. A phase 
corresponding to K 2 SO 4 111 and K 2 Cr 04 111 
may be expected in the phase diagram of 
K 2 Se 04 at higher pressures. The structures 
of these new phases are not known at present, 
but in view of the similarity in behaviour 
of the Il/I and ll/III transition lines in every 
case it is probable that the phases III are 
structurally not very different from the phases 
1 . LiKSO4[30,31] has a structure closely 
related to those of glaserite or K 2 SO 4 1 . It is 
hexagonal, space group Ce^-Pba, and has a 
unit cell of the same shape as that of K 2 SO 41 . 
in fact, the positions of half the cations and 
of the sulphur atoms would be the same in 
the two structures if u{S) were 0-25 instead 
of 0-17 in the LiKS 04 structure. It is therefore 
entirely possible that K 2 SO 4 III and K 2 Cr 04 
ill may also be hexagonal, but with the 
LiKS 04 structure instead of a glaserite-like 
structure. 

A comparison of the phase diagrams of 
K 2 SO 4 and K 2 Cr 04 with those of Na 2 S 04 
and Na 2 Cr 04 [ 2 ] is instructive. The high- 
temperature phases Na 2 S 04 1 and Na 2 Cr 041 
are hexagonal, and probably isostructural[18] 
with K 2 SO 4 1 and K 2 Cr 04 1 . Na 2 S 04 111 
and Na 2 Cr 04 II are orthorhombic, space 
group Dj^-Cmcm[32] and have structures 
somewhat similar to that of K,S 04 11. At 
higher pressures the Na 2 S 04 111/1 and 
Na*Cr 04 ll/I transition lines each splits 
into two with the appearance of N £14804 
Vll and Na 2 Cr 04 IV, which were suggested 
to be isostructural. The Na 2 S 04 VI1/1 and 
Na»Cr 04 lV/1 transition lines behave in a 


somewhat similar fashion as the K 1 SO 4 
11/1 and K 4 Cr 04 11/1 lines in that there are 
slope changes at higher pressures with the 
appearance of new, possibly hexagonal, 
hightemperature phases Na 2 S 04 Vlll and 
Na 2 Cr 04 V. If such a similarity is real, it 
would imply that Na 4 S 04 VII and Na 2 Cr 04 
IV may have the K 2 SO 4 II structure. Gattow 
[ 1 ] has shown that, for the ionic radii of 
Na 4 S 04 , the K 2 SO 4 II structure is slightly 
denser than the Na 2 S 04 IIl(V) structures, and 
can therefore be expected to occur as a high- 
pressure form. 
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MIXED MAGNETIC SYSTEMS: A MODEL WITH 
APPLICATION TO 
(1 — jf) CdCr2S4 • jcCdCr2Se4 
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Abstract—The Curie temperatures and asymptotic Curie temperatures are calculated for mixed mag¬ 
netic systems by a semi-classical Bethe-Peierls-Weiss cluster approach. The systems are typified by 
(1 — at) CdCrjS, • jrCdCrjSe^ in which the substitution changes the anions but not the magnetic cations. 
It is found that next-nearest-neighbor interactions are needed to match the data but that, with them, 
excellent agreement can be obtained for a reasonably unique choice of the exchange integrals. 


1. INTRODUCTION 

There are many substances in which there is 
an exchange interaction between magnetic 
ions which takes place by way of some inter¬ 
vening ions whose type can be varied. In these 
cases, there is an interaction between a fixed 
number of magnetic ions, but the strength 
(and possibly the sign) of the interaction can 
change with the composition of the interven¬ 
ing ions which are responsible for transmitting 
the interaction. It is the purpose of this paper 
to suggest a simple model which may be of use 
in interpreting the behavior of these sub¬ 
stances. Application of the model is made to 
the ferromagnetic chromium chalcogenide 
spinel system[l]: 

(1 —xlCdCrjSj • jcCdCr2Se4. 


produce J-z. Then, with applied field H„ and 
internal field //,. the cluster Hamiltonian can 
be written: 

H = - 27 , 5 „ • 25 ,- 2JzS„ ■ 2 5 , 

I I 

-gpHo-Sv-gPHrtSi (I) 

1 

where /i, + n 2 = n is the coordination number. 
In this Hamiltonian, interactions between the 
NNs themselves are supposed not to exist. 

If we now make the classical spin approxi- 

mation[3], the partition function can be 

written as 

Z = j P,’''P.z”‘e”dno ( 2 ) 

where 

/>, = J e'’"’'^"‘''da (3) 


2. THE MODEL 

Let our system consist of only one kind of 
magnetic ion, but let there be two exchange 
integrals between neighboring pairs. 7, and72. 
These two represent the pertinent exchange 
integrals for the two pure substances of which 
our system is a mixture. 

A plausible Hamiltonian for the Bethe[2] 
cluster will then include the interaction of the 
central atom (spin 5o) with its n nearest neigh¬ 
bors (NNs) of which n, are reached by way of 
ions that produce an interaction Jn and /ij that 


bi' 


kT 


kT 


(4) 

(5) 

( 6 ) 


kT 

T), = cos( 5 o, 5 ,) 

R, = cos(5,,//,) (7) 

Vn = cos(5o,//o) 

with Ha and //, chosen to be along the z-axis 
and dn, an element of solid angle in the 
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direction 5(. We then find 
In Z = n, In a, + In 0:2 

c'^ ac 

+ —+ (n^Ll + rXiLi)— 

+ (n^Qx-^ niQ-i-^ln^n-iLiU)— 


to second order in the fields. Here 
sinh hi 

hi 

Li = — — coth hi — ^ 
a, h, 

Qi = (ni-\)W+\. 


( 8 ) 


(9) 

( 10 ) 

( 11 ) 


From (8), the magnetizations of the central 
atom, Wq, and one of its neighbors. /«,, are 
obtained from 


(1 InZ 
dc 


and 


1 0 InZ 
n da 


Equating these two for consistency gives the 
equation which locates the Curie temperature, 
Tc, for zero applied field: 

ftiQj + niQi + IniniLjLi — + niL^)—^. 

( 12 ) 

(For an antiferromagnetic, the consistency 
condition is m„ =~m,. Since L is an odd func¬ 
tion of y, this results in the same equation 
foiTr.) 

The susceptibility is obtained from w„/c- and 
turns out to be (for both ferro- and antiferro¬ 
magnetics): 

y (y/3^)- 
3Ar 

ni(2i + ^ag2 + 2w|«2LiL2- {niLi+ n..Liy 
riiQi -I- HiQi 2«,n,L,/-2 — «(«,L, + n-il ^)' 

(13) 

For temperatures well above T^, this 
approaches the Curie-Weiss law: 

C 

X j- _ Q (14) 


relation between the asymptotic Curie tem¬ 
perature and the composition variable, x. This 
high-temperature limit is known to be well 
described by the cluster approximation from 
the agreement of the first few terms of the 
series expansion method and the cluster 
method when expanded in powers of JlkT. In 
this limit the results of the molecular field 
theory are obtained, i.e. the asymptotic Curie 
temperatures of the cluster model are the 
Curie temperatures of the molecular field 
theory applied to the same model. 

If, for x = 1, we call the asymptotic Curie 
temperature 0(1), and for x=0, 0(0). we see 
that 


0(1) A 

0 ( 0 ) J 2 


(16) 


In these two limiting cases of pure substances 
we find that (12) reduces to: 


so that the two roots for be are the same, 
which means 


Ted) _ ■/. 

7'.(0) J 2 


(18) 


We al.so find, on solving (12) for Tc as a func¬ 
tion of X, a nearly linear relation between 
them, essentially the same as 0{x) in (15). 

2.1 To make the model a little more general 
and to remove the requirement that 


eO).. Ted) ,,Q. 

0(0) TeiO) ^ 

imposed by (16) and (18), we consider the 
following extension: Suppose that the interac¬ 
tion between two magnetic ions goes by way 
of two of the ions whose composition we are 
varying. This apparently is the case, e.g. in the 
ferrospinel system 

(I — x)CdCr2S4 • jcCdCr2Se4 


e = jj^(n,J, + nM. (15) 

If nt=nx and n 2 =nd—x), we have a linear 


each Cr ion (on the S-sites) interacts with its 
NN Cr through two anions (S or Se). There 
are then three possible effective exchange 
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integrals; Ji when both anions are Se, when 
one is Se and one S. and when both are S. 
Our Hamiltonian (1) is now modified by the 
addition of the term 

na 

I 

where 

«! = nx^ 
rtj = 2 nx( 1 —x) 
n3 = nil-xy ( 20 ) 

and 

n, + Mj + «3 = «, 

assuming the anions are distributed randomly. 
The partition function is then 

Z = j e""” dn„ (21) 


values of OlTg. As we shall see, the necessary 
generalization of the theory is to include more 
distant exchange interactions. 

2.2 It has been suggested! 1 ) that next- 
nearest-neighbor (NNN) interactions are 
present and that these might be weakly anti¬ 
ferromagnetic. We can roughly include these 
by adding to the Hamiltonian the terms; 

- 2 J,Sa-% (26) 

1 

when ^4 is the NNN exchange integral and //j 
is the internal field acting on the NNN atoms 
of which there are /I 4 . The partition function is 
now: 

Z= j P,"'P 2 "^/» 3 ’'=/> 4 "*e'’-'“dft„, (27) 

and there are two consistency conditions: 


from which we find the equation for to be 
E «(0(+ E 2n,«jL(Lj —« 5) = 0 

i>j 

( 1 , 7 = 1 , 2, 3) (22) 
and the asymptotic Curie temperature is 
252 

B = ^{nxJi + n 2 J 2 + n3Ja). (23) 

To investigate these equations we must 
make some assumptions about the T’s. It 
seems most reasonable to assume that 

J 2 ~ \'^ Ja) • (24) 

If we do this, we find that (23) reduces to a 
linear equation identical with (15): 

e = ^{JxX+J 3 {\-x)). (25) 

Also, in the region of small b, when L is 
linear, (24) implies that L 2 = i{Li + L 3 ). In 
that case ( 22 ), which is a quartic in x, reduces 
to a quadratic, the coefficients of x* and x’ 
vanishing identically, and the behavior of Tg 
with X is again almost linear, much like that of 
0 in (25), except that BjTg = T25. Unless the 
variation of J 2 with x is left arbitrary, the theory 
will be inadequate to explain anything but 
linear results for Tgi^x), and netffly constemt 


mo = m, = m 2 (28) 

to eliminate the two internal fields. The Curie 
temperature equation that results from this is 

2 /!((«(-1)V+E 2ninjL,Lj — n'^ niLi + n 

I t» 

X (I -I-L 4 ) -I- (2) n,Lt^— n)niL^ 

= 0/,7= 1.2.3 (29) 

while the asymptotic Curie temperatures are 

252 

B = (^1*7 1 T 2 T a ^*^ 4 ) • (30) 

Before calculating Tg from (29), values 
must be chosen for ^ 4 , and the ratio of to, 
say, J 3 . If the substitution proceeds without 
affecting the atoms producing the NNN 
exchange, n, and will be constants, inde¬ 
pendent of X. If not. we will have to know how 
many exchange paths there are to each NNN, 
and how many of the substitution sites are in 
each path. We would then know how many 
different types of exchange interactions are 
needed to replace J 4 and how their relative 
numbers depend on x. Now. the NNN 
exchange mechanism is apparently not 
known with certainty so the required infor¬ 
mation is lacking. In view of this, and because 
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of the probable relative smallness of J4, we 
simplify the problem by replacing J 4 by J(x) 
which depends on x in some reasonable way 
(linear, quadratic, etc.), once the details of the 
NNN exchange paths are assumed. The 
coordination number, /I4, is then a constant. 

The solution of (29) is then effected by as¬ 
signing the ratios (J 2 is fixed by 

(24)), evaluating the for a given x and finding 
a compatible solution for Z., .2,3.4. 

The end points of the curves are considef- 
ably simpler to find. For jr = 0 and 1, we find 
from (29) 

f,- I-(//-I)/-, ,3,, 

^ («4- I) +(«.,+ «- 1)/-, 

where L, — L., and L,, respectively. 

3. APPl.lCATIONS AND CONCLUSIONS 

We let 

= + (32) 

and employ equations (20) and (24) in solving 
(29) and (30) for 7',. and H. The results obtained 
using arbitrarily chosen parameters are shown 
in Figs. 1-6. In all cases we have taken « = 6 
and n4 = .30 and J, .Jj;./., = 1-4; 1-2; l-O. In 
Figs. I and 2, J-JJo is —20; in Figs. 3 and 4 it is 
— 40; and in Figs. 5 and 6 it is +20. For the 
negative ratios, the magnitude must be greater 
than about 18-5 or there is no transition. 
(Near this critical value. T,. falls rapidly 
because of the competing NN and NNN 
interactions.) Increasing the magnitude of 
JJJ 2 increases the value of but 

rather slowly for positive ratios JJJo- For 
fixed a+fi. the end points of the curves are 
the same, but not their shapes, and we see 
that the end points are rather sensitive to the 
value of the sum. 

The variety of curves obtained by varying 
only JJJo, a and j8 make it seem hopeful that a 
variety of experimental data can be matched 
and that, if all the parameters are not totally 
unknown, this match may be for a restricted 
set—or even a unique choice—of parameters. 

We have attempted to match the experi¬ 


mental data [4] for 

(1 — jflCdCrjSi • jcCdCr2Se4 

assuming n = 6 and n 4 = 30. This leaves four 
parameters to adjust; the three just mentioned 
and JJJ 3 . The measured value 6f djTcatx = 0 
fixes JJJo and at = 1 provides a relation 
between JJJg and a + j8. The value of 7^(0)! 
Tr(l) leads to another relation between these 
same two quantities. The two are adjusted to 
provide a satisfactory match to the end-points 
of the curves while a and (3 are varied, their 
sum constant, to obtain the correct shapes of 
the curves. In this way, we obtain the results 
shown in Fig. 7. Here we have plotted the 
solutions of equations (29) and (30) for the 
parameters that gave an optimal fit, viz., 

y, = I6-96“K 
J.,= I3-94°K 
J„ = -0-69rK 
a= 0-520 

)3= -0-520 
and 

Ji = HJ,+J 2 } = 15-45“K. 

The agreement of these curves and the data is 
seen to be excellent. In view of the inade¬ 
quacies of our model, the precise numerical 
values here may be of less significance than 
their relative values and. as mentioned below, 
the j:-dependence of the effective exchange 
integrals. That is, the ratios of these J'% will 
give Tr(x) and 0 (x) curves of the correct 
shape, the actual values of the Vs will pro¬ 
perly normalize these curves to the data. 

Also shown in the figure are the curves that 
result if the parameters are changed (the 
dashed curves). It is seen that a 3 or 4 per 
cent change in 7, or J 3 produces a noticeable 
change in the result for 7’r(jr) or dlT^. Al¬ 
though not shown, a similar change in Jo has a 
similar effect. On the other hand, d(x) is not 
nearly so sensitive as this, as one would 
infer from (30). Changing the value of a+ /3 is 
also not very critical, although it too affects Tc 
more than 6 . The effect on the latter of a 
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0-2 


0-0 I-1- 1 -1-1 

0 CWS 0-50 0-75 1-00 


Fig. I. 



Fig. 2. 


change of about 20 per cent in a and /3 is 
shown in the figure. 

Finally the effect of changing the NNN 
coordination number, « 4 . from 30 to 24 or 36 
was investigated. It was found that the major 
change was in Jq, but that n^o stayed constant 
to within about 3 per cent. This is gratifying 
because Jq is really an average of the several 
different types of NNN interaction whose 
total number is n^. It is fortunalfc, therefore. 



Fig. 3. 



Fig. 4. 


that the theory is not sensitive to the value of 

n^g. 

In matching the 9 and Te data at jc = 0 and 
1 , we found the following four sets of para¬ 
meters were satisfactory: 





a + p 

0(1) 

-II 

-K-7 

3-8 

0-3 

53 

-II 

14 

-0-7 

-8-5 

% 

17 

-8-7 

3-8 

-1-2 

45 

17 

14 

-0-7 

0 

170 
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Fig. 1-6. Calculated values of the reduced transition 
temperatures. 7,.(j:)/rr( I). and the ratio of the asymptotic 
to the actual transition temperatures, 6{x)ITAx). vs. 
the composition, x. The curves were calculated from 
equations (29) and (30) and are meant to apply to no 
particular substance. The choice of the parameters is 
discussed in the text. In Fig. I and 2, JjJa is —20, in 3 
and 4 it is —40 and in 5 and 6, +20. 

However, only the last set gave a reasonable 
fit elsewhere as shown, for example, by the 
value of 0 at jc = i given in the last column. 
The measured value is 180°K. 



Fig. 7. Calculated values of T^. 6 and BIT^ vs. x. The 
isolated points refer to the data on (I — jc)CdCr 2 S 4 
• rCdCrjSe^ from reference [4]. The parameters for the 
theoretical curves are discussed in the text. 

It thus appears possible to choose the 
parameters in our theory to match the 
observed behavior of Tc and B as functions 
of composition. Moreover, if the NN and 
NNN coordination numbers are assumed 
known and the manner in which the NN 
exchange effects vary with x is postulated, 
the proper choice of parameters is apparently 
unique. 

Another theoretical interpretation of the 
data has been made[l, 4]. In this work, both 
high-temperature series expansions and a 
two-particle cluster theory were employed 
and the x-dependences of the effective NN 
and NNN exchange integrals were fixed to 
match the Tc(x) and 0(x) data. In Fig. 8 
we compare these functions with ours. Our 
effective NN exch 2 inge integral is of course 
a linear function of x; 

J ~~ [n 1 ^ 1 - 1 - ^3^3] “ (•fi 

n 
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Fig. 8. The effective nearest-and next-nearest-neighbor 
exchange integrals on the basis of the present theory 
(solid lines) and an alternate interpretation from reference 
[41(dashed lines). Also shown is the lattice parameter 
as a function of composition. 

and the NNN exchange integral is a weak 
quadratic function, 

Considerably greater variation with x is 
required by the analysis of Wojtowicz et al. 

Also shown in the figure are the experi¬ 
mental data [4] for the lattice constant. 
It is seen to vary almost linearly with x 
with a total change of about 5 per cent 
between x = 0 and 1. 


The principal defects in the model we have 
employed are probably the following; 

1. Interactions between NN’s and NNN’s 
of the cluster are ignored, even though some 
of the NNN’s are NN’s to each other. 

2. The several different types of NNN 
sites and their exchange integrals are lumped 
together and their effect approximated by 
some total effective number of equal exchange 
int^rals. (See reference [5] for a criticism.) 

3. The NNN interaction itself was treated 
in its composition dependence in a different 
manner from the NN exchange integrals. 
The assumed quadratic dependence on x 
is. moreover, probably too simple considering 
the complexity of the possible NNN exchange 
paths. 

Despite these shortcomings, more than just 
reasonable agreement with experiment has 
been obtained. We plan an extension of 
these calculations with a model that should 
improve the situation. 
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THE MOBILITIES OF HOLES AND ELECTRONS IN 
IODINE SINGLE CRYSTALS 
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Abstract-The mobilities were measured by the observation of the transit times of optically generated 
current pulses moving across the crystal under space-charge limited conditions. The mtyority carriers 
were holes at room temperature. These had a mobility, measured in the b-direction, which varied as 
exp — ^EikT with A£ = 0 08eV over the temperature range 190-280°K. The mobility was 0-66 
cmVVsec at 293°K. The transit of electrons was also observed in the temperature range 140-260°K. 
The electron mobility varied as T""* over this range, with 0-6cmVVsec at 250°iC. The holes 
created by light absorption in either of the two main iodine absorption bands have essentially the same 
mobility, indicating hole transport in a common valence band. 


1. INTRODUCTION 

Theories of the processes occurring within 
an insulator during the initial stages of space 
charge limited current flow have been 
developed independently by Many and 
Rakavy[l] and by Helfrich and Mark[2]. 
The oscillatory decay of this current pulse 
towards the steady state condition described 
by Mott and Gurneyf3] has been considered 
by Schilling and Schachter[4]. Many ef a/.[5] 
confirmed the main features of the transient 
S.C.L.P.C. theory in experiments on iodine 
single crystals. In this paper the hole mobility 
deduced from the S.C.L.P.C. pulse transit 
time as a function of temperature is re¬ 
examined, and in addition data on the electron 
mobility is provided. The mobility of holes 
originating from blue light and from red light 
absorption, corresponding to the two main 
absorption regions, was examined to check 
whether a difference existed sufficient to indi¬ 
cate separate valence bands. 

According to Many and Rakavy, in the 
absence of a space charge control, the transit 
time of a sheet of charge moving across a cry¬ 
stal of width L is fo = where n is the 

mobility and V the voltage applied. 


*Presenl address: Noranda Research Centre. Pointe 
Claire, Quebec, Canada. ^ 


At higher voltages and with an appropriate 
density of carriers in the charge reservoir at 
one face the transit time is 

/, = 2(I-e-'«)^« 0-8/„. (1) 

They also showed that the instantaneous cur¬ 
rent Jo immediately after the generation of the 
charge layer by a highly absorbed light flash 
is given by 

Jo = 4-4 X Amps/cm^). (2) 

Thereafter the current increases up to a 
maximum at time corresponding to the 
sheet of carriers at the opposite electrode. 

The treatment by Schilling and Schachter 
of the behaviour of this current beyond i, 
predicts a strongly damped oscillatory decay 
to the steady state value J,^. 

_9fieV^ 

•ft® ~ S 

according to 

J(0 =jexp i-kt) (4) 

with the dominant mode 

^» = ^^)[3-82-by{8-36)]. (5) 

The carrier mobility can, at least in principle. 
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be determined using either equation (1), (2) or 
(5). In practice however J„ is strongly influ¬ 
enced by other factors which are not well 
understood at the moment[6]. The oscillatory 
decay is found to be very strongly damped 
and the determination of the current maxima 
grossly inaccurate, so that equation (5) is not 
of use for mobility determinations. The most 
accurate method is undoubtedly the measure¬ 
ment of carrier transit times by observing the 
cusp in the current pulse corresponding to the 
arrival of the front of the charge sheet at the 
opposite electrode. This method is therefore 
used here, measuring the transit time as a 
function of applied voltage for a known crystal 
thickness. 

2. EXPERIMENTAL 

The iodine single crystals were grown by 
sublimation from 99-998 per cent purity iodine 
supplied by the i<och-Light Laboratories. 
This iodine was heated to about 6()°C and 
condensation allowed at 18°C in a closed tube 
containing nitrogen at a pressure of 65 cm of 
mercury. 

The iodine single crystals selected were 
provided with electrodes of transparent tin 
oxide coated onto a silica disc for one face and 
a platinum guard ring and centre electrode on 
the opposite face. The growth habit of these 
wafer crystals is such that the current is 
directed along the /j-axis in these experiments. 

The transparent electrode was biased by a 
d.c. arrangement over the range 0-1,000 V, 
whilst the back electrode was connected to 
earth via a 22K ohm load resistor. The guard 
ring was maintained at earth potential. Pulse 
amplification used a pre-amplifier and type L 
plug-in unit of a Tektronix type 541 Oscil¬ 
loscope. The rise time overall was 0-4 sec, 
with a current sensitivity extending down to 
10-" A. 

A pulsed argon arc generated a light flash 
of about 0-2 fi sec duration which was focussed 
down onto the iodine through the transparent 
electrode to provide the charge reservoir at 
that electrode. 


The specimen and its electrodes were sealed 
within a vacuum tight copper container with 
provision for electrical connections. This was 
fastened to the end of a ‘cold finger’ type 
liquid nitrogen dewar. Temperature measure¬ 
ment was by a thermocouple attached to the 
platinum guard ring. 


3. RESULTS 

Figure I shows a current pulse for hole 
transit obtained with this system. In this case 



Fig. I. The time dependence of the hole current, repre- 
.sented in dimensionless form, with t, the transit time of 
the holes across the crystal and j„ the initial current 
amplitude. 

the temperature was 243‘’K with +400 V on 
the illuminated face of a 0-25 mm thick crystal. 
The shape is that anticipated for transit 
through a crystal exhibiting bulk trapping and 
recombination[1]. The cusp corresponding to 
the arrival of the carriers at the back electrode 
after the transit time f, is followed by a series 
of maxima in the oscillatory decay. The first 
such maximum occurs 0-75 /, after the cusp, 
in agreement with the theory of Schilling and 
Schachter. A detailed comparison with that 
theory, however, was not possible due to the 
very strong damping to which these oscilla¬ 
tions are subjected in most of the pulses 
observed. 
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For both hole and electron transit the initial 
photocurrent was found to vary linearly with 
voltage at very low fields changing to the 
dependence expected for a space charge 
limited current, and finally saturating at fields 
above 10‘'V/cm, particularly at low light 
levels. 

In the regime of space charge limited cur¬ 
rent flow a plot of the transit time versus re¬ 
ciprocal voltage should yield a slope of 2Z,V/u 
x(l—Figure 2 shows typical results 
obtained, in this case at 243° and 293°K. 



Fig. 2. Dependence of the hole transit time on the applied 
voltage for 293“ and 243°K. 


Similar curves were constructed at tempera¬ 
tures down to approximately 170°K to provide 
the data for the mobility-temperature relation¬ 
ship. In order to reduce the effects of internal 
polarization fields[7], consequent upon charge 
localization in traps, only the first pulse was 
recorded for each voltage chosen at tempera¬ 
tures below 250°K. Reheating and discharging 
was used to try to clear these polarization 
fields after each measurement. 

The logarithm of the hole mobility obtained 
from a series of such measurements is shown 
as a function of reciprocal temperature in 
Fig. 3. The activation energy associated with 
this curve is 0-08 eV. The mean curve 
obtained by Many et a/. [8] for the hole mobi¬ 
lity in iodine single crystals is included in the 
same figure. Although the hole mobility for the 
two sets possibly tend toward^ a common 



Fig. 3. Temperature dependence of the hole drift mobility 
along the fc-axis. The dashed curve is the mean of the 
mobility results of Many ei a/.[8] for drift parallel to the 
h-axis. 

curve above 280°K, at lower temperatures the 
results are quite different. 

Under normal conditions the transit of 
electrons cannot be observed. However, if 
several transits of holes are allowed and then 
the field suddenly reversed, pulses are ob¬ 
tained showing the cusp indicative of a normal 
transit of charge across the crystal (Fig. 4). 
Such pulses could be sustained over periods 
up to 30 min after such a field reversal at 
temperatures below 250°K. The effect of the 
field reversal does not seem to lie in an in¬ 
creased effective internal field since the transit 
times remain almost constant, independent of 
the gradual decay of final pulse height in 
successive pulses. Rather the main effect 
must be to produce conditions giving an 
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TIME FOLLOWING FLASH - MICROSECONDS 


Fig. 4. Electron current through a 0'2.^ mm thick crystal 
with 160 V applied and the temperature 178°K. The over¬ 
shoot of the initial photocurrent is observable also in some 
circumstances during hole transit. 

increased lifetime for the electrons. The pos¬ 
sibility of a back transfer of holes was ruled 
out because the blue light used for stimulation 
would have a penetration depth of only ~0-5 
H- A linear variation of transit time with re¬ 
ciprocal voltage was obtained as expected for 
space charge limited current flow. From a 
series of such curves the electron mobility as 
a function of temperature was found and is 
shown in Fig. 5. The mobility is seen to vary 
as 7““" over the range I40-260°K. 



Fig. 5. The temperature dependence of the electron drift 
mobility along the h-axis of an iodine singly crystal. 


The possibility of two separate valence 
bands was checked by using blue and then red 
light to create the charge reservoir with 


biasing as for hole transit. The transit time as a 
function of reciprocal voltage is shown in 
Fig. 6. The slopes, which are proportional to 



1000 / APPLIED VOLTAGE 

Fig. 6. The voltage dependence of the hole transit time 
for stimulation by red and blue light. 

the mobilities, are different, the ratio being 
0-85. The maximum intensity of output from 
the light source used lies in the blue region of 
the spectrum. The ratio of the slopes for weak 
and strong illumination should be 0-8, cor¬ 
responding to space charge free and space 
charge limited current flow respectively [5J. 
The transit times for the weak red light excita¬ 
tion are increased as anticipated so that the 
small difference in the mobilities is probably 
an apparent one due to the differing illumina¬ 
tion conditions. A common valence band 
therefore seems very probable. 

4. DISCUSSION 

The activated transport process for holes in 
the /^-direction of these iodine single crystals 
is considered to be the result of a trap con¬ 
trolled drift mobility [9] rather than the result 
of a ‘hopping’ motion [10]. The former inter¬ 
pretation is favoured largely because a pro¬ 
cess fundamental to the iodine lattice, as in 
the case of a hopping motion, would be ex¬ 
pected to manifest itself in a regular manner 
and be relatively independent of specimen 
history. The considerable divergence between 
the results of Many et al. and those presented 
here suggests that the mobility below room 
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temperature is in fact quite sensitive to speci- ments on iodine which has been subjected to 


men treatment. Thus the mobility in this batch 
of crystals is thought to have been controlled, 
below 280°K, by a set of traps of density N, 
lying about 0-08 eV above the valence band. 

In the absence of higher temperature re¬ 
sults for these samples it is assumed that the 
departure from the exponential curve around 
280°K is the beginning of the transition to a 
lattice scattering controlled mobility as found 
by Many et al. The consistent results obtained 
in this region by this group would seem to 
justify such an assumption. Using this data 
above 300°K for the lattice scattering mobility 
= gives a= 3-8x 10^cm*sec"'K'‘ 

Below 280°K the hole mobility can be 
written 



The effective density of states is estimated on 
the basis of rtin* = m. Substituting then for 
A/,, in ( 6 ) gives a trap density of 1 O'* cm~*. 

Thermoluminescence measurements by 
Braner and Chen[ll] have shown the exis¬ 
tence of traps O il and 0-13eV above the 
valence band. The identiy of these traps 
however was not discussed. 

The main impurity in iodine is water[12], 
which can be as much as 0-1 per cent in ordin¬ 
ary laboratory material. Following vacuum 
treatment Reid and Mills [13], using tritiated 
water for labelling, found that the concentra¬ 
tion is reduced to about 100 ppm. It is known 
[14] that drying iodine further by sublimation 
in the presence of P 2 O 5 removes the trapping 
levels situated about 0-3 eV above the valence 
band. The question whether water is also 
responsible for the presence of these very 
shallow levels must await an extension of 
such measurements. It would appear however 
to be a likely explanation for the difference in 
these two sets of results obtained on samples 
having different storage conditions. It would 
be very interesting to have mobility measure- 

m 


the molecular sieve drying process, used by 
Reid and Mills, which reduced the water 
content to less than 1 ppm. 

The electrons appear to be subjected mainly 
to strong trapping in deep levels, with no 
appreciable release during a transit time. The 
observed temperature dependence of the 
electron mobility must therefore arise from a 
combination of normal acoustic mode scatter¬ 
ing, with a T'®'" dependence, and the positive 
temperature dependence of a screened Cou¬ 
lomb scattering process. The Coulomb 
scattering may be the result of the presence of 
more than 10 '® hole traps/cm® in these crys¬ 
tals, since those trapping sites having an 
energy of 0-3 eV are known to be ionized[14]. 
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Abstract—A new technique is presented, which allows to send anion vacancies and electrons separ¬ 
ately through an alkali halide crystal. This technique can, in principle, be applied to the production 
of any complex colour centre involving anion vacancies and electrons. In this paper we report the 
results obtained by applying this new technique to the production of F^- and Z,-centres. 


1. INTRODUCTION 

It is well known that f-light absorbed by 
an alkali halide crystal containing F-centres 
and kept near room temperature (RT) leads 
to the formation of F-aggregate centres (M, R- 
and /V-centres). However, if the sample 
contains divalent impurities such as Ca, Sr 
or Ba or suitable monovalent impurities (for 
instance Li or Na in KCl), the main product 
of the F-light illumination is given by Zf 
centres and F^-centres respectively. The 
process of formation of F-aggregate centres 
as well as that of F^- and Zj-centres has recent¬ 
ly received renewed attention by several 
authors[l-6]. All these studies have been 
done by carefully investigating the processes 
set up by the simultaneous migration of ionic 
defects and electrons. 

In this paper results are reported which 
show how it is possible to produce complex 
colour centres in two steps by sending anion 
vacancies and electrons separately through 
the crystal. The efficacy of this new procedure 
has been checked by producing F, 4 -centres 
(whose structure is known and consists of 
an F-centre with a monovalent impurity 
ion as a nearest neighbour [7]) in lithium doped 
KCl samples; on the other hand the use of 
this procedure in Z,-centre production shows 
how it can give useful information about 
both the intermediate products ofthe process 


of formation of complex colour centres and 
the structure of the colour centres themselves*. 

2. EXPERIMENTAL PROCEDURE 

The colour centres’ transformations 
produced in KCl samples by various treat¬ 
ments have been studied by observing the 
corresponding changes in the absorption 
spectrum of the samples. A Hilger type 
E-791 monochromator and a Beckmann DU 
spectrophotometer have been used in the 
170-200 m/a and in the visible range respec¬ 
tively. The crystals have been grown in our 
laboratory in nitrogen atmosphere by the 
Kyropoulos method. The reported amounts 
of impurities refer always to the quantities 
added to the melt. All the results reported 
in this paper have been obtained with X-rayed 
samples. 

3. RESULTS AND DISCUSSION 
3.1 Production and migration of anion 
vacancies. Formation of Ff,-centres 

To send anion vacancies through the 
crystal requires: (a) to produce isolated anion 
vacancies (a-centres) and (b) to allow the 
anion vacancies to migrate by, for instance. 


*Preliminary results on the Z,-centre production 
have been presented to the 'Colloque sur les centres 
color6s’, Saclay, March 1967. The tex^of the communi¬ 
cation has been published as from reference [8]. 
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warming up the crystal to an appropriate 
temperature. Condition (a) can be easily met 
by X-raying a KCI sample at a low enough 
temperature or by shining f-light on a sample 
containing F-centres (produced by additive 
colouration or by X-rays) and kept at a suit¬ 
able temperature. However, when a KCI 
sample X-rayed at low temperatures is warmed 
up to higher temperatures, the disappearence 
of a-centres is mainly due to their recombina¬ 
tion with mobile interstitial negative ions[9]. 
Also the warming up of an additively coloured 
KCI sample in which a fraction of the F- 
centres has been transformed into an equal 
number of a- and F'-centres. does not produce 
a detectable migration of anion vacancies. 
In fact, in thi.s case, the main effects of the 
warming are the thermal ionization of F'- 
centres and the capture of the thermally 
released electrons by empty anion vacancies 
110]. Therefore, it is clear that, in order to 
observe the migration of anion vacancies, 
one should warm up a sample containing 
a-centres but no F'-centres or interstitials 
which could become mobile during the 
warming. This may be done as follows. A 
KCI sample is X-rayed at liquid nitrogen 
temperature (LNT), warmed up to RT 
(=»290°K) and kept at this temperature for 
about 12 hrs*. The sample is then illuminated 
with F-light and subsequently with F'- 
light at 150°K. The net re.sult of the {F + F')- 
illumination consists in a decrease of the F 
band and in the growth of the a bandt. After 
the (F-l-F')-illumination no F' band is 
present. In this way one obtains a sample 
containing isolated anion vacancies but no 
F'-centres. However, it is to be stressed 
that the electrons released by the (F+F')- 
illumination may change the structure of the 

•The sample could be X-rayed directly at RT. However, 
the RT irradiation of strontium doped KCI samples 
results in a large increase of the absorption in the tail 
of the fundamental edge, making it difficult to observe 
further changes of the absorption spectrum in this region. 

tThe a band is due to exciton transitions localized 
near isolated anion vacancies and peaks, in KCI, at 
177m^i[n,12]. 


hole centres giving rise to some kind of 
interstitial not present before the illumination. 
Therefore, the decay of the a band which 
occurs when the sample is warmed up, may 
be due to the migration of these interstitials. 
Though we can not definitely rule out this 
possibility, we shall see below that the decay 
of the a band produced as described above is 
due, at least partially, to the migration of 
anion vacancies. 

The thermal decay of the a band has been 
studied by a pulse annealing method: the 
sample was warmed up to a temperature 
higher than 150“K, kept at this temperature 
for 15 min and then cooled down to LNT for 
the optical measurement. The results obtained 
are reported in Fig. 1 and show that anion 



Fig. 1. Thermal decay of a-centres produced by optical 
bleaching of F-centrcs in X-rayed KCI samples. 


vacancies produced by ionization of F-centres 
in X-rayed samples are stable up to 200°K 
and are totally destroyed if the sample is 
warmed up to 250°K. From Fig. 1 it appears 
also that the presence of monovalent (Li^) 
or divalent (Sr"^"^) impurities does not affect 
the thermal decay of a-centres. 

The proof that the thermal decay of 
a-centres produced by ionization of F-centres 
in X-rayed samples is due, at least partially. 
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to their own migration, is given by the follow¬ 
ing experiment, a-centres are produced as 
described above in a lithium doped KCl 
sample. In Fig. 2(a) we have reported the 



Hig, 2. (a) change in the visible region of the absorption 
spectrum produced by an (F 4-F')-illumination carried 
out at I50°K on a lithium doped (It) “ mol) KCl sample 
X-rayed at LNT and warmed up to R T. (b) changes in 
the visible region of the absorption spectrum due to the 
warming to 2.S0°K of the sample of I-ig. 2(a). (c) changes 
in the visible region of the absorption spectrum produced 
hy an (f + F')-illumination carried out at (,5()“K on the 
sample of Fig. 2(b). 

changes in the visible region of the absorption 
.spectrum due to the (F-l-F')-illumination 
at 150°K: the only observed change is a 
decrease of the F band. The changes due to 
the warming up which follows the (F + F')- 
illumination at 150°K are shown in Fig. 2(b); 
here again the only observed change is due to 
a decrease of the F band. At this point the 
sample is illuminated again atl5()°K with 


F-light and subsequently with F'-light*: the 
corresponding changes of the absorption 
spectrum are shown in Fig. 2(c). From this 
figure it appears that this illumination, unlike 
the first one (cf. Fig. 2(a)), not only decreases 
the F band but causes also the F^ bands to 
grow. 

In order to explain the above results, we 
.shall begin by emphasizing that the primary 
effect of the two illuminations is the same and 
consists in the production of free electrons. 
However, the final products of each illumina¬ 
tion depend on the distribution of the free 
electrons among the available electron traps. 
The fact that the F^ bands grow only under 
the second illumination (cf. Figs. 2(a) and 2(c)) 
shows that during the second illumination 
electron traps not present during the first one 
transform into F^-centres by capturing an 
electron. These electron traps must have 
been formed during the warming up which 
follows the first illumination and must be 
tt^-centres (i.e. a-centres with a lithium ion 
as a nearest neighbour). The formation of 
a ,-centres is possible only if anion vacancies 
migrate and join lithium ions. Therefore, we 
can conclude that the decay of the a band 
which takes place during the warming up of 
the sample to 2.5(y’K (cf. Fig. 1) is due, at 
least partially, to the migration of anion 
vacancies. 

Before leaving this subject, it is worth 
stressing that: («i the optical ionization of 
F-centres at 150°K is not accompanied by the 
migration of anion vacancies; (b) the migration 
of anion vacancies is not accompanied, 
in the experimental conditions described 
above, by a detectable production of free 
electrons. In fact, if points (a) and {b) were 
not true, the F^ bands should have grown 
both during the first (F-l-F')-illumination and 
during the subsequent warming up of the 


*ln this case the F'-illumination is not essential. How¬ 
ever. since the F' band produced by the F-illumination 
decreases under the action of the light used for the 
optical measurement, it is convenient to destroy all 
the F'-centres before the measurement. 
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sample. However, no detectable growth of 
bands is observed in either case (cf. 
Figs. 2(a) and 2(b)). 

3.2 Formation of Zi-centres 

In this section we shall see how Z,-centres 
can be formed in a strontium doped KCI 
sample by sending anion vacancies and 
electrons separately through the crystal 
(cf. the end of Section 3.1). The procedure 
is the same as the one described in Section 3.1 
for the production of F,,-centres. Nevertheless, 
in order to make the exposition and the 
explanation of the results easier, the main 
steps of the procedure will be recalled here. 
A strontium doped KCI sample is: (I) X-rayed 
at LNT and warmed up to RT; (II) illum¬ 
inated with F-light and subsequently with 
F'-light at 150°K: as reported in Section 
3.1 this illumination causes the F band to 
decrease and the a band to grow. Furthermore, 
as in the case of the lithium doped sample 


(cf. Fig. 2(a)), the decrease of the F band is 
the only change produced in the visible region 
of the spectrum by the (F-I-F')-illumination 
(cf. Fig. 3(a)): (HI) warmed up to 250“K; as 
shown in Section 3.1, the warming causes the 
a band produced in step II to disappear. 
Furthermore, the disappearance of the a 
band is due, at least partially, to the migration 
of anion vacancies (cf. Section 3.1); (IV) illum¬ 
inated with F-light and subsequently with 
F'-light at 15CfK. This illumination causes 
the F band to decrease and the Z, band to 
grow (cf. Fig. 3(b)). 

As in the case of F, 4 -centre formation 
(cf. Section 3.1), we must draw our attention 
to the (F-l-F')-illuminations carried out in 
steps II and IV. The illumination performed 
in step II does not give rise to the Z, band 
(cf. Fig. 3(a)), while the one carried out in step 
IV does (cf. Fig. 3(b)). This implies that during 
the illumination carried out in step IV, elec¬ 
tron traps not present during the illumination 



Fig. 3. (a) changes in the visible region of the absorption 
spectrum produced by an (F-t-F')-iIlumination carried 
out at ISCfK on a strontium doped (I0~’ mol) KCI 
sample X-rayed at LNT and warmed up to RT. (b) changes 
in the visible region of the absorption spectrum produced 
by an (F-f- F')-<llumiiiation carried out at I50°K on the 
sample of Fig. 3(a) after its wanning up to 2S(y’K. 
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performed in step 11, transform into Z,- 
centres by capturing an electron. These 
electron traps can be referred to as ionized 
Z|-centres or Z,+-centres and must have 
been formed during the migration of anion 
vacancies which occurs in step HI. There¬ 
fore, since Z,+-centres form during the 
migration of anion vacancies (just in the same 
way as a^-centres do; cf. Section 3.1), it is 
quite reasonable to conclude that Zi ^-centres 
contain an anion vacancy as a component. 
As far as the entire structure of the Z/- 
centres is concerned, we can observe that 
two configurations are possible: (i) a vacancy 
pair and, (ii) a divalent impurity with an 
associated vacancy pair*. Accordingly, the 
Z,-centre will consist of a vacancy pair 
with a trapped electron or of a divalent 
impurity-cation vacancy complex with an 
associated F-centre. Possibility (i) seems 
unlikely since the capture of an electron by 
a vacancy pair is expected to end up in the 
formation of an F-centre and an isolated 
cation vacancy. On the other hand possibil¬ 
ity (ii) is supported by the Zj-centre ENDOR 
spectrum obtained by Bushnell[13]. In any 
case, it is worth emphasizing that the results 
reported in this section clearly show that the 
Zi-centre contains an F-centre as a compon- 
entt. 

3.3 TheZi*-centre 

According to what has been said in Section 
3.2, the Zi"*^-centre is very likely made up by 
a divalent impurity-cation vacancy complex 
with an associated anion vacancy. Therefore, 
it is expected to give rise to a localized exciton 
band. In this connection, let us consider the 
following results: (i) the thermtil decay of the 


*That these are indeed the only two possible configura¬ 
tions for the Zi*-centre can easily be accounted for on 
the basis that Zi*-centres contain an anion vacancy as 
a component and form only in samples doped with 
divalent impurities. 

tVery recently, further evidence for a model of the 
Z|-centre including an F-centre has been obtained from 
Faraday rotation (14) and circular dichroism[15] meas¬ 
urements. ^ 


a band which occurs in step III of section 3.2 
is accompanied by the growth of a band peak¬ 
ing at about 173 mp. (cf. Fig. 4); ii) the F-illum- 

E (eV) 



Fig. 4. Thermal decay of the a band produced by optical 
bleaching of the F band at 150°K in a strontium doped 
(lO"’ mol) KCl sample. All these curves have been obtain¬ 
ed by subtracting the absorption curve measured before 
the F -► o conversion to the absorption curve measured 
after the warming up of the sample to the reported temper¬ 
ature. As evident from this figure, the decay of the a band 
is accompanied by the growth of a band peaicing at about 
173 nvt. 

ination carried out in step IV of Section 3.2 
causes not only the Zi band to grow (cf. Fig. 
3(b)) but also the 173 m/t. band to decrease 
(cf. Fig. 5); (iii) Zj-centres can be bleached 
by Zj-light at 200°K; the product of the 
bleaching is given by Z/-centres as it is 
proved by the fact that Z,-centres can be 
reformed by a subsequent F-light illumination 
carried out at ISff’K. Figure 6 shows that the 
Zi -* Zt^ conversion is accompanied by the 
growth of the 173 m/it band; (iv) the Zi band 
does not appear in step IVof Section 3.2 if the 
sample, in step HI, is warmed up to 3()0“K 
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E (eV) 



X (m^) 

F ig. (a) change of the absorption .spectrum near the 
fundamental edge produced by an (f' +F')-illumination 
carried out at I5(I°K on a strontium doped (10 'moh 
KCI sample containing if,'-centres; (b) change that 
would have been observed if the growth of the a band 
were the only effect of the illumination. This curve has 
been drawn by making use of the known shape of the 
« band and of the fact that the contribution to the absorp¬ 
tion of the 17.1 m/i band above ISOmst is negligible 
(cf. F'lg. 4), (c) difference between (a) and (b) showing 
that the 17.1 mp band decreases undei the (F4 F')- 
illumination. 



Fig. 6. Change of the absorption spectrum near the 
fundamental edge produced by a Z,-light illumination 
carried out at 200°K on a strontium doped (10 ’mol) 
KCI sample containing Z,-centres (light source: white 
light from a .100 W lamp filtered through a Kodak 89B 
wratten filter). The narrow band on the short wavelength 
side of the 173 m/i band is of unknown origin. However. 
It IS worth reporting that it has been observed also in 
some lithium or strontium doped KCI sample X-rayed 
at LNT, warmed up to RT and subjected to an (F + F’)- 
illumirtation (KCLLiCI) or to a white light illumination 
(KCI:SrCt)at l.WK. 


for 30 min in order to destroy the 173 m/i 
band. 

It is clear that the above data, though only 
qualitative in nature, allows one to reason¬ 
ably assign the 173 m/i band to Z/-centres. 

4. FINAL COMMENTS 

The results reported in this paper prove that 
the processes of formation of and Z,- 
centres take place through the migration of 
anion vacancies and the formation of a a- and 
Z,+-centres respectively. There is experi¬ 
mental evidence that anion vacancies play the 
same role in the AZ-centre formation [1-4]. 

I herefore, it should be possible to produce 
AZ-centres by the same procedure used here 
for the Fa- and the Z,-centre production. How¬ 
ever, it must be stressed that a necessary 
condition for this method to be applied to the 
production of M-centres (or other F-aggregate 
centres) is (hat the intermediate product of 
the process (i. e. the Fa'"-centre in the case of 
the AZ-centre formation) must be stable at 
least at temperatures just higller than the 
temperature (200°K; cf. Fig. 1) at which the 
anion vacancies begin to migrate. 

As reported in Section 3.3. Z,"'"-centres are 
unstable near RT*. In this connection it 
is worth emphasizing that, since Zj-centres 
seem to be the product of the thermal decom¬ 
position of Z,-centres[16], ionized Z^-centres 
may be one of the products of the thermal 
destruction cf Z,*-centres. If this hypothesis 
is correct, it should be possible to produce 
Za-centres in two steps by producing ionized 
Za-centres which will then transform into Za- 
centres through electron capture. Measure¬ 
ments to check this possibility (which may 
give useful information about Zj-centre pro¬ 
duction and structure) are now in progress. 

Acknowledf-emenls —The author would like to thank Mr. 
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’Preliminary results on the thermal stability of Z,^- 
centreshave already been obtained[8]. More detailed 
measurements are now in progress in connection with the 
study of theZa-centre production (see below). 
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GROWTH AND ELECTRICAL PROPERTIES OF 
VANADIUM DIOXIDE SINGLE CRYSTALS 
CONTAINING SELECTED IMPURITY IONS 

J.B. MacCHESNEY and H. J. GUGGENHEIM 
Bell Telephone Laboratories Incorporated, Murray Hill, N. J. 07971, U.S.A. 

(Received \&July l96SUn revised form 5 September 1968) 

Abstract —A series of vanadium dioxide single crystals containing smalt concentrations of different 
impurity ions were grown by a thermal decomposition technique. The impurity ions were chosen to 
have different electronic structure from the ion they replace. It was expected that these ions 
would produce a systematic change in the semiconductor-metallic transition exhibited by the VO 2 
phase. Contrary to expectations, no correlation with the electronic configuration of the substitutent 
ions could be recognized. However, this study leads to three qualitative conclusions relating the effect 
of impurities to the transition in conductivity: (I) The transition temperature is unaffected by the 
conductivity, i.e. carrier concentration, of the crystal. (2) Significant changes in the transition tempera¬ 
ture are produced only by high doping levels —on the order of 1 mol %. (3) The direction of the change 
in transition temperature can be correlated with the relative size of the impurity ion compared to that 
of the V*'*' ion. 


INTRODUCTION 

It has been eight years since Morin [1] first 
reported a semiconductor-metallic transition 
in vanadium dioxide single crystals. This 
discovery sparked considerable interest and 
led to an effort both to understand the chemis¬ 
try of VO 2 and to explain the transition be¬ 
tween the semiconducting and metallic states. 
Phase equilibria studies [2-6] have resulted in 
a reasonably complete phase diagram for the 
vanadium-oxygen system, and during this 
period of time, techniques for the growth of 
single crystals have also been developed. 
Frequently the latter preceded knowledge of 
the phase equilibria. In addition to the 
hydrothermal method [7] used to prepare the 
crystals measured by Morin, crystals have 
been prepared by. decomposition of VjOsIS] 
and by vapor transport [9]. 

Paralleling this effort numerous explana¬ 
tions of the transition in conductivity have been 
advanced. The phenomenon was first ex¬ 
plained by Morin [1] who proposed that the 
conduction band of this substance was split 
by antiferromagnetic ordering at teffiperatures 


below that of the transition, resulting in a 
semiconducting state. Collapse of this 
bandgap at the Neel temperature produced a 
transition to the metallic state. However, it 
was soon learned that accompanying this 
transition in conductivity there was a crystal¬ 
lographic transition[10]. Much later[ll,12] 
evidence became available that VO 2 was not 
magnetically ordered below the transition 
temperature. 

Taking account of this crystallographic 
change, Goodenough[13] explained that in 
the monoclinic phase below the transition 
temperature vanadium ions were paired along 
the fo-axis. Here potential carriers (conduction 
electrons) were trapped in homopolar bonds 
extending between these paired ions. Upon 
transition to the tetragonal (rutile) structure, 
the positions of these ions were shifted to 
equidistant spacings along the c-tetragonal 
axis. In this configuration, separation of vana¬ 
dium ions is less than the critical distance 
necessary for the onset of the metallic state. 

Quite recently Adler and Brooks[14] have 
described a general model for the semi- 
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conductor to metallic transition. Here it is 
proposed that an energy gap between the 
conduction and valence bands exists when the 
material is in the semiconducting state. With 
rising temperature this gap is decreased by 
excitation of carriers across it. Rapid dis¬ 
appearance of the gap occurs via a first or 
second order transition depending on the 
change in gap with the number of excited 
carriers. T he model treats two possible cases: 
one in which the gap results from antiferro- 
magnelic ordering and the other where it 
results from crystallographic distortion. 

T hese models imply that the semiconductor 
to metallic transition of VOo is related to the 
band structure of this phase and should be 
sensitive to changes in it. Thus we might 
expect that substituent impurity ions of differ¬ 
ent electronic structure from that of the 
tetrtivalent vanadium ion would affect the 
parameters determining the transition and 
cause a systematic vtuiation. dependent on 
the electronic structure of the substituted 
impurity ions. 

lo investigate this expectancy we have 
measured numerous single crystals into which 
different impurity ions, some in more than one 
concentration, have been incorporated during 
growth. Although the chemical equilibria 
governing the incorporation of these ions is 
complex and the valence state of these ions in 
the VO. lattice is not unequivocal, qualitative 
assessment of the effects produced by impuri¬ 
ties on the electrical properties of this phase is 
attempted. 

In this investigation single crystals of VO 2 
were grown by the thermal decomposition of 
YjOr,. Here, advantage was taken of the 
temperature dependence of the decomposition 
of the V.^Oj melt to produce stoichiometric 
single crystals of VO.j by heating in an inert 
atmosphere. This same procedure was used to 
prepare crystals doped with various 3d and 
4d transition metal cations as well as selec¬ 
ted second and fourth series cations. 
Data obtained from four probe resistivity 
measurements are interpreted in light of 


prevailing theories relating to this material. 

EXPERIMENTAI. PROCEDURE AND RESULTS 

Crystals of VO 2 can be grown by heating 
V^Or, for several days in a nitrogen atmo- 
shpere at about I000°C. However, the crys¬ 
tals are usually small needles which are most 
difficult to remove either chemically or 
mechanically from the V 2 O 5 matrix. 

In this paper we report the preparation of 
large single crystals by a modified decomposi¬ 
tion method. This can be characterized as 
programmed decomposition of VjO-,. When 
this phase is melted and held at a high tempera¬ 
ture in a reducing or neutral atmosphere, 
oxygen is continuously removed from the 
melt in response to the lowered oxygen partial 
pressure of the atmosphere. When a limiting 
composition of the melt is reached. VOj starts 
to crystallize at a rate controlled by the 
temperature and the gaseous atmosphere used. 
Large crystals are grown by using a crucible 
with a conical shaped bottom to restrict the 
area of nucleation and thus minimize the num¬ 
ber of nuclei. The rate of crystallization is 
comparable to that of the Stockbarger- 
Bridgman method, i.e. on the order of 1-10 
mm of axial growth per hour. 

A typical run was made as follows: a plati¬ 
num crucible with a conical shaped bottom. 
Fig. 1. was filled with approximately 700 g 
of reagent grade V .205 and positioned in a 
vertical tubular furnace to give a temperature 
gradient of I 00 °C with the cooler end at the 
bottom. The furnace temperature was raised 
to I2.50°C' and held for 12 hr in air to attain 
equilibrium. Then a nitrogen atmosphere was 
provided by the flow of nitrogen through the 
inlet tube of the platinum crucible. Fig. 1. At 
this point, heating at a rate of one degree 
per hour was started and continued for 100 hr. 
Cooling from 1350°C to room temperature 
was carried out over a 24 hr period. The VO 2 
crystals grown by this procedure consisted of 
an intergrowth which completely filled the 
bottom of the crucible as shown in Fig. 2. 
These were easily removed from the V 2 O 5 



VANADIUM DIOXIDE SINGLE CRYSTALS 


in 


"a 



Fig. I. Crystal growing assembly showing platinum cru¬ 
cible provided with tubes for gas flow over surface of melt. 


interface, and as shown in Fig. 3 were easily 
separated along the (Oil) plane. 

Doping was accomplished by incorporating 
known concentrations of impurity ions in the 
melt. During crystallization these were dis¬ 
tributed between the liquid and the crystalline 
phases. The concentration of impurities in the 
crystals were determined by semiquantitative 
spectrographic analysis and, where possible, 
by atomic absorption analysis. 

Some of these crystals were X-rayed using 
TuKa radiation to see if a second phase was 
present. This proved not to be the case. 
Resistivity measurements were found to be a 
better means of characterizing these crystals. 
Four-probe measurements of resistance were 
made in the range from approximately 25 to 
I0()°C using a Leeds and Northrup Speedo- 
max Recorder arranged so that the current, 
voltage, and specimen temperature could be 
simultaneously recorded. The heating and 
cooling rates were maintained at approxi¬ 
mately 0-25°C/min. Indium-gallium alloy was 
used as electrodes. 

It will be appreciated that the method of 
growth described is a very different situation 
than that normally employed in sjigle crystal 
growth. Usually growth proceeds by cooling 


from the liquid through the two phase-liquid 
-Fcrystal-region. In the present method it 
takes place by gradual decomposition of the 
liquid phase, which occurs when inert gas 
(nitrogen in the present case) is passed over 
the surface of the VjOr, melt. Oxygen is 
removed from the melt as it attempts to 
establish an equilibrium partial pressure. The 
composition of the melt is thus shifted toward 
VO-i and initiates precipitation of the crystal¬ 
line phase. Since the rate at which oxygen is 
removed by the inert gas stream is low, the 
rate of precipitation is low and controlled. 
Single crystal growth results. 

This method of crystal growth has a further 
implication. Although homogeneous equilibria, 
i.e. equilibria between condensed phases and 
the gas phase is probably not established 
throughout the system, equilibrium conditions 
between the condensed phases are approached. 
To the first approximation, then, VO 2 crystals 
will be in equilibrium with the liquid phase, 
and their composition will be fixed by the 
phase boundary between the liquid and the 
VO 2 phase. Chemical analysis of representa¬ 
tive undoped single crystals grown in this 
manner showed them to be stoichiometric. 

With confidence then that this method of 
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growth yields nominally stoichiometric 
crystals, we attempted to study the effects 
produced by foreign ions upon the electrical 
properties of VOj. Table 1 lists the single 
crystals investigated along with the conditions 
of their growth and impurity concentrations. 
The electrical characteristics of these crystals 


are shown by resistivity vs. reciprocal tem¬ 
perature diagrams of Figs. 4-7. 

The diagram of Fig. 4 represents data for 
the undoped specimen. Here comparatively 
high resistivity (1(F flcm) is observed at room 
temperature. The transition temperature is 
clearly marked by a precipitous drop in the 


Table I 


Run No 

Impurily 

Cone added 
to melt 
(Mol%) 

Cone, of impurity metal 
found in VOj 
(At.%) 

1044 

SiG., 

005 

Not found 

fi2.t 

AIjOt 

08 

0-247 

1.117 

Al.G, 

5 0 

0-49 

I0.S2 

t r,<.)., 

1 0 

2-.18 

1 M)5 

< r,0, 

50 

5 17 

104.5 

1 lb. 

1 0 

0-810 

814 

MnO., 

1 0 

0-015 

810 

Fo.,o' 

2 0 

0 145 

817 

to.G, 

1 0 

0 o.cs 

81S 

Nb.O, 

0-5 

1-10 



Fig. 4. Resistivity vs. reciprocal temperature (IO’/r°K"') 
for undoped specimen. 





Fig 2 VOj crystals as grown, before separation into individual crystals 



Fig. 3 Typical assortment of single crystals after separation from crystallized mass 


[Facing 
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Kig. 5. Resistrvily vs. reciprocal lemprralure for specimen 
grown from a melt containing O O.'i mole % SiO^. 


resistivity at a temperature of 67'’C (2-94 on 
the reciprocal temperature scale). Above this 
temperature the conductivity is metallic and 
the value of resistivity is 6 x 10 “ ilem. Upon 
cooling, a small hysteresis of approximately 
2°C is seen before the resistivity returns to 
the higher values of the semiconducting state. 
It is to be noted here that the resistivity 
values for this state are slightly higher than 
those initially observed. This effect is quite 
common and may be due to development of 
micro-fractures in the crystals during cooling 
through the transition. Another feature of the 
curve is the small dip in resistivity just below 
the transition upon cooling. We assume this 
to be associated with changes of the twining 
patterns that have been repotj^d, by Filling- 
ham [15], to occur in the immediate vicinity of 


the transition. Since the anisotropy in the con¬ 
ductivity [9. 16] along the a-parallel and u- 
perpendicular monoclinic direction can be 
greater than one order of magnitude, this effect 
can easily be accounted for. 

Figure 5 shows the results for a specimen 
grown from a melt containing 0-5 per cent 
silicon, even though no silicon was detected in 
the crystal by spectrographic analysis. Atomic 
absorption analysis is insensitive to this ele¬ 
ment and was not attempted. The electrical 
characteristics here are very similar to those 
observed for the preceding figure, i.e. resistivi¬ 
ties in the semiconducting state are high and a 
very large drop (greater than four orders of 
magnitude) is observed at the transition. In 
the high temperature state the conductivity is 
metallic and the resistance exhibits a positive 
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Ei(« 6 Resistivity vs leciprocal tcmper.ituic lot speci¬ 
mens containing respectively tl-247;it'7 A1 (#f>23) and 
()-4>n' AI(#1K17) 

temperature coefficient. The trtinsition tem¬ 
perature is not significantly iiltered Crom that 
observed for the undoped specimen. 

In Fig. 6 results for two aluminum dopings 
are shown. Here tigain. comparatively high 
room temperature resistivities are preserved 
but the transition is observed to take place 
between two semiconducting states. It will be 
noted that the transition temperatures are 
raised slightly to 72°C. 

In Fig. 7 the results of doping with chro¬ 
mium and titanium are shown. Again the 
reasonably high resistivity levels in the semi¬ 
conducting state are maintained. The transi¬ 
tion appears to take place between two 
semiconducting states in the case of titanium 


and between the semiconducting and metallic 
states in the case of chromium. Two different 
chromium containing specimens were pre¬ 
pared; the transition temperatures of these are 
70° and 72°C'. This represents a small in¬ 
crease over that of the titanium doped speci¬ 
men as well as those undoped and silicon 
containing specimens shown previously. It 
will be observed that the cooling curves for 
the crystals containing chromium are indi¬ 
cated by dashed lines. In both cases the 
crystals fractured upon passing through the 



Fig. 7. Comparison of resistivity data for chromium con¬ 
taining crystals. #1052-2-38 at.% and #1305-517%, 
with a titanium doped specimen containing 0-816%. 
Dashed Imes are used to represent the cooling curves of 
the chromium containing crystals. In each case the 
crystal fractured after an initial rise in resistivity, pre¬ 
sumably the transition, and subsequent measurements 
were erratic. 





VANADIUM DIOXIDE SINGLE CRYSTALS 


231 


transition and erratic resistivity values were 
recorded below this point. 

Measurements for cobalt, manganese and 
iron doped specimens are compared in Fig. 8. 



I ig. S. Comparison of resislivity data for manganese 
(0 015 at. %), iron (0-145%), and cobalt (0 035 at. %). 


These results are qualitatively different from 
those of the preceding figures. Here the transi¬ 
tion appears to take place between semicon¬ 
ducting and metallic states. The resistivity 
values of these specimens in the higher re¬ 
sistance state are approximately two orders 
of magnitude below those of the specimens 
described previously. The transition tempera¬ 
ture for the manganese doped specimen is 
very close to that observed for the undoped 
while that of the cobalt and iron containing 
specimens are if anything, slightly raised. The 
transition magnitude of the resistance changes 
are not as great as those observed in the 
previous figures. ^ 


In the last of these figures (Fig. 9) we 
observe the effects of doping with niobium. 
This shows a decidedly lowered transition 
temperature, and reduced resistivity in the 
semiconducting state relative to the undoped 
specimen. 



Fig. 9. Resistivity vs. reciprociil temperature for niobium 
doped specimen containing 11 at, % Nb. 


DISCUSSION 

In the preceding section the term ‘decom¬ 
position' was used to describe the method of 
crystal growth. This serves to distinguish the 
present method from one employing a reduc¬ 
ing atmosphere to attain equilibrium within 
the system during crystal growth. The reason 
for making this distinction can be appreciated 
if one considers for the moment the phase rule 
as applied to the present system. This can be 
stated as: P + F = C + 2. The number of 
components, C, is two: vanadium and oxygen. 
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Thus, the number of degrees of freedom plus 
the number of phases is 4. Now if the total 
pressure is fixed at one atmosphere and the 
temperature is arbitrarily chosen, only two 
phases can exist at equilibrium. One of these 
must be a gaseous phase containing oxygen at 
some oxygen pressure and the other a con¬ 
densed vanadium oxide phase. Let’s then 
consider the situation when a liquid phase is 
present. There exists two degrees of freedom 
such that temperature and the composition of 
the gaseous phase can be varied independently 
(within restricted limits) without changing the 
phase assemblage. If, however, these limits 
are exceeded so that a crystalline phase 
begins to separate, it must proceed at a fixed 
temperature and oxygen partial pressure until 
ail the liquid disappears. 

The implications of this situation to crystal 
growth of VO 2 can be better appreciated by 
reference to the phase diagram of Fig. 10. 
Here dashed curves known as oxygen isobars 
overlay the diagram. Their significance is that, 
in a system at equilibrium with an atmosphere 
of fixed oxygen partial pressure, the total 
composition of the system will change in 
response to changing temperature along one 
of the family of these lines. It is apparent then, 
that under such conditions, there is only one 
temperature at which VOj and liquid are in 
equilibrium with an atmosphere of reduced 
oxygen partial pressure. By maintaining the 
melt in an atmosphere having an oxygen 
partial pressure lower than that of its equili¬ 
brium partial pressure, oxygen escapes as the 
liquid phase attempts to establish equilibrium. 
The rate at which oxygen is removed depends 
upon the temperature of the melt, the oxygen 
partial pressure of the atmosphere and the 
flow rate of the atmosphere. In the present 
case, oxygen present as an impurity produced 
an oxygen partial pressure of approximately 
10"* atm. At I250°C the difference between 
the equilibrium oxygen partial pressure of the 
melt and that present in the nitrogen atmo¬ 
sphere is small. Controlled nucleation of the 
VO 2 phase results. Rapid crystal growth was 



Fig. 10 Phase diagram for vanadium-oxygen system 
constructed after Kosage[4), MacChesney et a/.[6] and 
modified on the basis of recent data. Heavy dash-dot 
lines are oxygen isobars which denote oxygen partial 
pressures in atmospheres. Estimates of the position of 
these in adjoining areas of the diagram are shown by light 
dash-dot lines. 

achieved by gradually increasing the tempera¬ 
ture while providing a constant flow of nitro¬ 
gen over the surface of the melt. 

Turning our attention now to the effects 
of impurity ions on the electrical properties 
of VO^. it is to be noted that there is an in¬ 
creasing body of information describing the 
effects of these ions on the semiconduction- 
metallic transition exhibited by this phase. 
For some time it has been known, on the basis 
of the sharp decrease in magnetic susceptibi¬ 
lity at this transition, that Nb[17] and Ti 
(18] lower the transition temperature. It 
has recently been reported that Ga[19, 20] 
raises this temperature. Where comparisons 
can be made, our results are in agreement with 
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these data. In addition we show that Cr and A1 
also increase the transition temperature. 

When trying to apply these results to the 
models of the semiconductor to metallic 
transition described earlier, one is surprised 
that ions of such diverse nature can produce 
similar effects. For instance, consider those 
ions that contribute to lowering the transition 
temperature. Niobium in the tetravalent state 
would have a (5dy configuration, while titan¬ 
ium, in the same valence state is When 
these are compared to the ions that serve to 
raise the transition temperature Cr^- — {3d)^ 
and AF+ and Ga^^, which have noble gas 
configurations, no consistent variation arises. 
There is no distinction to be made between 
diamagnetic and paramagnetic ions. Neither is 
there any relation to be discerned between 
the effect of incorporation of these ions on the 
resistivity —i.e. carrier concentration—of the 
specimen and its transition temperature. This 
disparity between the ion-types and their 
effect on electrical properties leads to the 
question; can one find a common property 
between those ions which lower the transition 
temperature and between those which raise 
the transition temperature? Certainly it is not 
obvious that their electronic structures have 
anything in common. 

Here, however, one had better go a bit slow. 
First, it must be admitted that not much is 
known about the valence state of these ions 
when incorporated into the VOj lattice, or 
about the anion stoichiometry of these sub¬ 
stituted crystals. To illustrate this point con¬ 
sider the effects produced when vanadium 
dioxide crystals are doped with iron. Here it is 
anticipated that Fe^"^ will substitute for 
However, at the temperatures from which 
these crystals are grown the tetravalent iron 
ion is not stable, and iron is found in VOj as 
the trivalent ion. Charge compensation is 
accomplished, according to the interpretation 
of the Mossbauer spectra of these crysteds, 
Kosage[ll] and Wertheim[12], by creation 
of anion vacancies. The similarities of the 
resistivity vs. reciprocal temperature be¬ 


havior exhibited by manganese and cobalt 
specimens lead us to believe that these behave 
in a like manner. Gallium and aluminum must 
also be incorporated in the VO 2 lattice as 
trivalent ions. However, here different 
characteristics are observed. The low re¬ 
sistivity and degenerate behavior associated 
with the oxygen-vacancy defect type does not 
occur. Instead resistivities remain high and 
comparable to the values for the undoped 
specimens. The supposition here is that 
charge compensation is accomplished by 
creation of pentavalent vanadium ions. These 
ions would probably not serve as donors, and 
the electron concentration would not be 
appreciably altered by their presence. 

The effects of nonstoichiometry is another 
problem which experimentalists, including 
ourselves, have not really fully determined. 
Although a procedure was developed for 
determining the valence state of vanadium in 
these crystals, we applied it only to the un¬ 
doped crystals. These were found to have the 
composition V02.oi±ooi- This method used a 
redox titration which is difficult to apply 
where other altervalent ions are present and 
thus was not attempted. However, the re¬ 
ported range of oxygen content exhibited by 
this phase is large and its possible effect on 
transition temperatures should not be ne¬ 
glected. 

These uncertainties are especially relevant 
to a discussion of impurity affects on tran¬ 
sition temperatures in light of recent studies 
by Umeda et a/.[21] and Mitsuishi[22]. 
These authors report the existence of a 
third phase at temperatures in the vicinity of 
the transition. It is characterized by triclinic 
symmetry and exists, apparently metastably, 
over varying ranges of temperature. Its 
occurrence is promoted by the presence of 
trivalent impurity-cations or oxygen deficiency 
and where present results in erratic transition 
temperatures upon repeated cycling through 
the transition. Although we have not observed 
this behavior, we were not in every case able 
to make repeated measurements. The latter 
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mentioned authors ‘potted’ their specimens to 
prevent breaking upon cycling through the 
transition temperature. Mechanical strain 
introduced in this manner could be respon¬ 
sible for the erratic behavior. 

With these considerations in mind it is 
apparent that no definitive statements can be 
made concerning the mechanism by which 
impurities alter the semiconductive-metallic 
transition temperature. The role these ions 
play in determining properties is still vague. 
However, we would like to point out that the 
ionic radii of those ions which cause an in¬ 
crease in transition temperature, are smaller 
than that of . or, as in the case of AP" and 
Cia''+, are thought to create defects which 
would be smaller than All of the ions that 
cause a decrease in the transition temperature 
are larger than It is apparent that transi¬ 
tion temperatures are significantly changed 
only when large concentrations of impurities 
can be incorporated into the crystal. 

Thus it would seem that regardless of the 
origin of this transition, the effects of incor¬ 
poration of impurity ions on the transition 
temperature arc not readily explained by 
invoking changes in the band structure. Rather 
it appears that if the transition is of electronic 
origin, then the band structure giving rise to 
this transitions must be sensitive to changes in 
the lattice produce by incorporation of im¬ 
purity ions into VQ.^ crystals. 
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Abstract —Single crystals of gypsum containing approximately 50 per cent deuterium have been 
made by heating natural gypsum crystals in heavy water at I I0°C for 24 hr. The room temperature 
D(euleron)MR- and P(roton)MR-spectra of these partly dculeraled crystals have been analyzed in 
detail. The water molecules are Hipping fast at room temperature making the two deuterons in each 
molecule magnetically equivalent. The quadrupole coupling constant has been found to be 118-3±0-7 
kHz and the asymmetry factor 0'877±0-(K)9 The directions of the principal axes are closely related 
to the orientation of the water molecule as given by neutron diffraction. 

From the hyperfinc structure in the DMR-specIra and the second moments of the PMR-spectra 
the mole fractions of H^O, H DO and DjO molecules in the crystal are derived. The deuteron distribu¬ 
tion in the crystal is found to be different from a random distribution on the available sites. The data 
indicate that the molecular distribution within the crystal is random, but intermolecular proton- 
deuteron exchange does not seem to lake place inside the crystal to a measurable extent. 


Large single crystals of gypsum are easily 
available from natural sources[1], and the 
physical and chemical properties of gypsum 
arc well known [2], The crystal structure was 
determined as early as 19.16 from X-ray 
diffraction data[3] and the structure was 
refined from neutron diffraction data in 1958 
[4]. Gypsum was the first hydrate to be studied 
with proton magnetic resonance (PMR) 
methods by Pake[5] who analyzed the fairly 
well resolved fine structure by PMR-spectra. 
Later, investigations of the asymmetry of the 
individual line components in the PMR- 
spectra [6], the second moment of the spectra 
[7] and the spin-lattice relaxation time [8,9] 
of gypsum have been carried out. 

We will in this paper report on the ex¬ 
change of protons with deuterons in single 
crystals of gypsum, and discuss the informa¬ 
tion obtained from the deuteron- and proton- 
magnetic resonance spectra of these partly 

tThis work was supported by TheJ|(toyt>l Norwegian 
t ouncilfor Scientific and Industrial Research 


deuterated crystals. The knowledge of the 
crystal structure permits a detailed discussion 
of the obtained results. As in the earlier studies 
of partly deuterated hydrates in our laboratory 
[10] we have discussed the orientation of the 
principal axes of the electric field gradient 
relative to the orientation of the water 
molecule. Furthermore, we will show that the 
spectra contain useful information on the 
deuteron distribution in the crystals. Natural 
single crystals have been used where a frac¬ 
tion of the protons has been exchanged with 
deuterons at 110°C, and the deuteron distribu¬ 
tion will depend on the diffusion processes 
operative in gypsum at this temperature. 

EXPERIMENTAL DETAILS 
The deuterated crystals were prepared 
directly from natural crystals]: by the simple 
method of proton-deuteron exchange. The 
exchange was accomplished by immersing 

fSelenile crystals from Kansas through Filer's and 
crystals of unknown source from Ward’s Natural Science 
Establishment. 
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the natural crystals in 99-7 per cent DjO at 
110°C in a closed pyrex glass tube for 24 hr. 
The crystals were sanded to the form of a 
cylinder and the amount of D^O in the tube 
was approximately 5 times the water content 
in the crystal. The extent of exchange was 
measured by measuring the concentration of 
protons in the liquid with high-resolution 
NMR-technique. In the crystal used in the 
recording of the PVfR-spectrum in Fig. I, 35 
per cent of the protons were exchanged, which 
means that the concentration of DjO in the 
liquid only dropped from 99-7 per cent to 
about 93 per cent. 

This method of producing deuteron contain¬ 
ing single crystals is quite reliable, but 
temperature control must be within ±2“ in 
order to give reproducible results. To give 
examples of the temperature sensitivity of 
the exchange of protons with deuterons: 
there are only a few per cent proton-deuteron 
exchange if a crystal is treated at 105°C for 2 
to 3 weeks (about 400 hr), but about 50 per 
cent exchange for crystals treated at llO^C 
for 24 hr. Also one crystal which was treated 
at 125°C for 24 hr was completely deuterated, 
but was polycrystalline even though its shape 
was unchanged. 

On the crystals treated at 110°C a poly¬ 
crystalline surface was formed on all faces 
except (010) making the crystal difficult to 
orient optically. Only in the case of the h- 
axis rotation was it possible to use fully the 
precision inherent in the optical goniometer. 
The reason for this was that the proton- 
deuteron exchange seemed to be highly 
anisotropic and only left the (010) face 
relatively clean. This is understandable from 
the crystal structure as the crystal is built 
up of layers of cations and anions normal to 
the ^-axis, and these layers are interconnected 
with a water layer[3,4]. It is therefore 
probably much easier for the water molecule 
to diffuse within one layer than to get through 
the ionic layer separating one water layer from 
the next. The internal appearance of the 
crystals after treatment (110°C for 24 hr) 


was marked by white translucent striations in 
the [101] direction. This process of proton- 
deuteron exchange should be studied further, 
but, for the present investigation it was 
adequate to insure that the resulting crystals 
were free from distortions and were still good 
gypsum single crystals. This was shown to be 
the case by the appearance of the PMR- and 
the DMR-spectra. 

The DMR- and PMR-spectra were 
recorded using a Varian Associates (Mod. 
V-4200B) wide line spectrometer and the 
(mod. V-4012A) 12 in. electromagnet 

system with the ‘Fieldial’ control. The 
frequency for the DMR-spectra was approxi¬ 
mately 9-2 MHz and for the PMR-spectra 
approximately 16 0 MHz, which allowed the 
use of only one probe (V-4230B 8-16 MHz) 
and prevented an accidental misalignment of 
the crystal during a probe change. The crystal 
was rotated about an axis oriented perpen¬ 
dicular to the magnetic field and the spectra 
recorded every 10° covering a range of 180°. 
The DMR- and PMR-spectra were recorded 
for exactly the same crystal orientations 
making it possible to accurately relate them 
to each other. The field was calibrated using 
a liquid sample and the sweep was found to be 
linear within the accuracy of measurement. 
The limiting factor in the accuracy of the line 
splittings was the uncertainty of the absolute 
orientation of the crystal in the magnetic 
field. This uncertainty was estimated to be 
±1-5°. 

EXPERIMENTAL RESULTS 

The gypsum structure is monoclinic with 
one water molecule in the asymmetric unit 
[4]. The two H-atoms in each water molecule 
are therefore crystallographic non-equivalent. 
The water molecules can be divided in two 
symmetry related sets with each member of 
each set oriented parallel to all the other 
members of its own set. This means that, with 
regard to proton magnetic resonance, only 
when the magnetic field is normal to or along 
the f>-axis, are all the proton positions 
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magnetically equivalent. In all other orienta¬ 
tions we have two sets of magnetically 
equivalent protons [5,6]. From the standpoint 
of deuteron magnetic resonance however, 
there will be four magnetically different 
deuteron sites in the crystal in the general 
orientation and two magnetically different 
deuteron sites when the magnetic field is 
orthogonal to or parallel to the /j-axis as the 
two deuterons within each molecule are not 
related by symmetry. This is true if the water 
molecules are static, however, if they are 
flipping sufficiently fast, then, on the average, 
the two deuterons in each water molecule will 
be magnetically equivalent[8]. In this fast¬ 
flipping case, the number of line components 
in the DMR-spectra will be the same as in the 
PMR-spectra; if they are static the number 
of lines in the DMR-spectra will be twice the 
number of lines in the PM R-spectra. 

We have recorded the PMR- and the DMR- 
spectra of the gypsum crystals at room 
temperature rotating the crystal in steps of 
10°C about the axes a, b and c* (the Atoji 
and Rundle[4] axes). The number of quad- 
rupole split lines in the DMR-spectra, maxi¬ 
mum four, is the same as observed in the 
PMR-spectra which immediately tells us 
that the water molecules are flipping fast [8]. 
This is as expected because the activation 
energy hindering the flip motion in gypsum is 
about the same as in barium chlorate mono¬ 
hydrate where Chiba[ll] has found that the 
water molecules are flipping fast enough above 
— 40°Ct. Some examples of the DMR-spectra 
are given in Fig. 1. PMR-spectra of gypsum 
have earlier been published by Pake [5]. 

The line components in the DMR-spectra 
show a partly resolved fine structure due 
to the dipole-dipole coupling in some orienta¬ 
tions. The shapes of the PMR-spectra are 
about the same as found for the undeuterated 
crystals [7, 8]. We will first discuss the quad- 


tThe temperature dependence of the gypsum spectra 
IS presently being studied in our laj^ratory, and the 
results will be presented later. 



—AH — 

Fig. I. Some experimental DMR-spectra of gypsum 
obtained by turning the crystal about the e*-axis. <l> is the 
angle between the magnetic field and the o-axis. The 
drawn curve is calculated from equation (2) with the 
coefficients given in Table 1. 

rupole coupling and deduce the quadrupole 
coupling tensor from the main splitting in the 
DMR-spectra. We will then discuss the 
dipole-dipole fine structure in the DMR- and 
the PM R-spectra and the information obtained 
from this coupling. 

THE QUADRUPOLE COUPLING 
The coupling between the electric quad¬ 
rupole moment of the deuteron and the 
electric field gradient at the deuteron site 
splits the DMR-spectrum in two line com¬ 
ponents separated by A//. AW is directly 
proportional to the component of the electric 
field gradient f' along the magnetic field 
and can always be written [12]: 
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2n e~qQ 

( 1 ) 

A//=/( + B • cos 2f/. + C sin 2f/>. (2) 

Here c'^qQlh is the quadrupole coupling 
constant, <{> is the angle between the mag¬ 
netic field and a reference line in the plane 
normal to the axis of rotation. We have 
measured A// as a function of (f) for three 
different orthogonal axes. The coefficients in 
equation (I) have been determined by least 
squares methods as discussed earlier(IO], 
and the obtained values are given in Table 1. 
Some representative DMR-spectra are given 
in Tig. I. 

Table I. Experimental eaefficients (equation 
(1)) {Standarddeviations in parenthesis) 
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From the experimental values of the co¬ 
efficients in equation (I) we have calculated 
the quadrupole coupling constant, the 
asymmetry factor and the directions of the 
principal axes using Ihe method of Volkoff 
et «/.[l3]. The obtained values of the quadru¬ 
pole coupling constant and the asymmetry 
factor 7) at room temperature are: 

118-3 ±0-7 kHz; T)= 0-8772±0-0086. 

It 

The direction cosines of the principal axes 
are given in Table 2 together with the direc¬ 
tion cosines of some specific directions con¬ 
nected to the orientation of the water molecule 
as calculated from the atomic positions deter¬ 
mined by Atoji and Rundle[4]. We see that 
the uncertainty in the direction cosines of 
the principal axes are smaller than the un¬ 
certainty of the direction cosines from the 
neutron diffraction study. The data in Table 2 
strongly indicate that the orientation of the 
principal axes is closely connected to the 
orientation of the water molecule as generally 
found! 10, 14). The angle between each of 
the principal axes and the direction it is com¬ 
pared to is about 10°. but due to the fairly 
large uncertainty this angle is not significant¬ 
ly different from zero. However, we will 
return to the relative orientation of R and 
Z-axis at Ihe end of this paper. 


Table 2. Direction cosines of the principal axes X, Y and Z of the 
electric field gradient and direction cosines of some directions 
connected to the water molecule (standard deviation in paren¬ 
thesis ) 
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THE DIPOLE COUPLING 
The shape of the dipole broadened line 
components in the NMR-spectra of a partly 
deuterated crystal depends both on the 
deuteron distribution and on the positions 
of the H and D atoms in the crystal. In the 
first partly deuterated crystal we investigated, 
the fine structure in the spectra, determined 
by the mtra-molecular dipole-dipole coupling, 
was well resolved making it possible to obtain 
separate spectra from each of the molecular 
species present: DjO, DHOand HaOflO, 15]. 
The relative intensity of each of these spectra 


THE DEUTERON DISTRIBUTION 
The most direct information on the deuteron 
distribution is obtained from the analysis of 
the hyperfine structure in the DMR-spectra. 
Figure 2 shows one of the line components in 
the DMR-spectrum where the hyperfine 
structure is most resolved. A theoretical 
spectrum has been fitted to the experimental 
spectrum by least squares methods [16]. 
This curve fitting gives us directly the ratio 
[HD 0 ]/[D 20 ] as the intensity of the two 
outermost peaks compared to the innermost 
DjO-triplet is a measure of the number of 



tig. 2. The high-ficid line component in the DMR- 
spectrum of gypsum at room temperature showing the 
dipolar hyperfine structure. The crystal was oriented with 
the magnetic field in the tOOlt-planc making an angle of 
119° with the <i-axis. 


gave US directly the mole fractions of each of 
the molecular species. In the spectra of gyp¬ 
sum, however, the fine structure is less re¬ 
solved, due to the much stronger inter- 
molecular coupling, and the spectra from each 
of the molecular species strongly overlap. We 
are then confronted with the task of extract¬ 
ing information on the deuteron distribution 
and the atomic positions simultaneously. To 
simplify the discussion, however, we will first 
discuss the deuteron distribution and then the 
atomic positions derived. 


HDO-molecules to DaO-molecules in the 
crystal [15]. 

We have earlier determined the fraction of 
protons substituted by deuterons in the crystal 
and for the crystal under investigation we 
found 

2[D.20] + [HDOj 
2[D20]+2[HD0]-I-2[H20] 

= -Tdd + = 0-35 ± 0-05 

[HD0]/[D20] = .r„o,x„D = 0-21 ±0-04 
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where [ABO] = number of ABO-molecules 
per unit volume and jtxb = niole fraction of 
ABO-molecules. 

From these two ratios we can calculate the 
mole fraction of each of the molecular species, 
and we obtain: 

Xdx> = 0-32 ± 0-05: .Thd = 007± 0 02; 

.^hh = 0-61 ±0 05. 

The mole fraction of the different molecular 
species can also be obtained from the PMR- 
spectra. We have recorded the PMR-spectra 
for the orientations when the magnetic field 
is normal to the A-axis. Due to the fairly large 
intermolecular coupling the fine structure is 
not completely resolved in this orientation, 
and the analysis must therefore be based on 
the total second moments [7], For a partially 
deuterated crystal the theoretical total second 
moment is given as; 

M,= [V(!-.:)+ 

(1) 

where 

(3mh/2)^; V = 2mi;V3 
Map = {R '’[3 cos^5cos-’(</) -(/)u) - 1])“ 

(Intrapair) 

1 

(Interpair) 

R = intrapair distance; S = angle between R 
and plane of rotation of magnetic field vector; 
(/)„ = rotation angle reference to a crystal axis. 

(3cos=0,.j,-l)r7fj, 

r„.j, = distance between atom 1 of pair / to 
atom 1 of pair J-, Ojjjj = angle between field 
^nd rijji', z = XhdK^hh + .*’hd)■ 

As is only 3 per cent of the equation 
can be simplified to 

Ma = (1 ~z)A'n*M2p-)- (athh + 0'25a:hd)^h*M2,. 

(2) 


M 2 P has been calculated from the value 
3 /xh/?“^= 10 0 G found earlier[7] and <^0 = 
3-3° and = 5F6°. (The choice of these values 
for the angles <j>o and will be discussed 
below). Mj, has been calculated using the Fl- 
coordinates of Atoji and Rundle [4] taking into 
account the eight nearest neighbour water 
molecules. The calculated values of kn^M^p 
and ^H“M 29 together with the experimental 
second moments are given in Table 3. The 


Table 3. Experimental and cal¬ 
culated second moments, of gypsum 


(i> 




M,, 

0 

0-59 

5-89 

4-8 

4-6 

10 

0-50 

5-43 

4-5 

4-4 

20 

009 

4-14 

3-4 

3-3 

30 

015 

2-61 

2-6 

2-7 

40 

1-64 

1-61 

3-4 

3-4 

.SO 

5-19 

1-67 

6-5 

6-3 

60 

10-60 

2-84 

11-9 

111 

70 

16-77 

4-68 

18-4 

18-6 

80 

22-03 

6-43 

24-0 

23-3 

90 

24-81 

7-.34 

27-0 

27-6 

100 

24-22 

7-06 

26-3 

26-7 

110 

20-35 

5-75 

22-1 

22-0 

120 

14-68 

4-01 

16-2 

16-4 

1.30 

8-60 

2-63 

10-0 

9-8 

140 

3-74 

2-18 

5-5 

6-2 

150 

0-92 

2-79 

2-4 

3-9 

160 

0-01 

4-07 

2-3 

3-5 

170 

0-23 

5-33 

4-1 

4-0 


infra-molecular part of the second 

moment. 

/n(er-molecular part of the second 

moment. 

Mj,: calculated total second moment, equa¬ 
tion (2). 

Mjj.: expenmenlal second moment. 

experimental second moments have been 
analyzed by fitting the observed values to 
an equation of the following form by least 
squares methods: 

M2i = A-h B^H*M2p 4- C^h^Mj,. (3) 

We find /4 = 1 03 G^ B = 0-882; C = 0-552. 

The constant A has been included to take 
into account the coupling of the next nearest 
neighbours not included in the calculation of 
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Ma,. From equation (2) we can now calculate 
the values of the mole fractions from the 
values of B and C, and we get: 

Xdo ~ 0'34; xhd ~ 0'14j jchh ~ 0'52. 

It is difficult to estimate uncertainty limits 
in these values, but these values are in fair 
agreement with the values found from the 
analysis of the DMR-spectrum given above. 
The mole fraction of HDO-molecules is 
larger by a factor of two from the value found 
above. However, jchd is still much smaller 
than expected if the deuterons in the crystals 
were distributed randomly on the available 
sites because then XDD = g^ = 012, jchd^ 
2g(l-g)=0-46 and Xhh = (1= 0-42. 
As the crystal was made by proton-deuteron 
exchange from a reservoir of between 93-100 
per cent DjO this result can be interpreted on 
the basis of two different models for the diffu¬ 
sion process: (1) The proton-deuteron ex¬ 
change is a molecular process where molecules 
from the surroundings are exchanged with 
molecules in the crystal and no inter-mole¬ 
cular proton-deuteron exchange takes place 
within the crystal. The distribution of all the 
molecular species is uniform in the crystal. 
(2) The partly deuterated crystal consists of 
a shell of mainly DaO-molecules and an un¬ 
perturbed core of HjO-molecules and the 
HDO-molecules are found at the interface 
between these two phases. 

We will now show that the spectrum in Fig. 
1 also contains information making it possible 
to distinguish between these two models. 

The theoretical spectrum in Fig. 2 is cal¬ 
culated on the basis of gaussian line com¬ 
ponents, exp(—/iV2/3*), and the broadening 
parameter for the HDO-fine structure, /3h. is 
found to be approximately equal to the 
broadening parameter for the D^O-fine 
structure, ^h= FUG and /3 d = 1-06G. 
This tells us that on the average the HDO and 
the DjO-molecules experience the same local 
surroundings. Hence, the different molecular 
species, HDO and DjO, are uniformly dis¬ 
tributed inside the crystal. Xs a proton neigh¬ 


bour gives about 3 times the contribution from 
a deuteron to the local dipole field at a deuteron 
site, /3 should be a susceptible measure of the 
average total field. If, therefore, the crystal 
had contained regions with a high concentra¬ 
tion of DjO molecules /3 d would have been 
much smaller than /3 h- The data therefore 
support the deuteron distribution (1): A 
random distribution of the different molecular 
species and with the concentration of each 
species equal to the number diffusing into the 
crystal. 

I n equation {1) above for the second moment 
it has been assumed that the model (1) 
applies. If we assume that model (2) applies 
the value of C in equation (3) should have 
been found approximately equal to I, as then 
the H 20 -molecules will be surrounded by 
HjO-moIecuIes. The experimental value is 
0-55 which is far from 1, and we reject model 
(2) for this reason. 

To check this conclusion made on the basis 
of an analysis of only one single crystal we 
have also prepared another. A crystal was 
prepared by heating in a 1:1 mixture of DjO 
and H. 2 O in the same manner as before, and a 
fraction g = 0-23 of the protons was substituted 
with deuterons. The crystal was oriented 
similarly to the crystal used when recording 
the DMR-spectrum shown in Fig. 1, and a 
similar spectrum was recorded. The signal/ 
noise was not as good but the analysis gave 
[HDOJ/jDsO] = 1-9 ±0-2. If proton-deuteron 
exchange takes place inside the crystal the 
ratio [HDOj/LDjO] should have been 6-70. 
however, the found value 1 -9 ± 0-2 shows that 
this ratio is equal to the ratio in the liquid. 
This supports the conclusion drawn above 
that the number of HDO and DjO-molecules 
in the crystal are equal to the number diffusing 
into the crystal. 

THE ATOMIC POSITIONS 

The orientation dependence of the intra¬ 
molecular dipole coupling is determined by 
the orientation and length of the intra-mole- 
cular H-H line. The angular variation of the 
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jw/tv-molecular dipole coupling is in addition 
determined by the location of this H-H line in 
the unit cell. It is a general experience from 
the analysis of second moment data that it is 
difficult to locate with any precision the posi¬ 
tion of the H-H line in the unit cell. We will 
therefore limit this discussion of the angular 
dependence of the dipole-coupling to the 
information we can get on the orientation of 
the H-H line, R. In Table 4 the angles R 

I'dhle 4. The angles R and the '/.-axis make 
with the crysttill(>i>ra/>hic axes (in deftrees) 

(I h ( * 

y-iisis 522^07 17-4 i I 0 996il-4 

K (neutron Oil). S) l >20 ISS.-* It X‘J-Xl-1-8 

relcrence |4| 

« Idipole-couplint!) S|.4±l-0 48-4+10 87'4 + 2 0 


make with the crystallographic axes a, h and 
( are given. These values are derived from 
the values of (/)„ and 8 chosen in the equation 
for the intra-molecular part of the .second 
moment given above. The values of <K and 
S have been determined from a fust moment 
least squares fit. and we estimate the un¬ 
certainty to be: (/)„-= 3'3° 2 *: 2 0° and 8 = 
.‘)l-6°± 10°. 

F'rom the data in Table 4 it can be con¬ 
cluded that the orientation of R as determined 
from the second moment data within the 
experimental uncertainty is equal to the 
direction of R as determined from neutron 
diffraction data. Howevei. the direction of the 
Z-axis seems to deviate significantly from R. 
R seems to be located in the a-h plane, but 


the Z-axis is making an angle of about 10° 
with this plane. As the principal axes deter¬ 
mined in this study are the averages of two 
non-equivalent principal axes systems the 
physical basis for this deviation is probably 
easier to discuss when the low temperature 
study of gypsum, now in progress, has been 
completed. 

ActniniU'd^emenl — VJe would like to thunk Mrs. Merctc 
J0i ve for technical assistance. 
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EPITAXIAL HgTe FILMS 
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Abstract —Highly perfect, epitaxial HgTe films have been successfully deposited on scmi-insulating 
CdTe substrates using vapor phase epitaxial techniques. This report describes the preparation of these 
films and also a number of electrical measurements which were performed over the temperature range 
4'2-300°K in order to characterize these thin semimetal layers. It was found that the electrical prop¬ 
erties were considerably complicated by the presence of cadmium which diffused from the substrate 
during film growth. Nevertheless, apparent electron mobilities greater than 10“ cm^/V sec and apparent 
electron densities about 2 x I0'“ cm ^ were encountered. Strong quantum oscillations were observed in 
the magnetoresistance at 4-2°K which represents the first observation of the Shubnikov-dc Haas effect 
in a thin film of any material. Also at 4-2°K, nonohmic conduction was observed at electric field 
strengths greater than about 5 V/cm. Evidence was obtained to suggest that this behavior was due to a 
warm electron distribution and therefore a field dependent electron mobility. 


I. INTRODUCTION 

Epitaxial growth of the semimetal HgTe on 
a CdTe substrate in an isothermal environment 
has been reportedflj. However, such a meth¬ 
od offers little control over the kinetics of the 
film growth and we have therefore, considered 
the application of the more usual techniques of 
vapor phase epitaxy to the deposition of epi¬ 
taxial HgTe layers. While CdTe is an ideal 
substrate material in many respects, any 
diffusion of Cd into the HgTe during film 
growth will play an important role in deter¬ 
mining the electrical characteristics of the film 
since it is well known that the electron effec¬ 
tive mass varies rapidly with composition in 
the HgCdTe alloy systeml2,3]. Thus the 
presence of Cd in the HgTe layer will dras¬ 
tically modify the band structure and lead to 
complications in the film characteristics which 
would not be expected to occur in pure HgTe. 

The present paper describes the preparation 
of highly perfect epitaxial HgTe films on semi- 
insulating CdTe substrates together with some 
measurements of their electrical transport 
properties in the temperature range 4-3-3()0°K. 
One of the most interesting Results to come 


from these measurements was the observation 
that the carrier mobility was not badly de¬ 
graded by the presence of the spatially non- 
uniform Cd distribution resulting from diffu¬ 
sion from the CdTe substrate. In fact, the 
mobility was sufficiently high so that strong 
magnetoresistance oscillations could be ob¬ 
served. which, to the best of our knowledge, 
represents the first observation of magnetic 
quantum effects in an epitaxial layer. It was 
also observed that the electrical conductivity 
of the films investigated increased significantly 
at electric fields greater than about 5 V/cm 
while the carrier concentration remained 
constant. This behavior has been interpreted 
as resulting from a mobility increase induced 
by moderate heating of the electron distri¬ 
bution by the electric field. 

It should be pointed out that a detailed 
analysis of most of the transport data to be 
described below will not be attempted in this 
paper. The reason for this is that the presence 
of diffused Cd will most certainly lead to 
gradients in mobility and carrier concentration 
which cannot be described in a straightforward 
way. The presence of a magnetic field will 
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complicate the issue still further[4]. The fol¬ 
lowing sections therefore, contain only suffi¬ 
cient qualitative discussion to illustrate what 
we consider to be the most striking features of 
these epitaxial HgTe films. Nevertheless, it is 
our opinion that these results demonstrate 
very clearly the important and often unique 
properties which are peculiar to a thin epi¬ 
taxial layer. 

2. EXPERIMENTAL 

Single crystal layers of HgTe were prepared 
by the following vaporphase reaction; 

Hg,„, + iTe 2 ,a, HgTe,^,. 

The epitaxial deposition took place in an open 
tube reactor system shown schematically in 
Fig. I. The reactor had four temperature 
zones which were independently controlled 
to within ±I°C with proportional control 
equipment. Ultra-pure mercury (Hg-9, E. 
H. Sargent Co.) and six-nines tellurium 
(ASARCO) were used as the source materials. 
The respective vapor species were transported 
by passing a palladium catalyzed hydrogen 
stream over the heated reservoirs during the 
entire deposition cycle. Single crystal CdTe 
substrates approximately I mm thick and 8 
mm in dia. were used and the films were de¬ 
posited on [2111,111 I]/4 orfl.fl 10] and[100] 
surfaces. After polishing to a surface finish of 



Fig. I. Schematic diagram of the expitaxial reactor system. 


0-3 fj. with wet alumina powder, the substrates 
were etched with a bromine/methanol mixture 
to remove surface damage incurred during pol¬ 
ishing. In addition, some thermal etching took 
place during the heating period of the reactor. 
Before heating, the entire system was flushed 
with He followed by Hj. The vapor sources, 
the reaction zone, and the substrate zone were 
then brought up to operating temperature as 
quickly as possible (15-30 min) during which 
time the hydrogen flow through the reservoirs 
was kept to a minimum (2-5 ml/hr). Once the 
temperature zones had been stabilized, the 
hydrogen flows were increased to the desired 
levels. After deposition had been completed, 
the run was terminated by rapidly cooling the 
outer walls of the entire reactor via a high 
velocity stream of compressed air. At 96 mm 
of Hg and 01 mm of Tcj, the optimum Hj 
flow rate was 20 ml/min and 50 ml/min, re¬ 
spectively. The flow through the reactor, 
excluding reservoirs, was 80 ml/min. Under 
those conditions and with a reaction zone 
temperature of 480°C and a substrate tempera¬ 
ture of 470‘’C. highly perfect HgTe films were 
obtained. Electron dilTraction studies of these 
films revealed in most cases the presence of 
strong Kikuchi lines (Fig. 2). Under the opti¬ 
mized conditions given above, the growth 
rate of the films was found to depend on the 
crystallographic orientation of the substrate. 
A rate of 2/u./hr was observed on [110] and 
[ 111]A surfaces which increased to 3 /u/hr for 
[211] and [100] and to 4-5/x/hr for [11I]B 
surfaces. The following remarks may be made 
concerning the effects of small deviations from 
the optimum operating conditions. Increasing 
the vapor pressure or flow rate of Hg did not 
lead to any improvement but decreasing this 
flow gave Te-rich layers. The film growth 
could be accelerated by increasing the Tej 
vapor pressure by 50 per cent but this tended 
to produce Te-rich films. Lowering the sub¬ 
strate temperature was found to reduce crystal 
perfection initially and eventually to create 
Te-rich deposits while an increase in tempera¬ 
ture led to excessive thermal etching and 




Fig. 2. Electron difTraclion transmission pattern for a typical 
epitaxial HgTe film showing Kikuchi lines. 
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finally no deposits above 550“C. Changing the 
temperature of the intermediate reactor zone 
resulted in moving the deposit relative to the 
ends of the vapor ducts (Fig. 1). Only meager 
deposits were formed below 440°C. Non- 
critical factors were found to be the flow rate 
over the Te-reservoir and the total reactor 
flow rate. 

The presence of Cd in the HgTe layers was 
confirmed by scanning with an electron beam 
microprobe across an edge of the film which 
had been lapped at a shallow angle. This Cd 
concentration results from diffusion from the 
substrate during growth. From the diffusion 
profiles, the diffusion coefficient of Cd in HgTe 
was determined to be approximately 1 x 10"" 
cm^/sec. Most of the experimental results 
described below were taken on films labeled 
H88 and H90. The thickness of these films 
was 13 and 7 fi respectively and the micro¬ 
probe indicated essentially zero Cd on the 
surface of H88 but about 6 per cent for H90. 
For H90 the Cd concentration increased 
almost linearly toward the substrate. Film H88 
was deposited at a slightly lower temperature 
than H90 and was therefore, expected to be 
the more homogeneous although of slightly 
lower crystal perfection. Electrical measure¬ 
ments were made using conventional methods. 
The Van de Pauw technique [5] was used to 
determine the resistivity and Hall coefficient. 
The measurements of conductivity vs. electric 
field were performed on films deposited on 
substrates about T5 cm long and 3 mm wide 
so that the current pattern would be undis¬ 
torted. Electrical contacts were made by first 
plating a small area with rhodium and then 
soldering lead wires to these dots with indium. 
No evidence was found to indicate that these 
contacts were not ohmic. Measurements over 
the range 4-2-300°K were made using an 
Andonian Associates variable temperature 
dewar. A Texas Instruments Model 304 
calibrated germanium resistance thermometer 
was used to measure the temperature between 
4-2 and 40°K. From 40 to 300°K a calibrated 
platinum resistance thermonlCter was used. 


The Shubnikov-de Haas magnetoresistance 
oscillations were studied using a sensitive 
derivative recording technique which has been 
described elsewhere [6]. Electric fields up to 
about 20 V/cm were obtained using square 
voltage pulses of width 5 /isec, applied at a 
rate of 30 per sec from a Rutherford B7B 
pulse generator. The current through the film 
was monitored by a Tetronix P 6019 current 
probe with I per cent linearity over the range 
of interest, while voltages were measured 
either across two potential contacts or 
between the two large area current electrodes. 
Both measurements led to identical current 
versus electric field curves suggesting that the 
contacts were ohmic. Voltages were measured 
using a Tetronix 536 oscilloscope and a Type 
W or Type Z calibrated differential com¬ 
parator. In all cases the voltage and current 
pulses were identical in shape and no distor¬ 
tion was observed to suggest that the contacts 
were injecting or that sample heating was 
occurring during the pulse. 

3. RESULTS AND DISCUSSION 
The electrical characteristics of several 
films are given in Table 1 where the resis¬ 
tivity p and the low field Hall coefficient Ro 
at 4-2, 77 and 300°K are tabulated. For 
comparison, data for bulk HgTe is also shown. 

Table 1. Values of Hall c oefficient R and 
resistivity p at 42, 77 and 300°K for two 
epitaxial HgTe films. Also given are 
typical data for bulk HgTe {reference [7]) 



(°K) 

R 

(cm^/C) 

P 

(fl cm) 


4-2 

-3000 

8-4 X 10-“ 

HeTe 

78 

-98 

1-2 X 10-“ 


300 

-15 



4-2 

-3500 

6-31 X 10-' 

H88 

77 

-240 

1-85 X 10-“ 


300 

-25-6 

1-.30X 10-“ 


4-2 

-920 

7 52 X 10-“ 

H90 

77 

-322 

1-90X 10-“ 


300 

-36-8 

175X 10-“ 
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The low field plateau for the Hall coefficient 
was obtained for all films below lOOOe. 
Since HgTe is a semimetal [7J with an electron 
to hole mobility ratio about 300, the electron 
density is given to within about 5-10 percent 
by n=(Rf,ec) '. An attempt was made to 
estimate the two band corrections for the 
films by fitting the magnetic field variation 
of the Hall coefficient at 4-2°K between 100 
Oe and 20 kOe. The classical two band for¬ 
mula was found to give an unsatisfactory fit 
to the data for any reasonable values of the 
parameters involved. The variation of fji,.n = 
Ri 4 > ' (Fig. 3) above 4-2°K is unique to the 
films but whether or not it is completely due to 
the film inhomogenity we cannot ascertain at 
present. Above about lOO^K 7 " where 

n = I ■5-2-0. 

Of particular interest was the observation 
of strong quantum oscillations in the magneto- 
resistance of both H88 and H9() at 4-2‘'K. 
That these eft’ecls can occur at all in the 
presence of an inhomogeneous ('d distribu¬ 
tion suggests that the films have a laycr-like 
structure in which carrier transport in the 


film plane can occur without appreciable 
interlayer scattering which would reduce the 
mobility. The actual data from H90 is shown 
in Fig. 4 which is taken directly from an x-y 
recorder trace of H^RIdH^ vs. H (R is the 



Fig. 3. Variiilion of Ihc cffeclive mobilily ' 

between 4 2 and 300°K. Al.so shown is the variation of p for 
pure bulk Hg Te deference [81) 



Fig. 4. Data for FIgTe FI90 showing vs. H where 

R is the sample resistance. The temperature is 1’25°K 
and the magnetic field is parallel to (211 >. 
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sample resistance). The magnetic field H, 
was parallel to <211) and perpendicular to 
the plane of the film. In the low field region 
there appears to be a single period. A, = 1-78 
X 0““ Oe ‘. The Fermi level passes through the 
last Landau level of this series at 7-75 kOe 
so that the additional oscillations shown in 
Fig. 4 (positions I, 2, 3) appear to form a 
second series with an apparent periodicity A.^ 
equal to that of the A, series. The oscillatory 
patterns for both H90 and H88 were observed 
to be essentially independent of the direction 
of H thus confirming that the Fermi surface 
was spherical as in bulk HgTe. A detailed study 
was not made, however, since for some 
apparently arbitrary directions of H, the 
oscillations could not be detected. This 
behavior was considered to reflect the sample 
inhomogeneity rather than any property of 
the electron Fermi surface. For a spherical 
Fermi surface the electron density may be 
simply calculated from the (single) Shubnikov- 
de Haas period A since 

3-16xl0« 


A, corresponds to n = 2-40 X 10‘^ cm'-' which 
is very poor agreement with the value of 
n = 6-72 X 10'^ cm which is calculated from 
the measured low field Hall coetficienl using 
the overall film thickness. For H88 only 
oscillations due to the passage of the A = I, 
2 and 3 quantum levels through the Fermi 
level were detected because of the lower 
electron mobility in this film. A single period 
of 2-70 X 10 ■' Oe ' was observed correspond¬ 
ing to n = 1-30X lO'^cm'". For this more 
homogeneous film, improved agreement with 
the value calculated from Ro of 1-82x10''' 
X cm " was obtained indicating a more uniform 
electron concentration. No additional oscil¬ 
lations were observed at higher fields as for 
H90. Recent data[9] taken on bulk HgTe has 
also indicated a second period as in H90 
above. Although we have no conclusive 
evidence concerning the origin of this series. 


it may be noted that no oscillations were 
observed for the more homogeneous film H88. 
For H90 the effective mass of the carriers 
contributing to the A, series was determined 
by observing, the temperature variation of 
the amplitude of the four low field oscillations 
between 4-2 and I •25°K, The theoretical 
expression [lOJ for this amplitude contains 
the temperature dependent term wSinhw 
where u = l-rr'^kTiha^ where Wc^eHIm'^c. 
For W|K211>. = 0-011±0 0015 w„. which 

may be compared to m* = 0-029 m,, for pure 
bulk HgTe[7] with « = 2-0x 10'^cm“''. The 
lighter mass observed shows that oscillations 
do arise from the Cd rich regions of the film. 

Nonohmic conductivity was observed at 
4-2°K for both H88 and H90. The current 
vs. electric field strength curves are given 
in Fig. 5. The resistivity decreased at a lower 
electric field for the higher mobility film. H90. 
The low field Hall coefficient Ru was observed 



Fig. .S. Current vs. electric field strength E for two 
epitaxial films H88 and H90 at 4-2“K. Also shown is the 
effect of an external magnetic field on the characteristic 
of film H90. 
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to be essentially independent of the electric 
field in the nonohmic region implying a con¬ 
stant electron concentration. Therefore, the 
observed decrease in resistance most probably 
results from an increase in carrier mobility. 
A small (5 per cent) decrease in occurs at 
the highest fields which can however probably 
be explained in terms of a current redistribu¬ 
tion in the film brought about by the change in 
resistance. The effect of an increasing 
external magnetic field normal to the plane of 
the film is to extend the ohmic region pro¬ 
gressively to higher electric fields (Fig. 5). 
Below about 6 V/cm the change in resistivity 
A/?/f? was ob.served to increase quadratically 
with E. Since is independent of £, we may 
therefore write A/x//xo = /S/F*. The field depen¬ 
dence and sign of this mobility change are 
both consistent with the presence of a warm 
electron distribution for which the momentum 
loss rate is determined by ionized impurity 
scattering[ 11, 12]. Such effects are well 
documented for inSbfl2] where for an elec¬ 
tron concentration of 2 x 10” cm"^, the value 
of /3 is 3cmVV^ For H88 and H90, /3 = 
0 0025 and 0 0048 cm^/V^ respectively. The 
values of /3 give a lattice scattering mobility 
[12, 13] of 1 X 10«cm^/V sec which may be 
compared with theoretical estimates of 
3 X 10“ cmVV sec and I -2 x 10’ cmVV sec for 
predominate acoustic or polar scattering 
respectively. The effect of an external mag¬ 
netic field (Fig. 5) is also in qualitative 
agreement with the behavior of a warm elec¬ 


tron distribution since the power input to the 
carriers is progressively reduced by the field. 
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Abstract — Measurements of electrical conductivity and Seebeck coefficient have been made on p- 
type cuprous oxide single crystals in the temperature range from 300° to 500°K. The thermoelectric 
power decreased only slightly with temperature. Conductivity increased with temperature, with an 
activation energy of 0-26 eV. CujO may be nearly ionic and extrinsic conductivity could occur by 
thermally activated hopping, with electron exchange between Cu*'^ and Cu'^ ions. However, this 
interpretation is in disagreement with data on the Hall effect which indicate that hole mobility in the 
300-500°K range decreases with increasing temperature. 

INTRODUCTION EXPERIMENTAL DETAILS 


Because of the technical importance of 
cuprous oxide, its electrical properties have 
been the object of many investigations. Con¬ 
ductivity and Hall measurements have been 
made on polycrystalline CujO in the extrin¬ 
sic conductivity temperature range from 300® 
to 500°K. Brattain summarized the data 
from several investigators and concluded that 
conductivity in CujO could be explained by 
the usual band picture [1]. However, the 
Hall and conductivity data were almost in¬ 
variably from samples which had been aged 
to give low resistance. To determine the 
mechanism of charge transport in semi¬ 
conductors, high resistance samples with low 
defect concentrations should be examined. 
Generally, measurements of at least two elec¬ 
trical properties such as Hall effect and 
conductivity or thermoelectric power and 
conductivity are required. Single crystals 
should be used if possible. 

In this work, measurements were made of 
electrical conductivity and thermoelectric 
power of high-resistance cuprous-oxide 
single crystals. 

‘This work was supported in part by Air Force Office 
Scientific Research, Office of Aerospace Research. 
United States Air Force under AFQSR Grant Number 
AF-AFOSR-262-65. * 


Cu.fi single crystals were grown by the Trivich 
method[2]. After abrading off more than half the thick¬ 
ness from one side, to eliminate the center-voids layer, 
disks 0 07 cm dia. by 0-03 cm thick were cut out ultra- 
sonically. To insure good thermal contact to the sample 
surfaces, electrical measurements were made in a 
Bridgman-anvil high pressure apparatus. The method for 
measuring conductivity and Seebeck voltage was similar 
to one previously described [3]. However, in the present 
work, an Isomica ring was used in place of paper to con¬ 
tain the sample. Also each anvil was furnace healed 
separately so that the temperature gradient could be 
controlled. The press load was such that the average 
pressure over the fin. Isomica ring-sample assembly 
was about 5 kb. 

To measure the sample surface temperatures, the 
junctions of 0-002 in. thick chromel and alumel strips 
were in contact with the piston faces close to the sample. 
This was assured by inserting 0-002 in. mica strips 
between the thermocouple strips and the pistons. Only 
the tips of the thermocouple strips close to the sample 
were exposed, and in direct contact. 

Seebeck voltages were determined by measuring the 
voltage across like thermocouple leads. Temperature 
differences of about 25°C were maintained throughout 
300-500°K range. Possible errors in reading the piston- 
face temperatures due to shorting of a thermocouple 
lead to the outer edge of a piston or due to some other 
cause were checked periodically during a run by adjus¬ 
ting the separate heater inputs so that the measured piston 
temperatures were equal. If at the same time the Seebeck 
voltage across the sample was zero, the temperature 
readings were assumed to be correct. 

RESULTS AND DISCUSSION 
The thermoelectric power of CuzO single 
crystals was positive, indicating p-type 
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material. The magnitude of the Seebeck 
coefficient Q and the electrical conductivity 
of typical CujO single crystals at 5 kb 
pressure and temperatures from 300 to 
500°K are shown in Figs. I and 2. There is a 
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close resemblance between our results and 
those of Greenwood and Anderson (4] on 
high resistance polycrystalline CuzO in the 
same temperature range. In both instances, 
the Seebeck coefficient was nearly constant 
with temperature from 300° to .‘'00°K. The 
activation energy for conductivity was 
0-30 eV in the Greenwood and Anderson 
samples compared with 0-26 eV in our single 
crystals. 

If the increase in conductivity with tempera¬ 
ture were due to an increase in hole con¬ 
centration, then according to any of the 


accepted formulas for thermoelectric power 
in semiconductors, the Seebeck coefficient 
should decrease with temperature. Inasmuch 
as the near constancy of the Seebeck co¬ 
efficient is indicative of changes in hole 
concentration too small to account for the 
effect of temperature on conductivity, it 
would appear that hole transport in CujO is 
a thermally activated process. 

O’Keefe and Moore [5] have also concluded 
from electrical conductivity measurements on 
Cu.jO single crystals at low oxygen pressure 
and low temperature that e,, = 0-295 eV re¬ 
presents the activation energy required to 
dissociate holes from traps, the nature of 
which was left open. The activation energy 
«.i = 0-295 eV is close to the activation energy 
for conductivity in our samples and those of 
CJreenwood and Anderson. 

Any theory of conduction in Cu^O should 
presumably account for electrical properties 
above 500°K. However, interpretation of 
electrical measurements above 500°K is 
complicated by the fact that ('u,;0 is thermo¬ 
dynamically unstable in air at temperatures 
below IOOO°K. O’Keefe and Moore have 
postulated that the conductivity at tempera¬ 
tures above 5()()°K will depend in part at 
least, on the heat of the reaction 

4CuO 2 Cu.,0-I-02. (1) 

At temperatures where Cu;;0 decomposition 
occurs, the expected activation energy for 
conductivity should be about 0-96 eV [5]. 
This is in good agreement with the reported 
high temperature activation energy reported 
by Greenwood and Anderson on poly¬ 
crystalline samples and by Kotsyumakha, 
Kushnir and PerelyginfbJ on single crystal 
Cu-.O, Because of the instability of CuaO, 
it appears that the mechanism of hole trans¬ 
port in CUijO can best be determined at 
temperatures below 500°K where the decom¬ 
position of CU. 2 O is slow enough to have 
little effect on electrical properties. 

Our data and those of others cited above 
indicate that holes in Cu^O are trapped. The 
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work on single crystals rules out the possi¬ 
bility of trapping at grain boundaries. Trapping 
at dislocations might be possible. Andrievskii 
and Mocharnyuk[7] have observed dis¬ 
location densities of 10® to 10® per cm“ in 
CujO. The average distances between dis¬ 
locations would be several orders of mag¬ 
nitude larger than the hole mean free path, 
and it seems unlikely that trapping at dis¬ 
locations is important. The usual equations 
relating hole concentration to Seebeck 
coefficient would refer to holes freed from 
both defect sites and dislocations. 

An apparent thermally activated hole 
mobility in p-type NiO has been explained 
by assuming that short range self polarization 
of the lattice traps holes at local ion sites [8]. 
Hole transport occurs by electron exchange 
between Ni®"'' ions and adjacent Ni^®^. For 
this type of trapping and hopping transport, 
a material must be nearly ionic and the cation 
should have the possibility of more than one 
valence, since hole trapping as in NiO pre¬ 
supposes a localized Ni®^ ion. Hole trapping 
in MgO, for instance, would be unlikely 
since the Mg®^ ion would be in too high an 
energy state. Copper ions can of course be 
found as both Cu'^ and Cu®^ ions. 

There is both theoretical and experimental 
evidence for the ionicity of CujO. In cal¬ 
culating energy bands in CujO Dahl and 
Switendeck [9] assumed initially a crystal 
potential obtained by placing Cu'®^ and O®' 
ions at the crystal sites. The resulting cal¬ 
culation was reasonably consistent with the 
ionic picture of Cu^O in that the oxygen 2s- 
and 2p-bands were found to lie well below 
the copper l>d- and 4j-bands. Experimental 
investigation of the pressure effect on the 
quadrupole resonance frequency of the Cu®® 
nucleus in CujO, appeared to confirm its 
ionic nature [10]. Self trapping was proposed 
for NiO as a possible explanation for the non- 
metallic conductivity in the unfilled (/-band. 
Such an explanation is not required for Cu^O 
where the (/-band is filled. T^ filled (/-band 
does not preclude, however, the possibility 


of charge transport in nonstoichiometric 
CujO by localized electron exchange between 
Cu®+ and Cu*"^ ions. 

The principal evidence for band conduction 
in Ca^O is from Hall and electrical con¬ 
ductivity data. Kotsyumakha et al.[6] have 
determined the temperature dependence of 
the electrical conductivity and Hall effect 
in CUjO single crystals. If the usual equation, 

^H = -I/pec (2) 

relating the Hall coefficient R„ to the hole 
density p, is used, the Kotsyumakha data 
indicate that the hole mobility at tempera¬ 
tures from 300“ to 500“K decreases with 
increasing temperature. However, if extrinsic 
conductivity in CU. 2 O is of the hopping type, 
equation (2) may no longer hold [12]. The 
relationship between the Hall coefficient and 
hole density will depend on the crystal 
structure of the material. 

According to Friedman and Holstein[l 1], 
jump processes involving the occupation of 
at least three sites must be taken into account 
in treating the Hall effect. The case where 
three mutually near neighbor sites lie at the 
vertices of an equilateral triangle has been 
considered in detail. This analysis applies 
to Cu.iO where nearest neighbors lie along 

[110] directions. The equilateral triangle 
connecting nearest neighbor sites lies in a 

(111) plane. 

According to the Friedman analysis the 
activation energy for hole mobility enters into 
the relation between Rh and p. Denoting the 
activation energy for hole mobility by e, then 

ATexpaelikt) ( 3 ) 

" pec 

On applying equation(3) to the Kotsyumakha- 
Hall data, the hole mobility still decreases 
with increasing temperature. Thus, the direc¬ 
tion of the temperature dependence of hole 
mobility is opposite in the interpretations 
from Hall and thermoelectric data. If the 
hopping model is assumed there is also a 
difference of several orders of magnitude 
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in the calculated hole density and mobility 
in the two interpretations. Values of unbound 
hole concentration in Kotsyumakha single 
crystals at room temperature calculated from 
Hall measurements were 1 x 10*'^ and 6-8 x 10'* 
per cm*. Some flattening of the conductivity 
and Hall coefficient slopes at about 500°K 
indicated the total hole concentration, bound 
and unbound, at low temperatures was about 
5 X 10'^ per cm* in the Kotsyumakha crystals. 
The hole concentration in our samples cal¬ 
culated from Seebeck coefficients varied from 
about 8-5 X 10'* at 300‘’K to 2 5 X 10'* per 
cm* at at 500°K. Hole mobility varied from 
about 0-08 cm*/V sec at 300“K to 1 cm*/V sec 
at SOO^K. 

If the hole concentration in the Kotsymakha 
crystals were due to nonstoichiometry or to 
some impurity, the calculated value of 5 x 10" 
represents a departure from stoichiometry or 
an impurity content of 1 part in 10*. This is 
low impurity level for copper compounds, and 
it would have to be assumed that impurities 
present in concentrations of parts per million 
must be at least 100 times less effective on the 
electrical properties than the defects res¬ 
ponsible for the holes. From this viewpoint, 
the hole concentrations of 10'* to 10" ob¬ 
tained from thermoelectric power data seem 
more rea.sonable. 

If the conductivity and thermoelectric 
power measurements were the only existing 
data on Cu^O, hole transport by hopping 
might be assumed. There is however, the 
evidence from Hall measurements and other 
experiments such as those on photoconduc¬ 


tivity [12], which indicate a hole mobility 1 or 
2 orders of magnitude larger than from the 
hopping transport model. However, some of 
the experiments, such as those on photocon¬ 
ductivity, may not refer to low energy holes 
in the 300-500‘’K range. Higher energy holes 
may be in valence bands while low energy 
holes may transport charge by a different 
mechanism. Other types of experiments to 
measure the drift mobility of low energy 
holes in CujO may be required to explain the 
discrepancy between the interpretations 
from Hall and Seebeck data. 
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Abstract—The diffusion of zinc into GaAs at I000°C, at dissociation pressure and under excess 
arsenic pressure is described. A technique using very small amounts of radio-active zinc was de¬ 
veloped and the Boltzman-Malano method for analysis of diffusion prohies was extended to low 
zinc concentrations. The diffusion coefficient was generally found to vary in the extrinsic region as 
the square of the zinc concentration, as predicted by the substitutional-interstitial mechanism for 
diffusion. At high concentrations a maximum was reached for the diffusion coefficient. This can be 
attributed to a breakdown in the vacancy equilibrium. In the intrinsic region the coeffiaent tended to a 
constant value which was larger in the case of the dissociation pressure diffusions than in that of the 
excess arsenic diffusions by a factor of about three. This suggests that the substitutional-interstitial 
mechanism continues to operate at least down to a concentration of 10‘'/cc. 


1. INTRODUCTION 

The diffusion of an element into a solid 
from the vapour phase can often be described 
by a simple diffusion coefficient, D. In this 
case the solution of Pick’s law for the dis¬ 
tribution of the element at a distance x from 
the solid surface at time t is given by an error 
function complement curve. It was first 
shown by Cunnell and Gooch[l] that when 
zinc is diffused into GaAs from the vapour 
at l()00‘’C a simple error function complement 
diffusion profile is not in general obtained. 
This can be explained by assuming that D 
falls with decreasing zinc concentration. 
Two techniques have been used to follow 
this variation ofD with concentration. 

(I) The isoconcentration techmque[2]. 
In this method non-radio-active zinc is dif¬ 
fused into a slice of GaAs until it is dis¬ 
tributed homogeneously, with concentration 
Co. The experiment is then repeated on the 
same slice using, this time, radio-active zinc. 
The total amount of zinc in the specimen is 
constant throughout this second experiment 
and an error function complement profile 


'Present address: Department of Electrical and 
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is obtained for the radio-active tracer. 

The great difficulty with this technique is 
the prohibitively long time required to 
diffuse a specimen to give a constant doping 
of less than about 10'“/cc. 

(2) A graphical technique, used in refer¬ 
ences [IJ and [5]. The diffusion curve is 
analysed according to the Boltzman-Matano 
method[3] wherebye D may be calculated by 
measuring the slope and area under the profile 
at various points. 

In principle this method can give the varia¬ 
tion of D with c, at a given temperature, from 
a single diffusion profile. The .difficulty here 
is in the very sharp fall in the diffusion profile 
below 3 X 10’”/cc if the usual amounts of zinc 
are used in the diffusion tube. This makes any 
accurate determination of slope impossible 
at low concentrations, so that the variation 
can only be plotted in the rather small range 
between Co(I — 2 x 10“/cc) and 3xl0‘’'/cc. 
If profiles with Cq < 3 x 10‘"/cc are plotted, 
however, this difficulty can be overcome. 
In order to do this it is necessary to use very 
low pressures of zinc in the diffusion ampoule. 
In the work to be described zinc was diffused 
into GaAs at 1000°C. Amounts of zinc in a 
standard 10 cc ampoule between 1 mg and a 
few fig were used. Each profile contributed 
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a different range in which the Boltzman- 
Matano analysis could be carried out ac¬ 
curately. The variation of diffusion coefficient 
with zinc concentration was followed over the 
range 10”-l(F®/cc. Each experiment was 
carried out both with and without an excess 
pressure of arsenic in the diffusion tube. 

2. EXPERIMENTAL 

Diffu.sion profiles were plotted using radio- 
tracer Zn® with a i life of 245 days. In order 
to achieve the low surface concentrations 
required, very small amounts of highly active 
material were needed. A simple preparation 
technique was used. Thin layers of non-radio¬ 
active zinc were evaporated on to a number 
of silica dice, about 5 mm square. The dice 
were packed in an ampoule and irradiated in 
the A.E.R.E. reactor PLUTO for seven days 
in a flux of 2 x 10'^ neutrons/cmVsec. An 
atmosphere of helium was used in the ampoule 
to improve the heat exchange and keep the 
silica dice as cool as possible. They were 
then set aside for three weeks for short¬ 
lived isotopes to decay, after which spectro- 
metric measurements confimed that the only 
isotope present was Zn"’’. Using this technique 
amounts of radio-active zinc as small as a 
few microgram could be prepared and easily 
handled. 

A slice of «-type GaAs weighing about 0-2 g 


was polished in bromine-methanol solution 
and soaked in KCN. It was sealed in an 
evacuated 10 cc ampoule with the radio¬ 
active zinc and heat treated at 1000°C. 
Diffusions were carried out with amounts of 
zinc in the tube of 6/ig, 80/ag, I mg. Each 
diffusion was carried out twice, once without 
excess arsenic in the tube and once with 1 mg 
arsenic in the tube, giving an arsenic pressure 
of 4x 10'^ atm. Full details are given in 
Table I. 

In Fig. 1 are shown the profiles resulting 
from the diffusions at dissociation pressure. 
Surface concentrations vary between 5 x 10'®/ 



DcDlh (microns) 

Lig. 1. Diffusion profiles for anc in GiiAs <il I000°C at 
dissociation pressure of arsenic. See Table for diffusion 
conditions. 


TahU’ 1. Diffusion conditions. Because the zinc atmosphere is different in 
different experiments, dissociation pressure varies between 1 -5 X 10“'' atm for 
curve I and I x 10 ' atm/itr ck/tc 111(10]. The variation in arsenic pressure 
for the diffusions with added arsenic is neplipahle 


Curve 

i'o 

Arsenic pressure 

Heat treatment at 1000°C 

1 

5 X I0'“ 

dissociation 

3 hr 

II 

1-5 X 10'“ 

dissociation 

80 hr 

III 

5x 10'" 

dissociation 

320 hr 

lA 

2 X 

4X 10’* atm 

3 hr 

IIA 

6X |0'“ 

4 X 10* atm 

80 hr 

IIIA 

7 X 10'" 

4x 10' *atm 

320 hr 

IB 

(1) - 

4 X 10”* atm 

(1) 320 hr in arsenic 
atmosphere 


(2) l-SX 10“" 

4 X 10“*atm 

(2) 3 hr in arsenic and zinc 

isoconcentration 

1-4 X 10'" 

dissociation 

320 hr 
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cc and 5 X 10*“/cc. Each of these profiles 
contributes a range in which the Boltzman- 
Matano analysis may be used with reasonable 
accuracy, and the diffusion coefficient may 
be plotted as a function of zinc concentration 
over a range 10'’-5 x lO'^/cc. This is shown in 
Fig. 2. In the range over which they can be 
compared, these results agree very well with 
the isoconcentration data of Chang and 
Pearson, D varying approximately as the 
square of concentration. Below about lO'^/cc 
D begins to level out to a constant value of 
I0“'“cm^sec“'. 

A check was carried out on these results by 
performing an isoconcentration experiment on 
material doped with zinc to a level of l -4x 
10'"/cc. The profile is shown in Fig. 3: it is 
an error function complement and the 
diffusion coefficient is plotted as a special 
point on Fig. 2. It agrees well with the 
Boltzman curve. 

In Fig. 4 are shown the diffusion profiles 
obtained from experiments in which there 
was arsenic in the tube. The excess arsenic 


pressure has the effect of increasing solubility 
of zinc[4], so the surface concentrations are 
higher. The shapes of the profiles I A, IIA are 
quite different from I, II, even though the 
same amounts of zinc and the same diffusion 
times were used. Curves similar to IA have 
been found at 1000°C by Cunnell and Gooch, 
using excess arsenic and by Casey ct al. 
[5] at dissociation pressure, although in both 
cases the surface concentrations were higher 
than the 2 X I0^“of lA. 

The effect of heating GaAs in 01 atm of 
arsenic is to change the stiochiometry of the 
crystal, increasing the number of gallium 
vacancies by a factor 3-4 and decreasing 
the arsenic vacancies so as to keep the 
product of their concentrations constant[1]. 
(This is why the zinc solubility changes.) 
This change can only progress into the crystal 
as fast as the vacancies diffuse. Profile lA 
represents a diffusion anneal of only 3 hr. 
It seems possible, therefore, that its rather 
strange shape could be due to a variation in 
stoichiometry in the crystal, the ‘correct' 



Fig. 2. DifTusion coefficient vs, zinc concentration using 
Boltzman-Matano method, from profiles of Fig. I. The 
diffusion coefficient from the isoconcentralion curve of 
Fig, 3 is plotted as a special point. 
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Fig. 3. Profile obtained from an isoconcentration diffusion 
on a sample homogeneously doped with zinc to a level of 
1 -4 X 10"‘/cc. The curve is an error function complement. 



D«pih (micron*) 

Fig. 5. Diffusion profile for zinc in GaAs at 1000°C 
under excess arsenic pressure, after pre-anneal in arsenic. 



Fig. 4. Diffusion profiles for zinc in GaAs at 1000°C 
under excess arsenic pressure. See Table for diffusion 
conditions. 
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Stoichiometry occurring only just below the 
surface. In order to check this, a GaAs slice 
was annealed in an arsenic atmosphere for 
320 hr before repeating the zinc diffusion 
experiment. This produced profile IB, shown 
in Fig. 5. The curve shows the same features 
as lA, but is not identical. 

The Boltzman plots of diffusion coefficient 
against zinc concentration, from profiles I A, 
IB, IIA, IIIA are shown in Fig. 6. The lack 
of agreement between the curves in the con¬ 
centrations for which they overlap is much 
greater than experimental error. Curves lA. 
IB, llA all show a maximum in D. but not at 
the same concentration of diffusion coefficient. 
Curve IIIA has no maximum and shows 
similar behaviour to Curve III in Fig. 2, 
although it tends to a lower constant value 
below 10'*/cc. 

Finally the technique was checked by twice 
repeating the diffusion experiment giving rise 


to profile IIA. A high degree of reproducibility 
was shown in the diffusion profiles. 

3. THE SUBSTITUnONAL-INTERSTITIAL 
DIFFUSION MECHANISM 

This mechanism was suggested by Frank 
and Turnbull [6] to account for the anomalous 
diffusion behaviour of copper in germanium. 
It has since been generalised by Sturge[7] 
and adapted by Chang and Pearson[2] to 
explain their isoconcentration results for 
zinc in GaAs. It is assumed that a small 
proportion of the diffusing zinc exists inter- 
stitially, Cf, and that the diffusion coefficient 
for the interstitial species, D,. is much greater 
than that of the substitutional species, D,. 
The interstitial and substitutional zinc con¬ 
centrations are related by an equation in¬ 
volving the gallium vacancies: 

Zn;+-f F Zn,- + 2r‘" ( 1 ) 



Fig. 6. Diffusion coefficient vs. zinc concentration using 
Boltzmann-Matano method, from profiles of Figs. 4 
and 5. 
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( 2 ) 


where c\ is the substitutional concentration; 
Y is the activity coefficient for holes, approxi¬ 
mately unity for concentrations less than 
/0-“/cc,(8J; p is the hole concentration; r,. is 
the gallium vacancy concentration. For high 
concentrations, r, = p. and we have K = 
c’icUc'A. the primes denoting equilibrium 
values. 


^titial zinc to be a ^sed dono, 

H. this tvotk intersUtml anc n taken to be j 

^ y/ /, /-s ^ donor because thh fits thl 

results rather better and seems on pAys/^aj 
grounds to be the more reasonable as¬ 
sumption. 

(ii) No production of vacancies in the bulk, 
i.e. k = 0. In this case the mechanism for the 
diffusion of the substitutional zinc atoms will 
be that they dissociate into vacancies and 
interstitial zinc, which diffuse independently. 
The high interstitial diffusivity then maintains 
c, close to Cl' since the diffusion coefficient 
for interstitials is much greater than that for 
vacancies. Equations (5-7) then give an 
effective diffusion coefficient: 


The conservation equations for zinc atoms 
and vacancies give: 


tie,. (Fc, , , 


and 


(It (It ‘ (ix'^ 


(4) 


/)„ is the diffusion coefficient for vacancies; 
k is the rate of production of vacancies in the 
bulk. It is assumed that the rate of creation or 
removal of vacancies by dislocations is 
proportional to the deviation of c,. from its 
equilibrium value. 

D, is assumed negligible small. 

Equations (5-7) can be solved only for 
limiting cases; the two simplest are 
(i) Vacancy equilibrium is maintained, i.e. 
(•,. = This assumption is the one usually 
made(2,4|. An effective diffusion coefficient 
is obtained: 



This is similar to the expression derived by 
Chang and Pearson. Their equation shows a 
cubic dependence of diffusion coefficient on 
concentration because they assumed inter- 



( 6 ) 


It will be shown below that D, > D.^. 
Assuming case (i) holds at low concentra¬ 
tions then (•„ = c,'. y = \ p = ni and 


D, = 



(7) 


a constant value (a result also derived by 
Chang and Pearson). 

4. DISCUSSION 

The first set of diffusions, taken at dissocia¬ 
tion arsenic pressure, obeys the (zinc con¬ 
centration)^ law up to a concentration of 
5 X 10'”/cc, (Fig. 2). The results obtained 
using excess arsenic show the law to be 
approximately obeyed until a maximum is 
reached. This maximum appears at different 
concentrations on different curves. The occur¬ 
rence of a maximum D is not confined to 
diffusions carried out under an excess 
pressure of arsenic, however. Casey et at. 
using high zinc atmospheres in their diffusion 
ampoules plotted diffusion profiles at dissocia¬ 
tion pressure with surface concentrations as 
high as 4 X 10*®/cc. Their Boltzman plots at 
I000'’C showed curves similar to lA, Fig. 
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E with a maximum for D at 1 x 10*“/cc. No 
Yim tim is shown in Fig. 3, therefore, 
presumably because this concentration was 
not reached by any of the first set of diffusions. 

The disagreement between the curves in 
Fig. 6 is greater than experimental error. 
The reason may be sought in a consideration 
of the validity of the Boltzman analysis. 
This analysis replaces the two variables x, t, 
with a single variable If the diffusion 

constant is dependant on time, then it follows 
that Boltzman-Matano plots of D vs. c will 
be different for different diffusion times. 
This is the probable reason for the dis¬ 
crepancy between curves lA, IIA, of Fig. 6 
for instance. The first of these profiles is 
plotted from a 3 hr diffusion, the second took 
80 hr. The concentration at which the maxi¬ 
mum D occurs can also be varied by varying 
the arsenic overpressure. Profiles I, lA, IB, 
for instance, all represent 3 hr diffusions 
in the same zinc atmosphere but show 
respectively no maximum, a maximum at 
4 X lO'^/cc and one at 1 -5 X lO'“/cc. The maxi¬ 
mum for curve IIA occurs at 1 x lO'Vcc 
(Fig. 2, Fig. 6). 

Casey et a/.[5] also observed a maximum 
in the D vs. c curve and explain the devia¬ 
tion from the (concentration)^ law in the 
following way. They point out that the 
activity coefficient for holes y (see equation 
(2)) may be accurately put equal to unity 
only at low acceptor concentrations. At 
concentrations high enough for the zinc 
acceptor levels to broaden and merge with 
the valence band, they suggest that y becomes 
less than one. They use this effect to explain 
the shape of their Boltzman curves and show 
that if y drops quite sharply below one at a 
zinc concentration of 1 (F®/cc then a maximum 
D is reached at about the same concentration. 
The value of y should depend only on Fermi 
level position at constant temperature. The fall 
in the value of y should therefore occur at a 
unique zinc concentration and so should the 
maximum in the D vs. c curve. It does not 
seem possible, therefore, to reconcile this 


theory with the results presented above, in 
which the maximum appears at different zinc 
concentrations for different experimental 
conditions, 

In calculations of the diffusion coefficient 
of zinc in GaAs it is usual to assume that 
vacancy equilibrium is maintained, i.e. Cr = 
Cp. The measured diffusion coefficient is then 
D„ as given by equation (5). If in some region 
of the crystal vacancies cannot be replaced 
as fast as they are used up, then the diffusion 
coefficient will be some compromise between 
D, and Dj. It is fairly easy to show D, P- D^: 
from equations (5,6), 

^ = = ( 8 ) 

D 2 0(;a 

where is the self diffusion coefficient of 
gallium in GaAs. which is <10"'®cm*sec"‘ 
at 1000‘’C[9], and c/ is written as a fractional 
concentration. D, has been estimated at 10^'' 
by Chang and Pearson on the basis of their 
isoconcentration work. Using the data of 
Fig. 2 and equation (8), c[ can be calculated 
for a given zinc concentration. Taking a con¬ 
centration of 10'“. c'i = 3x 10"' and clDi = 
3 X 10"" cm“sec~'. Hence D, > Di and any 
breakdown in the vacancy equilibrium will be 
accompanied by a fall in the measured 
diffusion coefficient. It seems reasonable to 
suggest that the maximum in D shown in 
Fig. 6 represents such a breakdown at high 
zinc concentrations. 

From this explanation it is entirely reason¬ 
able that a change in arsenic overpressure 
should change the position of the maximum in 
D. The concentration at which the maximum 
occurs depends on the vacancy equilibrium 
and this in turn depends on the arsenic over¬ 
pressure. The position of the maximum should 
also be expected to depend on time. 

If it is assumed that for very low concentra¬ 
tions c„ = Cl.', then one more interesting piece 
of information may be extracted from the 
results. At concentrations below about 
l0'*/cc, GaAs is intrinsic at 1000°C. It has 
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been shown in Seetkta 3 that in tins cate If, cwiMaMM 
becomes constant at approxinutely X.atVc,. vahn of If ^ « Apfttr Jiut oy*., 

As pointed out by Chang and Peafton, how- wntuttM with tbe sabsiituiin i '* 
ever, it is quite like/y that the substitutional- Stitial iMchattim COntflM^ to one 
interstitial mechanism no longer operates at to the lowest doc concentfadont 
.1.— I-... --— —1 _ to this work. 


these low concentrations and a straight¬ 
forward substitutional diffusion takes over. 
A simple substitutional diffusion coefficient 
IS proportional to the vacancy concentration. 
'•e. />«,(, a c,:. So by changing the concentra¬ 
tion of gallium vacancies it should be possible 
to determine which of the two possible 
mechanisms operates at low concentrations 
of zinc. 

In the wort described above, experiments 
were carried out at dissociation arsenic 
pressure 10-atm at lOOO^CllO]) and at an 
arsenic pressure of approximately 4x10-^ 
atmospheres. Assuming the species in the 
vapour to be As„ the gallium vacancy con 
centra,ton varie.s as tarseric pressure)- , e 
by a factor of about 4 in these experimenis 
Companson of Fig. 2 and Fig. 6 shows that 


AcknOH>le^,me>n-l should like to thank u 
Burses, who earned out the ndh-activi^^^,^^ ^ R 


BEFERESCES 

I. CUNNELL F. A. and GOOCH C H / pi 

Chem. Solids tS. 127(1960). ' ” 

2. CHANG L. L. and PEARSON G I / 

Phys. 35.1960(1964). ' “PPl- 

3. SHEWMON P. G., Diffusion in c ip 

McGraw-Hill. New York 0963). 

4. McCALOIN3, 0.,J. appi. Phys 34 I74»iio/:i\ 

5. CAS£V H. C.. PARISH M. t^d CHaZ >', 

Phys. Rev. 162. 660(,967) L. L, 

D., P,„,, 

8 RnsPMBL^vP ’ 297 ( 1959 ) 


.irec. of ,„c„a,,i„g ... ^ 



Solids Pergamon Press 1969. Vol, JO. 261-280. Printed in Great Britain. 


DESCRIPTIONS OF OUTER d ELECTRONS 
IN THIOSPINELS 

JOHN B. GO0DE24OIJGH 

Lincoln Laboratory,* Massachusetts Institute of Technology, Lexington, Mass. 02173, U.S.A. 
{Received 7 May 1968; m revised form 17 June 1968) 


Abstract—The constraints |1] of symmetry imposed by the spinel structure and [2] of internal con¬ 
sistency within the periodic table are used to construct phenomenological energy diagrams for the 
transition-metal thiospinels. It is found that band narrowing via intra-atomic exchange is sufficient 
to localize the d electrons to a cation only if there are at least three unpaired spins at the cation. 
/4-site Co^+ ions may have collective d electrons, but exhibit a spontaneous atomic moment in Co 
|Cr 2 ]S 4 , The compounds /4[Cr2]S4, where A = Zn, Cd, Mn and Fe, contain localized d electrons, 
although the antiparalled-spin electron per Fe®+ ion is just localized. It is argued that the compounds 
Cu[Bj]S„ B = V, Cr, Rh and l/2(Rh-(-Cr), have one hole per molecule in primarily d-like, collective 
orbitals that are primarily Cu-S in character. Where the B cations have no spontaneous atomic 
moment (B # Cr), the compounds are superconducting at lowest temperatures. CulTijJS, and 
Cu[Co 2 ]S 4 , though metallic and without spontaneous magnetism, exhibit no superconducting transition 
above 0 05°K. CutTijJS^ and probably Cu[Co,)S 4 are distinguished by a lack of (or less than one per 
molecule) holes in the d-likc, collective Cu-S states. Cu*''-I-Cr“* is argued to be more stable than 
Cu^-t-Cr*'^ in the chalcogenide spinels, as it is known to be in Cu[Cr 2 ] 04 . The low Curie constant 
of CuCrRhSe^, as compared with CuCrTiS 4 , is attributed to a temperature-dependent molecular 
field, which is primarily due to mobile charge carriers in the selenide, rather than to Cr** excited 
states at high temperatures. The decrease in optical energy gap below in CdCr 2 Se 4 . in contrast 
to Its increase in CdCrjSi, is attributed to high-spin and low-spin Cr‘* ions of approximately the 
same energy. 


1. INTRODUCTION 

The FERROMAGNETIC, metallic spinels 
Cu[Cr 2 ]A' 4 , where A' = S, Se, or Te, illustrate 
well two fundamental difficulties encountered 
in any first-principles description of the 
transition-metal chalcogenides; (1) The 
outer d electrons may be either localized 
and spontaneously magnetic, collective with¬ 
out spontaneous magnetization (other than 
superconducting diamagnetism), or transi¬ 
tional between these two extremes. In the 
spinels Cu[Cr 2 ]A' 4 , the chromium d electrons 
exhibit a spontaneous magnetism; any 
copper d holes are collective and exhibit 
only an induced magnetism due to the in¬ 
ternal fields created by the chromium 
moments. (2) Covalent mixing between 
anionic s, p orbitals and cationic orbitals, 
d as well as j and p, influences sensitively 


‘Operated with support from the U.S. Air Force. 


not only the one-electron periodic potential 
in which collective electrons move, but 
also the cationic potential in which any 
localized d electrons are trapped. There¬ 
fore positioning of the (/-electron energies 
relative to themselves and, even more, 
relative to the i, p-electron band edges is 
not quantitatively reliable with present-day 
computing techniques. This situation forces 
reliance on phenomenological approaches. 
This paper provides a semiempirical de¬ 
scription of the transition-metal thiospinels 
that conforms to the symmetry constraints 
of the spinel structure and to variations of the 
phenomenological parameters of theory that 
are qualitatively consistent with the con¬ 
straints of the periodic table. 

Application of the constraints of the 
periodic table is well illustrated by the 
variation in energy gap Eg of the equiatomic 
II-VI compounds MX. Figure 1 schemat- 
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(a) 


(b) 


Eig. I Schematic band structures for equiatomic 11-VI compounds. 


ically illustrates how £„ varies sensitively 
with £«-£/, the difference in the Madelung 
and ionization energies for the effective 
charges on the ions. The smaller the covalent 
mixing, the larger the effective charges and 
hence the larger the energy £.«-£/. Since 
the lighter cations of any row of the periodic 
table are more electropositive, a ll(a)-VI 
compound should have a larger £„ than the 
corresponding II(b)-Vl compound (c.g. 
CaS vs. ZnS). Similarly, lighter anions of 
any column of the periodic table are more 
electronegative, so that £„ should decrease 
on going from the oxide to the sulfide to the 
selenide to the telluride. Thus the fact that 
ZnO has a smaller energy gap than ZnS is 
an anomaly that requires explanation. The 
other members of the series ZnA" have 
energy gaps £„ that vary regularly. 

The transition-metal atoms 7 are located 
between 11(a) and 11(b) in the periodic 
table. Thus for TX compounds, especially 
if they have the same structure, traversal 
from 11(a) to 11(b) of any of the three long 
periods, while keeping X the same, should 
be accompanied by a continuous decrease 
in Em-Ei, and hence in E„. Simultaneously, 
the relative stability of the d electrons 
increases with increasing atomic number 
Z on traversing any long period, so that the 
energy difference between the filled s. p 


bands and the lowest unoccupied d level 
decreases even more rapidly than E^-Ei. 
The variation in stability of the d bands is 
also influenced by intra-atomic exchange and 
crystal-field splittings. Whether the d electrons 
are localized or collective, the formal cationic 
valences indicate the number of d-like 
electrons per cation so long as > 0. 
However, if the Fermi energy £,. falls within 
overlapping d and i, p bands, so that €„ = 0, 
then formal ionic valencies have no physical 
meaning and are only misleading. 

In the case of ZnA", the cationic d and the 
bonding .v. p states are all filled, and the 
essential ambiguity is only the relative 
energies of the top of the valence s, p bands 
and the top of the d bands. In ZnS, ZnSe 
and ZnTe, where E„ decreases regularly on 
going down column VI of the periodic table, 
the d bands are below the top of the valence 
bands. In ZnO this is probably not the case, 
which would account for the anomalously 
small Eg ~ 3-3 eV. The fact that CuO 
clearly has empty d states above the top of 
the valence band (e^ > 0) is consistent with 
d-like states at the top of the valence bands 
in ZnO. Any d levels above the top of 
the valence band are antibonding and hence 
destabilized by covalent mixing, thereby 
reducing Eg. 

Similar reasoning from the periodic table 
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is used in this paper to extrapolate from a 
measured parameter in one compound to 
its approximate value in another. 

2. ENERGY BANDS FOR THE NORMAL SPINEL 
CdllnJS^ 

The structure of a normal spinel A[B. 2 ]X 4 
belongs to the same space group O// = Fd3m 
as the diamond structure. The primitive 
rhombohedral unit cell of Fig. 2 contains 
two formula units; the coordinates of the 



Q ■- A-2 AND O -- B-2, 6-3,6-4 OUTSIDE OF PRIMITIVE CELL 

Fig. 2. Primitive unit cell of face-centered-cubic spinel 
structure. Ionic numbering corresponds to Table I. 

atoms are given in Table 1, where the u 
parameter is « 3/8. The A cations are in 

tetrahedral anionic interstices and the B 
cations in octahedral interstices. Each of 
the four B cations has a trigonal-field axis 
along a different (111) direction. 

Symmetrized combinations of atomic 
orbitals for the F point in the Brillouin zone 


Table 1. Coordinates of the atoms in an 
A [Bi\Xi spinel 


Number 

Coordinates, relative to a„, of 

of site 

A 

B 

X 

1 

(0.0.0) 

(LS.i) 

(a.a.u) 

2 

(ii.l) 

a. i. s) 

(u, u. u) 

3 


(». i. i) 

(u. 0. u) 

4 


(i. li) 

(n. a. a) 

5 



(^ + u,\ + u.\-u) 

6 



ft 

7 



(i + u. t — u.i + u) 

8 





can be constructed. The corresponding 
irreducible representations are indicated in 
Table 2 for the different ionic orbitals p(A), 
, a(A 1. According to group theory, orbitals 
having the same representation interact with 
one another. It follows from Table 2 that, if 
the cationic d orbitals are neglected, 24 
orbitals (48 states, including spin degeneracy) 
per unit cell interact to form antibonding, 
cationic cr* orbitals and bonding, anionic 
(T orbitals. This leaves 8 nonbonding anionic 
orbitals. Of these, the primarily sfA") F'as 
orbitals are the most stable. The resulting 
energy levels at the center of the Brillouin 
zone (F point) are shown schematically in Fig. 
3. In Mg[Al 2]04 there is a large electronega¬ 
tivity difference between the cations and the 
anions, giving a large in Cdfln^JS^ any 
is much smaller, and the energy gap 
is reduced to £„ = 2-2 eV[l). There is no 
appreciable reduction in E„ due to the 
presence of stable, cationic 4d core orbitals, 
.since the d orbitals lie below the top of the 


Table 2. Irreducible representations for atomic orbitals .symmetrized for the F points. 

Unit cell contains A-^BiX^ 


Atomic 


Atomic 


Atomic 


orbitals 

Representations 

orbitals 

Representations 

oibitals 

Representations 

piA) 

I iRt r if, 

P(B) 

r 1' 21’' f" 

P(X) 

I 1 \ I 2 » J I Ti 

s(A) 

r/.Pr 

s{B) 

r.M'i 

s{X) 

r/.p-i.rrs.r,*. 


Supersetipts + and — refer to symmetric and antisymmetric states under an inversion. Dimensionalities: 
1',. Fj are[lj. Tis is[2], and P,,. Pji aret3]. 
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In, Cd^ [in,] S, S, 



Fig. 3. Schematic ordering of energy levels at the I' point (center of Brillouin zone) for the normal spinel 
Cd,|ln 4 lSH. Ordering of individual cation-anton bonding and antibonding levels not shown, but the irreducible 
representations are listed in Table 2. [«] indicates orbital degeneracy of a representation. 


valence band and do not mix with it. 
Rehwald|2] neglects the d orbitals in esti¬ 
mating from tight-binding theory the £(k) 
vs. k plot of Fig. 4 for the highest valence 
band. CdtlnJS^ undergoes an order ^ dis¬ 
order transition at 7, = 130°C[3], but no 
studies have been made of the effect of 
cationic order on £„. 

Since the cationic d orbitals do not mix 
with the I'l+j orbitals, transition-metal 



HIGHEST VALENCE SAND IN Cd [in^] S, 
(Afttr Rahwald) 


Fig. 4. The vs. k plot for highest valence band of 
CdtlnslSf from tight-binding theory (after Rehwald). X 
and L points are intersections of [100] and [III] lines in 
reciprocal space with the surface of the first Brillouin 
zone. 


thiospinels would have an Eg>2-2eV 
whatever the state of the d electrons. In the 
discussions that follow, the top of the rji 
valence band, £,,, is used as a reference 
energy, since placement of the (/-electron 
energies relative to E,, should vary regularly 
with changing atomic number. 

Although the Zn and Cd (/“• core electrons 
do not appear to influence the considerations 
of this papei, let me emphasize here that they 
may mix strongly with the anionic orbitals and 
therefore be perturbed by any spontaneous 
atomic moment on the B sites, as occurs 
in Cd[Cr 2 ]A' 4 . This fact may have important 
consequences for the nuclear magnetic 
resonance of the/l-site Cd’^^ ion. 

3. DESCRIPTIONS OF d ORBITALS 
(y4) Localized orbilalx 

In spinels containing oxygen, the outer 
3d electrons of first-row transition-metal 
ions are generally localized, since their 
orbitals overlap near-neighbor atomic 
orbitals to a much smaller extent than do 
the outer s and p orbitals. The Schroedinger 
equation = E'H describing localized, 
crystal-field orbitals contains the Hamiltonian 

jr = (1) 


DESCRIPTIONS OF OUTER d ELECTRONS IN THIOSPINELS 


265 


where corresponds to the energy of a 
single localized electron moving in the 
spherical potential of its atomic nucleus 
and the average position of all the other 
atomic electrons. This gives d wave functions 
of the form The angular- 

dependent part of the wave functions have the 
form 

h ~ (3z2-l)/r“= 3cos“0-l 


/„ ± iff: ~ liyz ± izx)lr^ — sin 20 exp(± i<t>) 

( 2 ) 

fo±ifc ~ (x^-y^±ixy)lr^ = sin^flexp(±i2di). 

V,., is an interatomic exchange energy that 
vanishes for only one outer d electron or 
hole; and V^f is the crystal-field energy, 
including cation-anion covalent mixing. 
The intra-atomic exchange energy ^ pj. 
includes the covalent contribution from 
interactions between localized electrons on 
neighboring atoms. In the examples to be 
considered, spin-orbit coupling and Jahn- 
Teller distortions do not occur in first-order 
theory. Therefore these energies have been 
omitted from equation (1). 

Figure 5 shows a cation in an octahedral 
anionic interstice. With one outer d electron 
( Vf, = 0) and x, y, z axes defined by the 
principal axes of the interstice, the orbitally 



Fig. 5. Cubic-field splitting of a fl-cation '^D level. 


fivefold-degenerate *D level is split into a 
threefold-degenerate level and a 

twofold-degenerate £„(ri 2 ) level, where the 
three tig orbitals are linear combinations of 
fc, fo, ft- and the two orbitals are linear 
combinations of/(,/«. (The MuJlikan notation 
Eg and Tig is used to designate the d orbitals.) 
With a point-charge electrostatic model for 
the anions, the Eg level is less stable than the 
Tig level. A more realistic electrostatic 
model leaves the electrostatic splitting 
Aj/ small and of uncertain sign [4]. On the 
other hand, the orbitals overlap the anionic 
s and Pa orbitals, but are orthogonal to the 
p„ orbitals; conversely the tig orbitals overlap 
only the orbitals. Since localized cationic 
orbitals are less stable than the anionic p 
orbitals, cation-anion covalent mixing de¬ 
stabilizes the d orbitals, unambiguously 
raising the £„ energy relative to the Tig 
energy since cr bonding is stronger than tt 
bonding. The total cubic-field splitting is 

\0Dq = A,„ + (V - K^) (£« - E,) (3) 

where the covalent mixing parameters 
X,,, X„ ~ (Em — £/)■* are defined by 

= (4) 

Here <i>a, <t>a are site-symmetrized s, p^ 
and pa orbitals. Note that covalent mixing 
destroys conservation of energy of the d- 
state manifold. 

The order of the tetrahedral-site d levels is 
inverted (Fig. 6), as can be readily obtained 
from similar arguments; Linear combinations 
of the tig orbitals are directed along the 
(111) axes toward near-neighbor anions of a 
tetrahedral interstice. 

With more than one outer d electron (or 
hole), the Pauli exclusion principle prevents 
electrons of the same spin from occupying 
the same orbital. Consequently electrons of 
parallel spin screen one another less from the 
atomic nucleus and are therefore more tightly 
bound than electrons of antiparallel spin. 
This provides the perturbation Fpi, which 
stabilizes the highest spin state relative to 
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tj,^ MAXIMA ON <111 > 
e, MAXIMA ON <tOO> 

Fig. 6. Cubic-field .splitting,’ of an yl-calion level. 

a /ower-spin state by an energy J. So long as 
7 is 7 > lODq, the cation is in a high-spin 
state. Where 7 < \0Dq occurs, octahedral- 
site (or tetrahedral-site) cations are in a low- 
spin state if the number of d electrons per 
cation is 4 « ss 7(or 3 ^ < 6). For 

example, octahedral-site Co-’^ and Rh®+ ions, 
having outer-electron configurations d®, 
always occur in the spinel structure with 
7 < 10 Dq. They are therefore diamagnetic 
with outer-electron configuration c/. 
On the other hand, octahedral-site Cr’^ is 
in a high-spin state ri,,„ el.g for 

any 7, so long as the d electrons are localized. 
Here the subscripts a,/3 refer to spin states, 
and the multielectron symmetry notation is 
*At„. An octahedral-site Cr'"^ ion, on the other 
hand, may have either a high-spin c„') 

or a low-spin e,/*) ground state, 

depending upon the relative magnitudes 
of 7 and 10 Dq. 

In the spinel structure, the m parameter is 
M > 3/8. This leaves the tetrahedral A 
sites with cubic symmetry, but it produces a 
negative trigonal component to the crystalline 
field at the octahedral B sites. This trigonal 
component is opposed by a positive trigonal 
field from the near-neighbor S-cation con¬ 
figuration. The net trigonal component 
introduces a small splitting of the level 
into Eg undAig levels. Mixing occurs between 
the two E„ levels, and the atomic orbitals 
become 

~ 3 cos''‘fl' — I 


___ 

CW±i^') (5) 

~ c,V2sin29' 

exp(±i2ij,') 

where 9' and <t>' are referred to the trigonal 
axis. In a cubic field c, — Cg. Since c, 
in cubic spinels and since we shall consider 
only those cases where the a^+e^ orbitals 
are either empty, half-filled, or full, the 
trigonal component to the ff-site held is 
neglected in the remainder of this paper. 
Only cubic-held splittings into t.,„ and e„ 
orbitals will be used for both the A and 
the B cations. 

(B) Magnetic interactions 
The interaction between localized electrons 
on neighboring cations has the form [5] 


nx = -S{-/u(S,'.S,)+...} 


( 6 ) 


where the higher-order and anisotropic con¬ 
tributions may be neglected in the present 
discussion and, for an integral number of 
d electrons per like cation, 

7„ = |£)|>|e|s>C. (7) 

The term D of particular interest arises from 
mixing el'‘<'t'‘r>n-transfer excited states into 
the crystal-field ground state. Three inter¬ 
actions between electrons on neighboring 
atoms can arise: (1) between electrons in 
half-filled orbitals, (2) between two electrons 
in a filled orbital of a cation having a net spin 
and one electron in a half-filled orbital, (3) 
between an electron in a half-filled orbital and 
an empty orbital of a cation having a net spin. 
From the Pauli exclusion principle, an 
electron can jump without change of spin 
(conservation of spin angular momentum) 
from a half-filled orbital on one atom to a 
half-filled orbital on a neighboring atom only 
if the two spins are antiparallel. Further, 
the matrix element connecting the two 
states is a transfer energy by = ('P„ b'Pj) = 
cAy, where Ay = (^y 'Pj) is the overlap 
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Btegral, and the energy h represents the 
Bhange in the local potential energy as a 
Result of the presence of the other cation. 
The energy required to move an electron 
from a half-filled orbital into an occupied 
orbital is V, and from second-order per¬ 
turbation theory, 

D^.^ = + 2b^lU ( 8 ) 

where the subscripts h-h refer to inter¬ 
actions between half-filled orbitals. The 
plus sign corresponds to antiferromagnetic 
coupling. Where the electron transfer is 
from a full to a half-filled orbital, D/.*. or 
from a half-filled to an empty orbital, 
then the Pauli exclusion principle allows 
electron transfer whatever the spin, but the 
maximum-spin excited states are stabilized 
by the intral atomic exchange energy J. This 
gives ferromagnetic coupling with 

Dr.„ = D,., = 2b■‘^ mu') = -2bVI U'\ (9) 

For the sake of discussion, consider Du - a- 
The Coulomb energy U kU = 
where V = (e^ltn exp (-^Pi 2 ) contains a 
screening parameter | (b) that increases with 
increasing b. Therefore U decreases with 
increasing h, and the magnitude of 
increa.ses with increasing b. Hence there must 
be a critical parameter b^ such that the 
assumption of localized d electrons breaks 
down for b ? br- Since bjU may be expected 
to change rapidly with b via ^(b) in the 
neighborhood of b,., this critical parameter 
should be quite sharply defined. Thus a 
localized description of the d electrons is only 
valid in the domain b < h^. Further, the mag¬ 
netic-ordering temperature is proportional to 
/Jh-h and therefore increases with b according 
to equation (8) throughout the domain b < be- 
Although the d orbitals of the known transi¬ 
tion-metal oxyspinels fall in the localized- 
electron domain {b < this is not generally 
true for the thiospinels and selenospinels. 

(C) Collective d electrons 

In the domain b > b^, & collective-electron 


description of the d electrons is required. 
Where U < b, a conventional tight-binding, 
Hartree-Fock theory for a single electron in 
a periodic potential may be used. In this theory 
it is assumed that U = 0. The periodic Wannier 
functions are the crystal-field orbitals of 
equation (4), and the bandwidths are ~ b. 
In this domain, a partially filled d band gives 
metallic conductivity and a temperature- 
independent Pauli paramagnetism at normal 
temperatures. At lowest temperatures there 
may be a transition to a superconducting, dia¬ 
magnetic state for T < 7„. With smaller 
values of blU, where b a transitional 
description is required. The important correla¬ 
tion-energy parameter to be introduced into 
the collective-electron Hamiltonian is the 
Coulomb energy U. In the localized-electron 
limit, the d-electrons are outside closed shells, 
provided the Fermi energy falls within 
and have multielectron, one-ion energies 
corresponding to their formal valence state. 
The ■'/42 b level of octahedral-site Cr®^ ions is 
such a d-clectron energy. Thus for b < b^, 
the ground-state d level corresponding to the 
formal cationic valence state is separated 
from that for ^y the energy U if the 

interacting orbitals are half-filled; by the 
energy V’ if half-filled orbitals interact with 
empty orbitals. This is consistent with our 
earlier assertion that excitation of an electron 
from one cation to a neighbor requires the 
energy U (or W). It is equivalent to saying 
that there is an energy gap U between filled 
valence states and empty conducting states, 
as illustrated schematically in Fig. 7(a). In 
the broad-band limit the partially filled d band 
is illustrated schematically by Fig. 7(d). In the 
intermediate region, the and + 

levels are broadened into energy bands of 
width M’fc, and the energy gap [6] 

(fy“ + W)''«-ia’B (10) 

decreases with increasing b, falling to zero at 
ab = bm- Again the ratio bjU enters the defini¬ 
tion. so that bm should be quite sharply defined. 
Since antiferromagnetic order increases the 
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Fig. 7. Schematic c/-orbital energies for different transfer 
energies h. 


potential difference at the two interacting sites, 
it introduces an increase in £/ that stabilizes 
the occupied states at the expense of the 
empty states. Such a stabilization is decreased 
by thermal excitation of electrons into the 
conducting states, so that the Neel tempera¬ 
ture Tfi decreases with decreasing Eg, and 
hence with increasing b. These considerations 
lead to the electronic phase diagram of Fig. 8. 
Empirical considerations confirm a b,- < b < 


LOCALIZED \ I COLLECTIVE 

electrons/ electrons 



TRANSFER ENERGY b 


Fig. 8. Schemalic, electronic T-b diagram for one electron 
per interacting d orbital. 


bm, but the width of this transitional region is 
apparently quite small [7]. 

A similar argument is available for or 
forD/,-e- The Stoner[8] criterion for spontan¬ 
eous, band ferromagnetism is 

Uu.-NiEy) s I, N(Er) ~ w^’ ~ (H) 

which again defines a bm< determined by a 
bjUg,, such that spontaneous band ferro¬ 
magnetism only occurs for b < b^. (The 
Weiss molecular-field energy is t/„. « Uli\ + 
UG), where G is a density of states function 

-Wfl-’.) 


4. APPLICATION TO SOME SPINELS 
(A) CdLCr^lS^ vs. CdfCr^lSe^ 

The normal spinels Cd[Cr 2 ]S 4 and Cd- 
[Cr 2 ]Se 4 are ferromagnetic (T<. = 85°K, 
130°K, respectively) and semiconducting 
[9-12]. The magnitude of the atomic moment 
approaches 6 Mn/molecule, corresponding to a 
^igirlgeg”) ground state for localized 3 d- 
electrons at the Cr“* ion. Near-neighbor B 
cations share common octahedral-site edges, 
and any other interactions are via at least two 
intermediary anions (see Fig. 2). From Fig. 9, 
there are two components to each near¬ 
neighbor Cr“^-Cr“'^ interaction, an antiferro- 



Fig. 9. B cations sharing a common octahedral-site edge. 
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magnetic cation-cation interaction —due 
to overlapping, half-filled orbitals on 
neighboring atoms and a ferromagnetic 90° 
cation-anion-cation interaction Jcac due to 
half-filled tiu orbitals overlapping empty 
orbitals on neighboring atoms. The anti¬ 
ferromagnetic interaction — 7^ couples a 
M 2 j,(Cr“+) ground state to a ®Tio(Cr^+) 
excited state, the ferromagnetic interaction 
couples the M 2 <r(Cr^^) ground state to a 
»E„(Cr®+) state, where ^r,„(Ci^+) = =£<, 
(Cr*+), since octahedral-site Cr^+ ions have a 
\0Dq ~ J. The intermediary-anion p orbital 
simultaneously rr-bonds with a /ja orbital 
of one cation and a bonds with the orbital 
of the other. Thus whereas the cation-cation 
transfer energy is b„ = bcdR), where R is 
the cation-cation separation, the cation- 
anion-cation transfer energy is bcac ~ 

On going from oxygen to sulfur to selenium, 
R increases and the transfer energy />„(/?) 
decreases. Simultaneously E^-E, de¬ 
creases, so that bcac ~ ~ (Em —E,)~^ 

increases. In oxides the net Cr^+-Cr®+ 
interaction is negative (7^ > Jcac)< whereas 
-Jcr+Jcac > 0 increases on going from sulfur 
to selenium to tellurium, as predicted from 
the localized-electron model. The effect of 
more-distant-neighbor interactions, which 
induce a spiral-spin configuration inZnfCrzJSe^, 
has been discussed by several authors, but 
most adequately by Dwight and Menyuk[13]. 

Given a ground state and 

(Cr“+) = ®£„(Cr®+) electron-transfer excited 
states, the d levels are placed in the s,p band 
structure of Fig. 3 as shown in Fig. 10(a). 
Significantly, Ag-doped p-type Cd[Cr 2 ]Se 4 
has a hole Hall mobility = 32 cm^/V-sec 
at room temperature, whereas In-doped n- 
type Cd[Cr 2 ]Se has an electron Hall mobility 
Ph~ more than two orders of magnitude 
smaller[12]. Since Hall mobilities < 1 cmV 
V-sec are characteristic of localized electrons 
and p„ > 100 cm*/V-sec are characteristic of 
broad-band electrons [7], the electrons appear 
to be narrow-band electrons or small polarons, 
as expected for the Cr*"*^ level, and the holes 


to be collective charge carriers, as expected 
for the valence band F+j- 
From Fig. 4, the top of the valence band 
Ec occurs at the center of the Brillouin zone 
in CdtlnjlS^. SubstitutionofInbyCrwouldnot 
change this, since the octahedral-site d orbitals 
have r ,2 and Fjs symmetry and do not interact 
with the F^j orbitals at the top of the valence 
band. Therefore optical data as a function of 
temperature provide the magnitude of the 
energy of Fig. 10. They also give informa¬ 
tion about the relative stabilities of the high- 
spin ^EpfCr*"^) and low-spin 
levels. Harbeke and Pinch[14] observed a 
room-temperature €„ ~ l-6eV and 1-3 eV in 
Cd[Cr 2 ]S 4 and Cd[Cr 2 ]Se 4 , respectively, 
which are compatible with a smaller £„ 
(or less stable £„) in the more covalent sele- 
nide. Surprisingly, they found that on lowering 




Fig. 10. Band structure forCd[Crj]J:’, spinels. “7'i„(Cr**) ■» 
*£,(Cr*+) because J = \0Dq. At room temperature, 
and e„ *= l-6eV in Cd[Cr 2 ]S 4 ; = *£, and 
e„ “ l-3eV in CdfCrjlSe,. 
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n to the Cr^Mon spin. U transfers toTS' 

d filled oitttai. so that the intemctio^ 
- antiferwmagnetk. This conclusion has been 
confirmed by experiments [IS] on Cr^^doped 
CdlCu]X 4 spinels. It follows that the un¬ 
occupied »£„(Cr**) level at a Cr»^ ion is 
destabilised by ferromagnetic coupling of the 
rr'* ions. In the case of low-spin Cr^U%j 
ions, on the other hand, a 4, electron anti- 
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the valence band to a localired-electran state ing from the nuclear charge for these electrons, 

within a domain of short-range order should transfer to a half-filled Cr^’^lgg orbital is 

reflect polarizations of the valence-band stronger for Cr^'^-Cr^^ than for Cr’^-Cr’+ 

orbitals by the short-range molecular field, interactions and is ferromagnetic via equation 


Further, if the high-spin ^E„(Cr-^) level 
is lower than the low-spin •’T,„(Cr-^) level 
by^T,„-^f:„ > £,, 0 then e„ = 
where £„ „ and £, are the top of the F^,, 
valence band having spins parallel and anti¬ 
parallel to the spins on the Cr'^ ions. This 
follows from conservation of spin angular 
momentum. On the other hand,if*r,„- '’£„ < 
£,,fl-£..a. then Since 

E,.,a becomes more stable and £,.,0 becomes 
less stable as ferromagnetic order sets 
in, the energy increases and 

the energy ''Tm —£,.,0 decreases with increas¬ 
ing (Sj) as the temperature is lowered through 
Tr- The two localized-electron Cr^* levels, 
which experience the full intra-atomic- 
exchange stabilization at all temperatures, 
would be shifted only by interatomic exchange 
interactions. Figure 10(b) can unambiguously 
account qualitatively for the reversal in sign 
of the optical shifts on passing from Cd[Cr 2 ]S 4 


(9). Transfer from a filled Cr*+t,i„ orbital to an 
empty Cr’’^e„ orbital contributes to the coupl¬ 
ing only in higher order. Therefore it is 
reasonable to anticipate ferromagnetic coupl¬ 
ing of low-spin ions to the Cr^+ ions and 
hence a stabilization of the ^T,„ level as a 
result of ferromagnetic order. 

This model for the optical data requires 
that in the sulfide high-spin Cr^+ is more 
stable than low-spin Cf'^; that in the selenide, 
where the optical energy gap starts to decrease 
in the region of short-range order above Tc, 
0. Magnetic data on doped and 
reduced sulfides and selenides indicate high- 
spin Cr^^ ions (coupled antiparallel to the Cr^+ 
array, as anticipated if € 1 ^+ -»• Cr^+ transfer 
dominates the 90° cation-anion-cation super¬ 
exchange interaction) in both cases[15], 
which requires either == “£, in the selenide 
or another model for the optical data. Since 
10 Dq is larger in the selenide, according to 
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I ition (3), a *rio “ •£„ in the selenide is 
rely plausible, the *£„ level being stabilized 
tive to the i„ level in the doped and re¬ 
ed selenides by lattice relaxation and local 
1 -Teller deformations, 
alien [16] has argued that the optical shifts 
w the Curie temperature are due to 
lange striction. Magnetic-electron bands 
jid shift by an energy Hiti, where 3, is a 
metrized deformation potential and e, is a 
metry strain induced by exchange stric- 

7 ,//) = 2 Du{S,-Si)(T,H)l{cn + 2cn) 

re Cii, Ci 2 are the usual elastic constants 
the Dj are the derivatives of the exchange 
meters with respect to volume strain. 
Without a detailed model, Callen is forced to 
make the ad hoc assumption that other states 
are in thermal equilibrium with the magnetic- 
electron band states. In our model, such an 
assumption is not required because excitation 
f IS from the valence s-p bands. Although Callen 
claims that the magnitude of €|Sr could alone 
account for the observed shifts of about 
0-2 eV, nevertheless he provides no mechan¬ 
ism for a change in the sign of Hi on going 
from Cd[Cr ]S 4 to Cd[Cr 2 ]Se 4 . Furthermore, 
the component of the exchange interaction 
that is most sensitive to the lattice parameter 
is the cation-cation interaction. It is for this 
reason that exchange striction gives an 
anomalous expansion of the lattice parameter 
with ferromagnetic ordering below T^. 
signaling the antiferromagnetic character of 
the cation-cation components of the super¬ 
exchange interaction between Cr^^ ions. 
Thus exchange striction only reduces the 
magnitude of the destablization of the *£„ 
(Cr“+) level with ferromagnetic ordering. The 
exchange striction would also reduce stabiliza¬ 
tion of the '^Tig levels, since the Cr^^-Cr*^ 
interactions produce an anomalous expansion. 
It can, ofcourse, never produce an energy shift 
greater than that due to the interatomic inter¬ 
actions themselves. If Callen’s estimate of the 
magnitude of the exchange-strictive shift is 


die sh^ of the Ct*'*' levels due to 
interatomic exchange interactions would alone 
be of sufficient magnitude to account for the 
observations. 

Note added in proof: MARTIN G. W., KELLOGG A. 
T., WHITE R. L. and WHITE R. M., J. appt. Phys. 
Issue on Neiv York Magnetism Cortference, In press 
(1969); report changes in lattice parameter between 4-2°K 
and fe of Afl/a “ 10'* for CdJCrjJSe, and Cd[Cr,]S 4 , 
which would require a deformation potential of the order 
of loileV. This is at least an order of magnitude larger 
than i^an be anticipated, which appears to confirm our 
conclusion that C^len's exchange-striction mechanism 
IS not responsible for the large absorption-edge shifts in 
these materials. 

(B) The ferromagnetic spinels Cu[Cr 2 ]A '4 
The chalcogenide spinels containing copper 
exhibit many interesting properties, and their 
interpretation has been the subject o! con¬ 
troversy. The controversy centers about the 
proper interpretation of the ferromagnetic, 
metallic spinels Cu[Cr 2 ]A’ 4 , A" = S, Se or Te, 
having a saturation moment at 0"K approach¬ 
ing 5Mfl/molecule. These materials were first 
repotted by Lotgering[17]. who interpreted 
his data on an ionic model with the formal 
valency assignments Cu+[Cr®+Cr''+]A' 4 . 
Ferromagnetism and high electrical conduc¬ 
tivity were believed to be due to the Zener- 
deGonnesflS] double-exchange mechanism 
between Cr*+ and Cr^+ ions. In this mechan¬ 
ism, electron transfer without change of spin, 
Cr^^ + Cr^+ = Cr^+-I-Cr®^, couples neighbor¬ 
ing spins ferromagnetically, since the transfer 
is from a half-filled to an empty / 2 b orbital. 
Further, charge transfer does not require an 
activated mobility in the limit b ~ be- 

Goodenough [ 19] rejected the Lotgering 
model for two reasons: (1) In the oxyspinel 
Cu‘'^[Cr 2 “‘^] 04 , it is known that Cu^ cannot be 
stable in the presence of Cr'"^. It is unreason¬ 
able to postulate a reversal of this ordering of 
energy levels on passing from an oxide to a 
sulfide. (2) An alternate model for the Cu- 
[Cr 2 ]A '4 spinels is available. This alternative 
emerged from my study of isostructural 
series of compounds, including the thio- 
spinels, to determine where the transition 
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from b< br to b> b„ occurred. It is based on Pauli paramagnetic, and exhibits no 
the concJusion that any holes in the d-like Teller distortion to Jowest temperatures 
Cu-A' bands must be collective and without indicates that the 180 cation-anion-cation 
spontaneous magnetism (b > b„). This interactions ~ are Strong enough to make 


conclusion was derived, in turn, from the 
requirement of consistency over the periodic 
table together with the observation that the 
spinel C 03 S 4 is metallic and without spon¬ 
taneous magnetism. The argument proceeds 
as follows; 

In the spinel structure, cationic A-A and 
A-B interactions occur via an anion inter¬ 
mediary, so that ah > hr for / 1 -site d orbitals 
requires large covalent mixing between 
cationic d and anionic s,p orbitals. Covalent 
mixing with the d orbitals increases with 
atomic number in any long period of the 
periodic table both because the d orbitals are 
relatively more stable and because the cations 
are less ionic. That these two influences 
outweigh any contraction of the atomic, d- 
orbital radial extension is made evident by the 
increasing Neel temperatures in the oxides 
with rocksalt structure: MnO, FeO, CoO, 
NiO have respective Neel temperatures 
r,^=l22, 198, 291, and 520°K. Covalent 
mixing also increases with decreasing intra- 
atomic-exchange stabilization, such stabiliza¬ 
tion sharply reducing the radial extension of 
the d orbitals. It follows that the transfer 
energy h ~ increases with atomic number 
from Mn“^ to Cu‘'* and that the hf, for the 
antiparallel-spin electrons in high-spin ions is 
larger than the hafor five parallel-spin electrons 
comprising the half-tilled d shell, especially 
in Fe''‘* where there is only one antiparallel- 
spin electron. For later reference, we sum¬ 
marize this latter conclusion as 

especially in Fe^*^ ions. ( 12 ) 

The trivalent ions Co•*^ Ni'", Rh '^ are in a 
low-spin state in the spinel structure, where 
(X„—is relatively large. The diamagnetic 
Co’+ and Rh“+ ions have a ground 

state, the NF+ ion a ground state if 

the d electrons are localized. However, the 
fact that the perovskite LaNiOg is metallic, 


b > b„, even in the oxide[20]. Similarly high- 
temperature LaCoOs, with a mixture of 
high-spin and low-spin Co^+, exhibits a first- 
order electronic transition that indicates a 
b ^ he[2]]. Therefore in the more covalent 
sulfides it is necessary to anticipate ah > 
for the (T-bonding d orbitals of the low-spin, 
trivalent cations Co'“, Rh^+, Ni®+. In the octa¬ 
hedral B sites, this leads to the one-electron 
configurations 

for Co3+,Rh’+ (13) 

for NF+ (14) 

where collective-electron, antibonding tr* 
orbitals replace the localized e/* orbitals. In 
the spinel structure, a strong 130°/t-anion-B 
interaction (h„ ~ X/Xo.") is implied by (13) 
and (14). The pyrite CoSj contains low-spin 
Co'‘* ions and is metallic and ferromagnetic 
122 ], indicating that the Co“^-S-Co^^ inter¬ 
actions are strong enough to give be < b^ < 
b„,. Since b,) — and Xp. increases with 
formal cationic valence, this result implies 
that the Co^*-S-Co-^ interactions in C 03 S 4 
would be enough stronger to make hu > h,„ in 
this compound. It is reassuring, therefore, to 
find that the spinels C 03 S 4 , NiCo 2 S 4 are all 
metallic and without spontaneous magnetism 
[23], characteristic of a fc > fo„,. Thus /I-site 
Co’^^ and Ni^^ ions would have the one- 
electron configurations 

fpr Co'^’^, for Ni^'*'. 

(15) 

However, assignment of formal valences is 
meaningless in these metals, even though 
the smaller crystal-field splitting lOD^ at 
the A sites would make the bottom of the a* 
band more o-/ than cr/ in character. This 
situation is illustrated schematically in Fig. 11. 
The 0 -* bands should not overlap the e/*and 
t. 4 /* bands, since they are antibonding with 
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B-CATION A-CATIONS 

RELATIVE CATIONIC ENERGIES IN THIOSPINELS 


Fig. 11 • Schematic rf-band structure of 
Co 3 _j.Ni^S 4 , where the Fermi energy 
Ey increases with x, [n] is number of 
states perABiXt formula unit. 


Fig. 12. Relative cationic stabilities in /4[^2]S4 spinels. The 
’T,„(Cr**) level dominates A-B interactions, but the ‘£'„(Cr“+) 
level the Cr-Cr interactions. 


respect to the anionic array, therefore be¬ 
coming less stable with increasing A,,. The 
magnetic susceptibility of Co.,S 4 shows some 
temperature dependence, suggesting that the 
(T* band is very narrow and bu = b„. The 
number of electrons per Co.i_j.N 14.84 mole¬ 
cule in the cr* band is n,. = 3 + x, and the band 
contains 14 states per molecule. The top of the 
s.p valence band, which is not shown, is nearly 
1 eV below the Fermi energy E/.. {Ef is close 
tothe‘‘/ 42 „(Co^+) level in Fig. 12.) 

Consistency with the periodic table 
requires a b,j > b,„ in NiCojS^ and CUC 02 S 4 if 
bjj > b,n occurs in CO 3 S 4 . However, it does not 
necessarily follow that bn > b,„ in Cu[Cr 2 ]S 4 , 
since A,, for B-site Cr’^ is smaller than for 
the heavier B-site ion Co-'^. In fact the Co''+ 
ion exhibits a spontaneous magnetic moment 
in the ferrimagnetic spinel Co[Cr 2 ]S 4 dis¬ 
cussed below. Nevertheless &bn > b,„ for the 
copperd orbitals of f. 2 » symmetry is anticipated 
from the periodic table, since the Co'^^ ions 
appear to have by < b^ < b,„ in Co[Cr 2 ]S 4 
tsee below). The fact that Cu[Cr 2 ]S 4 is a 
metallic ferromagnet led me to postulate the 
formal valences Cu^+[Cr 2 ^^]S 4 having a 
metallic conductivity due to one d hole per 
molecule in a cr/ band, where the subscript A 
is used to signify a deeper electron potential 
at the A vs. the B site. This postulate was 
based on the assumption that £,, is below the 
Fermi energy Ey in the sulfide. Four testable 


predictions follow from this postulate; (I) 
There should be only one type of chromium 
ion present, and this should carry a moment 
of 3 Mfl- (2) The observed saturation moment 
of 5 /Afl per molecule is due to an antiparallel- 
spin polarization of the a-^ band that increases 
to —1 iJLi, per molecule with increasing correla¬ 
tion function (SrS>) among Cr’+ ions, the 
antiferromagnetic coupling being similar to the 
130°/l-5-£ coupling found in the ferrimag- 
netic spinels /l[Cr 2 ]S 4 , ,4 = Mn, Fe, Co. 
Further, the spin density of the polarized cr* 
band may be distributed over the crystal 
rather than localized at the copper atoms. (3) 
The Seebeck voltage should be positive, 
corresponding to cr^ holes. (4) The ferro¬ 
magnetic Cr^^-Cr‘+ interactions are enhanced 
by indirect coupling via the mobile holes. The 
Weiss molecular field parameter 

W = W„ + a»T+. . . (16) 

enters the Curie-Weiss law as 

x = CKT-Cm CJ(T-C,„W„) (17) 

C|.rf = C/( I — Can). (18) 

Well above Ty, where <S, Sj) = 0, there is no 
cr* moment to contribute to C^n and CenWg = 
3 = Tr- The indirect coupling via mobile 
holes decreases with decreasing mobility, 
and hence with increasing temperature, so 
that its contribution to is negative, thereby 
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decreasing the measured relative to a 
theoretical C. On the other hand, the anti- 
ferromagnetic cation-cation interaction —J„ 
also decreases with increasing lattice para¬ 
meter, and hence with temperature, which 
gives a positive contribution to A tow Cef, 
could reflect a stronger contribution to a„- 
from the indirect ferromagnetic interaction via 
the mobile o-/ holes. 

The third prediction was known (a = 
lO/xK/deg), as was a and a low C,.„ 

[17]. Subsequent neutron-diffraction investiga¬ 
tions [24,25] confirmed the first of these 
predictions, 3 per chromium ion, and found 
no measurable atomic moment on the copper 
sites. Nuclear magnetic resonance[26] on 
CulCrjJSe, and Cu[Cr,JTe 4 also indicated 
only one type of chromium atom. This rules 
out the Lotgering ionic model and, together 
with the magnetization data, implies an anti¬ 
parallel polarization of 1 /U/,/molecule having 
a distributed spin density. However, whether 
the polarized hole is in the I'/j valence band 
or in the o- J' band remains an open question. If 
it is a (jf band that is polarized, the induced 
spin density is not localized at the copper 
atoms. 

Lotgering and Van Stapele[27], influenced 
by a suggestion from Haas, argued that the 
hole responsible for the metallic conductivity 
was in the s.p valence band. Insisting on Cu' 
ions, they placed the ■'/to„(Cr'') level just 
below E,. and well above the copper d bands. 
In a modified and improved discussion of 
their argument[28], they assumed that at 
low temperatures (T < Tc) the interatomic 
exchange stabilization of the level 

placed it below the Fermi level £,, leaving one 
antiparallel-spin electron in a polarized, 
valence p band (the I’J, band of Fig. 4). This 
gives consistency with neutron data, but begs 
the question why polarization of the valence 
band gives an antiparallel spin. (My interpreta¬ 
tion in Fig. 10(b) of the optical data for 
Cd[Cr 2 ]A' 4 , A" = S or Se, requires a normal 
parallel-spin polarization of this band.) 
However, it permits them to account for the 


high-temperature Curie constant Cen=M 5 
(vs. Craic = 1-87, 10 for Cr®+, Cr^+) that they 
obtained for metallic, ferromagnetic CuCr- 
RhSe 4 by postulating the high-temperature 
configuration Cu^[Cr‘+Rh''^]Se 4 . My model 
calls for the configuration Cu^^[Cr’+/?/i^+]Se 4 , 
the metallic conductivity and saturation 
moment reflecting one hole per molecule in a 
<T* band that has an antiparallel spin below 
T,.. Their entire argument for Cr^^ in the 
presence of Cu+ hinges on the C^tt= M.'i in 
this compound compared with a C,.,t = 1 -84 in 
the semiconducting compound CuCrTiS 4 ( 0 ,,= 
4°K), where the formal valences Cu+, Cr’"^, 
Ti'*+ may be assumed. However, the low C^ff 
is also compatible with prediction (4) above, 
since a 6„ = 4°K in CuCrTiS 4 reveals that the 
strong ferromagnetic coupling in CuCrRhSe 4 
is due almost entirely to the indirect inter¬ 
action via the mobile holes. (There are no 
mobile holes in CuCrTiS 4 , and C,.ff C.) 
A Cfii = 1 • I 5 vs. a C = 1 -87 could be produced 
by a,I = —1/3, corresponding to an |oit I/IF,) ~ 
10'^. Thus the low Cen does not require the 
fortuitous placing of a M 2 „(Cr®+) level just 
below or the reversal both in the sign of 
the polarization of the valence band and in 
the ordering of the Cu^. Ct‘'^ energies. 

Finally, Sleight [29], using X-ray and neu¬ 
tron-diffraction data in the literature, com¬ 
pared the observed Cu-A" distances with 
those calculated on the basis of Pauling’s 
tetrahedral covalent radii. His comparisons, 
together with the observed Cr-A" separations, 
are listed in Table 3. Clearly the Cu[Cr 2 ]A 4 
compounds having A = S, Se, Te all have 
Cu-A separations consistent with Cu“^ and 
inconsistent with Cu+. This finding indicates 


Table 3. Interatomic distances in some 
Cu[Cr 2 ]A 4 spinels 


Compound 

Cu-X 

(obs) 

(calc) 

(calc) 

Cr-X 

(obs) 

Cu{Cr),)S4 

2-28 

2-39 

2-28 

2-37 

CuiCrdSe, 

2-38 

2-49 

2-38 

2-50 

Cu(Cr2]Se;,Br 

2-51 

2-48 

2-37 

2'47 

CutCrjJTe, 

2-53 

2-67 

2-56 

2-72 
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that the holes responsible for the metallic 
conductivity in these compounds are the Cu-A" 
d-like holes in the at band, not holes in the r ,5 
anionic p band. An objection may be raised 
about the validity of the Pauling radii. How¬ 
ever, even more convincing are the data for 
Cu[Cra]Se 3 Br. Substitution of one Se*" 
by Br" fills up the hole in the conducting band, 
whether it be a o-Jf band or an anionic p band 
or both overlapping. Thus this compound 
has the formal valence configuration Cu+- 
[Cr 2 ''^]Se 3 Br and is a semiconductor with 
either model. If the result of bromine substitu¬ 
tion is to fill up holes in the <t* band (formally 
reducing Cu^^ to Cu+), the Cu-A" distances 
must increase while the Cr-A" distances 
decrease slightly to accommodate the smaller 
Br' ions. On the other hand, if bromine sub¬ 
stitution fills up holes in the anionic p band, 
the Cr-A" distance should increase at least as 
much as the Cu-A' distance—and much more 
so if there is any reduction of Cr"*^ ions to 
Cr^* ions. As can be seen from Table 3, the 
changes in interatomic distance are those 
expected for holes in a o- * band and appear 
to rule out the Lotgering-van Stapele hypo¬ 
thesis that the copper d'" core electrons are 
far below 

Note added in proof: LOTGERING F. K. and VAN 
STAPELE R. P., Mat. Res. Bull. 3, 507 (1968), have 
questioned the reliability of the structural data for 
Cu[(’rJSe,Br used in Table 3, which were taken from 
ROBBINS M., BALTZER P. K. and LOPATIN E.. 
J. appl. Phys. 39. 662 (1968) and WHITE J G. and 
ROBBINS M., J. appl. Phys. 39, 664 (1968). SLEIGHT 
A. W. and JARRETT H. S., J. Phys. Chem. Solids 29. 
868 (1968) have reported structural data for carefully 
characterized compounds in the system CulCr;lSe,-j.Brj. 
and Cu[Cro]Sj „ci„. In the first system they were able 
to prepare solid solutions in the range 0 % tr « 0-8 and in 
the second for 0 =s y s I. The first system showed an 
increase in cell volume with x that extrapolated to a value 
near that reported by Robbins el al. A similar increase in 
cell volume with y was observed in the second system. 
MIYATANI K., WADA Y. and OKAMOTO F., J. 
phys. Soc. Japan 25, 369 (1968) have grown single 
crystals of CuICrjJScaBr that have a lattice parameter 
essentially in agreement with that of Robbins et al. There¬ 
fore unless the u parameter obtained by White and 
Robbins is in error, the Sleight argument must stand. 
LOTGERING F. K., J. Phys. Chem. Solids 29, 699 


(1968), has also shown that whereas /^[CrjlSe,, A = Zn, 
Cd, Hg, are semiconductors with fairly large activation 
energies Od„.g9gOuo.Q02[Or.j]Se4, Zn„.MGuQ.(, 2 [Or 2 ]Set. and 
Hgo.BsCuooslCrjJSe, are much better conductors, the 
activation energies decreasing sharply with copper con¬ 
tent. Although he argues for valence-band holes in these 
p-type semiconductors, there is no reason to exclude, 
from his data, Cu’'^ acceptor levels that approach the 
formation of impurity bands as the copper concentration 
exceeds 5 per cent. 

Although these arguments appear to be 
sufficient to establish the essential features of 
the band structure in the metallic, ferro¬ 
magnetic chalcogenides Cu[Cr. 2 ]A' 4 , it would 
be helpful to have some estimate of the 
energy separation even though 

loses its physical definition when the cr* band 
overlaps the F+j band. Such an estimate will 
now be made, and it will be shown to be 
consistent with an (Ep-E,.) ^ 0 in the sulfides 
and selenides and with a Cu^^-fCr^^ con¬ 
figuration more stable than the Cu^-t-CT*^ 
configuration. 

(C) A [Crj]S 4 , A = Mn, Fe, Co 

The three chromium thiospinels /l[Cr 3 ]S 4 , 
A = Mn. Fe. or Co, form Neel-type ferri- 
magnetic spinels with collinear spins, the 
Curie temperatures 7^ = 95, 195, 240±10°K 
increasing regularly with atomic number. 
Above Tc, the magnetic susceptibility exhibits 
a Curie-Weiss law [30]. Superficially, these 
observations are consistent with localized d 
electrons at the A cations and a superexchange 
parameter b,j ~ ~ (£»-£, 

However, there are anomalies. Mn[Cr 2 ]S 4 
either has a slightly reduced Mn^+-ion moment 
[31] or slightly canted /I-site spins at lowest 
{T < 5°K) temperatures[32], Fe[Cr 2 ]S 4 
exhibits no known Jahn-Teller distortion 
even though a localized-electron Fe^^-ion 
ground state would be a ^Eg state (there is a 
Jahn-Teller distortion from cubic symmetry 
in Fe[Cr 2 ] 04 ), and neutron-diffraction data 
for Co[Cr 2 ]S 4 indicate reduced atomic 
moments [33]. 

The fact that bu > in C 03 S 4 indicates 
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that the anomalously low moments in Co. 
[Cr 2 ]S 4 suggested by neutron-diffraction data 
probably reflect a be < < bm for the A~B 

interactions in this compound. If b^ < be in 
Co[Cr 2 ]S 4 , then the transition region be < 
bi) < bm niust be extremely small. Given a 
be < bu < bm in Co[Cr 2 ]S 4 , it leaves open 
the possibility that h,. « in Fe- 

[Cr 2 ]S 4 , where from i]2)bff > b^ is the transfer 
integral for the antiparallel-spin electron at the 
Fe“+ ion. (It is parallel to the Cr*+-ion spin.) 
A Jahn-Teller distortion would signal a 
b„.a < bem. 

High-temperature susceptibility data is not 
a sensitive measure of whether be < b^ < bm- 
Lotgering[30] reports average atomic Curie 
constants per magnetic cation of Cat — 2-54, 
2-22, 2 08, 1-67±0 07 for A = Mn, Fe, Co, 
and Zn. These are to be compared with the 
spin-only calculated Curie constants Ci-ai,. = 
2'71, 2-25, 1-87 and I •87. The low C„, of 
Zn[Cr 2 ]S 4 cannot be attributed to a tempera¬ 
ture-dependent Weiss constant W, since 
Ok of equation (18) is dominated by -Jee^ 
there being few mobile charge carriers in this 
semiconductor. Therefore > 0. Hence the 
small Cat observed for Zn[Cr 2 ]S 4 must reflect 
either a reduced atomic moment on the Cr'+ 
ions, which is difficult to accept where there 
is ferromagnetic coupling, or difficulties with 
sample characterization. Since the prepara¬ 
tion of stoichiometric samples is extremely 
difficult, it is reasonable to assume that 
chemical problems are responsible, and these 
may introduce a measured Ca((Cr^+) « 1-87 
in all the compounds /l[Cr 2 ]S 4 . This makes 
too large the Co“^ contribution to the measured 
Ca( = 2-08±0'07 for Co[Cr 2 ]S 4 , which is 
consistent with be < b^ < b„,. In the range 
of transfer integrals be < bu < bm, there 
should be a continuous transition from the 
localized-electron Curie-Weiss law to a nearly 
temperature-independent Pauli paramagne¬ 
tism, so that in this range the apparent Cat 
would be larger than any C,.aic based on spin- 
only, localized-electron atomic moments. The 
discrepancy would increase as btj approached 


i>m. Cat probably increasing continuously with 
bu through bm, but most rapidly at bu ==■ bm- 

Note added in proof: BLASSE G., Phys. Lett. 19, 110 
(1965), reported that CoIRhzlS^ is antiferromagnetic with 
a Ne 6 l temperature Ta = 400°K, which is high compared 
to the oxide CofRhjjo^ where r^ = 27°K. Since A-site 
Co*+ has the configuration the o-bonding orbitals 
are half-filled and Fig. 8 is applicable. The high Tn sug¬ 
gests bu “ be- The difference in the energies of the Rh’+ . 
<tb orbitals and the Co’^cr* orbitals is much larger than 
that between CcP^trlf orbitals and Co^'^o-* orbitals, which 
makes consistent the fact that C 03 S, is metallic and 
Co[Rh 3 ]S 4 is antiferromagnetic. Interactions between 
like atoms are always stronger than those between unlike 
atoms. 

Although this reasoning indicates that the 
electrons of the Co^^ ions are collective 
electrons, nevertheless so long as the 
Coulomb energy [/ 0 is large enough to 

split this band into occupied a-spin and 
unoccupied /S-spin states (fcy < bm), it is 
meaningful to consider the ionic energies 
corresponding to the crystal-field configura¬ 
tions "/lij. *A.ig for /1-site Fe®+ and 
Co“+. Further, the positions of these ionic 
energies relative to the level can be 

obtained from transport measurements. 
Resistivity vs. temperature measurements[23] 
have the form p = pn expi—eilkT), where 
€, = 0-30, 0-04 and 0-32 eV, respectively, 
above Te- Since the chromium e^* orbitals 
would participate in a a-* band in Co[Cr 2 ]S 4 , 
any activation energy in the mobility of the 
chromium e®* electrons would be negligible, 
except in the vicinity of Tc where magnetic 
polarons are confined to regions of short- 
range order[12]. Therefore a 2e, < where 
€» is defined by Fig. 10(a), should give the 
positions of the ionic «/-state manifold relative 
to the level at ~ l-6eV above £„. 

This is shown diagrammatically in Fig. 12. 

Consistency with the periodic table is 
argued as follows: Since a high-spin Mn^"^ ion 
has a greater intra-atomic exchange stabiliza¬ 
tion J and a larger atomic number than a Cr®'^ 
ion, the Mn^+ ground state should lie 
below the Cr“+ ground state. An energy 
separation 

'£,(Cr“-^)-«/4j,(Mn2+) «0-6eV (19) 
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is quite reasonable. On passing from Mn*+ 
to Fe*+, there is a sharp loss (~1 eV) in the 
exchange stabilization due to the extra elec¬ 
tron of p spin. It is reasonable to anticipate 
that about half of this energy is compensated 
by the larger atomic number, giving 

*E,(Cr2+) - *£,(Fe>‘+) « 0 08 eV. (20) 

However, on passing to the Co“+ ion the 
increase in atomic number plus the exchange 
stabilization between the two /3-spin elec¬ 
trons makes ’Eo(Fe“+) —'‘/l 2 o(Co^+) approach 
the 0-6 eV of equation (19), which is con¬ 
sistent with a 

»E<,(Cr2+)-''^2«(Co2^) = 0-64eV. (21) 

Unfortunately NiCr 2 S 4 crystallizes in the 
monoclinic, vacancy-ordered NiAs structure, 
since both Ni^'^ and Cr*^ ions have strong 
octahedral-site preference energies. However, 
a simple extrapolation of the interpretations 
of equations (19-21) would give 

=E„(Cr2+)-2r,„(Cu2+) « l-3eV (22) 

after allowance was made for an /I-site crystal- 
field splitting of about 0-5 eV. It has already 
been argued that, because the Cu“^ ion is 
heavier than the Co^^ ion, consistency with 
the periodic table is satisfied with collective 
{hij > b„)(TX copper d holes. However, with 
only one collective o-* hole per copper atom, 
the Fermi energy Ef would fall roughly at 
the energy ^T,g(Cu^^), so that equation (22) 
may be modified—within the crude accuracy 
of the extrapolation — to read 

=E,(Cr2+) - Ef(Cu^^) - 1 -3 eV (23) 

E^. - E, = 0-3 eV in Cu [CrjJS^ (24) 

Ef = Ec in Cu[Cr 2 ]Se 4 (25) 

Ef < Er inCu[Cr2]Te4 (26) 

This placement of E^■ > E^ in the sulfide and 
selenide is consistent with the conclusions 
derived from Table 3. However, for the 
telluride, where an Ef < £„ is anticipated, 
the formal-valence designation Cu*^ becomes 


physically misleading. Also worthy of re¬ 
emphasis is the fact that with overlapping 
o-J and rjj bands, the definition of an E^ 
becomes blurred even though the anionic 
p states that mix strongly with the 
orbitals to form cr* band orbitals come from 
lower p bands. Further, with overlapping 
<rj and anionic p bands, a distributed spin 
density for the induced magnetization of the 
o-J band is not unreasonable. Figure 13 
summarizes schematically the band structure 
of the selenides at T < that emerges from 
these various considerations. (Polarization 
of the band, though presumably present 
as in Fig. 10(b), is not indicated.) 
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Cr 


Cuicr^*(f) ^Cu-o-^'iO 


Cu!e/‘(t) 



Fig. 13. Schematic band structure of CulCrjJSe, at 
7' < T^, where polarization of the PJ, band is not shown. 
The*,42„(Cr“) j level is below the Cud bands. 


The relative position of the *A 2 b{Ct^*) 
level is yet to be discussed. From optical 
data for octahedral-site Cr^^ ions in oxides, 
a crystal-field splitting parameter lODq 
= 2 eV is anticipated for the E-site Cr®^ ions. 
This is considerably larger than the estimate 
of about 0-5 eV for the ,4-site Cu“+ cations 
because (I) the Cr^^ carries a larger formal 
charge, (2) by geometry octahedral-site split¬ 
ting is over twice as large as tetrahedral- 
site splitting, and (3) the fact that the tje 
orbitals are half-filled and the Cg orbitals 
empty in Cr^^ is conducive to a maximum 
difference in the covalent-mixing parameters 
and k„. This places the '•/IjolCr*'^) level 
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at least 0-4 eV below in the thiospinels, 
which means that Cr*^ ions should not exist 
in these compounds[35]. Further, this gives 

='r,„(Cu^^)-« 0-7eV (27) 

which conforms with the known ordering 
of the levels existing in the oxyspinel 
Cu^^lCr/^JO^. 

(D) Other thiospinels containing copper 
1. The system Fe, j-Cu^lCr^lS^. Electrical, 
magnetic, and Mossbauer studies[36, 37] of 
compositions in the system Fe,_j.CUj.[Cr,.lS 4 
indicate two distinct regions: 0 « jr =s 0-5 
and 0-5 =s jc ss 1. In the first region the copper 
d orbitals are filled (formal valence Cu^), in 
accordance with Fig. 12, and the ferrimagnetic 
spinels contain two types of iron atoms below 
7,., Fe^' and Fe‘*. However, small isomer 
shifts with respect to metallic iron indicate 
considerable covalence, which increases with 
copper concentration, and at temperatures 
7 > 7,. only one, narrow Mossbauer line is 
found. Haacke and Nozik[371 interpret 
their data as indicating a fast electronic 
exchange between the divalent and trivalent 
cations above 7,.. Such a fast exchange implies 
that the iron d electrons outside half-filled 
shells (the single antiparallel-spin d electron 
per Fe-' ion) occupy orbitals having a 
h,j ^ h,., which is consistent with our inter¬ 
pretation of h,. < bif < h,„ in CotCrjjS, 
and the lack of a Jahn-Teller distortion in 
FelCrJS,,. 

The sign of the Seebeck voltage is domin¬ 
ated by the Fe^'-Fe'" exchange in the 
interval 0 < < ()'5, and it changes from 

positive to negative with increasing x before 
X = 0-25, the composition with equal numbers 
of Fe''^ and Fe'*^ ions. In the compositional 
range 0-5 < x « 1, Mossbauer data indicate 
a single type of iron atom, presumably Fe-’^. 
From Fig. 12, (2x— 1) Cu^^ ions are created, 
and the Seebeck voltage, which is positive, 
is dominated by Cu+-Cu^+ exchange. For 
X ^ 0-59, the temperature dependence of the 
resistivity is semiconducting, but changes 


to metallic by x=l. This implies that a 
cr* band is not formed until nearly all of the 
/(-site atoms become copper atoms, which 
is quite reasonable. Were the mobile holes in 
the anionic rjs band in the range 0-5 < x < 1, 
metallic conductivity should be present for all 
X > 0'5. This provides one more piece of 
indirect evidence favoring ctJ ^f-like holes in 
Cu[Cr,]S,. 

2. Superconducting spinels Cu[B 2 ]S 4 . As 
has already been mentioned, the intra-atomic 
exchange energy J determines critically 
where a < b,. or a b,j > b,„ occurs[38]. 

Where J s* m „, ~ b^ being the band¬ 

width, localized electrons stabilized by J are 
more stable than collective electrons stabilized 
by a reduced kinetic energy. Conversely, 
where J is small, the conditions for a bu > b,„ 
are more easily satisfied. Since Co^* ions, with 
5 = 3/2, have been found to contribute a 
b,j<b„, in ColCrijSj and a bjj > b„ in 
Co;,S 4 , where b,j ~ it is consistent with 

the periodic table to anticipate that B cations 
having a net spin 5 I will have collective 
d electrons in Cu[B 2 ]S 4 spinels even if the 
B cation is lighter than chromium (i.e. 
V'’^ or Ti''^). Therefore it is gratifying to find 
that CulTi 2 ]S„ Cu[V 2 JS 4 , Cu[Co. 2 ]S 4 and 
CulRh 2 ]S 4 are metallic and Pauli para¬ 
magnetic [23). However, it seems significant 
that Cu|V. 2 ]S,, Cu[Rh 2 ]S 4 and Cu[Rh 2 ]Se 4 are 
superconducting (7,., ~ 4-45, 4'8, 3-5°K) 
whereas CulTi.^lSj and CufCo 2 ]S 4 are not 
superconducting above 0 05°K [39], 

Although it is difficult to estimate the 
relative positions of the various d bands, 
extrapolation from Fig. 12 would place a 
■‘‘7u,(TP^: f 2 „e„") level above a •*7 ib(V“+: t/e,,") 
level by about 0-6 eV and above the 
tlgeg") level by about 1 -2 eV, greater 
stabilization occurring for larger atomic 
number and intra-atomic exchange stabiliza¬ 
tion. Where the tf* orbitals are collective 
(b,„ < bij ~ X/X/) B-site orbitals, £V(B^+) 
« 7,i;,{B^+). Since EfiCu^*) was estimated to 
be about 0-7 eV above the ‘‘,42B(Cr^+) level, 
this puts the Fermi energy Ep above the top 
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of the o-^ copper band in Cu[Ti 2 ]S 4 , but below 
it in Cu[V 2 ]S 4 , as shown schematically in 
Fig. 14. This reasoning suggests that super¬ 
conductivity appears where there are holes 
in the Cu-c^ band and no localized electrons 
present at the B cations. Since consistency 
with the periodic table would make the Cu-<t* 
band the broadest of the possible 3d bands, 
this result is compatible with Fig. 8 and 
does not necessarily depend upon special 
features of the band that are distinguish¬ 
able from fl-sublattice tj* bands. 


0-4 eV below £;i-(Cu*^). However, if the 
bandwidth is »V(, ~ 1 eV for the Co^*-t 2 * 
band, this would place the top of this band at 
or just above the top of the Cu^''-cr^ band. 
Therefore it is possible that the single hole 
per Cu[Co 2 ]S 4 formula unit is at least partially, 
if not wholly, in the Co-t^* band. This would 
be compatible with a superconductivity 
requirement of ne > f holes per formula 
unit in o-^ bands, where/is a large fraction, 
and no localized electrons present at the 
B cations. 
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Fig. 14. .Schematic </-band structures of C'ulVjJ.S, and CulTid-S,. Relative 
positions of F, and '£„(Cr“*) levels in /4[('r2]S, spinels indicated on 
energy scale for reference, [n] is number of states per formula unit. 


The low saturation moment of 
CuCrRhSe 4 molecule appears to be only 
compatible with Cu^+lCi^^Rh^+lScj, corre¬ 
sponding to filled Rh-f^„* orbitals and one 
Cu-o-*^hole per molecule giving a moment 
antiparallel to the 3 ion. Therefore 

there must be one hole per molecule in the 
Cu-o-^ band of Cu[Rh 2 ]X 4 . A' = 5 or Se, and 
no spontaneous moment on the Rh^^ ions. 
The fact that these compounds are super¬ 
conductors is therefore satisfying. 

The Fermi energy in CO 3 S 4 should be close 
to the *A 2 u level for /l-site Co'+ ions, which 
is about 1 eV above E,. (see Fig. 12). There¬ 
fore a crystal-field stabilization would probably 
place the center of the Co^+-t"J band over 


S. CONCLUDING COMMENTS 
Although much work must yet be done to 
clarify our descriptions of the outer electrons 
in transition-metal chalcogenide spinels, the 
necessary conceptual basis for interpreting 
the many striking properties of these com¬ 
pounds appears to be at hand. The develop¬ 
ment given here follows closely that given 
earlier! 19], but the considerable amount of 
new data has permitted a sharpening of the 
argument. The relationship of the anionic 
valence bands to the <f-orbital energies has 
been emphasized, whereas it was neglected in 
the earlier discussion of the thiospinels. The 
controversy over Cu^-fCc*"^ vs. Cu^^-fCr^"^ 
in Cu[Cr 2 ]A '4 spinels seems to be resolved in 
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favor of the latter alternative. Optical absorp¬ 
tion vs temperature in spinels 

shows a strong energy shift with increasing 
magnetization. This appears to be due to 
Cr^*-Ievel shifting plus a spin polarization 
of the valence band. Reversal in the sign of 
the shift on going from CdfCriJSj to CdfCr^JSe., 
can be consistently interpreted as a change 
from a high-spin toward a low-spin state for 
the most stable Cr^^ level. Mention has also 
been made of band narrowing as a result of 
the intra-atomic exchange stabilization J. 

In fact the chalcogenide spinels discussed 
illustrate this effect, a b^ < occurring only 
where there can be three or more unpaired 
spins; Cr^^(3 p„), Cr''‘^(4 pn), Mn'^*(5 fi„), 
Fe‘*'(4 /jLh), and marginally Co^+(3 /u.,,). Where 
the number of possible unpaired spins is 
less than three, as in V''^(S= 1); Cu^W'*^, 
Ti'", low-spin Ni'*+ (S = 1/2); low spin Co’^ 
and Rh^+ (S = 0), there a h,j > b,„ is found. 
Exchange narrowing can also induce narrow- 
band, itinerant electrons to become trapped 
in regions of short-range order. Finite regions 
of short-range order are most pronounced 
near a Curie temperature T,., and giant 
magnetoresistance effects may be encountered 
at temperatures near T'.-llZ]. 
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Abstract-A series of compositions surrounding TiCo, from 48 to 52 at. per cent cobalt, have been 
investigated. Microstructural and X-ray powder diffraction studies of several heat treatments indicate 
the stoichiometric TiCo is not congruently melting. Hi^-temperature X-ray measurements show these 
compositions to be in the ordered B2 structure up to at least I I0()°K. Electrical resistivity, magnetic 
susceptibility, and thermoelectric power were measured. Residual resistivity ratio shows a maximum 
at about 49'50 per cent for all heat-treating conditions. The largest value obtained was 58. The 
magnetic susceptibility follows a Curie-Weiss relation with a large negative Weiss constant (—499°K 
for 50-0 per cent). All compositions had n-type thermoelectric power of about 20 /iV/°C. The results 
are discussed in terms of the effect of atomic ordering on the properties of transition metal compounds 
using the concept of the average valence electron number. It is suggested that the energy bands re¬ 
sponsible for the properties of these materials may be constructed according to the procedures of 
Goodenough. 


INTRODUCTION 

The study of transition-metal intermetallic 
compounds forms an interesting addition to 
the investigation of these elements and their 
alloys. In particular, compounds with the 
ordered B2 structure should be closely related 
to b.c.c, metal alloys[l,2J. If the ‘average 
valence electron number’[3] is regarded as 
an important parameter in determining physi¬ 
cal properties, a direct relation between the 
properties of these compounds and certain 
alloys should exist. Several recent studies 
[ 1,2] of intermetallic compounds with ordered 
B2 structures have followed this point of 
view. In general, a single composition from 
within the stability range of each of a series 
of compounds was investigated to give a 
broad view of property variations. 

Because of the lack of detailed metallur¬ 
gical information[4], it is often difficult to 
prepare a widely veu-ying series of compounds 
in a well-defined condition. The investigation 

*R. J. Wasilewski is now at Battelle Memorial Insti- 
lute. Columbus, Ohio. 
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of only one composition from within the 
stability field ignores an important charac¬ 
teristic of these compounds, namely, that they 
are not ‘line compounds’ but exhibit a range 
of compositions[4]. Also the physical pro¬ 
perties often vary greatly within this stability 
field[5-8], Therefore, we have investigated a 
series of more closely spaced compositions 
surrounding the equiatomic compound TiCo. 
We report here microstructural information 
(optical metallography and X-ray crystal 
structure) in addition to electrical resistivity, 
magnetic susceptibility, and some thermoelec¬ 
tric power data on this series of materials. 

EXPERIMENTAL PROCEDURE 

Compositions in the range 48-52 per centt Co were 
prepared by repeated non-consumable arc melting in 
purihed argon. The starting materials were iodide ti¬ 
tanium (Foote Mineral Co., purity > 99-7 per cent) and 
zone-melted$ cobalt (United Min. & Chem. Co., purity 
> 99-9 per cent). Balance of materials was checked on the 
samples, and all those studied had weight changes of less 
than ± 0’02 per cent (for 100 g ingots). The specimens for 

^All compositions are given in atomic per cent Co. 

^Zone melting carried out in this laboratory by D. 
Worden. 
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study were cut from these ingots and heat treated in 
sealed silica capsules (Ta foil lined). X-ray difffactomeier 
scans (XRD-5) were carried out on polished metallo- 
graphic surfaces and on ground and annealed powders. 

The electrical re.sistivity and thermoelectric power 
measurement techniques have been described pre- 
viouslyl5). The precision of the resistivity measurement 
is ±01 per cent but the accuracy is decreased to ±2 
per cent mainly because of uncertainty in voltage probe 
separation. The thermoelectric power measurements are 
only accurate to ± 10 per cent. T he magnetic suscepti¬ 
bility was measured by the vibrating sample method. The 
accuracy is ± I per cent. The temperatures (77 and 298‘’K) 
for the majority of the measurements are uncertain to 
< 1 per cent. The fixed temperature measurements were 
made as a function of magnelie field to 16k()c In all 
cases (except for 48 I' per cent sample) the magnetic 
moment was linear in the field and the data could be extra¬ 
polated through zero indicating no signilieant ferromagne¬ 
tic contamination. 

RESULT'S 

Kach ingot was analyzed for oxygen and 
nitrogen and in ail cases the oxygen was 
<300 ppm (weight) and nitrogen <30 ppm. 
Emission spectrographic analysis showed 
that all ingots had about the same metallic 
impurity content (Table I). Representative 
photomicrographs are presented in Figs. 1 and 
2 . In no case was it possible to obtain a com¬ 
pletely .single-pha.se sample. 

The hardness (I kg load D.P.N.) was mea¬ 
sured on the metallographic samples, and a 
minimum value of 190±3 (WO^C heat 
treatment) was found at 49-75 per cent Co 
with an increase of 10 to 15 points at 49-50 
and 50-00 per cent. X-ray dift'raction confirms 
the matrix to be the ordered B2 structure, as 
indicated by the presence of the (100) super¬ 
lattice reflection. The lattice parameter of 

Tdhte I. Nominal impurity 
content of TiCo samples 
determined by emission spectro- 
praphic analysis (ppm) 


Mg 

< 10 

Al 

< 20 

Cr 

slOO 

Mn 

«200 

l-e 

slOO 

Ni 

s-SOO 

Cu 

e 50 


alloys containing less than 50 0 per cent Co 
at 2S°C is constant, ao = 2-996„± 0-0003 A. 
For higher Co compositions the parameter 
decreases slightly, to zio = 2-9877 A at 52 
per cent Co, in good agreement with the ob¬ 
servations of Stiiwe and Shimomura[9]. All 
compositions showed weak reflections corre¬ 
sponding to TijCo (or Ti^CoaOj., 0 < x < 1), 
Since this structure is known to be stabilized 
by very low oxygen contents[10], it is likely 
that most of the oxygen (and possibly, also 
nitrogen) is combined in this phase. Samples 
with Co content greater than 50 per cent 
also showed weak reflections from the 
(cubic) Co.>Ti. 

To check the possibility of structural 
transformation X-ray diffractometer scans 
were made on a 50 per cent composition from 
5 to 1 lOO^K. Throughout the entire tempera¬ 
ture range the matrix remained in the ordered 
B2 structure. The lattice expansion shows no 
discontinuity, and the expansion coefficient 
between 298 and 1000°K is I l -7x I0‘'‘/°K. 
Since the X-ray and metallographic observa¬ 
tions suggested that equiatomic TiCo may not 
melt congruently, the melting behavior was 
checked directly on a 50 per cent composition. 
This showed partial melting at 1500°C, the 
liquid phase being Ti-rich. It seems probable, 
therefore, that a maximum melting tempera¬ 
ture may occur at a Co-rich composition. 

Electrical resistivity determined below 
room temperature is shown in Fig. 3. Residual 
resistivity ratios are shown in Fig. 4. Several 
resistivity measurements were also made 
above room temperature (Fig. 5). The thermo¬ 
electric power of all the samples was n-type 
and ranged between 16 and 24/zV/°C which 
is consistent with Gofffll]. However, the 
details of the composition dependence were 
very sensitive to the thermal history of the 
samples (heat-treatment temperature and 
cooling procedure). Since this measurement is 
only accurate to 10 per cent and could be 
sensitive to the amount and distribution of 
the second phase, it was not pursued in detail. 
The magnetic susceptibilities determined at 



A 




Fig. 1. Photomicrographs of TiCo compositions in 
the as arc-melted condition (original magnification 
125X). (a) 49-25 per cent cobalt; (b) 50-00 per cent 
cobalt; (<-) 51-00 per cent cobalt. 


[Facinf page 282] 



Fig. 2. Pholomicrographs of TiCo compositions 
after heal treatment at 1050 C for 90 hr and rapidly 
cooled (original magnification 125X). (a) 49-50 per 
cent cobalt; (ft) 50 00 per cent cobalt; (r) 50-50 per 
cent cobalt. 
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Kjj!. 3. Electrical resistivity of TiCo samples of various 
compositions from 4 to 300°K. Samples in an arc-melted 
condition. 



I'lg 4. Residual resistivity ratio of TiCo samples for 
several heat treatment conditions. 



TEMPERATURE.*e 


Fig. 5. Relative resistivity of TiCo samples above room 
temperature. All samples previously heat treated 105(TC 
for 90 hr 

298 and 77°K are presented in Fig. 6. Figure 
7 gives the complete temperature run from 4 
to 400®K on a 50 0 per cent sample. The 
deviation from the straight line between 300 
and 400° is due to thermal lag of the thermo¬ 
couple with respect to the sample tempera¬ 
ture. The Curie-Weiss constants for the 
straight line are C = 7 08x 10”’ (e.m.u. °K/g 
Oe) and 9 = -499°K. 

DISCUSSION 

The presence of phases other than TiCo is, 
at least in part, due to the non-congruent 
melting of the equiatomic composition. Heat 
treatments at 1050°C and below (900°) 
either decrease slightly or leave unchanged the 
amount of second phase. However, at higher 
temperatures (1200°C) the microstructure 
definitely degenerates in most of the composi¬ 
tions studied. Detailed phase relationships 
have not been established. The metallography 
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Kig, 6. Miignelic susceptibility of I iC'o samples at 77 and 
2y8'’K 

indicates the most nearly single-phase sample 
to be at —50-50 per cent Co. This deviation 
from 50 00 per cent cannot be accounted for 
by the presence of the TlCo^Oj phase. The 
formation of this phase would tend to drive 


the matrix composition to a higher Co content 
than the nominal values given. The low- 
temperature electrical resistivity results 
(Figs. 3 and 4) show an interesting contrast 
to the metallography since the ‘most perfect’ 
conductor appears to be the 49-50 per cent Co 
composition. With the measured oxygen con¬ 
tent (—3(X)ppm) this deviation from 50-00 
per cent could be ascribed to the formation 
of 0-5 per cent (Mole) of Ti4Co20„.2 since 
this would shift the matrix back from 49-50 
to 50-00 per cent. This speculation has not 
been verified experimentally. At present the 
experimental results are consistent with a 
single-phase region extending from 49-0 to 
— 51-0 per cent for temperatures =s 10(K)°C. 

The electrical resistivity plots (Fig. 3) show 
a very similar temperature dependence for all 
samples with Co content above 49-25 per 
cent. The residual resistivity increases faster 
than linearly with composition. If the tem¬ 
perature dependence of p(T) — p(4-2°) for this 
series of compositions is approximated as 
7", the value of n would decrease from n ~ 2 
for 20° 7 80° to n = 0-6 for 700° « 7 « 

I0(X)°K. This decrease in the temperature 
dependence is consistent with the X-ray 
results which show no significant disordering 
of the B2 structure below 1(XX)°K. The results 
compare satisfactorily with DeSavage and 
Goff[8] for their nominal 50-0 per cent 



Fig. 7. Inverse susceptibility as a function of temperature for a 
50-00 per cent cobalt sample as heat treated l050i°C. 90 hr. 
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composition. However, their residual resis¬ 
tivity is about like our 50-5 per cent sample. 
In addition our inverse susceptibility plot 
(Fig. 7) shows slightly larger values. 

As Allgaier[2] has pointed out, the electrical 
properties of TiCo do not seem to fit with 
his attempt to extend Lomer’s[12,13] work 
on Cr. He suggested a magnetic effect may be 
important in this case. Chandross and Shoe- 
maker[14] have briefly remarked that no 
magnetic order is seen in TiCo at 4-2°K by 
neutron diffraction. We might speculate on 
this point by considering several materials 
with A/*g=6-5, i.e. MnCr and FeV. MnCr is 
b.c.c. and antiferromagnetic(15], and the 
experimental results [16] have been inter¬ 
preted in terms of a spin-density wave[17]. 
FeV is weakly ferromagnetic [18,14] with 
Tc ~ 280°K in the partially ordered state 
obtained by annealing at 625°C. This order¬ 
ing process has an associated contraction in 
the lattice parameter and decrease in magneti¬ 
zation of ~ i/aH[19]. The similarity of the x vs. 
T data for MnCr below 500°C and TiCo 
(Fig. 7) is suggestive but the high-temperature 
resistivity for TiCo does not have the cusp 
found in MnCr at its Neel point. The Ti-Co 
distance in the TiCo lattice is 2 per cent 
less than expected from the metallic radii 
(corrected for 8 coordination). This discre¬ 
pancy may be interpreted as an ‘ordering 
contraction,’ as occurs in FeV, suggesting 
electron transfer. 

In a discussion of electrical properties of 
TiFe through TiNi[20] Goff noted the 
importance of ordering (as have several 
authors considering Cr[l2, 13,21]). He 
suggested 3 bands as important to this system: 
( 1 ) a hole-like band of moderate mobility and 
rather large carrier concentration that exists 
throughout the series; ( 2 ) a highly mobile hole¬ 
like band of smaller carrier concentration 
which fills by = 6-2; and (3) a high mobi- 


*The average valence electron number is defined as 
the total number of electrons outside of closed shells 
per formula unit divided by the number of atoms per 
formula unit. 


lity, small carrier concentration electron¬ 
like band for the higher electron concentration 
after band 2 fills. The origin of these bands can 
be suggested from Goodenough’s[22] discus¬ 
sion of b.c.c. transition metals. The high 
mobility bands would be formed if the Brill- 
ouin zone boundary due to the B2 structure 
ordering caused a cusp in the N(,E) curves for 
the s-p band at about the position of the 
‘localized’ level. The high-density hole-like 
band would be the bonding band. The ferro¬ 
magnetism observed by DeSavage and Golf 
[ 8 ] fits this, as would the thermoelectric 
power data if we assume the s-p band to be 
‘divided,’ the lower part filling at A(,.f = 6 - 2 . 
However, in order to explain the lack of 
ferromagnetism above 6-3 a rigid band model 
cannot be used[ 22 ]. i.e. the position and 
energy separations of the ‘^/-bands' depend 
on the strength of the atomic ordering. Thus 
the ferromagnetism of VFe (N^g=\) is 
destroyed in TiCo by the lowering of the 
s-p band and raising of the levels because 
of the larger ordering energy shifts. Further 
work in the systems composed of these 
elements, e.g., VFe-TiFe, should enable a 
more complete description to be evolved. The 
appearance of superconductivity for a very 
narrow range at A,.,, = 6-25 (TiFeo. 5 Coo. 5 )[ 8 ] 
shows the sensitive nature of the interaction 
between band structure and ordering in these 
systems. 
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Abstract — The effect of pressures of up to 60 kbars on the excilon series in the spectral region of 2 e V 
in molybdenum disulphide has been investigated at room and liquid nitrogen temperatures, using a 
diamond anvil device. An electronic band model, suggested by the crystallography of the layered 
material and the optical spectra of the various polytypes, is made the basis for the discussion of the 
experimental results. An indirect energy gap of 0-25 eV determines the electrical properties of the 
intrinsic material, but transitions from a lower, spin-orbit split valence band produce the exciton 
series and fundamental absorption edge It is shown that under these circumstances the pressure 
coefficient of an excilon peak can be separated into two parts; the pressure coefficient of the direct gap 
and the pressure dependence of the exciton binding energy which is a result of changes in the free 
earner density that are necessarily related to the pressure variation of the indirect gap. 


1. INTRODUCTION 

Molybdenum disulphide is a layer-type 
material in which, within a layer, there is 
trigonal prism type co-ordination between 
each metal atom and six sulphur atoms. The 
resultant sandwiches are loosely stacked into 
hexagonal (2H) or rhombohedral (3R) plate¬ 
like polytypes[l], weakly bound together by 
van der Waal’s forces, so that perfect cleavage 
occurs in (0001) planes. This allows the 
preparation of thin crystals which are eminent¬ 
ly suitable for optical transmission measure¬ 
ments using light with the electric vector E 
perpendicular to the crystal c-axis. The initial 
optical work by Frindt and Yoffe[2| indicated 
that the fundamental absorption edge was 
characterized by two series of exciton absorp¬ 
tion bands, which later proved to be hydro- 
genic[3,4], in spite of the extreme anisotropy 
of the crystal structure. This unlikely result 
led Ralph[5J to the conclusion that in molyb¬ 
denum disulphide the ratio of the longitudinal 
and transverse exciton masses was equal to 
the ratio of the transverse and longitudinal 
dielectric constants, since under these circum¬ 
stances. the excitons are much flattened in the 
c-direction, but their energies correspond to 
the isotropic case. 


This paper describes an experimental 
investigation of the effect of ‘quasi-hydro¬ 
static’ pressure at various temperatures on the 
two exciton series, using experimental tech¬ 
niques described in Section 2. A simple, zero 
pressure band model, developed in Section 3, 
in which there is full mixing between molyb¬ 
denum .V, p and (/-orbitals and sulphur orbitals, 
is made the basis for the discussion of the 
experimental results, presented in Sections 4 
and 5. In Section 4, we describe the effect of 
pressure on the exciton absorption bands, and 
indicate how the shape and position of the 
first exciton peak {A,) are influenced by the 
presence of an indirect forbidden energy gap. 
Further evidence for this interpretation is 
presented in Section 5, where the variation in 
the binding energies of the/4-series excitons is 
accounted for by a change in electron density 
in the conduction band. 

2. EXPERIMENTAL TECHNIQUES 

2.1 Apparatus 

A Barr and Stroud V. L. 2 monochromator 
with a glass prism giving a spectral resolution 
of 0-004eV in conjunction with a quartz 
iodine lamp was used to provide mono¬ 
chromatic radiation. The light incident upon 
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and transmitted through the crystals was 
monitored with an E.M.I. 9558Q photo¬ 
multiplier tube, the signal from which was 
amplified and phase detected at a chopping 
frequency of 225 cps. The rectified signal 
was finally recorded in chart form as a function 
of photon energy over the region of interest. 

Optical measurements were performed at 
high pressure and low temperature in a unit 
that was based upon the high pressure cell 
devised by van Valkenburg[ 6 ]. The specimen 
was cooled by heat conduction along the brass 
body of the apparatus and good thermal 
connection was ensured by intimate contact 
with the diamond anvils. It should be noted 
that at liquid nitrogen temperature the 
thermal conductivity of diamond is 25 times 
greater than that of copper. In this way, 
temperatures of 80°K were obtained with 
pressures in excess of 100 kbars. 

The apparatus is shown in Fig. 1. Two gem-cut type 
II diamonds comprise the anvils. They are ground into 
square-based truncated tetrahedra. and mounted over 
holes in stainless steel pistons. 

The pistons are free to slide in a stainless steel bearing, 
that sits in a brass block carrying the pressure generating 
equipment. One piston, which rests in a cavity in the face 
plate, can be tilted by levelling screws, while at the other 
end, a stainless steel transmission plate bears against the 
second piston. The force transmission lever is activated 
at its upper end by helium gas pressure inside a flexible 
stainless steel bellows. 

The specimen is cooled by liquid nitrogen in the stain¬ 
less steel dewar that constitutes the upper part of the 
apparatus. A copper radiation shield surrounds the high 
pressure region and the whole is encapsulated in a stain¬ 
less steel tail-piece. Light enters the apparatus through 
spectrosil windows, mounted on O-ring seals for easy 
replacement. 

Exciton absorption is characterized by a 
high absorption coefficient in the region of 
10 ® cm"*, so that a crystal having a thickness 
of 2000 A or less must be used. However, as 
the thickness of the specimen is reduced, it 
becomes impossible for a single crystal to 
fill the space between the diamond anvils 
arising from their concavitation under com¬ 
pression. The result is that the concavitation 
is reduced by an increase in pressure at the 
edges and a reduction near the centre, leading 
to a limit in the hydrostatic pressure attain- 



Fig. 1. Liquid nitrogen cryostat for optical transmission 
measurements at high pressures. 

able [7]. This problem was surmounted by 
incorporating a pressure transmitting medium 
of standard thickness between the anvils. 

ZnS single crystals were chosen for several reasons. 
Firstly, the absorption edge occurs at about 29,000 cm'' 
and moves to even higher energies under pressure, until 
a phase change occurs at 240 kbars[8]. Consequently, 
its optical properties do not interfere with our work. 
Secondly, for a thickness of 20 fi, our standard, a centrally 
peaked pressure distribution is obtained, and thirdly, its 
refractive index is very similar to that of diamond, thereby 
avoiding any problems caused by interference fringes, 
produced by multiple reflections in the ZnS layer. 

The cell arrangement is shown schematically in Fig. 2. 
An evaporated layer of luminescent grade ZnS, 5000 A 
thick, effectively protects the specimen against dis¬ 
integration, which would otherwise occur on account of 
the microscopic uneveness of ZnS single crystal surfaces. 
Calibration was effected by using as a specimen, an 
evporated layer of nickel dimethylglyoxime, in which an 
absorption peak shifts at a known rate under pressure[9). 
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Fig. 2. Schematic representation of the pressure cell. The 
diagram is not to scale. 


The light path was restricted to a small area near the 
centre of the specimen across which the pressure is 
essentially constant. 

By reducing the area of the crystal under 
examination the pressure variation can, in 
principle, be made as small as required. How¬ 
ever, signal to noise considerations in the 
detection system put a lower bound on the 
area that could be selected. Nevertheless it 
was shown that in a typical experiment for 
which r, = O' 1 ro, where r, and r, are the 
sampling and anvil radii respectively, the 
variation in pressure across the specimen was 
no greater than 1 per cent of the measured 
pressure. Moreover, the equations of Jackson 
and Waxman[10] suggest that whenever 



t 


where / is the coefficient of friction between 
ZnS and diamond, and t is the ZnS thickness, 
the pressure at the centre of the anvils is 
hydrostatic for all types of centrally peaked 
pressure distributions. Therefore, although 
we are aware that a solid pressure transmitting 
medium may produce non-uniform strains, the 
experimental observations are most probably 
described by changes in the ‘quasi-hydrostatic’ 
pressure experienced by the specimen. 

2.2 Material 

The samples were cleaved from a large 
natural single crystal of MoSj using ‘Sello- 
tape’. Suitable specimens can then be trans¬ 


ferred to an anvil, by dissolving away the 
glue with trichloroethylene, and at the same 
time allowing surface forces to pull the crystal 
down into intimate contact [ 11 (a)]. The crystals 
are relatively impure, but there is no ob¬ 
servable effect due to these impurities in the 
region of the excition absorption bands. This 
has been verified in the case of the analogous 
material WS 2 by comparing natural and 
synthetic crystals. 

The electrical and photoelectrical properties 
of these natural crystals, perpendicular to 
the c-direction, have been investigated by 
Wieting[12], and the carrier density at room 
temperature of about 10 ’^ cm'^ is similar to 
the value (5 x 10‘®cm"’) obtained by Fivaz 
and Mooser[l 3], for crystals grown by vapour 
phase transport. Therefore, the major im¬ 
purities, Al and Si, in the natural crystals make 
little or no contribution to the electrical 
properties. Inspection of the effective 
potential in which excess carriers in a layer 
lattice move, reveals the explanation of this 
effect. Within each layer but outside the 
atomic cores the potential is low and varies 
slowly. Between the layers, however, the 
contributions of the different atoms add up 
to high and fairly wide potential barriers. The 
carriers therefore become localized within 
individual layers and thus behave as if 
moving through a stack of independent lamel¬ 
lae. Moreover, this tendency is accompanied 
by a strong interaction between the free 
carriers and the homopolar phonons, polarized 
at right angles to the layers, which leads to 
an anomalously strong temperature depen¬ 
dence of mobility [14]. Furthermore, im¬ 
purities lying within the van der Waal’s gap, 
cannot influence either the concentration or 
scattering behaviour of the charge carriers, 
although the existence of electrical polariza¬ 
tion in the natural crystals and the absence of 
this polarization in grown crystals [ 12 ] 
indicates that these impurities are present as 
polarizable molecules, such as AI 2 O 3 , Si 02 . or 
possibly aluminium silicate. However, sub¬ 
stitutional impurities within a layer produce 
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n-type material, in which impurity scatter¬ 
ing and extrinsic conduction occur below 
about 250°K (see Sections 4.3 and 5). 

3. BAND STRLCTimE AND EXCITON 
ASSIGNMENT 

3.1 Bonding considerations 

in the following discussions a single layer 
model is used for the deduction of the relative 
positions of the energy bands, since interlayer 
interactions must produce only small pertur¬ 
bations on the interlayer potential [15]. 

The hybridisation of the atomic wave- 
functions, which is required to give the 
M 0 S 2 layer structure has been described by 
Hultgren[16]. The 4 d, 5 s and 5p orbitals, 
outside the core of the Mo atom, are com¬ 
bined to make six equivalent cylindrical 
bond functions with a trigonal prism con¬ 
figuration, together with two degenerate {dip 
hybridisation) and one non-degenerate 
non-bonding orbitals. The sulphur atoms at 
the comers of the prisms, on the other hand, 
use 3p orbitals in the bonding, so that the 
orbitals perpendicular to the layers, which are 
then responsible for the interlayer van der 
Waal’s forces, are saturated 3 s subshells. It 
is now necessary to consider how such 
hybridised orbitals give rise to a band 
structure. 

It appears that the overlap integral between 
the atomic levels in the molybdenum and 
sulphur atoms in MoSj is so large that in the 
solid the outer 5 , p and d orbitals form filled 
valence bands and empty conduction bands 
which are separated by a large energy. 
Indeed, the energy of formation of MoSj is 
comparable to Cdl^, so that the basic bonding 
gap is of order 5 eV. This implies that the 
electronic properties are imparted by elec¬ 
trons in bands formed from the non-bonding 
orbitals, which have energies that lie within 
the basic gap. Direct evidence for the exis¬ 
tence of such bands comes from electron 
energy loss experiments in the energy range 
0-60 eV, which have recently been made by 
Liang and Cundy [ 17]. 


In Fig. 3 are shown the relative positions 
of the bands, which follow directly from such 
considerations. The lower valence bands, 
labelled A',, and the upper conduction bands 
A'i* correspond to o- and o-*-bonds between 
the hybridised s, p and d orbitals of molyb¬ 
denum, and the p orbitals of sulphur respec¬ 
tively. The location of the Fermi level depends 
on the number of outer electrons per molecule, 
and in M 0 S 2 lies between the narrow non¬ 
bonding bands, X 2 and Aj, The formation of 
bands from d-functions in this way, is not 
surprising as the metal-metal distance is 
only 3-16 A. Furthermore, the large con¬ 
ductivity in NbS. 2 , 10® times greater than in 

Mo S Energy (»V) 



Fig. 3. Suggested electronic band structure of 2 H-M 0 S 2 . 
The energies and degeneracies of the levels in the Mo and 
S atoms, and in the hybridised Mo atom are shown in 
columns (a), (c) and (b) respectively. The absolute energy 
scale is subject to considerable error, but the relative 
positions of the bands. A',. X^, X, and Xf are correct to a 
few tenths of an eV. 
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MoS 2[18], is explained by a half-filled A’^ 
bands, since NbSj is crystallographically simi¬ 
lar to MoSa- No separation of bonding and anti¬ 
bonding states occurs in since the band is 
essentially equivalent to the ground state in 
2 -D metallic hydrogen. A separation in A'j, 
however, may occur, but is probably too 
small to be observed. Finally, an inspection 
of the band structure of GaS[ 19 ], in which 
the sulphur atoms occupy similar crystallo¬ 
graphic positions, suggests that the sulphur 
3 s subshells form a narrow valence band 
that lies below the other valence bands in A,. 

3.2 Comparison with optical data 

More comprehensive optical measurements 
have been made by Wilson on M0S2 and the 
related transition metal dichalcogenides [ 11 (b)]. 
A weak absorption was observed at room 
temperature at about 0-25 eV, showing that 
the direct transition between the non-bonding 
bands is forbidden and that the curvature of 
one band at = 0 is not related to the other 
through the k.p perturbation. In addition, the 
existence of a weak shoulder at the bottom of 
the fundamental absorption edge in NbS2, 
in which band X2 is half empty, suggests that 
an indirect Burstein transition is involved, and 
the minimum gap between bands X.^ and A3 is 
not at the F-point. 

The optical spectra of the different stacking 
polytypes of M0S2 are basically the same. The 
majority of transitions occur in pairs that are 
characteristic of a spin-orbit split valence 
band, although the magnitude of the splitting 
differs in 2 H- and 3 R- material as shown by 
the inset in Fig. 4 . Group theoretic arguments, 
however, suggest that spin-orbit split bands 
can occur only along the FZ axis of the rhom- 
bohedral Brillouin zone corresponding to point 
group €30[20], and therefore the majority of 
transitions in 3R-M0S2 occur on this axis, at 
critical points required by the symmetry of the 
zone. These are situated at F and Z, but, as 
already emphasized, the band structure is 
largely determined by a single layer, so that 
as a first approximation, we suggest that the 



Fig. 4, Some experimental absorption spectra for 2H- 
MoSj at 100°K and at different pressures. Curves num¬ 
bered in the order in which the data were taken: (1)0-5 
kbars (2) I5-8kbars; (.1) 30-0kbars; (4) 45-Okbars; 
(5) 3 0 kbars. Intermediate and higher pressure curves 
were consistent with those shown. The curves have been 
shifted vertically for clarity from the zero pressure 
absorption curve. The inset shows the absorption spectra 
in the region of the fundamental absorption edge of 2H- 
MoSj and SR-MoSj. 


transitions in 2H-M0S2 occur at the analogous 
critical points F and A, in the hexagonal 
Brillouin zone corresponding to point group 
Deh- 

If the exciton series are now associated with 
the direct gap at F between the spin-orbit split 
valence band in A, and the conduction band in 
A3, the remaining absorption peaks in the 
whole family of materials may be consistently 
assigned to transitions allowed by the model 
[ 11 (a), 21 ], Furthermore, the widths of bands 
A2 and A3, the splitting of the valence band 
edge in A,, and the widths of the forbidden 
energy gaps, all shown in Fig. 3 , are determined 
with an accuracy of a few tenths of an eV. 
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However, the work function of the material 
has not been measured, but it is possible to 
assign absolute energies to the system, by the 
examination of the relevant valence states in 
the sulphur atom and the hybridised molyb¬ 
denum atom. In this approximation the work 
function is 8 eV, although an error of the order 
of an eV must be expected. 

The rest of the paper describes an experi¬ 
mental investigation of the band model. The 
approach taken is to measure the effect of 
pressure on the exciton series and to relate 
the results to shifts in the various band edges. 

4. EFFECT OF PRESSURF ON EXCITON 
FORMATION 

4.1 Introduction 

Measurements on the shape and position of 
the AI and B, peaks have been made at both 
room and liquid nitrogen temperatures. The 
main features in both cases are the shift of the 
peak positions to higher energies and a consi¬ 
derable weakening and eventual disappearance 
of the peaks themselves at the highest pres¬ 
sures. However, with the reduction of pres¬ 
sure, the peaks reappear and return to their 
zero pressure positions. Figure 4 summarizes 
these statements for a typical run at 100°K. 
Intermediate and higher pressure curves were 
consistent with those shown, but have been 
omitted for clarity. The second order exciton 
was not observed at pressures above 5 kbars, 
nor after the reduction of pressure, although 
the resolution of the system was better than 
0-005 eV in this spectral range. It will also be 
noticed that the absorption coefficient at the 
minimum the /4, and fl, peaks has increased on 
returning to zero pressure. Similar effects were 
observed previously by Evans and Young[4) 
when MoSj crystals were subjected to mech¬ 
anical working. We suggest, therefore, that 
changes in the dislocation density occur during 
the initial application of pressure to the cell, 
owing to very high, though localized, stress 
concentrations that temporarily exist around 
non-uniformities in the surface of the ZnS 
crystal. The reversible region is reached when 


plastic flow has produced intimate contact 
throughout the cell. 

4.2 Pressure coefficient of the A^-peak 

The shift of the Arpeak is shown at both 
room and liquid nitrogen temperatures in 
Fig. 5. In both cases a linear change occurs at 



Pressure (kbars) 

Fig. 5, The effect of pressure on the /4,-peak at 300° (1) 
and I00°K (2), Curve (3) indicates the relative shift of the 
band edges in X, and at the f-point, so that curves (4) 
and (.3) represent the change in binding energy of the 
exciton with increase in pressure at 300° and I00°K 
respectively. 

lower pressures, but at higher energies, the 
shift becomes non-linear. The error in posi¬ 
tioning the exciton peak increases at these 
higher pressures, but is insufficient to explain 
the deviation from linear behaviour. 

Apart from these similarities in shape, a 
most striking difference in pressure coefficient 
exists for the two temperatures. The values 
obtained in the linear regions are 
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= (2-0±0-l)x 10-«eV/bar 

\ Op /300 

=(1-4±0-2)x 10-«eV/bar. 

V dp /lOO 

It is now shown that these differences may be 
explained by a reduction in binding energy of 
an exciton at high pressures and that the linear 
region at 100°K corresponds to the relative 
shift of the band edges of Xi and A '3 at /t = 0 . 

4.3 Changes in electron-hole interaction 
caused by increased screening 

Minomura ar\d Drickamer[22] observed 
that the resistance of MoSj decreased under 
pressure. However, the mobility and effective 
mass of the electrons are expected to be rela¬ 
tively constant[ 21 ], so that an increase in 
carrier concentration is responsible for the 
decrease in resistance. As a result, the mag¬ 
nitude of the electron-hole interaction at a 
particular temperature will be reduced at high 
pressure, until at some critical free carrier 
density, exciton formation will no longer be 
possible. 

The conditions for the existence of an ex¬ 
citon in such a Yukawa potential have been 
discussed by Caseila[23] and Rawls and 
Schultz [24]. However, the most comprehen¬ 
sive treatment has been given by Harris [25], 
who shows that at a particular temperature T, 
the binding energies of 1 5 and 2 S excitons 
are reduced by an increase in free carrier 
density in the way shown in Fig. 6 . The 
screening parameter 8 (T, p) is related to the 
free carrier density N(T, p) by 



Fig. 6. The variation in the binding energy, £,, of an n ““ 
order exciton with the screening parameter S (after 
Harris [25]). 

behaviour of the exciton position at high pres¬ 
sures and low temperatures is to be attributed 
to a reduction in binding energy, caused by an 
increase in free carrier density. At room 
temperature, more electrons are excited for a 
given energy gap between and A' 3 , so that 
the exciton binding energy is already reduced 
at zero pressure. The magnitude of the reduc¬ 
tion relative to the binding energy at zero 
pressure at both room and liquid nitrogen 
temperature is obtained from the difference 
between the experimental curves and the line 
corresponding to the relative shift of the band 
edges in Xi and A '2 at ^ = 0. These are shown 
as curves 4 and 5 in Fig. 5. It may be shown 
that at low temperatures, the changes in effec¬ 
tive mass of the exciton and the dielectric 
constant of the crystal with pressure tend to 
cancel, and together make a negligible contri¬ 
bution to the change in peak position. 

The density of free carriers in a non-degen¬ 
erate semi-conductor can be written as 


. /a^V N{T,P) /uiiV A(T,p) A[(r,p) = const P'^exp [-£(T,p)Mr] (2) 

= To^^Uj 

where for extrinsic conduction in a compen- 
where a^ is the Bohr radius, en and ej. are the sated material, E is the donor ionisation energy 
dielectric constants parallel and perpendicular 

to c, ail and £tx are the exciton radii parallel and E(T,p) = Ei, T 250°K (3) 

perpendicular to c in a coulombic potential 

and kT is measured in electron-volts. With this and for intrinsic conduction, £ depends upon 
model, it is apparent that the non-linear the indirect gap between bands A'* and A' 3 . 
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E(T,p) = T & 250“K (4) 

The transition from extrinsic to intrinsic 
behaviour occurs at approximately 250°K. as 
indicated later in Section 5. This is consistent 
with the mobility behaviour of the less pure 
crystals grown by Fivaz and Mooser[13]. 

Using equations (1), (2) and (4), it follows 
that for a given temperature in the intrinsic 
region, the pressure coefficient of Ej,^^ is 


4.4 Pressure coefficient in the Brpeak 
The general behaviour of the B,-peak is very 
similar to that of the >4,-peak. The pressure 
coefficients at 300“ and 100°K in the linear 
regions are 

(^) =(2-2±01)x 10-«eV/bar 

' /.'JOO 

=(l-4±0-2)XlO-'>eV/bar. 

\ "P / 100 


(SE^\ 6(r,p) 

\ sp )t p '^^^8{T,0Y 


(5) 


With values of ranging from 

-2 0x lO-^eV/bar to -3 0x lO-«eV/bar, in 
steps of 0-1 X 10“*eV/bar, the binding energy 
was calculated by computer as a function of 
pressure for a series of values of 8(300, 0) 
ranging from 0 to 0-35 in steps of 0 01. The 
best fit was obtained with 

=(-2-.5±0-5)X 10-«eV/bar 

\ op /.■|(N) 

and 


8(300,0) = 0-22 + 0-02 


or 


/V(300,0) = (2 0 + 0-5)X lO'^cm"* 

giving a value for N(300, 0) in agreement with 
the electrical measurements of Wieting[12]. 
The pressure coefficient of may also be 
calculated from the measurements of Mino- 
mura and Drickamer[22], since to a good 
approximation it may be shown that 

\ dp / 300 dp 


= (-2-0 + 0-5)x 10-«eV/bar 


in the low pressure region, (p < 50 kbars), 
further confirming our analysis. 


Now it has already been assumed that the 
separation of the A , and peaks is related to 
the spin-orbit splitting of the band edge in Xi 
at r. Moreover, the spin-orbit interaction term 
in the Hamiltonian is 

(VFXp) 

where tr are Pauli matrices, V is the electrical 
potential between an electron and the nuclei 
and p is the momentum operator. Consequent¬ 
ly, VF, and therefore will only be large 
near nuclear sites, so that little change is 
expected in the magnitude of spin-orbit 
splitting with pressure. 

The experimental evidence is strongly in 
favour of this interpretation. The pressure 
coefficient of the B,-peak at low temperatures 
is equal to that of the A ,-peak, while the differ¬ 
ence that exists at room temperature is attri¬ 
buted to a greater reduction in binding energy 
of the fi,-peak for an increment of pressure. 

5. TEMPERATURE DEPENDENCE OF 
EXCITON BINDING ENERGY 

It follows from 1 that the binding energy of 
an exciton is a function of temperature at a 
given pressure. Owing to changes in the elec¬ 
tron-phonon interaction with temperature, it is 
difficult to test this theory directly by an inves¬ 
tigation of the /4 1 'peak alone. The second order 
exciton A 2 , however, is also subject to changes 
in the screening parameter 8(T, p) so that 
measurements on the relative positions of the 
two peaks as a function of temperature would 
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be sufficient to test the theory, as indicated in 
Fig. 6 . The temperature range over which the 
experiment may be carried out is unfortunately 
relatively narrow, since below liquid nitrogen 
temperatures only small changes in binding 
energy are expected from from the nature of 
the exponent in the expression for N{J,p), 
while above liquid nitrogen temperature, it 
becomes increasingly difficult to locate the 
position of peak A 2 . 

Figure 7 shows the separation of exciton 
peaks /4i and at temperatures between 4° 
and 200°K. The separation at 300°K was that 



0 KX) 200 300 

Temperature “K 


Fig. 7 The variation in the separation of the Ax and A^ 
exciton peaks with temperature. The transition from 
extrinsic to intrinsic behaviour occurs at about 250°K. 


T,. If the temperature variation of and 
Ei are neglected, then ( 6 ) may be expressed as 


8(r,0) = 8(T„0)(|^y 


r£(T,.0)f 1 


{irr}] 


to a good degree of accuracy. 

The variation SfT, 0), and, accordingly in 
the separation of peaks A^ and A^, owing to 
changes in the intrinsic carrier concentration, 
is shown as the dotted line in Fig. 7. In this 
calculation, the value of 6(300, 0) is taken 
from the pressure measurements. We see that 
at low temperatures, the reduction in separa¬ 
tion is underestimated, owing to the domin¬ 
ance of extrinsic effects. The electrical 
measurements available suggest that is 
(0 05 ±0 03) eV, so that, with the value of 
8(250, 0) taken from the intrinsic curve, the 
change in binding energy, owing to an extrinsic 
carrier concentration, can be calculated. The 
calculation, however, is relatively insensitive 
at low temperatures to the exact value of Ea 
within this range, and therefore the result for 
Eg equal to 0 05 eV, shown as the solid curve, 
brings the theoretical calculations in line with 
the experimental observations. 


6. CONCLUSION 

deduced from the pressure measurements. As The excitonic doublet below the funda- 
expected, the separation is reduced as the mental absorption edge of M 0 S 2 has been 
temperature is increased, but by using ( 1 ) and explained in terms of transitions from a spin- 
(2), a more quantitative analysis is possible, orbit split valence band A', to a doubly de- 
We can write generate conduction band X 3 , lying on each 

side of a full narrow (/-band X 2 , (Fig. 3). The 
6 ( 7 ’, 0 ) = 8 {T,, 0 )(-;p) effect of pressure on the intensity and width of 

each absorption peak is well described by an 
[■£(r„0)fl 1 £(r,0))1 increase in electron-hole screening, caused by 

2ii [T,~TE(,T,, 0)jj ^ ' a reduction of with pressure, and it is 

evident that Ex^r, is always greater than the 
in which T, is a specified, fixed temperature in exciton binding energy. However, at liquid 
either the extrinsic or intrinsic region and helium temperatures, the free carrier density 
£(r„ 0 ) is the activation energy, defined in is sufficiently reduced for the binding energy 
Section 4, in the conduction region containing of the B, exciton to be equal to Ej^ at about 
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60kbars. Under these conditions, the original 
ground state is expected to become unstable 
against exciton formation, and a new ground 
state is formed [26-29]. This might be ob¬ 
served as a crystallographic phase change. 

The pressure coefficients of the excitonic 
doublets in the related family of materials have 
also been measured, but these will be pub¬ 
lished later, together with the pressure co¬ 
efficients of the absorption peaks at higher 
energies. 
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PHASE MODULATION IN MAGNETIC RESONANCE 

EXPERIMENTS* 
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Abstract —This paper investigates the general relations that exist in resonance experiments between 
phase modulation of the exciting fields and energy level modulation. When the response of the system 
to excitation is described so that it is properly phase-reference to the phase of the exciting fields, one 
obtains directly that there is a complete equivalence between the total time rate of change of the phase 
of the exciting fields and, in the case of magnetic resonance experiments, the instantaneous magnetic 
field strength. The role played by line-broadening and relaxation mechanisms is considered, and some 
of the applications and implications of these results are discussed. 


INTRODUCTION 

In experimental resonance spectroscopy 
there has been continuing interest in the 
relation between techniques in which the 
transition frequencies of the sample are 
modulated and techniques in which the phase 
(or frequency) of the exciting radiation field 
is modulated. Specific applications range from 
the early work of Karplus[l] on absorption 
lineshapes and sideband structure in frequency 
modulated microwave molecular spectroscopy 
of collision broadened systems, through fast- 
passage NMR and rotary saturation[2] in 
ferromagnetic systems, through fm. spin 
disordering of pure quadrupole levels in the 
double nuclear resonance experiments of 
Slusher and Hahn[3], to our interest in spin¬ 
locking effects of transient phase shifts in 
short pulse NMR on organic crystals. 

The basic ideas involved in the general 
relations between phase modulation of 
exciting fields and energy modulation of the 
levels of the excited system are relatively 
simple and widely recognized; they have been 
implicitly stated in the work of a large number 
of investigators. Nevertheless, a detailed 
description of how these relations may be 
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understood in specific cases is apparently 
unavailable and, consequently, it seemed 
worthwhile to offer an explicit examination 
of these considerations. 

The following treatment is carried out 
specifically for a nuclear resonance spin 
system whose static interactions are domin¬ 
ated by large Zeeman splittings; the obvious 
extensions of this description to other resonant 
systems is outlined in a subsequent section. 

DYNAMICAL RESPONSE OF THE SPIN SYSTEM 
Description of observed signals 

In NMR experiments the observed signals 
are generated by the induced nuclear mag¬ 
netization which causes a time dependent 
flux-linkage of the turns of an inductor. One 
is therefore concerned with the time depen¬ 
dence of a particular component of the 
nuclear magnetization, say M„. The descrip¬ 
tion of the characteristic response of a 
resonant system to a driving force is simplified 
by expressing the time development in terms 
of the amplitude and phase of the induced 
response. It is, for example, the phase re¬ 
sponse relative to the phase of the exciting 
fields that distinguishes resistive from reactive 
components, or absorption from dispersion. 

Thus in the NMR system, one wishes to 
describe the component of nuclear magnetiza- 
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tion, by specifying its phase components 
with respect to the phase of the exciting field. 
If the exciting field is applied at a single 
frequency, w. the behavior of the spin system 
is most easily described in a rotating reference 
frame[4] whose rotation angle increases 
linearly in time, 

</) = wr (I) 

that is, the equations of motion are trans¬ 
formed to a frame of reference rotating in- 
phase with the exciting field. When the exciting 
field is frequency modulated, its accumulated 
phase is 

<|>(t)=^a>l + ^(t) ( 2 ) 

where A(/) is the phase modulation term; the 
instantaneous frequency of the exciting field 
is the time derivative of the total phase, 

= + ^ A' (3) 

It is important to note that, in this ca.se, the 
most convenient reference frame for des¬ 
cribing the spin dynamics is not one which 
rotates uniformly at frequency w. but rather 
one which is phase-locked to the accumulated 
phase of the exciting field as given in equation 
(2). In this reference frame the components 
of induced magnetization are directly phase- 
referenced to the exciting field. 

Equations of motion 

The system we are specifically considering 
is a spin system of identical nuclei dominated 
by a large Zeeman interaction, ,^ o. The system 
has a variety of weaker linebroadening 
and relaxation interactions described by a 
Hamiltonian term Xu. and it is subjected to 
excitation by an r.f. magnetic field interaction 
Sifrf We can temporarily assume that the 
Zeeman interaction is produced by a large 
external magnetic field, Ha. directed along 
the z axis of a fixed Cartesian coordinate 
system, 

Xa = -yhHa'Z:ljz- (4) 

The summation index f refers to the j'" 


nucleus in the system and y is the gyro- 
magnetic ratio of the nuclear species. One 
can simplify the notation by letting the spin- 
operator without a summation index refer 
to the summation, e.g. 

Sfo = -yftHa'2ilj^ = -yhHal^. (5) 

The r.f. field is taken along the y axis and 
has a field strength 2W,; the interaction with 
the spins is 

ir,^ = -rft2//,cos(d)(r))/„ (6) 

where the phase factor </>(/) is of the form 
given in equation (2). The total Hamiltonian 
for the system is then 

X' = -yhHa(t)l,-yfilH, cos {^(t))la + X'B 

(7) 

where the external field may be an explicit 
function of time, //„(/), and the various roles 
played by the interactions gathered into the 
term.^H will be considered later. 

To find the time evolution of any com¬ 
ponent of magnetization one can employ 
the density matrix description. 

M,(f) = ( 7 /v) = Tr{p(/)y/*} (8) 

where the equation of motion for the density 
matrix is 

a,p(t) =-((•/«)[,;r,p]. (9) 

The question of the effect of phase modulation 
of the r.f. field relative to energy level modula¬ 
tion, modulation of Ha, is now reduced to 
the question of how the phase and field 
modulation enter relatively into the com¬ 
mutator of equation (9). The trace operation 
of equation (8) is independent of the re¬ 
presentation used to describe the system: 
thus the simplest description for our purposes 
is to express the equations of motion, equation 
(9), in a representation corresponding to a 
reference frame rotating in the Larmor sense 
about the z axis phase-locked to the exciting 
r.f. fields. An operator Q transforms into the 
rotating representation operator Q according 
to 
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Q' = UQU-' (10) 

where U is the unitary operator 

f/ = exp{-/<l)(t)/j}. (11) 

One can then rewrite equation (9) as 

d,{U-'p'U)=-{ilh)U-'[^\p']U (12) 

and by carrying out the time differentiation 
and collecting terms one finds that the phase- 
locked reference frame equations of motion 
are 

d,p' =--(ilh)ir'+AdMt)h<p']- (13) 

The transformed Hamiltonian has a Zeeman 
term from equation (5) which is unaltered 
by the transformation, 

^'M)=-yAH„(i)I,. (14) 

The r.f. interaction of equation (6) has two 
terms; the first is a component rotating in the 
Larmor sense which appears static when 
transformed into the rotating frame, and the 
second is an anti-Larmor sense rotating com¬ 
ponent which, when transformed to the 
rotating frame, appears as a field rotating 
with twice the phase accumulation rate, 

= — yAHJu ~ yAHy (f„ cos (2<t>(l)) 
-f/j. sin (20(/))). (15) 

The phase derivative term in the commutator 
of equation (13) can be combined with the 
Zeeman term of equation (14) to give the 
effective Zeeman interaction in the rotating 
frame, 

{K).« = ^'o(t)+AdMt)h 

= -yA{H,(t)-dMt)ly)lz- (16) 

The system is presumed to be a resonant 
system where Strf and give a line broaden¬ 
ing small compared with the resonant fre¬ 
quency yHo- The external field modulations 
and the phase modulation factor of equation 
(3) are also presumed to be free of such severe 
modulation rates as would produce instan¬ 
taneous effective frequencies of negative 


algebraic sign according to equation (3) 
and approaching the Larmor frequency in 
absolute magnitude. In this case, the time 
dependent terms in equation (15) remain 
highly non-secular and will consequently 
exert a negligible influence on the spin 
system. These anti-Larmor sense rotating 
componentst of the exciting field are there¬ 
fore ignored, and equation (13) can then be 
written 

d,p' =-/[-■y(//o(r) 

+ SP'b,p'\. (17) 

The essential feature in equation (17) 
concerning the relation between energy 
level modulation and phase modulation of 
the exciting field is that the effective field 
along the z axis, //„(/)—d^(/)/>', depends 
only on the difference between externally 
applied magnetic field and the instantaneous 
frequency of the excitation. In general, 
the interactions which are collected together 
in the term will have components which 
transform with different time dependences 
according to whether the phase-locked refer¬ 
ence frame corresponds to a single frequency, 
as in equation (I). or to a frequency modulated 
experiment as indicated in equation (2). 
Nevertheless, as is discussed later, there is 
a very wide variety of conditions under which 
the effects of are quite independent of the 
character of the modulation. When such is 
the case, one may express the field strength 
modulation as 

(» 8 ) 

and the excitation phase modulation accord¬ 
ing to equation (2). Then the dynamical 
behavior of the spin system as expressed in 
equation (17) depends only on the static 
effective magnetic field. 


tThese anti-Larmor components do cause a second 
order energy level shift whose time average is not zero. 
This IS the Bloch-Siegert shift, and produces a fractional 
resonance .shift of UH,IH„)K which might be typically 
10 -’. 
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H,= {Hl-a>ly)z + H,y (19) 

an effective field modulation term, h(t)z, 
where 

h{t) = Hj,(t)-ciMt)ly ( 20 ) 

and finally upon the line-broadening and 
relaxation effects contributed by Figure 
I shows these effective fields as they appear 
in the phase-locked reference frame. 



Hiy 1. Diagnim of the elTcclive magnelit fields as they 
appear in the phase-locked reference frame 


Thus the basic relation which exists be¬ 
tween field and frequency modulation is that 
of equivalence between an external field 
modulation A/,„(f) and the negative of the 
time derivative of the exciting field phase 
modulation factor A(f). There seem to be 
two common points of confusion regarding 
these notions, and it would be worthwhile 
to comment upon them. The first point 
concerns an alternative notation sometimes 
used to express the frequency of an r.f. 
field under the conditions of very wide¬ 
band non-sinusoidal frequency modulation; 
this involves what may be called the ‘f.m. 
frequency’. 

oifm —(0+Sm{f) (21) 


where the oscillation of the r.f. field is ex¬ 
pressed as 

//,(0 =//iCos(w/„/) . (22) 

Only in certain limits is there an equivalence 
between the field modulation, Hii(t), and 
the/m term, —Stuff); the true equivalence 
exists between H^it) and the time rate of 
change of the phase modulation as indicated 
in equation (20). 

The second point of confusion arises when 
one describes the spin behavior in a frame of 
reference which is rotating at the average 
frequency tu. In this reference frame any 
phase modulation appears as an amplitude 
modulation of //j along the y axis combined 
with an effective oscillating field proportional 
to //,. but directed along the x axis. It would 
appear, at first consideration, that only 
severe limiting conditions would result in an 
equivalence between an external field modu¬ 
lation in the z direction and the transverse 
modulation components resulting from the 
pha.se modulation. This is resolved by the 
fact that the magnetization components 
described in this uniformly rotating frame are 
not phase referenced to the phase of the ex¬ 
citing field. A subsequent transformation is 
necessary to accomplish this, and the result, 
of course, is the same as if the original trans¬ 
formation had been made to the phase-locked 
rotating frame. 

Before going on to a discussion of some of 
the specific applications resulting from the 
equivalence of field and phase modulation, 
a more careful consideration of the effects 
as.sociated with the perturbing terms in 
is in order. 

EFFECTS OF PERTURBING TERMS 
Relaxation effects 

One may group the contributions to 
into an average static set of interactions, 
and a set of interactions which fluctuate 
in time, <^«(/). We consider first the time 
dependent set which causes the spin- 
relaxation effects. 





PHASE MODULATION IN MAGNETIC RESONANCE EXPERIMENTS 


301 


One can further distinguish among the 
terms within ^g(t) according to whether 
the operators involved do, or do not, commute 
with /j. One may define the sum of all the 
commuting terms as and the sum of 

all non-commuting terms as ^Bn(0, that is. 




(23) 

where 



(24) 

and 


[^BnU).h] 

(25) 


Because of the commutation relation of 
equation (24), the rotating frame transforma¬ 
tion of equation (10) leaves unchanged; 

therefore enters the equation of motion 
in equation (17) in a manner independent of 
the presence or absence of phase modulation 
of the exciting field. Its role is therefore 
defined exclusively in relation to the other 
quantities in equation (19) and, since these 
are specified in terms of the effective field 
of equation (19) and the modulation field of 
equation (20), the relaxation effects of 
are independent of any distinction between 
phase and field modulation. 

In the case of the non-commuting terms of 
equation (25), the spin-relaxation effects do, 
in principle, depend upon whether phase 
modulation or external field modulation is 
employed. Transitions between spin levels 
produced by ^anU) will be normally charac¬ 
terized as AvVfy = 1 or AM, = 2: the former 
arise from modulation of such interactions 
as the C and D terms[6] in the nuclear 
dipole-dipole coupling, the hyperfine inter¬ 
action with paramagnetic electron states, 
and in the case of nuclei with a quadrupole 
moment, the termst of the quadrupole 
coupling. The AM, = 2 transitions can be 
produced from modulation of the dipole- 
dipole E and F termst or the V ±2 termst 
of the quadrupole interaction. 

tThe notation used here and effects produced by these 
interactions are presented in detail in the book by C. P. 
Slichter cited in reference [4]. 


From the point of view concerned with 
relaxation effects on the spin system, the only 
essential difference between the AM, = 1 
and AM, = 2 terms is that the former must 
have a time dependence. producing Fourier 
components at the spin transition resonant 
frequency and the latter's time dependence 
must produce Fourier components at twice 
the resonant transition frequency. Con¬ 
sequently, only the AM, = 1 terms are dis¬ 
cussed in detail here. One can view the 
AM, = 1 interactions as a time-dependent 
internal magnetic field, and thereby express 
^Hn(t) as 

(26) 

When this interaction is transformed to the 
rotating frame appropriate to the equation of 
motion expressed in equation (17), one finds 

^«„(t) = i(/fj(0e"*<'' + c.c.)/j, 

-fi(//fj(/)e-‘«'> + c.c.)/,^. (27) 

where H,(t) is related to the field components 
in equation (28) by 

HAt) = H,At)-iH,,{t). (28) 

One can gain some insight into the relaxa¬ 
tion effects produced by J^fln(/) by consider¬ 
ing the behavior of equation (17) in two limits. 
First, consider the limit in which the effective 
z component of field is very small compared 
with the characteristic local fields specified 
by the time independent term or with 
//, or both. That is, the experiment is per¬ 
formed on-resonance with yHo(t) = 
in this limit, the phase factors entering equation 
(27) can be written as 

exp{-/d>(f)} = exp(/f (29) 

The matrix elements of ^B„(f) have an 
additional time dependence coming from the 
difference in energy between the states 
involved, but this is related to the magnitude 
of Hi and the local field strength associated 
with ^Bo- Consequently, the effects gener¬ 
ated by S^Bnit) are, according to equation 
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29, independent of whether phase or held 
modulation is employed. 

The second limit is the off-resonance limit 
in which the spin system’s behavior is 
dominated by the z component field, 
y^{t)ly)- In the perturbation theory cal- 
culationt of the spin relaxation rate, W, 
caused by the time dependences of 

the perturbation and those of the frequency 
difference between the levels involved in the 
transition are combined in a Fourier integral, 

fV= K r (it(Hi{0)Hno 

-4- C.Cav) exp{-/<;()(/)-/ r 

-d^(t'))dt']. (30) 

In equation (30). the two terms involving 
4 >{t) cancel each other; this happens because 
these phase factors appear only through trans¬ 
formation of the interaction and the wave- 
functions into the rotating frame. The resulting 
expression for the spin-transition rate, 

~ 06 

-)-c.c.)av exp (-(■ J (31) 

■'(I 

indicates, as expected, that in the off-resonance 
limit the spin relaxation processes are entirely 
insensitive to the r.f. exciting field. The in¬ 
tegral in equation (31) can be rewritten by 
standard theorems for Fourier integrals as 
the convolution of the spectral density of the 
fluctuating interaction {W„(0)//*(/)-I-c.c.)a, 
with the frequency spectrum of the modulated 

spin energy levels, exp (— i f H„{t')dt'). 

Terms in which cause AM; =2 

transitions may be carried through in a com¬ 
pletely analogous manner; the only difference 
from the treatment above is that all the phase 
terms are multiplied by a factor of two. 

The preponderance of NMR spin-lattice 

tThorough treatmenl-s of relaxation processe.s and 
calculations can be found in the books cited in reference 
[41. 


relaxation processes are dominated by 
fluctuating interactions having short correla¬ 
tion times. In this case, the spectral density 
associated with the correlation function in 
equation (31) will be broad compared with 
spin-levei spectrum generated by //o(f), i.e. 
T, is essentially independent of Ho, and the 
experimentally observed behavior of the 
NMR system will be independent of whether 
frequency modulation or external field modula¬ 
tion is used. One can, however, imagine a 
case in which the nuclear spin relaxation 
processes are dominated by a long correla¬ 
tion time interaction. In this case, external 
field modulation which shifts the spin levels 
over a range of frequencies large compared 
with the inverse of the interaction correlation 
time can produce experimentally observed 
7', effects which will not occur if only the 
frequency of the exciting r.f. field is swept 
over the same range with Ho remaining fixed. 

Line broadening and shifting 

The average, time independent, parts of 
which have been referred to as 
can be examined in a manner similar to that 
for the fluctuating terms. The sub-terms in 
which do not commute with are highly 
non-secular for a re.sonance system and, for 
our considerations, they can be neglected. 
The terms in PC bo which do commute with /j 
will be referred to as PlfBoi, and consist of 
such interactions as the chemical shift and 
Knight shift terms in the nuclear spin coupling 
to electrons, the secular parts of the nuclear 
dipole-dipole interaction, and the secular 
parts of static quadrupole interactions. These 
terms are invariant under the rotating frame 
transformation and, consequently, enter the 
equations of motion in equation (17) as 
~ ’^uoz- Therefore, all the observed 
effects which arise from these interactions 
are independent of the distinction between 
phase and field modulation of the experi¬ 
mental system. This might seem inconsistent 
with the fact that the chemical shift and Knight 
shift interactions depend linearly upon HoU) 
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and not upon but these field shift 

terms can be accounted for by including them 
in the applied field, appearing in 

equation (17). These effects are thus exhibited 
only as a small change in the effective gyro- 
magnetic ratio which appears in equation 
( 20 ). 

APPLICATIONS AND IMPLICATIONS 
When an NMR system is subjected to 
r.f. excitation and the external field, H„, 
is appropriately modulated, one observes 
additional resonance effects due to the 
phenomenon of rotary saturation [5]. Rotary 
saturation effects due to both single and 
multiple quanta transitions at the modulation 
frequency have been observed and analyzed 
by J. Franz[6,7]. For off-resonance excita¬ 
tion, the spin transitions involve one or more 
photons at the modulation frequency absorbed 
simultaneously with a photon at the excita¬ 
tion frequency. For excitation on resonance, 
there is no net absorption of resonant frequen¬ 
cy quanta. In experiments where the exciting 
source is phase modulated, one observes[l] 
resonance signals when an f.m. sideband 
passes through the resonant frequency. In 
addition, the on-resonance signals in a phase 
modulated experiment can display altered 
behavior due to the interference between the 
carrier and sideband frequencies. The results 
of the previous sections show that the rotary 
saturation effects and the f.m. sideband effects 
are actually equivalent phenomena in all 
respects. One viewpoint or the other might 
happen to be preferable under particular 
circumstances; for example, in off-resonance 
rotary saturation it is a complex calculation 
to find the intensity of the three-photon 
transitions, but it is relatively simple to find 
the intensity of the equivalent phase-modula¬ 
tion third sideband. On the other hand, the 
frequency shift generated by a strong off- 
resonance field is difficult to calculate from 
the f.m. viewpoint, but is immediately given 
in the rotary saturation picture from the 
effective field of equation (19). 


It is also evident that these notions are not 
confined to the specific case of nuclear mag¬ 
netic resonance. Further consideration of 
the derivation of the phase-locked representa¬ 
tion of the equations of motion given in 
equation (17) shows that the general result 
requires only a system of relatively sharp 
energy levels and an exciting field that induces 
resonant transitions among the levels. A 
general transformation to the representation 
in which the transition-inducing field com¬ 
ponents are time independent is readily carried 
out. The result is that the resonant transition 
frequency and the instantaneous frequency of 
the excitation appear on equivalent footings 
in the difference term, (turej —a,d>(/)). Thus, 
it is a basic feature of all such systems that 
phase modulation of the excitation is equi¬ 
valent, in all essential detail, to modulation 
of the energy level spacing. This behavior is 
treated in detail for pure quadrupole nu¬ 
clear spin interactions by Slusher and Hahn 
[3] who wish to describe spin-disordering 
achieved by f.m. techniques. 

Other systems where the resonant frequen¬ 
cy is not under the full control of external 
experimental conditions are, for example, 
nuclei in ferromagnets or those nuclei in 
diamagnetic solids which neighbor para¬ 
magnetic defects and for which the dominant 
interaction is the hyperfine interaction with 
electronic moments. In these systems, phase 
modulation of the excitation can produce the 
same detailed effects as would modulation 
of the effective static field at the nucleus. 

Another useful application of these equiva¬ 
lences is found in double resonance experi¬ 
ments where two different resonances are 
simultaneously excited. One frequently 
wishes to field modulate or perform rotary 
saturation on one resonance while leaving 
the other unaffected; phase modulation of 
the appropriate source produces an effective 
field modulation only for those spins whose 
transition frequencies are nearly resonant 
with that source. 

The complement may also be useful; for 
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example, in some multiple-pulse NMR tech¬ 
niques, several fast, accurate phase-shifts 
might be required. It might prove much easier 
experimentally to introduce equivalent mag¬ 
netic held pulses than multiple phase-shifts of 
the r.f. source. 

One can also readily understand from these 
ideas how the presence of spurious phase 
shifts can produce experimentally undesirable 
results. For example, in short pulse, high 
power NMR experiments, we have observed 
that transient changes in driver and transmitter 
stage bias levels during the pulse turn-on can 
produce phase shifts of as much as 10 deg/ 
/xsec for periods of several microseconds. 
For pulse lengths short compared with the 
transient times this produces a pulse effective¬ 
ly off resonance by l5KHz, and for longer 
pulses it generates a degree of spin-locking 
otherwise unanticipated. 

We have carried out many simple NMR 


experiments relating both to field modulation 
and phase-shifting and have found detailed 
experimental verification, in all cases, of the 
equivalence expressed in equation (20). 
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Abstract-The exact diamagnetic susceptibility is calculated as a function of the magnetic field for a 
magnetic breakdown model which has been previously presented. The susceptibility is obtained by 
numerically evaluating the appropriate derivative of the Helmholtz free energy using the exact eigen¬ 
values of the model Hamiltonian. The susceptibility calculated by this method includes the contribu¬ 
tions from both the zero-field diamagnetism and the de Haas-van Alphen effect. The periodicities in 
the susceptibility are related to the semiclassical electron orbits corresponding to this model; for low 
magnetic fields the periods are determined by two closed orbits, one within the other; for high fields a 
single period is observed corresponding to the broken down case of two identical intersecting elliptical 
orbits. The behavior in the transition region is compatible with the expression for the breakdown pro¬ 
bability derived by several authors. An approximate calculation of the oscillatory part of the diamagnet¬ 
ism is also carried out using the semiclassical method of Falicov and Stachowiak. When the influence 
of the energy gap on the orbit geometry is taken into .recount, their method yields results which are in 
good agreement with the exact susceptibility. Evaluation of the steady diamagnetism for the model 
using the expression for the susceptibility derived by Wannier and U padhyaya yields results which are 
in agreement with the numerical calculations and, in addition, exhibits anomalous features of the zero- 
field diamagnetism in the neighborhood of critical points of the Fermi surface. 


1. INTRODUCTION 

Since the proposal of the concept of magnetic 
breakdown by Cohen and Falicov [1], 
several authors have investigated the pheno¬ 
mena of magnetic breakdown both theoretically 
and experimentally [2]. Various means have 
been employed to derive an expression for 
the breakdown probability[3-7]. In addition, 
Pippard[5,8] has developed a semiclassical 
theory to treat coupled orbits in strong 
magnetic fields which permits an approximate 
investigation of the energy level structure in 
the presence of magnetic breakdown. Falicov 
and Stachowiak [9] have proposed a semi¬ 
classical method for calculating the oscillatory 
free energy of an electron system taking into 
account magnetic breakdown effects. The 
Falicov and Stachowiak theory thus provides 
a straightforward technique for studying the 
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de Haas-van Alphen effect in a system of 
coupled orbits. The problem of calculating 
the free energy for coupled orbits has also 
been treated by Chambers [10] and Glasser 
[11], Their results are consistent with the 
Falicov and Stachowiak theory within the 
framework of the approximations involved. 

Recently a model Hamiltonian has been 
presented which exhibits magnetic breakdown 
effects and which can be solved exactly [12]. 
Exact eigensolutions for the model in the 
presence of a magnetic field have been ob¬ 
tained and a comparison has been made 
with the model eigenvalues calculated using 
Pippard’s method, thus providing a test 
of the validity of Pippard's approximations [12]. 

The purpose of the present work is to cal¬ 
culate the rigorous diamagnetic susceptibility 
for the above model and study the effects of 
magnetic breakdown on the de Haas-van 
Alphen effect as well as the zero-field sus¬ 
ceptibility. Application of the Falicov and 
Stachowiak method to the model then provides 
a direct check on the validity of their theory 


4 » 
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and suggests modifications in their approxima¬ 
tions which improve substantially the agree¬ 
ment with the exact results. 

A description of the model, as well as a 
brief discussion of the corresponding eigen- 
solutions, is presented in Section 2. In Section 
3{A) the exact eigenvalues of the Hamiltonian 
are used to evaluate numerically the appro¬ 
priate derivative of the Helmholtz free energy, 
thus yielding the rigorous susceptibility as a 
function of the magnetic field. The suscep¬ 
tibility calculated in this fashion includes 
the contributions from both the steady 
diamagnetism and the de Haas-van Alphen 
effect. An approximate calculation of the 
oscillatory susceptibility is carried out in 
Section 3(B) using the semiclassical method 
of Falicov and Stachowiak[9]. The results 
obtained by their method are compared with 
the exact case and, in Section 3(C), the 
magnetic field dependence of the dHvA 
amplitudes is studied using both methods. In 
the exact calculation, the field dependence 
of the oscillation amplitudes is investigated 
by Fourier analyzing the susceptibility. 

Section 4 contains an independent calcula¬ 
tion of the zero-field diamagnetism for the 
model using the result derived by Wannier 
and L)padhyaya[l 3). The steady susceptibility 
is obtained as a function of the Fermi energy 
and is found to exhibit interesting features in 
the vicinity of singular points of the Fermi 
surface. Finally, the results of the present 
work are summarized in Section 5. 

2. MODEL AND EIGEN.SOLl'TIONS 

The model 112] is based on the k p method 
[14] in which the Hamiltonian is expanded 
about a symmetry point in Cspace. Use of 
the k p representation requires that the two 
degenerate energy bands which exhibit mag¬ 
netic breakdown must be isolated in energy 
from all other bands. However, the model 
differs from most previous work in that it is 
not restricted to weak lattice potentials. 

We construct the Hamiltonian in the 
presence of a magnetic field using the method 


of Luttinger and Kohn[15]; thus we replace 
the quantity by by ku — iS didkj., where 
S = eH/hc, e is the electronic charge, H is 
the magnetic field (parallel to the z axis), 
h is Planck’s constant divided by In, c the 
velocity of light, and the vector potential is 
given by ,4 = (0,//jr, 0). The model Hamil¬ 
tonian is then chosen to be of the form 


where 


,3r = 


( 2 . 1 ) 


JSt a — 


Ak^'‘- + B(ky — iS dldkj.)’^ + A Dkj- 
Dk^ Ak/ + B{k^ - iS - A 


( 2 . 2 ) 


In equations (2.1) and (2.2), the vector k 
denotes a point in A-space measured from a 
symmetry point; A, B. R und D are momen¬ 
tum matrix elements which appear in the k p 
formalism, and A is a constant energy gap. 
Curves of constant energy corresponding to 
the Hamiltonian (2.1) are obtained by setting 
5 = 0 and diagonalizing ^ to obtain 


£’(k) =Ak/ + Bk,^ + Rk:^± (D^k/ + A^)'i\ 

(2.3) 

The energy is plotted as a function of kj. in 
Fig. 1, with the origin taken to be at a Brillouin 
zone boundary. For a fixed value of k^, say 
k. — 0, the semiclassical electron trajectories 
corresponding to the model are displayed in 
Fig. 2. The solid lines indicate the electron 
oribts for low magnetic fields. For high enough 
fields (state of complete breakdown) the 
trajectories are obtained by ignoring the 
energy gap, i.e. A = 0. In the region of positive 
energies the electron, upon approaching the 
Brillouin zone boundary, can tunnel through 
and complete the elliptical orbits indicated 
by the dotted lines in Fig. 2(a). For negative 
energies the broken-down trajectories are the 
nonintersecting elliptical orbits shown in 
Fig. 2(b). In order for the present treatment 
to be valid the electron orbits must be confined 
to a small region of the Brillouin zone. 
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E 



Fig. 1. Energy vs. curves for the Hamiltonian (2.1) in 
the absence of a magnetic field. 





(b) 


Fig 2. Constant energy curves in kj. —plane for the 
Hamiltonian (2.1) with the magnetic field parallel to the 
axis. The k„ - k. plane is a Brillouin /one boundary, 
(a) Electron orbits for positive energies, (b) orbits 
corresponding to negative energies. 


The electron motion in the direction 
is not affected by the magnetic field. Con¬ 
sequently, to find the discrete magnetic 
eigenvalues we need to consider the Schro- 
dinger equation corresponding to W„. It 
is shown in reference [12] that the Schrodinger 
equation can be reduced to a pair of coupled 


difference equations which in turn, can 
be solved numerically. For convenience 
we introduce the following set of dimen¬ 
sionless variables: y = is a dimen¬ 

sionless energy gap, € = AEAID^ is the 
dimensionless energy, t = AAk^TID^ is a 
dimensionless temperature (ka is Boltzmann's 
constant and T the temperature), and the 
dimensionless magnetic field is defined by 
^ = %SA^'^B''^ID^. It is possible to obtain 
exact solutions for the magnetic energy 
eigenvalues e at fixed values of the energy 
gap y and the field /J or, alternately, solve 
for the inverse magnetic field spectrum hold¬ 
ing the energy gap y and the energy e 
constant [12]. For a detailed discussion of the 
eigenvalue spectrum, as well as a comparison 
of these results with eigensolutions obtained 
by Pippard’s method, we refer the reader to 
reference [12]. In the limit of complete 
breakdown the eigenvalue spectrum is given 
by the relation 


€=(/ + i)/3-l (2.4) 

where / is a positive integer. As the possibility 
of breakdown decreases these levels split 
apart and, in the limit of negligible breakdown, 
evolve into the eigenvalues predicted by the 
Onsager rule [12-16]. Pippard's method, 
applied to the present model, yields eigen¬ 
values which are in generally good agreement 
with the exact results in cases where the 
effect of the energy gap on the geometry of 
the orbits may be neglected. 

3. MAGNETIC SUSCEPTIBILITY 
{A ) Exact calculation 

The results of Section 2 are now used to 
calculate the rigorous diamagnetic suscep¬ 
tibility for the present model. We begin with 
the expression for the Helmholtz free energy 

F = NfjL-2kaT I p(EM) 

x//j{l-f-exp[(/i, —£)/kBr]} d£, (3.1) 

where N is the total number of electrons, p. 
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the Fermi energy, ki, is Boltzmann’s constant, 
T is the temperature, and the field-dependent 
density of states (apart from spin, which is 
included explicitly in (3.1)) is denoted by 
p (£,//). In terms of F, the magnetic sus¬ 
ceptibility per unit volume is given by the 
standard formula 


where fi is the volume of the sample. In the 
following discussion ail energies will be 
measured from the bottom of the energy 
band. Integrating (3.1) by parts we obtain 

F= NtL-lk„TZ(E,H) 

xln[\+e\p[{fji-E)lk„T]} ^ 

-2 j f(E)Z(E,H)dE (3.3) 

where /{£) is the Fermi-Dirac distribution 
function and Z{E,H)h defined by 

Z(£,//)=/[■ p(£',//)d£'. (3.4) 

The function Z(EM) gives the number of 
slates (apart from spin) below an energy £. 
The second term in (3.3) vanishes at both 
limits, and consequently we are left with an 
equivalent expression for the free energy 

F= iVp-2 / Z(£,//)/(£)d£. (3.5) 

In the presence of a magnetic field the 
energy levels of an electron are given by 

£(aj =£,(//)+£/:/ (3.6) 

where the levels £((//) are the exact magnetic 
energy eigenvalues discussed in Section 2. 
The degeneracy of the levels can be derived 
following the procedure for free electrons [17]. 
If the normalization volume is taken as a cube 
of side length L, then H = and the de¬ 
generacy d of the levels (3.6), for a fixed value 
of kf, is given by 

d = {eHLV2trhc). (3.7) 


Including the k, degeneracy, L/2ir, for these 
states and summing over allowed k, values, 
we find the number of states of energy below 
£ to be 

Z(E,H) = iLdl-iTR^'^) 2 [£-£,(//)]>'*, 

(3.8) 

where the sum is understood to extend over 
those integers I for which the integrand is 
real. 

To find the magnetic susceptibility we 
differentiate the free energy (3.5) with respect 
to the field, holding the number of particles 
constant. Substituting (3.8) into the expression 
for the free energy, differentiating with respect 
to the field and noting that the terms containing 
cancel, we obtain for the susceptibility 

d£^/(£) {![£-£,(//)]>« 

-|[£-£,(//)]-''Vy£,/a//}. (3.9) 

The exact energy eigenvalues £;(//) were 
used to calculate ciEilciH numerically. For 
convenience in computation the expression 
for X in equation (3.9) was integrated by 
pans to eliminate the troublesome terms 
[E~EiiH)]"”'^. The resulting integral, which 
contains dfIdE in the integrand, was evaluated 
numerically using Simpson's rule. The sus¬ 
ceptibility calculated by the above method 
includes the contributions from both the zero- 
field diamagnetism and the de Haas-van 
Alphen effect. 

The magnetic susceptibility for a low value 
of the temperature is plotted as a function 
of the inverse magnetic field in Fig. 3. Also 
shown in Fig. 3 are the exact inverse magnetic 
field eigenvalues for the same values of 
energy and energy gap which were used in 
the susceptibility calculation. Several features 
of the susceptibility can be explained directly 
by examining the inverse field spectrum and 
the electron orbits corresponding to the model. 
Note that the peaks in the susceptibility coin- 
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Fig. 3. Exact magnetic susceptibility as a function of the 
inverse magnetic field for dimensionless energy gap 
y = 0-4, dimensionless energy e = 10 and a dimension¬ 
less temperature t= 0-005. The vertical lines indicate 
the inverse field eigenvalues for the same energy and 
energy gap. 


cide with the inverse field eigenvalues. The 
/3 * eigenvalues corresponding to the small 
orbit depicted in Fig. 2 have a marked effect 
on the susceptibility in the low field region 
due to the small effective mass of this orbit. 
These eigenvalues modulate the oscillations 
with a large period (8/3“‘ = 3-54) and, in 
addition, distort the structure of various peaks 
in the susceptibility, e.g. note the structure 
in the vicinity of /3 ' = 5-7 and = 9-2. For 
high fields, the influence of the small orbit 
is diminished by magnetic breakdown effects. 
The periodicities in the susceptibility are 
related to the semiclassical electron trajectories 
shown in Fig. 2. For low fields the small 
period (Sj 8 “> = 0-27) corresponds to the area 
of the dumbbell-shaped orbit and the large 
period ( 8 ^‘‘ = 3 - 54 ) is due to the small orbit. 
For high fields a single period (6i3“‘ = 0-5) is 
observed corresponding to the broken down 
case of two identical intersecting elliptical 
orbits. Fourier analysis of the susceptibility, 
which is discussed in detail in Section 3(C), 
reveals that other periodicities, due to 


harmonic frequencies and sums of the three 
basic frequencies, are also present and 
contribute substantially to the detailed struc¬ 
ture of the susceptibility. The breakdown field, 
y 3 ^-i = 4-0, obtained from i;padhyaya’s[7] 
result appears to be compatible with the be¬ 
havior of the oscillations in the transition 
region. The solid line drawn through the oscil¬ 
lations at X = — 0-35 is the value of the steady 
susceptibility taken from the high temperature 
results. 

The role of the steady diamagnetism is more 
explicit in the results for the susceptibility 
at higher temperatures. Oscillations in the 
susceptibility are due to energy eigenvalues 
passing through the Fermi level as the mag¬ 
netic field is varied and consequently are 
very sensitive to the shape of the Fermi- 
Dirac distribution function /(£) in the 
neighborhood of the Fermi energy. For high 
temperatures the distribution function is 
spread out in this region and, as a result, the 
oscillations are damped. Thus, the remaining 
contribution to the susceptibility in the high 
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temperature limit is due to the steady dia¬ 
magnetism. Figure 4 shows the susceptibility 
as a function of inverse magnetic field for the 
same energy and energy gap (e == 1 0, -y = 0-4) 
used in the above calculation, but with a 
dimensionless temperature r— 005. For 
this value of the temperature the high fre¬ 
quency oscillatory components are damped 
out in the region of low magnetic fields. The 
dotted line in Fig. 4 corresponds to the zero- 
field susceptibility obtained by calculating 
the average value of the susceptibility in the 
low field region. It is interesting to note that 
the steady diamagnetism is in the neighbor¬ 
hood of the average susceptibility even in the 
high field region, thus indicating that magnetic 
breakdown does not appreciably affect the 
zero-field susceptibility for the model. 

The zero-field diamagnetism is calculated 
independently in Section 4 using the expres¬ 
sion for the susceptibility derived by Wannier 
and Upadhyayatl3]. The constant sus¬ 
ceptibility obtained from their result is in 


agreement with the value obtained by the 
high-temperature calculation which was 
described above. 

(B) Falicov and Slachowiak method 

Falicov and Stachowiak[9] have recently 
proposed a semiclassical method for calculat¬ 
ing the oscillatory part of the magnetic 
susceptibility. Their method is based on 
Pippard's network model for coupled orbits, 
which includes the possibility of magnetic 
breakdown by assuming that at each orbit 
junction the electron is Bragg-reflected with 
probability amplitude q or transmitted with 
probability amplitude p. The breakdown 
probability is taken as = t\p(—HJH), 
where //„ is the breakdown field which can be 
calculated from the results of Upadhyaya 
and others [2]. 

Remembering that the electron orbits in 
A-space are similar to the orbits in real space 
but rotated by it/ 2 in the plane normal to the 
magnetic field, we can apply the method of 



Fig. 4. Fxact susceptibility as a function of the inverse 
magnetic field for a dimensionless energy gap y = 0-4, 
dimensionless energy e=10, and a dimensionless 
temperature t— 0-05. The dotted line is the average 
value of the susceptibility in the low field region. 
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Falicov and Stachowiak in either real space 
or in A:-space. In describing their method, 
we follow Falicov and Stachowiak and con¬ 
sider the electron motion in real space. Their 
result for the magnetic susceptibility is then 
applied to the present model in it-space. 

The major task in their treatment is the 
determination of the field-dependent density 
of states p(E,H) which appears in the expres¬ 
sion for the free energy (3.1). Falicov and 
Stachowiak develop a Green’s function for¬ 
mulation to calculate the density of states 
p{E,H) which, in turn, is used to evaluate the 
oscillatory part of the free energy of the 
system. They introduce a propagator G (r,r,„r) 
for a wave packet initially localized at r = r,„ 
which, as time evolves, spreads out along the 
network. The density of states is obtained by 
Fourier transforming the part of the pro¬ 
pagator which corresponds to those portions 
of the wave packet which return to r„ after 
a given interval of time t. The Green’s func¬ 
tion G(r,ro,r) is approximated by a super¬ 
position of wave packets that follow the 
semiclassical electron trajectories with phases 
determined by the Onsager rulel9, 16]. The 
wave packets are formed by electron wave 
functions in the neighborhood of the Fermi 
surface and consequently yield the oscillatory 
components of the density of states. These 
states give rise to the de Haas-van Alphen 
effect but do not include the contribution to 
the steady diamagnetism. 

For systems with orbits coupled by magnetic 
breakdown, Falicov and Stachowiak find that 
the z component of the Green’s function 
C(r„,r,i./) is given by 

C.{r,„r„,r) = ^ 2 CjMjRjexp (iVj)8(/-/j), 

j 

(3.10) 

where the symbols used here are defined 
below. The label J refers to all equivalent 
wave packets which return to Tq at the same 
time tj with the phase ipi after having followed 
similar trajectories in the network. The phases 


tPi are determined by the Onsager rule in 
the form <pj = — where Aj is the 

dimensionless extremal area in ^-space of 
the yth orbit, is the dimensionless magnetic 
field in our notation, and is a constant 
phase. The weight factor Cj includes the sum 
of the amplitudes of all equivalent packets 
J and is defined as the product of the effective 
mass of the fundamental frequency, nij, and 
the number of equivalent non-identical 
orbits which contribute to j. In the present 
calculation we neglect the influence of im¬ 
purity scattering and therefore choose the 
Dingle scattering factor M to be equal to 
unity. The influence of magnetic breakdown 
is taken into account by the factor Rj which 
is defined as 

R,^(ipf‘q"‘ (3.11) 

where n,j is the number of junctions where 
the broken down path is followed and /ty 
is the number of junctions where the Bragg- 
reflected path is followed. Although there is 
some arbitrariness in the choice of phases 
[2,5,12] for the breakdown probability 
amplitudes, we follow Falicov and Stachowiak 
and use Pippard’s[5] phase choice: 

arg(/7)=y, arg(q) = 0. (3.12) 

The breakdown probability function p can 
be calculated from Upadhyaya’s result and, 
for the present model, is given by p“ = exp 
(—rryV2/8Ve). The reflection probability 
function q is defined by q = (1 — |p|^)‘'* 
Finally, the tj which appears in the argument 
of the 6-function is given by tj — mjt,, where 
tti) is the effective mass of the jth orbit 
and ti = 2iTm*cleH is the cyclotron period 
corresponding to the elliptical orbits. 

The field-dependent density of states 
p(E,H) can now be obtained by taking the 
Fourier transform of Cj(r„,r,„/) with respect 
to Tu and time, and integrating the resulting 
expression over all values of k,. The resulting 
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density of states is then used to calculate the 
free energy using (3. J). 

On the basis of the above considerations, 
Falicov and Stachowiak obtain the following 
expression for the oscillatory part of the free 
energy f9J 

J 

X sinh ' (A'j) [gj(0)//3-vJj.)--n-/4]. (3.13) 

where S = eHlhc and Xi = In^kaTnijlAoic. 
The cyclotron frequency oJr is given by 
eHlm*c, where m* is the effective mass 
corresponding to the elliptical orbits for the 
present model. The expression for the os¬ 
cillatory free energy (3.13) is equal to the 
result (equation (3.15)) in reference f9] 
divided by 2. The extra factor of 2 in reference 
[9] appears to be due to an error in including 
the .spin degeneracy twice in the calculation of 
the free energy. 

The summation in (3.13) was evaluated 
numerically to an accuracy of one part in I O’. 


For the present calculation the summation 
included roughly 10 harmonics. The mag¬ 
netic susceptibility obtained by the method of 
Falicov and Stachowiak, using the same para¬ 
meters as in the exact calculation in the pre¬ 
ceding section, is shown in Fig. 5. The 
susceptibility scale is in the same dimension¬ 
less units which were used in the exact cal¬ 
culation. The periodicities in the suscepti¬ 
bility in the low field region are related to the 
approximate electron orbits indicated by the 
dotted lines in Fig. 2(A), i.e. orbits obtained 
by neglecting the influence of the energy gap. 
For high fields the period which is observed 
corresponds to the identical broken-down 
elliptical orbits. The transition region is 
determined by the choice of the breakdown 
field, l3o~' — 4 0 for the present case, in the 
expression for the breakdown probability. 
The breakdown field was calculated from 
Upadhyaya'sl?] result which is well suited to 
our model. 

The behavior of the susceptibility obtained 
by the method of Falicov and Stachowiak is 
generally in good agreement with the exact 



Fig. 5 Magnetic susceptibility calculated by the method 
of Falicov and Stachowiak for dimensionless energy 
gap y — 0-4, dimensionless energy e— 1-0, and a dimen¬ 
sionless temperature t = 0 005. The susceptibility is 
plotted against dimensionless magnetic held. The vertical 
scale is in the same dimensionless units which were 
used for the exact results (Fig. 3). 
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results. Although there are discrepancies in 
the structure of various peaks, the overall 
amplitude of the oscillations is in accord with 
the exact results. In the region of high mag¬ 
netic fields the semiclassical result displays 
the correct periods corresponding to the 
areas of the elliptical orbits and, in addition, 
the amplitudes of the oscillations are in 
agreement with the exact results in this limit. 
The structure of the semiclassical suscepti¬ 
bility in the transition region, (/3“‘ = 4 0) 
differs in detail from the exact results, but 
exhibits a similar transition from the high 
field periodicity (S/3~^ = 0-5 for complete 
breakdown) to the periodicities determined by 
the areas of the low field orbits. 

Aside from differences in details of struc¬ 
ture, the major discrepancies in the suscepti¬ 
bility appear in the low field limit. In this 
region the amplitude and period of the oscilla¬ 
tions due to the large dumbbell-shaped orbit 
compare favorably with the exact case. How¬ 
ever, the period associated with the small 
orbit is overestimated, by 30 per cent for the 
choice of energy and energy gaps used in the 
present calculation, due to neglecting the 
effect of the energy gap on the geometry of the 
orbit. Also, the amplitude of the small orbit 
oscillations is larger than the exact value due, 
in part, to the influence of the energy gap on 
the effective masses. It is interesting to note 
that although the effect of the energy gap on 
the small orbit area is large, the influence of 
the energy gap on the effective mass is con¬ 
siderably smaller: the effective mass of the 
small orbit is changed by 5 per cent for the 
present choice of energy and energy gap. The 
oscillation amplitudes and their magnetic-field 
dependence are considered in detail in the 
following section. 

(C) Field-dependence of dHvA amplitudes 

The magnetic-field dependence of the ampli¬ 
tudes of the susceptibility oscillations is of 
considerable interest in regard to the de Haas- 
van Alphen effect in the presence of magnetic 
breakdown. In order to study this dependence 


for the exact calculation, we treat the suscepti¬ 
bility as experimental data and Fourier 
analyze finite sections of the susceptibility. 
The present calculation is greatly simplified 
by the fact that the frequencies of the various 
oscillatory components are known a priori. 
Thus we use the method of least squares to 
fit the exact susceptibility data to a function of 
the form 

= 2 {A,cos{o),iP) + BiSm (cu,/;8)} 

(3.14) 

where the cj, are constant dimensionless areas 
of the various orbits shown in Fig. 2, and is 
the dimensionless magnetic field. Fourier 
analyzing consecutive inverse field intervals 
in this manner enables us to determine 
approximate values of the amplitudes i[Ai‘ + 
corresponding to the frequencies w,, 
as a function of inverse magnetic field. The 
results of this calculation, which was carried 
out including nine areas o)„ are exhibited in 
Fig. 6. The solid lines are the amplitudes of 
oscillations in the exact susceptibility corre¬ 
sponding to the three basic orbits for the 



Pig. 6. Magnetic-field dependence of amplitudes of 
fundamental oscillations in the susceptibility. Solid 
lines indicate amplitudes obtained from the exact calcula¬ 
tion of the susceptibility. Amplitudes predicted by the 
method of Falicov and Stachowiak are represented by 
the dotted lines: their result using the correct effective- 
masses and areas is indicated by the dot-dash line. 
Amplitudes corresponding to the large dumbbell-shaped 
orbit, the small orbit, and the elliptical orbits are de¬ 
signated by X/,. Xi- ant' X* respectively. 
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model. Harmonic frequencies have a reason¬ 
ably large influence on the oscillation ampli¬ 
tudes for the value of the temperature con¬ 
sidered here and, together with the effects due 
to analyzing finite sections of the suscepti¬ 
bility, cause some of the small fluctuations of 
the amplitudes. 

Falicov and Stachowiak’s method provides 
a straightforward method for calculating the 
magnetic-field dependence of amplitudes of 
various oscillatory components. We differen¬ 
tiate the oscillatory free energy (3.13) with 
respect to the magnetic field and obtain the 
following analytic expression for the amplitude 
/f, of oscillations corresponding to the yth 
basic orbit 




X [/y‘«]/[27r^sinh (A',)] 
j //-- ‘ (1 -5 + A",- coth ( A"; )) ( ip)"" q"" 


-(■ 


m 


{ip]"" q" ^ 


4 - 


ci/ h-OD^ 


X 



(3.15) 


where the various terms are the same as those 
defined in the previous section. 

The Falicov and .Stachowiak amplitudes 
(3.15) of oscillations corresponding to the 
basic orbits are indicated by the dotted lines 
in Fig. 6. It is apparent that their semiclassical 
method yields amplitudes which are in good 
agreement with the exact results for the large 
dumbbell-shaped orbit and the elliptical 
orbits. In the case of the small orbit, however, 
the semiclassical treatment predicts a sub¬ 
stantially larger amplitude, especially in the 
low-field region. This discrepancy is primarily 
due to neglecting the effects of the energy gap 
on the geometry of the orbits. Much better 
agreement with the exact results is obtained 
when the correct values for the effective mass 
and the orbit area, i.e. including the distortion 
due to the energy gap, are substituted in the 
expression for the dHvA amplitudes in 


equation (3.15). The result is illustrated by the 
dot-dash line in Fig. 6. The agreement is 
especially good in the low-field region, even 
though the oscillations due to the small orbit 
are associated with energy levels of small 
quantum numbers (/ = 2 for /3'' == 9). 

The Falicov and Stachowiak theory pre¬ 
dicts a somewhat larger amplitude for the 
small orbit oscillations in the high-field region. 
In this quantum limit the choice of phases for 
the breakdown probability functions p and q, 
and the consequent shift of the zero-point 
energy, should have an appreciable effect on 
the oscillation amplitude. Although the 
Falicov and Stachowiak amplitudes are 
independent of the probability amplitude 
phase choice, the effect of the phases on the 
dHvA amplitudes calculated in the semi¬ 
classical network approximation can be studied 
independently by Fourier analyzing the in¬ 
verse magnetic field spectrum obtained by 
Pippard's method [5]. The above calculation 
was carried out in reference [12] and yields 
a lower Fourier amplitude for the exact /3'~’ 
eigenvalue spectrum than for the case of the 
semiclassical spectra calculated using three 
different phase choices. The latter conclusions 
are consistent with the highfield results 
shown in Fig. 6. 

Amplitudes of the basic oscillations were 
also obtained by both of the exact calculation 
and Falicov and Stachowiak's method for the 
same energy and energy gap used in the above 
calculation, but with a dimen.sionless tempera¬ 
ture T=0 01. The agreement between the 
results obtained by the two methods is in 
accord with the case considered above. In 
addition, the Falicov and Stachowiak theory 
predicts the correct temperature dependence 
of the de Hass-van Alphen amplitudes. 

4. ZERO-FIELD SUSCEPTIBILITY 

We now calculate the zero-field magnetic 
susceptibility for the present model using the 
result derived by Wannier and Upadhyaya[13]. 
Their result is equivalent with that of Hebborn 
and Sondheimer[18] and others [19-22], The 
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present calculation provides an independent 
check on the value of the steady susceptibility 
obtained from the high-temperature results 
of Section 3. In addition, the behavior of the 
susceptibility is investigated for various 
values of the Fermi energy and energy gap, 
and a comparison is made of the relative 
magnitudes of the contributions to the zero- 
field susceptibility. 

The calculation of the steady susceptibility 
is carried out in two steps: 

(a) Transforming the model Hamiltonian 
in the absence of a magnetic field to diagonal 
form by means of a unitary transformation. 

(b) Evaluating matrix elements which 
appear in Wannier and Upadhyaya’s result 
using the transformed wave functions, which 
are now in the Bloch representation, and 
subsequently calculating the zero-field dia¬ 
magnetism for the model. 

To diagonalize the Hamiltonian (2.1) with 
5 = 0 we seek a unitary transformation T(k) 
such that 

,#= r(k)JrT{k)-' (4.1) 

where ^ is in the diagonal form 

, ^Ak/ + {D^^k/ + ^^y|'^ + Bku‘-^Rk,^ o\ 

(4.2) 

It is readily shown that the transformation 
T(k) is given by 



where 


“k ■ p” functions 


X„k(r) = Mn«(r)e* ■■ (4.5) 

by the transformation 

^nk(^) 2 ^nm(^)Wmo(t*)* (4.6) 

m 

We are now able to calculate the matrix 
elements between Bloch functions which 
appear in Wannier and Upadhyaya’s result 
for the susceptibility. In particular, we need 
to evaluate the Adams operators[23, 24] X„ 
and Yg, which are defined by 

= '■ j <k(r) dr (4.7) 
and 

'|<(r)^^dr (4.8) 


where the integration is over the unit cell. The 
k-p functions M„o(r) are independent of k and 
hence the k-dependence of the functions u„k (r) 
is entirely in the transformation r(k). Sub¬ 
stituting the functions (4.6) into the defim'tion 
(4.8) of the Adams operator and noting 
that r(k) is a function of kj- only, it follows 
that y,, = 0. In order to calculate the operator 
A",, we have to take the A-dependence of 7(k) 
into account explicitly. We consider first the 
diagonal elements A'„. Substituting the 
«„k(r) into equation (4.7), performing the 
integration overr, and usingtheorthonormality 
of the M„o(r) functions, we obtain 


X„ = / 


T . T 

" aA^ aA^. 


(4.9) 


and, substituting the matrix elements from 
equation (4.3), 


a= [(DH-^’‘-f-A")'«-A]/DA> (4.4) 

and N = (1 -l-a^)'^ The Hamiltonian (4.2) is 
written in the Bloch representation with wave 
functions (r) = (r)e''The periodic 

parts of the Bloch functions are related to the 



(4.10) 


Similarly, it is easy to show that X-^ — 0. 

In calculating the off-diagonal elements of 
the Adams operator A'„ we make use of the 



316 


J. RUVALDS 


same procedure which was employed above. 
Thus, 



becomes, using the elements of ^(k) from 
(4.3), 

where a is defined in equation (4.4). We now 
have the necessary matrix elements to 
compute the steady diamagnetism from 
Wannier and Upadhyaya's result. 

The total steady susceptibility for the model 
is the sum of the contributions from each of 
the two energy bands. Wannier and Upad- 
hyayafl3] find the zero-field susceptibility of 
a single Bloch band to be, in the form of an 
integral over the first Briliouin zone. 



(4.13) 

where the functions used here will be defined 
in turn. The function / is the Fermi-Dirac 
distribution function, n is the Fermi energy, 
and IF,'®' is either of the field-free energy 
band functions defined in equation (4.2). 
The energy functions IF,'” and IF,"*’ are de¬ 
fined in terms of the zero-field bands in 
reference [13], and will be calculated below. 
We consider each of the terms in (4.13) 
separately and retain only those contributions 
which are non-vanishing for the present model. 

Before proceeding with the calculation of 
the susceptibility, it is worthwhile to examine 
the physical origin of the terms in equation 

(4.13). The first term is known as the Landau- 


Peierls term and arises due to the breakup 
of the band continuum into discrete states. 
It is the only term present if the electrons 
are free or, for the present case, if the elec¬ 
trons follow the completely broken down 
elliptical trajectories. 

The second term in (4.13) is a paramagnetic 
contribution. Due to the fact that the diagonal 
Adams operators are zero and all the F„ 
vanish for the present model, 1F,“’ = 0; and 
consequently there is no paramagnetic con¬ 
tribution to the susceptibility for the case 
considered here. 

The last and most complex term in equation 

(4.13) is due to the induced magnetic moment. 
This term contains the contribution of the 
atomic diamagnetism and other terms whose 
origin is not clearly understood. The contri¬ 
bution of the atomic diamagnetism is zero for 
the present case due to the fact that the model 
Hamiltonian does not contain terms in k 
higher than second order. 

At this point it is convenient to recall the 
form of the field-free energy band functions 
for the present model. From equation (4.2) 
we have 

IF/®’ = Ak/± {D^k/ -t- A’*)'”* -I- B V -t- Rk^\ 

(4.14) 

In terms of these IF,'®’ the part of IF,"*’ 
which is non-zero for the present model is 
given by [13] 

+ h^^^{q\X-\q). (4.15) 

Also, from the form of IF^'®’, we see that the 
cross derivatives d^Wtdkxdky vanish. Thus we 
are left with a tractable expression for the 
steady susceptibility for a single band 

27r®J°“ll2fiV dlF,'®’ aV 

+ ^F,"*’(k)/(lF,'»>-M)} (4.16) 
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where is defined in equation (4.15). 
Since the temperature dependence of the 
steady diamagnetism is expected to be small, 
we pass to the limit of zero temperature and 
replace the derivative of the Fermi function 
by a Dirac 8-function. The first term, hereafter 
referred to as Xt,/>(±) may then be written in 
the form 


— e^B f ( D*k 


W (!) 
X 8 [/4 kx^ ±<a + Bky^ + Rkz^ 


(4.17) 


where w = (D^fcj*-t- A“)''*. 

The integral may be conveniently evaluated 
using cylinhrical coordinates as follows 


AjV/4 = z 

(4.18a) 

kyVB = p cos 6 

(4.18b) 

k^Vc — p sin 6. 

(4.18c) 

Performing the trivial integration 

over 0 we 


obtain 

, -e^BA 7 ^ 

-« 

ao 

xj 8(z^±w + p^-fj,)d(p^). (4.19) 

0 


Utilizing the properties of the 8-function and 
noting that d^lVJ'”/Sz‘ is a function of z 
only, the Landau-Peierls term becomes 






160 Sz 


(4.20) 


where z„ is determined by the condition 


/n2, ^ \ii2 

P = Zo^±{-^+A^j (4.21) 

and r is defined by r= le^DB^i^l’iv^h^cWR. 
Transforming to the dimensionless variable 
z~2A''^zlD, and evaluating the derivative 
of the energy band function which appears 
in equation (4.20), we obtain the following 
result for the Landau-Peierls term: 


X^p(±) =1 ± (2*-b y V4)-‘'n 


|»>l(±) 


I7)l(±) 


(4.22) 


where the upper band limiting values of 
z are 


n 2 (+)= [e-2-2(e-H+y2/4)’«]‘« (4.23a) 

>),(+) = 0 (4.23b) 

for y « e and, in the case of the lower band, 

Vii-) = [e + 2 -b 2(e -b 1 -b y2/4)>'2]>'2 (4.24a) 

for all values of e while 


>),(-) = 0, -y=sc (4.24b) 
or 


i7i(-) = (e -b 2 - 2(6 -b I -b yV4)''2]'«, - y > e 

(4.24c) 

where we recall that y is the dimensionless 
energy gap and e is the dimensionless Fermi 
energy defined in Section 2. 

Turning now to the induced magnetism term 


X'^\±) = - 



dk }VJ^\k)JWJ'>’~p.) 


(4.25) 


we substitute the Adams operators from equa¬ 
tion (4.12) into the definition of WJ-' in 
equation (4.15) to obtain, again in dimension¬ 
less units. 



where cr ^ (z“-b>4/4)''® and p^ = 4Ap^lD^. 
The integration over 6 and p* can be done in 
a straightforward manner by noting that 
/()F+*®’ —p) is a Heaviside step function in 
the limit of zero temperature. The result is 
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where rj, and 772 are defined in equations 
(4.23-4.24), and P(,“(±) is given by 


po“(±) = 6-z“-t'2(?+y“/4)''“. (4.2X) 

Finally, the remaining integration over z 
can be carried oul by using the definitions of 
a and N from equation (4.4). The result is 
conveniently expres.sed as the sum of two 
terms 


y-‘(±) = /l,(±)+/lj,(:t) (4.29) 


where, defining \ = yl2 for convenience. 




- 3 r ( (r-\'^)z (e-\») 
16 2(r^ 2K 


xtan 



riiit) 


(4.30) 


and 


-^3r( 

-=^j-Z(4-A2 + €7X^)-\^log(z+cr) 
+ Z'l + 2e + €‘VX^) ± 2 z(€ + X^)/(r^ 


, 2 (e-X^) 
—- - — .. 

A 


tan ' 



(4.31) 

lili) 


The results for the zero-field susceptibility 
obtained by the above method are exhibited 
in Fig. 7. The total steady susceptibility 
given by equations (4.30) and (4.31) is indi¬ 
cated by the solid line. For the case of com¬ 
pletely broken down elliptical orbits the only 
contribution to the constant diamagnetism is 
due to the Landau-Peierls terms xi.p- The 
resulting susceptibility for this limiting case 
is indicated by the dashed line in Fig. 7. The 
two dotted lines represent the individual 



Fig. 7. The zero-field susceptibility obtained using the 
result derived by Wannier and Upadhyaya plotted as a 
function of the Fermi energy for a dimensionless energy 
gap y = 0'4. The total steady .susceptibility is indicated 
by the solid line. The dashed line corresponds to the 
steady susceptibility for the limiting case r = 0. The two 
dotted lines are the Landaj-Peierls contributions from 
the individual bands. 


Landau-Peierls contributions for the small 
orbit and the large dumbbell-shaped orbit. 

The present calculation yields a steady 
diamagnetism Xo = ~0-34 for the choice of 
energy e = 1 0 and energy gap y - 0-4, 
which is in agreement with the result of the 
high-temperature calculation of Section 
-^W) (Xo == —0-35) within the accuracy of the 
latter calculation. 

In the limit of large Fermi energies the total 
steady susceptibility is approximately equal 
to the sum of the individual Landau-Peierls 
contribution as shown in Fig. 7. For these 
energies the distortion of the orbits due to 
the energy gap is diminished and the induced 
magnetism terms x*'"!—) become quite large 
(~ 10 for e = 40). However, the x‘“’(^) 
contributions from the two bands are opposite 
in sign and cancel in the limit that y/e becomes 
very small. 

As we decrease the Fermi energy the small 
orbit decreases in size and, in the limit 
€ = 0-4, vanishes. The character of the orbits 
as a function of the energy can be observed 
from the energy vs. k curves in Fig. 1. Thus, 
as we approach this limit the Landau-Peierls 
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and the contributions from the small 

orbit become small and are identically zero 
for e = 0-4. By decreasing the energy further, 
we can study the relative magnitudes of the 
terms in the susceptibility due to the large 
orbit and, for energies less than € = -0-4, 
observe the effects on the diamagnetism as 
the dumbbell-shaped orbit is truncated into 
two non-intersecting orbits. In the absence 
of the total steady susceptibility in the 
region c > 0-4 would be given by the Landau- 
Peierls term (dotted line). Thus, it is apparent 
from Fig. 7 that in this region of energy the 
contribution from the induced diamagnetism 
) is of the same order of magnitude as 
the Landau-Peierls term. The latter result 
is consistent with the work of Adams [23]. 

It is interesting to note that the cusps in 
the susceptibility near singular points in the 
Fermi surface, i.e. e = ± 0-4, are sharply 
accentuated. In the vicinity of e = -0-4 the 
peak in the diamagnetism is strongly enhanced 
by the Landau-Peierls term due to the dis¬ 
continuous change in the Fermi surface 
topology, while in the case of e « 0-4 the 
) term accentuates the cusp in the steady 
susceptibility. 

5. SUMMARY AND CONCLUSIONS 

The effects of magnetic breakdown on the 
diamagnetic susceptibility have been in¬ 
vestigated for a model Hamiltonian which 
yields exact solutions. It was demonstrated 
that the periodicities in the suceptbility 
are related to the semiclassical electron 
orbits corresponding to the model and that 
the oscillatory behavior is compatible with 
the breakdown field derived from Upad- 
hyaya’s[7] result. The steady susceptibility 
obtained from a high-temperature calculation 
of the rigorous susceptibility was found to be 
relatively insensitive to magnetic breakdown 
effects. 

An approximate calculation of the oscil¬ 
latory susceptibility for the model was also 
carried out using the semiclassical method 
of Falicov and Stachowiak. Their theory 


yields results which are in good agreement 
with the exact case for both the large dumbbell 
shaped orbit and the broken down elliptical 
orbits. Although the semiclassical theory 
predicts a large amplitude for the oscillations 
due to the small orbit, most of the discrepan¬ 
cies can be removed by using the correct 
effective masses and the correct areas in the 
Falicov and Stachowiak expression for the 
susceptibility. Thus, with the above modifica¬ 
tions, their theory may be applied to situations 
where the distortion of the Fermi surface 
topology due to the energy gap is not negli¬ 
gible. 

An independent calculation of the zero- 
field susceptibility was carried out using the 
result derived by Wannier and Upadhyaya. 
The results were compatible with the high- 
temperature calculation of the total suscepti¬ 
bility and, in addition, exhibited anomalous 
peaks in the steady susceptibility near singular 
points of the Fermi surface. In the case of two 
nearly degenerate bands separated by very 
small energy gaps, i.e. a case favorable for 
magnetic breakdown to occur, the contribu¬ 
tions to the steady diamagnetism from each 
band were quite large but opposite in sign. 
This cancellation suggests that for the case 
considered here the total steady susceptibility 
is largely unaffected by magnetic breakdown. 
However, by decreasing the Fermi energy 
and passing to the case where only one band 
contributes to the Fermi surface, the steady 
susceptibility displays a marked cusp which 
is accentuated by the induced magnetism 
contributions. The latter effect can be ob¬ 
served experimentally in cases where alloying 
or high pressures distort the Fermi surface 
topology in the manner described above [25]. 

There is no system known to the author 
which is as simple as the present model and 
which can be investigated experimentally. 
The model is actually a fair approximation 
to the case of graphite when the magnetic 
field is perpendicular to the c-axis[26]. 
However, the breakdown field for graphite 
is much too small for one to be able to observe 
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Table 1. Experimental values of gin tetrahedral 
Fe*^ complexes 


X 

(cm"') 

h 

V 

{i^gll,.h).W 

Reference* 

0 

140 

1-2 

0 004 

2-4 

a 

s 

384 

2-7 

0016 

1-6 

b 

Cl 

590 

20 

0017 

1-45 

c, d 

Se 

1650 

3 0 

0-044 

0-88 

C.f 

Br 

2500 

2-3 

0052 

0-9 

c 

Te 

4200 

(3-3) 

0 095 

0-7 



*a: WALSH W. M.. Jr. and RUPP L. W.Jr, Phys. Rev. 
126,952 (1962). 

b: RAUBER A.. SCHNEIDER J. and MOTOSSI F., 
Z. Nalurf. 17a, 654 (1962). 
c.This work 

d: SWANSON T. and LAURIE V., J. phys. Chem. 69, 
244(1965). 

e: HOSHINA 'r..J.phys. Soc. Japan 22, 1049 (1967). 

/. ESTLE T. L. and HOLTON W. C., Phys. Rev. ISO, 

159 (1966). 

g: HANSEL J. C., Bull. Am. phys. Soc. 9, 244 (1964). 


plex, B„ its free-ion value, and k,. a numerical 
constant characteristic of the metal ion. It is 
easy to see that there exists a very close, 
almost linear relation between — 2 0023 
and This correlation enables us to pro¬ 
pose as a working hypothesis, that the )f-shift 
in these compounds can be essentially ad- 
scribed to the combined effects of covalency 
and LSO coupling. The correlation is dis¬ 
played in Fig. I. 

As we shall show on the example [CI^Fe]”, 
an effective detailed calculation bears out the 
essential validity of the hypothesis. 

3. SPIN-ORBIT COUPLING 

Consider a Feflil) ion tetrahedrally sur¬ 
rounded by four ligands, X. We shall not con¬ 
sider zero-field splitting; in the case A' = Cl 
the resonance signal is perfectly symmetrical 
indicating negligible zero-field splitting, and 
furthermore, crystallographic studies indicate 
tetrahedral coordination in the complex [21]. 
We choose central and ligand (‘local’) coordi¬ 
nate systems as shown in Fig. 2. 

The spin-orbit coupling operator can be 
written as[5]: 

Hso - 2 2) Ci(f<o)la'Sf (3.1) 


where Caina) is the spin-orbit coupling func¬ 
tion of electron i on nucleus a, is the angular 
momentum of electron / relative to nucleus a. 
Si the /-electron spin, a runs over all atoms 
and / over all electrons in the complex. 

The wavefunctions describing the elec¬ 
tronic motion will be antisymmetrized pro¬ 
ducts of molecular orbitals, which we take to 


\ h(kK) 


S/CI 


20 


Bt 


40 


60 


4g 10^ 


80 


Fig. I. Empirical correlation between g-sbift, covalency 
and LSO coupling. 
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and ligand (subscript 1,2, 3,4) coordinate systems. 


be linear combinations of atomic orbitals. 
Since //so is a one-electron operator, its 
matrix elements with such wavefunctions will 
reduce to one-electron matrix elements. We 
shall further make the usual approximation, 
that when calculating matrix elements of (3.1) 
with MO-LCAO functions only one center 
terms must be considered, that is 

(2 2 //so(«')l 2 

o a' of 

= 2 r*r:<a|//.so|a). (3-2) 

a 

This is justified by the strong radial depen¬ 
dence of which makes two or three 

center terms completely negligible [9]. 

If all ligands are equal, equation (3.1) can be 
written (for one electron) 

//so= Sc(rc)l-s+ ?/.(/•, Jft.s = T,.S( (3.3) 

where 

n= 2 cos(j,yt)lj,,.«( (3.4) 

LJJ, 

and 

Ti = Sri(rc()li + {/.( 0 .i)«/. (3.5) 

1is the ji-th (xt, yi, Zl) component of h in 
the ‘local’ system of atom L, (JJl) is th® angle 


between the ‘local’ axis j,, and the central 
axis y, €j is a unit vector in the directiony' and 
i refers to the /-th electron. 

With our definitions and orientations (see 
Fig. 2) the components of the vector operator 
Hare 

n,--i/V3(u.-u2-UT+],4) 
-2/V6(1„.-1^,+ 1„3-1u4) 

Hj. = 1/V2(lj, 4 - lj,2+ lj. 3 + 1 x 4 ) 

+ l/V6(l„, 4 -1^ + ]„3 + 1^4) 

-J/\/3(l2,4-l,3-l«-l«) (3.6) 
ft„ = -I/V2(lx,-lx.-l«4-lx4) 

4 - l/Vbllyi — l|rt~ 11/3 4" I 1 / 4 ) 
-1/V3(1x,-1«+1x3-1«). 

Table 2 lists the atomic functions and their 
linear combinations forming bases for the 
various irreducible representations of the 
symmetry group T^. Appendix 1 gives the 
effect of the operators Hi upon the ligand 
functions. 

The molecular orbital functions describing 
the approximate eigenstates of our system are 
best classified according to the spatial sym¬ 
metry group Ta- In order to calculate the effect 
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Table 2. Central and ligand atomic orbitals forming MO'j in 


Central atom 

Symmetry orbitals Ligand orbitals o- 


Ligand orbitals rr Non-ligand orbitals 


A, 

E. 

Er 


s A„ = (1/2)(S:+ s.j + St + S4) 

A,.= (l/2)(z, + Zi + Zi+u) 

dji-j/a OxM-jfl = (1/2)(xi-hXf~Xy X4) 

d,- D,. = -(1/2) 


Tu 

T,c 


\P. 

Ipv 

ld„ 

\p. 

Ur. 


s,= (1/2)(J, 4-Sj — .tj-S 4 ) DJ. ^ — {'\/'iH)(Xt + X 2 + X 3 + x,) 
DZr- (I/2)(z,-I-Z 2-Z3 —Zi) — (l/4)(y,-fyj-l-yj-l-y,) 
i,"= (l/2)(,^,-i3-^^,-f4)i>I,= (V3/4)(jt,-X3-X3-|-J4) 

OJ, = (l/2)(z,-z,-l-z,-z,) - (l/4)(yi-yj-y.i-l-yi) 

J,(l/2)(i,-J,-ia-(-J,) 


0?„= (1/2) tz.-Zi-Zi-l-Zi) 


Dl.= (l/2)(yi-y2 + y3-y4) 


Tia a= (llA){Xi + Xi + Xi + Xt) 

- (V 3 / 4 ) (y, -I- yj 4- y., 4- y^) 

T,r C= (1/4)(X,-Xj-X,4-X4) 

4- (V3/4)(y,-y,-y 3 + y 4 ) 

]\h _ f) =-(1/2)(X|—X2 4-X3-X4) 


of spin-orbit coupling between the MO’s we 
should redifine these in terms of the correct 
zero-order functions, transforming according 
to the irreducible representations of the spinor 
group, T„x = TJ; 

|r*-y(r)) = 2 <rM,5A/.|r*-y(r)) 

|rM,.5/W,s). (3.7) 

In this expression, 1*7 is component y of the 
irreducible representation I * of r,f, reducing 
to r when spin is neglected: F* C FxD.v. In 
this basis the non-zero matrix elements of 
spin-orbit coupling are 

<r*7(ni 2 T,s,ir*7(r)) 

1 

= 2 <r'A/^5'A/i|r*7(r)) 

X (rjiF) |rM,-5w.v) 

x<rA/,.5A/i| 2 r,.s,\V'MiS'M's) (3.8) 
1 

<rA/,-5A/.s| 2 

I 

= \<rA/r*SKv|7r.s|r'Mf,S'A/i) 

= f(S,S'MsM's)<rMr\T\rM'r) (3.9) 


where the components of the vector f are 
numerical functions of the arguments written 
[10]. 

The orbital matrix element vanishes unless 
Fj C rxF'. To see what levels may interact 
with the ground state via spin-orbit coupling, 
it is therefore sufficient to consider the trans¬ 
formation of the orbital term of spin-orbit 
coupling, and it is therefore not necessary to 
project the wavefunction into the irreducible 
representations of the spinor group. In the 
tetrahedron, t transforms as T^. Since the 
ground state has T' = A,, the only excited 
states able to interact will have the spatial 
symmetry T,. These states are the following, 
in a strong field classification; 

Ground state: ^A^({4ti)^{2e)^) 

Sextuplets: ®T,((4t2)®(2e)®(ri)®) 
''TAUhrWHt^r) 
^T,(i4t^n2en^t,)^) 

<‘TM4hy(2e)H3t,)^) 
^TAUhy{2ey(2hY) 
nM^hn2eyi2hY) 
^T,({4t,Y{2en\ey) 
»T,({4/2)=>(2e)»(lt2)*) 
'>T.((4t2)^2e)*(lti)*) 
Quadruplets; ^7’i((4/2)®(2e)*) 
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*T,U4tt)*(2ey) 

‘7’,((4r,)*(2e)») 

The one-electron functions refer to Fig. 3 and 
Section 4. 


£(*Kl 

i20 


JtO 


-SO 


-too 


■140 


-leo 


-310 


3<l- 


Itvrit 


■St, 


-3*. 




‘'2 i 


-JP 


-3* 


-‘U, Il8*l>s 
~ ^ if 


Fig 3. One-elctron molecular energy levels in [FeCI,)'. 


Most of these excited levels have been 
neglected in earlier papers. Watanabe[4] con¬ 
sidered only those terms arising from ex¬ 
citation of 3/2 electrons. But the energy level 
diagram (Fig. 3) shows that there are several 
one-electron levels fairly closed spaced, so 
that none can be neglected among them. Es¬ 
pecially the terms coming from the charge- 
transfer states obtained by excitation of a 
f] (non-bonding) electron into antibonding 
( 4 / 2 ) and (2c) orbitals are entirely new, since 
they are strictly zero if LSO is not included. 


since tj electrons are entirely on the ligands. 
For completeness we also include the three 
quadruplets *Ti of the ground configuration 
f23. 

in Appendix 2 we give the wavefunctions 
corresponding to all these states. The sex- 
tuplet functions were obtained by the pro¬ 
jection operator method. The quadruplet 
functions and energies were obtained solving 
the electrostatic interaction matrix[l I], using 
the experimental values, \0Dq = 5 0 Kk, 
B = 625 cm-' and C = 45 [ 12]. 

4. MOLECULAR ORBITALS 

To perform a numerical calculation of the 
spin-orbit coupling energies and of g we 
require a detailed knowledge of the coeffi¬ 
cients of the atomic orbitals in the MO’s. We 
have obtained these coefficients by one of the 
‘modern' semiempirical approximation based 
on the Wolfsberg-Helmholz method[13], This 
type of calculation is a currently very active 
field [ 14-19J. Our calculation was based on 
the following points: (a) Valence State 
Ionization Energies (VSlE's) with the semi¬ 
empirical parameters given by Basch et al. 
[14]; (b) Electrostatic correction (crystal- 
field effect) on the diagonal matrix elements 
[17] of the Hamiltonian; (c) Wolfsberg- 
Helmholz approximation of the off-diagonal 
matrix elements using the A-factors given by 
Radtke and Fenske[16]; (d) Hartree-Fock 
atomic wavefunctions [20]; (e) Self-Consistent 
charges and configurations. 

Since the Radtke and Fenske Ay-values 
are obtained by approximation to the exact 
Coulomb and Exchange integrals, and not by 
fitting the energies, the method is no doubt the 
best possible at the present stage. Calculations 
were performed with Fortran programs 
written for the lBM/360 computer of the 
University of Chile. 

Appendix 3 gives the most important results 
of this calculation. The resulting self-con¬ 
sistent charges are 4-1-418 for Fe and—0-605 
for Cl for a Fe-CI distance of 4-15 a.u. 
(2-19 A) [21]. Fig. 3 shows the one electron 
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energy levels, their relative positions and 
nomenclature. 

5. RESULTS 

(a) Spin-orbit parameters: Consequently 
with the semiempirical method used, the 
atomic spin-orbit coupling parameters an 
corresponding to the self-consistent 
charges were obtained by a quadratic inter- 

polalion belween the corre^^it^S 
to the free ions, Fe*. Fe". ' ’j,, J 

Cl-[7], The values thus obtaine 

566 cm''. Che " ^ /‘(irmufas I’f 

rM W/th these va 0-' th^ ^ 


566cm''-Che ^ /‘(irmufas of 


■' (5 I 

Jt 

The values of the mixing cifefJjcients (matrix 
elements of spin-orbit coupling divided by the 
energies of the excited states) are listed in 
column 3 of Table 3. 

(c) Next we calculate the expectation value 
of the Zeeman Effect in the perturbed ground 
state, equation (5.1) by means of the operator 

/3A/z 2 f4. + 2 0023j,() (5.2) 

where the external magnetic field H can be 


placed along the . 

When operating wiA 

it is important to compute fhete^, 

ing in the transport of t»tt»the|^ds- 

where /?“ is the position vector of ligand 
and all vectors are expressed in the central 
system of coordinates[9.22], 

In the absence of zero-field splitting, the 
six levels of the ground state are symmetrical 
spread out. and allowed transitions have 
SM, = ± 1 and a;e-factor. 

= AE/{/3/J) = (l/MsXU.Msl 

^ 2-0023sJlU,M,). (5.4) 


With the values mentioned above, for the MO 
coefficients of the various one-electron 
functions, the)>-value for [FeCU]' is 

g = 2-0186 

in excellent agreement with the experimental 
value of2 0193± 0 0004. 

To ascertain what part of the calculated 
value is due to LSO coupling, we performed 
the calculation of the ^-factor a second time 
putting Cl. — 0. One obtains the value 2 0110, 
so that half the g-shift stems from LSO. 


Table 3. Spin orbit coupling and g-factor contributions of excited levels 


Level 

Energy 

(kK) SOcoef.xlO-' 

id. with 
{, = 0 X 10’ 

Contribution tog 

Contribution to 
g with {i = 0 

"7',(4/.,)"(2e)=(f,)’ 

19-6 

505 

00 

0-00222 

0-0 


25-4 

0-473 

00 

0-00173 

0-0 

''TMh)\2e)\U,V 

22-6 

-10-9 

-4-3 

0-00694 

0-00272 

»T,(4f,)M2e)M3^)^ 

28-4 

3-51 

-2-2 

0-00230 

-0-00118 

«7',(4/j)“(2e)“(2r,)* 

460 

-0-82 

-3-0 

0-00100 

0-00365 

»T,(4/,)^(2e)^(2/,)» 

51-8 

0-74 

-1-96 

-0-00035 

0-00092 

“r,(4r,)ri2e)rile)'’ 

32-8 

-4-69 

-5-0 

0-00227 

0-00379 

n,(*h)*{2ey(U.^^ 

1590 

-0-09 

-on 

0-00002 

0-00002 

>T,(^hr(2enu,)’- 

1530 

-0-15 

-013 

0-00002 

0-00002 

*T,(4r,)M2e)= 

260 


-17-0 


1 

*TMhy(2e)' 

310 

-815 

-11-1 

0-00016 

0-0 

*TMhn2eY 

150 

-6-3 

-7-6 
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6. DISCUSSION 

In Table 3 we have collected the results of 
the calculation of spin-orbit coupling and g- 
factor. For each contributing excited level we 
show the mixing coefficient with and without 
LSO (columns 3 and 4). 

In the first place, we observe that the non¬ 
bonding electron transfer from the ligands to 
central ion <f-orbitals is quite important for the 
spin-orbit energy. This effect vanishes in the 
absence of LSO. 

The most important contributions to g 
originates in electron transfer from ptt ligand 
orbitals to mainly ^/-antibonding orbitals. 
Here also, neglect of LSO leads to assign 
preference to pa to d transfer. 

It is at any rate evident that calculations 
neglecting LSO are unable to explain the g- 
shift in [FeCL]“ and the empirical correlation 
expressed in Table 1 and Fig. 1 of jg-shift, 
covalency and LSO coupling. 

Unfortunately it is impossible to give a 
compact, easy to use expression for the g- 
shift. This is due to the relatively large number 
of excited states giving significant contri¬ 
butions to the ^-shift, and to the fact that each 
of these excited levels needs several MO 
coefficients for its characterization, leading to 
very unwieldy expressions. 

For the same reason it is impossible to 
generalize the results of one compound to 
another in a more than qualitative manner, 
and thus the detailed interpretation of the 
correlation of Ag with h,Xi. is not possible 
without a complete MO calculation. 
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APPENDIX I. EFFECT OF THE LIGAND ANGULAR 
MOMENTUM OPERATOR ON LIGAND FUNCTIONS 

= - (i7V'3)D„’’+ ((V2/V3)D,„'’ 

= -<i/\/3)* 

ShCn, = - (i!\/6)c - (i/V2)DJ, 

= ((/2V3)C- (il2)D’,-{i/\/2)D%, 
n,cnr = - (//5/6)fl+(//V2)D:. 

(il2)Lr„-¥ (,^^2)0-+ (i/2V3)a 

- (/V2/V'3)D^..,. 

{itV3)D^,-,. 

= - (</V6)£)J.± (]/v'6)Dj,+ (il2)a + 

(i/2V3)DI,± ()/2)c+ ()/2V3)Dj. 

- ((/V2)D;,+ ()/\/2)D5,- (i72V3)a-(- 
(i72)D;.±(1/2V3)c±(1/2)DJ, 

(i7V'2) D,. + (.7V6)D,..^+ (1/V2)DI, 
±()/V6 )fe 

= - (1/2) O,.- (1725/3)0,,.,.+ (l/V2 )Oj. 

+ (1/2)DI,±( 1/25/3)6 
= - (i75/2)DJ,- {ilV6)b ± (l/5/2)0,.4: 
(l/5/6)0,.-„. 

n,OJ. = - (|7V2)DJ,- (|72)DJ.-I- ((72\/3)6 
+ (I/2)0..±(I/2V3)0„-,. 
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n.Dj, 


- «V6)r+ 

: (i/V':)W,+ (i/ 2 V 3 lr+ ti 72 )»l 4 

0,0 = o/Vhwn,- viii'f- ’Mn. 
n,h - -(i/V3)D,,- 
n,r= f;/V 6 )Z)J,- f//:\ .l)/>;,+ (// 2 I„. 
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%t4t,n2e)> 

T. <♦,)»(»• 






S aa^cti&r oiA 'ta/, //near combination of centra/ and 
U ganH (uncdons tnuisfoming according to the adequate 
irreducible representation and component, as displayed in 
TaWe 2. with coeflicients given in Appendix 3. The MO 
ftinction of the ground state (4/,) and (2f) are written 
without a subscript Those of the other levels (I e, nit 
with n « 2,3) are written with n as a subscript. They differ 
from the ground state MO's only in the coefficients. As 
usual, a bar above a symbol means spin and no bar 
means a spin. Only open subshells are indicated. 

Only the : component of the sexluplets and x and ,v 
components of quadruplets are given. The other com¬ 
ponents are obtained by the adequate symmetry oper¬ 
ations. ... u ^ 

Only the maximal spin projection i.s given in each case. 
Other components of the spin multiplets are obtained by 
action of operator S .. 

r7j(r)(4/,)n2e)*(nl2)'5/2) = 

(l/V2)Udvluv: f.f „)?.(«{..> + 

l»T,(z}(4it)^(2ey(ntt)‘}/2) = |fT){M5r; f „f,77„r)„C„) 

rr,(z)(4»,)n2e)'(lp)^5/2> = lfi)tC“v.».'V»»«> 
|''r.U)(4r,)n2«)*(t.)’5/2) = 

(1/V2)[|f|r?{;«v; aabbc) - |f7)f){«e; ahbec)] 
\<'T,{z)(4t,y{2enitvm) = Kviuvv-aabcn 
|<T,(x)3/2) = a,UV3/2)lffT)C«)" 

(l/2)lf|Ti4i.)] -t- (atlV2)Ual‘‘v) + IfrjTjue)] 
aAl|2\v^uav) - (V'3/2) |T){Miie)] 
|^7',(y)3/2>=fl,[(V3/2)|fT,r){u)-f 
(l/2)|fT)^Je)]+{a2/V'2)[h{^«y) + |ffT|ur)] + 

Os [ (I /2 ) I f {MMii) + ( v'3/2 ) I f {neii) ] 


The one-electron ftinctions of symmetries ti and e are 
(see Table 2) 

Ifl/j.y) = fl/dy + apV>» + n«'S£.’’+UT"f2»‘'+fl,"Z)/ 
|me,S> = Aa-d.-t-h.-D,' 


where y = f. t). { and B= u, v indicate components of the 
respective irreducible representation; m=l, 2; n- 
1.2,3.4.5. The coefficiets a and b are; 



(id 

a„ 

d. 

fl<r 

On 

n= 1 

0 065 

0-086 

0-944 

-0-004 

0-019 

2 

0-432 

0-107 

-0109 

0-824 

0-107 

3 

0-304 

-0 080 

0-061 

-0-193 

0-873 

4 

0-8.50 

-0-160 

-0-067 

-0-425 

-0-497 

5 

0-1.58 

0-/50 

-0-897 

-0-56J 

0-589 



h. 




m = 1 

0-527 

0-801 




2 

0-855 

-0-606 





Other results: 

Overlap matrix 


h 

d p .vt 

(T TT 

d 

0 0-084 

0 106 0 054 

P 

0-557 

0-283 - 0-444 



-0-042 - 0-056 

<7 


-0-053 


e Overlap (d, it) = 0-095 


Energies (kK): 2e — 4tt — 5 80; r, 4/2 
25-40; 3t2 - 4(2 = 28-40; 3/2 - 2e = 22-60; 
/,-2e= 19-60: lc-2e = 27-04. 
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THE PRESSURE DEPENDENCE OF THE LATTICE 
PARAMETERS OF MnSb AND MnTe 
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Abstract—The effect of pressure up to 170 kbar has been measured on the lattice parameters of MnSb 
and MnTe at room temperature. MnSb exhibits an anomalous compression in a axis below 65 kbar, at 
which the Curie temperature falls to room temperature;-Ao/oo = 1-32 x I0-‘ ;»+4-64 x lO"* /“(below 
65 kbar, feiromagnetic state), - Aa/a„ = 2-7x 10-» + 4-64x 10 */’- 1-21 x (above 65 kbar, 

paramagnetic state), —Aclco = 9-42 x lO'*/* —2-50x 10'*/“ (through pressure range). This anomaly 
in the low-pressure range has been explained by the pressure dependence of the volume magneto¬ 
striction. MnTe exhibits the compression in a and c axes through pressure range, —Aala^ = 5-52 x 
10~* P — 1 ■ 18 X 10“* P*, — Ac/co = iO'6 X 10"* P — 2-79 x 10"* P*. The pressure dependence of the N6el 
temperature has been discussed by the c/a ratio. 


INTRODUCTION 

It is known that the magnetic properties of 
ferromagnetic or antiferromagnetic materials 
of NiAs-type crystals depend largely on the 
hydrostatic pressure, and especially, the 
magnetic transition temperatures mostly 
decrease with pressure in the rate of 3-12 deg 
per kbar. MnSb is a ferromagnet with the 
Curie temperature 313°C which decreases 
with pressure by the rate — 3-2X10'*deg 
bar~’[l]. MnTe is, on the other hand, an 
antiferromagnet with the Neel temperature 
34°C, which increases with pressure by 
+ 2-6X 10"* deg bar"'[3]. The large change in 
the transition temperature with pressure can 
be understood mainly by the high compres¬ 
sibilities of NiAs-type crystals, but the 
negative pressure dependence would be diffi¬ 
cult to explain by a simple localized model. 
While, Hirone et a/.[l] measured the change 
of spontaneous magnetization with pressure 
at several temperatures for MnSb, and con¬ 
cluded that the negative dependence of the 
Curie temperature is understood by the large 
decrease of magnetization with pressure at 
absolute zero temperature. 

Lynch [2] have measured the lattice para¬ 
meters of MnSb as function of pressure to 
100 kbar, using diamond anvil X-ray cell. The 


negative pressure dependence of the Curie 
temperature has been discussed qualitatively 
by three shortest Mn-Mn distances; c/2, a and 
(c*/4-+-fl*)>'*. 

In this work, we measured the lattice 
parameters of MnSb and MnTe up to 170 
kbar, and discussed the pressure dependences 
of their transition temperatures in relation to 
the volume magnetostriction. 

EXPERIMENTAL 

Powder photographs of MnSb and MnTe 
were taken at quasihydrostatic pressure and at 
room temperature using a Drickamer-type 
high pressure X-ray cell [4,5]. The meiterials 
were diluted 5 times of weight by boron 
powder for reduction of X-ray absorption, and 
small amount of NaCl was used as internal 
markers. Pressure was determined by NaCl 
compressibility data[6,7]. Maximum pressure 
was 170 kbar for MnSb and 130 kbar for 
MnTe. 

Powder samples of MnSb and MnTe were 
obtained from Dr. T. Kaneko of Tohoku 
University and Dr. S. Anzai of Keio Univer¬ 
sity, respectively. The X-ray diffraction 
patterns taken at atmospheric pressure show 
that they are both in single phase, and the 
lattice parameters are as follows; a = 4-13 A. 


329 



330 


H. NAGASAKI, 1. WAKABAYASHl and S. MINOMURA 


c —5-78 A, c/a = 1-400 for MnSb and a = 
4-15 A, c = 6-71 A, c/a = 1-617 for MnTe. 

The lattice parameters at high pressure 
were calculated by least square method using 
the following ditfraction lines; (101)(102)(110) 
(103) and, in some cases, (202K004)(211K212) 
(114)(213) for MnSb: (101)(102M110X201) and, 
sometimes, (202)(203) for MnTe. The errors 
of the parameters at each pressure are within 
0-02 A for a, 0-04 A for c and 0-01 for da both 
in MnSb and MnTe. 

RESULTS 

(a) MnSb 

Figure 1 is a plot of lattice parameters a and 
c of hexagonal MnSb vs. pressure. The a axis 
shows an anomalous compression in the lower 
pressure range; a vs. P curve is convex 
upward to about 65 kbar, while it is normally 
concave above 65 kbar. We can not trace, 
therefore, all measured points with single 
smooth curve in the whole range of pressure. 
Two different curves which intersect at 65 
kbar are drawn. It is difficult to determine the 
exact point of the intersection by the measured 
points, but 65 kbar was determined by an 
interpretation of the anomaly in a axis. The 
c axis, on the contrary, shows normal com¬ 
pression within the experimental errors. 

As a result of the anomaly of a axis, da vs. 
P curve also shows a kink point at 65 kbar. In 
Fig. 2, smoothed curve of da vs. pressure is 
shown. In Table 1, the smoothed data of 

— Aala„, — Ac/c„, — ^vlv„ and cla for MnSb are 

given. They are written in the following form; 
-Afl/a„=l-32x 10-‘'/>-t-4-64x (below 

65 kbar); - ^a|ao = 2-7 x IQ-^* + 4-64 X lO"'' P 

— 1-21 X 10”* F* (above 65 kbar); — Ac/c„ = 
9-42 X 10”^ P — 2-50 X 10”® P^ (through pres¬ 
sure range). 

Lynch’s data[2] exhibit no anomalous 
compressions in a axis, contrary to our results. 
This discrepancy would be caused by the fact 
that the anomaly is clearly recognized when a 
is pursued to the pressure above l(K)kbar, 
whereas his measurements were practiced 
under lower pressure than 100 kbar. 




Fig. 1. (a) a vs. pressure for MnSb. Dotted line shows 
the compression curve of a for fictions nonmagnetic 
state of MnSb. (b) r vs. pressure for MnSb. 



Fig. 2. cla vs. pressure for hexagonal MnSb. 


(6) MnTe 

Figure 3 is a plot of lattice parameters a and 
c of hexagonal MnTe vs. pressure. No ano¬ 
malous compressions are found both for a and 
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Table \. The smoothed date of—^ala and da 
for MnSb 


p 

(kb) 

- Aa/a„(X 10“) 

-Ac/c,4x 10») 

-tsVIVJi-x. 10*) 

do 

0 

0 

0 

0 

1-400 

10 

1-9 

10-9 

1-48 

1-388 

20 

4-6 

20-1 

291 

1-378 

30 

8-2 

28-9 

4-47 

1-371 

40 

12-6 

360 

602 

1-367 

50 

18-2 

42-6 

7-71 

1-365 

60 

24-5 

48-6 

9-47 

1-366 

65 

28-4 

51-2 

10-48 

1-367 

70 

29-8 

53-8 

10-95 

1-366 

80 

32-3 

58-5 

11-83 

1-362 

90 

34-4 

63-3 

12-68 

1-358 

100 

36-4 

67-8 

13-44 

1-354 

no 

38-3 

71-6 

14-14 

1-352 

120 

400 

75-4 

14-79 

1-349 

130 

41-7 

79-1 

15-44 

1-346 

140 

43-4 

82-4 

16-04 

1-343 

150 

44-9 

85-6 

15-59 

1-340 

160 

46-3 

88-6 

17-12 

1-338 

170 

47-5 

90-8 

17-52 

1-337 


c axes, but the rate of change of a and c axes 
with pressure is different and do decreases 
monotonously with increasing pressure, as 
shown in Fig. 4. In Table 2, smoothed values 
of - Aalan, — Ac/cu, — Avlv^ and da are given. 
They are written as, 

- Aa/flo = 5-52 X 10-* T - 1 • 18 X lO'" 

- Ac/r„ = 10-6 X 10-“ P - 2-79 X 10-“ P^. 

DISCUSSIONS 

(i) Exchange interaction curve 
Empirical exchange interaction curves 
relating magnetic transition temperatures to 
interatomic distances have been frequently 
discussed in NiAs-type compounds. Curie 
temperatures of MnAs, MnSb and MnBi, and 
Neel temperature of MnTe are plotted versus 
the shortest Mn-Mn distances (c/2) in Fig. 5, 
and versus the bonding angles of nearest 
neighboring atoms (da) in Fig. 6. The solid 
curves show the atmospheric pressure values 
and the dotted curves shown the correspond¬ 
ing change with pressure. 

The dependence of magnetic transition 


temperatures on the lattice parameters of c/2 
and da, which are given by implicit para¬ 
meters of pressure and composition, indicates 
the same sign of slope in the former, but the 
opposite sign of slope in the latter. 

The negative pressure dependence of 
magnetic transition temperature in MnSb 
would expect the contribution by the negative 
term with pressure. The fact may. mean the 
negative change in the exchange interaction or 
that in the intrinsic magnetic moment with 
pressure, the latter of which is caused by the 
change in the band structure or the redistri¬ 
bution of electrons between the spin orien¬ 
tations. 

(ii) Volume magnetostriction 

(a) MnSb. According to the measurements 
[8] of temperature variation of lattice para¬ 
meters in MnSb at the atmospheric pressure, 
an anomaly of a axis is predicted in ferro¬ 
magnetic state and it disappears at the Curie 
temperature, while there is no such anomaly in 
c axis through the temperature range. The 
anomaly is a positive dilatation of a axis (about 
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f’ kBor 

Fig. 3. (a) a (b) c vs. pressure for MnTe. 


2-7 X at room temperature) and it would 
be due to the spontaneous exchange magneto¬ 
striction of ferromagnetic MnSb. 

On the other hand, the pressure dependence 
of the Curie temperature in MnSb was meas¬ 
ured by Samara and Giardini [9] up to 60 kbar. 
One would expect that the Curie temperature 
descends to room temperature at about 
6S kbar. Magnetostriction should naturally 
vanish at this pressure. In Fig. 1, one finds that 
the anomaly of the compression curve of a 
axis in the lower pressure range also dis- 



Fig. 4. eta vs. pressure for hexagonal MnTe. 

appears at about 65 kbar. Therefore, the 
anomaly could be interpreted as the result of 
pressure effect on the exchange magneto¬ 
striction. In Fig. 1, atmospheric and room 
temperature value of a axis for fictitious 
paramagnetic MnSb is shown, and a dotted 
curve is drawn continuously from this point 
to the compression curve of paramagnetic 
state above 65 kbar. The dotted curve would 
show the compression curve of fictitious para¬ 
magnetic MnSb at the pressure range from 
zero to 65 kbar. Therefore, we can get the 
magnetostriction at pressure P by subtracting 
this values from the corresponding measured 
points of a axis. In Fig. 7, the relative values 
of the magnetostriction vs. pressure are 
plotted. Although the scattering of the points 
is large, it is obvious that the magnetostriction 
at first increases with pressure and shows a 
maximum at about 30 kbar. 

The change of the volume magnetostriction 
of MnSb with pressure is discussed by the 
molecular field approximation. The magneto¬ 
striction at absolute zero temperature is first 
considered. 

The energy of ferromagnetic MnSb is 
expressed as 

£=£ex + £el (1) 

where is the magnetic interaction energy 
and Eg, is the elastic energy. £«, is written as 

2KV 
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Table 2. The smoothed date of—^loo, Ac/co, AF/Fo 
and da for MnTe 


P -Aa/ao(xio») -acMxm -AK/Fo(x da 

(kb) 


0 

0 

to 

3-55 

20 

10-66 

30 

13-69 

40 

20-52 

50 

24-86 

60 

28-72 

70 

32-58 

80 

36-43 

90 

40-06 

too 

43-21 

110 

46 34 

120 

49-48 

130 

52-14 


0 

0 

1-617 

11-94 

2-35 

1-607 

22-39 

4-43 

1-598 

30-60 

6-17 

1-593 

38-36 

7-65 

1-588 

45-52 

9-30 

1-583 

52-98 

10-70 

1-577 

58-95 

11-91 

1-573 

65-07 

13-22 

1 569 

71-34 

14-43 

1-564 

77-61 

15-57 

1-559 

82-68 

16-52 

1-556 

87-31 

17-39 

1-553 

91-34 

18-35 

1-550 



Fig. 5. Magnetic transition temperature Tc vs. the shortest 
Mn-Mn distance <c/2)for MnAs,MnSb, MnBiand MnTe. 
Dotted lines show the corresponding change of Tc and 
c/2 with pressure for MnSb and MnTe. 


where AK is the volume distortion, K — 
-(1/K). (iVlAP) the compressibility and V 
the volume at pressure P. Minimizing equation 
(1) as regards AV, one can get the general 
equation of the volume magnetostriction, 

M/— — V 1/ ^ para ^^para 

“^para^para ^ v r/ 

Or Aferro^ farro 

^£'ex 

^ dP dP 


where the differences of the compressibilities 
and volumes between ferromagnetic and 
fictitious paramagnetic state are neglected. 

According to molecular field approximation, 
Eg* is expressed as follows, 

£ex = - - y 

where n the coefficient of molecular field, <r 
the magnetization per unit mass at absolute 
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Fig. 6. Magnetic transition temperature rs do for NiAs- 
type compounds. Dotted lines show the corresponding 
changes with pressure for MnSb and MnTe. 



Fig. 7. Exchange magnetostriction A ala„ vs. pressure 
for MnSb at room temperature. O; observed values; 
solid line: calculated from equation (12). 

zero temperature, k the Boltzman constant 
and Tc the Curie temperature. From equation 
(2) and (3), the volume magnetostriction is 
written as, 


In the case of MnSb, the magnetostricticMi ]$ 
observed only in a axis. 


AK/Fo is replaced by Aa/oo 

AF ,Aa 
= 2—. 

Vo Oq 


(5) 


Considering the measurements by Hirone 
et a/.[l] we approximate the pressure depend¬ 
ence of n and tr by the following equations, 

n ae J = a—j 

where, J is the exchange interaction, the 
critical pressure supposed to transform from 
ferromagnetic state to paramagnetic state at 
0“K, and a a .positive constant. The assump¬ 
tion of equation (6) that a decreases linearly 
with pressure would be rather a crude ap- 
pri^imation, especially at the pressure near 
Pc, and it is necessary to consider higher 
order pressure dependence of cr for rigorous 
discussions. Owing to the deficiency of ex¬ 
periments, however, we can not predict at 
present an exact function between mag¬ 
netization and pressure. 

Equation (6) means that the Curie tempera¬ 
ture has the following pressure dependence in 
the limit of molecular field theory. 


where, T,.® is the atmospheric value of the 
Curie temperature. Figure 8 shows that this 
expression fits farely well to the measured 
values of Samara and Giardini, and that 
Pc= ISOkbar, a= 1-52. 

Going back to the expressions of equation 
(6), initial pressure dependence of J„ and cto at 
zero pressure can be get numerically; 


1 

JodP 


■^ = lOx 10“®bar~* 

' C 


^V 1 bna-^ 
V« ~ 2F„ dP 


1 da-g 

(TodP 


3k 3Tc 
2V„ dP • 


(4) 


.l = -6-7x 10-«bar-‘. 

» r 
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Fig. 8. The Curie temperature vs. pressure for MnSb. 
O'- after the measurements of Samara and Giardini; 
solid line: after equation (7). 


These values are to be compared to the experi¬ 
mentally determined ones[l], ll<To(d(ToldP) = 
- 5-9 X 10-« bar-' and lUoidJJdP) = 1/ 
77/ idT,VdP) - lIcTo (daJdP) =6-0 X lO"* 
bar"*. Considering rather large errors of 
Pr and a, the agreements of the above values 
are seen satisfactory and give the expressions 
of equation (6) an another support. In accord¬ 
ance with the experimental results of Hirone 
et ah., we would also like to emphasize the 
fact that the exchange interaction J increases 
with pressure and the more rapid decrease of 
IT with pressure does cover the increase of J 
and, as the result, the Curie temperature falls 
by compression. 

Now, from equations (4), (6) and (7), the 
magnetostriction at pressure P and tempera¬ 
ture zero for MnSb is obtained as. 



is the magnetostriction at absolute zero 
temperature and zero pressure, and to be 
compared with experimentally estimated 
value {8] 3 X 10"^ 

In Fig. 9, Aa/flo vs. PjP^ curve is drawn 
according to the equation (8). As mentioned 
above, the equation is limited in the pressure 
range except for P = Pc- The magnetostriction 
at absolute zero temperature increases about 



Fig. 9. Exchange magnetostriction Aa/a„ vs. normalized 
pressure PjPc (A = 150 kbar) for MnSb at O^K, calculated 
from equation (8). 
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3 times near P = 0-5 P^ and falls to zero at 
P = P,. 

At room temperature, volume magneto¬ 
striction would be given approximately by 


a£ex _ 

hP 2c>P 


(9) 


where cr, is spontaneous magnetization per 
unit mass at room temperature. Using the 
experimental results of Hirone et fl/.[l] cr,(P) 
and J(P) are written as follows near P — 0, 


o,(P)=a,(0)(l-40xl0-«P) 

( 10 ) 

j(P) =y( 0 )(n- 60 x io-«P) 

where \lJ{ciJjciP) is assumed temperature 
independent. From equation (10), 


1 

£ex aP 


~+-^ = -20xl0-«bar-‘. 
J HP cr, dP 


is get for magnetostriction near zero pressure 
and drawn in Fig. 7. Calculated and observed 
initial slopes are 0-83 x 10“^ and 3-3 X 10“' 
bar“', respectively. Calculated curve quali¬ 
tatively explains observed values in the low 
pressure range. At higher pressure, equation 
(12) is not to be used, but cr,{TITc) rapidly 
decreases and diminishes at 65 kbar accord¬ 
ing to a Brillouin function, as Tc decreases 
with pressure and TjTc approaches to unity. 
Therefore, the magnetostriction at room 
temperature, which increases in the lower 
pressure range, would disappear at the Curie 
point 65 kbar through a maximum point. 

(b) MnTe. The temperature dependence of 
lattice parameters in MnTe at atmospheric 
pressure exhibits an anomaly in c axis ac¬ 
companying magnetic ordering, but no 
anomaly in a axis [11]. This anomaly would be 
caused by exchange magnetostriction. The 
volume magnetostriction at absolute zero 
temperature and zero pressure is 


Assuming a Brillouin function(10], o-,(300°K) 
=« 0-95 cr,(0'’K), and exchange energy at 
room temperature would be, 


£„(300'’K) = £e,(0°K) X 0-952 
/ 3K \ 

= (—^ tA X 0-952. 


According to the above estimation, the 
volume magnetostriction at room temperature 
and zero pressure is, AV — dEgJdP = 2-]9x 
10“2-’cm-'' (per Mn atom) = 4-38X lO”'*cm® 
(per unit cell). Then, 


Aa 

do 


lAV 

= 2-6 X lO-® 

^ ' n 


( 11 ) 


while experimental value is about — 8X 10“®. 
The agreement is found both in their signs 
and values. In this case, however, we can not 
discuss the pressure dependence of the 
magnetostriction; it is impossible to separate 
the contribution due to the magnetostriction 
from our compression curve of c axis, as the 
Neel temperature increases with pressure 
and MnTe would remain in antifferomagnetic 
state through the pressure range. 

It may also suppose in the positive pressure 
dependence of the Neel temperature that the 
exchange interaction —J increases with 
pressure and cto decrease more slowly. 


This value is to be compared with experi¬ 
mental one 2-7 x 10“®[8]. 

Now, from equations (9-11), the equation 
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THERMOMIGRATION IN SOLID METALS 
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Abstract— Thermomigration, the flux of mass induced by an applied temperature gradient, is analyzed 
phenomenologically in a variety of alternate ways to demonstrate that the experimentally determined 
heat of transport does not contain contributions from equilibrium-thermodynamic quantities. Hence, 
the experimental quantity is to be compared directly with atomistic kinetic models. The experimental 
data are briefly reviewed. A class of atomistic models, those based on the Wirtz theory, is shown to 
be incompatible with the requirements of the thermodynamics of irreversible processes. Such com¬ 
patibility is demonstrated for the zero-field model involving phonon and electron scattering by the 
activated complex, and the ideas underlying this model are reviewed. 


The flux of a component of a solution in¬ 
duced by an impressed temperature gradient 
may be termed thermomigration. This 
phenomenon has also been called thermal 
diffusion, a name better reserved for the flow 
of heat. The establishment of a concentration 
gradient due to the impressed temperature 
gradient is also known as the Ludwig-Soret 
effect. 

Thermomigration is a manifestation of 
details of the dynamics of the diffusion 
process which *are in no other way made 
evident, and hence is of great theoretical 
interest. It may in addition have technological 
importance where alloys, particularly those 
containing interstitial solutes, are employed 
for long periods of time under large tempera¬ 
ture gradients. Indeed the generalized force 
upon an atom arising from a temperature 
gradient may be larger than that due to a 
concentration gradient in isothermal diffusion. 
For example we may consider hydrogen dis¬ 
solved in a-iron at room temperature. The 
force generated by a concentration gradient 
is Fc = kT 7ln c, and that by a temperature 
gradient F^ = Q 71n T.where Q is the head 
of transport of dissolved hydrogen (to be dis¬ 
cussed below). Taking 7 In c = 1 cm“’, Q — 
— 10,000 cal/g atom (extrapolated from refer- 
ence[l], and 71n T = 3-33cm"‘ one finds 


Fc = 4-2x10“'^ dyn/atom, and Ft=2-3x 
10*'* dyn/atom. 

This paper summarizes the experimental 
information currently available on thermomi¬ 
gration in one- and two-component solid 
metals. Various ways of describing the 
phenomena in terms of irreversible thermo¬ 
dynamics are developed and compared. The 
phenomenological heat of transport defined 
for isothermal conditions is given an atomistic 
interpretation. 

EXPERIMENTAL SITUATION 

It is not our purpose to examine in detail the 
experimental methods that have been used in 
this field, but it is necessary to point out the 
main characteristics of the two types of 
measurements that are made. In the case of 
two-component alloys one generally measures 
a property associated with concentration, or 
concentration itself, as a function of position 
in a specimen held for a long time in a meas¬ 
ured temperature gradient, 77. If the con¬ 
centration gradient 7 f becomes independent 
of time during the anneal, then the quantity 
0m ifl I 

—7lnc, = Q„7 In r (1) 

is a measure of the thermomigration. We vrill 
call Qn the measured heal of transport to 
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distinguish it from other possible heats of 
transport to be discussed subsequently. The 
significance of Q„ will also be discussed 
below. 

In the case of a pure metal one attempts to 
measure the time-independent flux of matter, 
Ji, produced by the impressed temperature 
gradient upon an unconstrained specimen. 
The flux of matter, when the vacancy mechan¬ 
ism operates, is the negative of the flux of 
vacancies, y„, and since J,, is a function of 
temperature one may expect that the separa¬ 
tion between two surface scratches or 
between two inert markers embedded at 
different points in the specimen held in a 
temperature gradient will change with time. 
This furnishes the generally employed 
principle for the measurement of y,. We note 
in passing that the rate of separation of two 
inert markers disposed along grad T measures 
J,, = —Jt only if there is no change in the 
lateral dimensions of the specimen in the 
region between the two markers. If vacancy 
generation and annihilation occur only by 
dislocation climb perpendicular to grad T 
there will be no change in lateral dimensions 
and then J, will be given by the rate of 
separation of markers. Any tendency toward 
isotropy of dislocation climb would mean that 
J, is larger than that calculated from the 
marker motion, so that suitable correction 
must be made by the aid of concurrent 
measurements of changes of the dimensions 
normal to grad T. Assuming that a correct 
time-independent J, has been measured, the 
quantity Q’„, in 

=^y, = G;^lnr (2) 

CiUj 

measures the thermomigration of the material 
component. In this relation Di and c, are, 
respectively the tracer diffusivity and number 
of atoms per unit volume of the pure com¬ 
ponent 1, and y is the correlation coefficient, 
which is 0-78 in f.c.c. and 0-73 in b.c.c. 
lattices [2]. We note that phenomenologically 
the Qm’s of equations (1) and (2) are different. 


In Tables 1-3 are collected the best data 
for thermomigration in pure solid metals, in 
interstitial solid solutions, and in binary 
substitutional solid solutions. In every case 
the measured heat of transport as defined by 
equation (1) or (2) is given, and it always is 
that of the material component(s) not that of 
the vacancy. In comparing these tabulated 
values with those in the original references it 
must be kept in mind that the original authors 
may not have accounted for the correlation 
coefficient, may be presenting a heat of 
transport of the vacancy, or may have added 
the heat of formation of a vacancy, to the 
measured heat of transport. 

Inspection of the present tables reveals 
the paucity of well studied systems and the 
variability of results obtained by various 
investigators for the same system. Very few 
general statements can be made about this 
collection of data. One of these is that the 
various interstitial solutes in one solvent 
metal have the same sign for Qm- Another 
weak statement that may be made is that there 
is a trend to large \Qm\ for the transition 
metals. For the moment we may regard 
Q„ simply as a measure of the magnitude and 
sense of the thermomigration. We proceed 
now to develop the basis for its atomistic 
interpretation. 

PHENOMENOLOGICAL RELATIONS 
In order to attempt an atomistic interpreta¬ 
tion of thermomigration it is necessary first 
to develop the phenomenological equations 
from irreversible thermodynamics [3]. This is 
important because there exists in the litera¬ 
ture much confusion as to the significance of 
the heat of transport even at the phenomeno¬ 
logical level. We begin with the case of a pure 
metal in a temperature gradient. 

M > One-component solid metal 
Knowing that thermomigration experiments 
have been successfully carried out on pure 
metals where the distance between successive 
markers changes with time, and knowing that 
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Table 1. Heats of transport* in self-thermomigration in solid metals 


Metal 

Qm (kcal/g atom) 

Reference 

Li 

+ 12 

LODDING A. and THERNQVIST P.. Z. Naturf. 21a, 857 (1966). 

Li 

{Q'jul > (q;.)u6 

THERNQVIST P. T. and LODDING A.. Z. Naturf. 22a, 837 
(1967). 

Na 

-1-5 

SULLIVAN G. A.,Phys. Rev. 154,605 (1967). 

A1 

-15 

SWALIN R. A. and YIN C. A .^cfa Metall. 15,245 (1967). 

Cu 

+4 

MEECHAN C. J. and LEHMAN G. W.. J. appl. Phys. 33, 634 
(1962). 


-5-4 

JAFFEE D. and SHEWMON P. G..Acta Metall. 12. 515 (1964). 


0 

ADDA Y.. BREBEC G., DOAN N. V., GERL M. and PHILI¬ 
BERT J., Proceedings of a Symposium (July 1965, Vienna) on 
Thermodynamics. International Atomic Energy Agency (1966). 

Ag 

0 

ADDA Y.. BREBEC G.. DOAN N. V.. GERL M. and PHILI¬ 
BERT, Proceedings of a Symposium (July 1965, Vienna) on 
Thermodynamics. International Atomic Energy Agency (1966). 


0 

SHEWMON P.G.J.chem. Phys.29. 1032(1958). 

Au 

-5 

MEECHAN C. J. and LEHMAN G. W., J. appl. Phys. 33, 634 
(1962). 


-65 

JAFFEE D. and SHEWMON P.G.,Acta Metall 12,515 (1964). 


0 

ADDA Y.. BREBEC G., DOAN N. V., GERL M. and PHILI¬ 
BERT J., Proceedings of a Symposium (July, 1965, Vienna) on 
Thermodynamics. International Atomic Energy Agency (1966). 


-5-5±0-9 

MOCK W, and LAZARUS D., Private communication. 

Pb 

+2-1 ± 4 

THERNQVIST P. and LODDING A., Z. Naturf 21a, 1310 
(1966). 

Zn 

0 

SHEWMON P. G.,J. chem. Phys. 29 1032 (1958). 


0 

FELLER H. G. and WEVER H.. J. Phys. Chem. Solids 24. 969 
(1963). 


-2-3 

SWALIN R. A., OLANDER W. C. and LIN P.,Acia Metall. 13, 
1063(1965). 


+3-5 

ARCHBOLD T. F. and McCORMlCK P. G., Trans, metall. Soc. 
/t./.M.E. 236 713 (1966). 


-0-2 ± 1-5 

THERNQVIST P. and LODDING A., Z. Naturf. 21a, 1310 
(1966). 

a-Fe 

0 

BRAMMER W. G.,Acla Metall. 8,630 (1960). 


+9-2 

ADDA Y.. BREBEC G., DOAN N. V., GERL M. and PHILI¬ 
BERT J., Proceedings of a Symposium (July 1965, VIENNA) on 
Thermodynamics. International Atomic Energy Agency (1966). 

y-Fe 

neg. 

FELLER H. G..Arch. Eisenhuttenwes. 11. 859(1963). 


+ l8to+75 

HERING H. and WEVER H..Acta Metall 15. 377 (1967). 

Co 

+ 130 to+330t 

HO P. S., reference [21]. 

Ni 

neg. 

KLEMENS D. and WEVER H., Unpublished work. 

Pt 

+9 to 14t 

HO, P. S.. HEHENKAMP Th. and HUNTINGTON H. B., 

J. Phys. Chem. Solids 26,251 (1965). 

/S-Ti 

+ 185 

Est’d. by P. S. HO, referenceI21] from FELLER H. G. and 
WEVER H.,J. Phys. Chem. Solids 24,969 (1963). 


neg. 

DUBLER H. and WEVER H., Symposium. Munster (1965). 

j8-Zr 

-120 

FELLER H. G. and WEVER H., J. Phys. Chem. Solids 24, 969 
(1963). 


-6-8 ± 2-2 

CAMPBELL D. R. and HUNTINGTON H. B.. To be pub¬ 
lished. (usingy = 0-2) 


*The heat of transport tabulated is that for the atom, and is defined by Eq. (2). 
tWell characterized temperature dependence. 
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Table 2. Heats of transport* for interstitial solutes 


Solute Matrix Q'„ (kcal/g atom) 


Reference 


H.D 

aFe 

-8to-5-.5t 

C 

0 (Fe 

-24 

C 

dFc 

-17-5 

N 

oFe 

-18 

C 

yFe 

-2 

H.D 

Ni 

-1-5 to-0-2t 

H 

■yFco.^Nio., 

-1-7 to-l-2t 

H 

p-Zr 

-)-3-5 to-)-6t 

H 

ZrH,, 

-)-0'5 

H 

ZrH,„ 

4-1-3 

0 

/S-Zr 

4-20 

N 

/3-Zr 

«Zr ’ 

Zircalloy 

ptis. 

H 

Zircally-I- 
0-6 % Y 
aZr-l-2'6% 
Nb ) 

■ 4-5-7 ±0-5 

D 

a-Zr 

4-6-5 

H 

uTi 

4-5-3 

Ag 

BijTc.., 

4 6-1 .+ 0-9 


Reference [I]. 

Reference 115] and SHEWMON P. G..Acla Metall. 8. 
605(1960). 

SHAW J. G. and OATES W. A., Private communica¬ 
tion 

Reference [15]. 

SHEWMON P. C..Acta Metall. 8, 605 (1960). 

Reference ] 1). 

Reference [ 1). 

Reference [20]. 

MERTEN U.. BOCKROS J. C.. GOGGISBERG 
D. G. and HATCHER A. P.. J. nucl. Mater. 10, 201 
(196.3). 

SOMMER A. W. and DENNISON W. F., U.S.A.E.C. 
Rep. NAA-SR-5066 (1960). 

RIECK G. D. and VOGEL D. L.. Acta Metall. In 
press (1968). 

RIECK G. D. and VOGEL D. L., Aeta Metall. In 
press (1968). 


SAWATSKY A..y. nucl. Mater. 9,364 (1963). 


.SAWATSKY A..J. nucl. Mater. 2, 321 (I960). 
MARSHALL R. P., Trans, metall. Soc. A.I.M.E. 233. 
1449(1965). 

DIBBS H. P. and TREMBLAY J. R..7. appl. Phys. 39. 
2976(1968). 


'The heat of transport tabulated is for the interstitial solute, and ts defined by equation (I). 
tWell characlerircd temperature dependence. 


vacancy exchange is the prevalent mechanism 
for volume diffusion, it is natural to consider 
explicitly the flux of vacancies. In order to 
establish an appropriate set of conjugate 
forces and fluxes, we write the Gibbs equation 
for a unary system in which the vacancy 
concentration can be independently varied as 

dU= r6S-Pdy + iM,.dn, 

in which /x,. is the chemical potential of the 
vacancies referred to some arbitrary refer¬ 
ence state. The Onsager formulation [3] of 
irreversible thermodynamics is that the fluxes 
are the time derivatives of the conservative 
state variables, so that 


J,. = dn,.ldt\ Ju — dVjdt. 

The conjugate forces, A'l, are given by 
gradients of the rate of change of the entropy 
with the corresponding state variable. Thus, 
neglecting the PiV term, 

Ar„ = v(f)S/at/)„„ = V(i/T) 

A',.= V(05/f)n,,)„ = -V()x,/T). 

The sum of the products of conjugate fluxes 
and forces, is the rate of entropy 

production, 

In the domain of small forces, one may 
consider that the forces and fluxes are linearly 
related through phenomenological coeflficients, 
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Table 3. Heats of transport* in dilute substitutional alloys 


Solvent 

Solute 

Q„ (kcal/g atom) 

Reference 

Zn 

Ag 

-hi (II c-axis) 

WINTER F. R. and DRICKAMER H. G., J. chem. 
Phys. 24,492 0956). 


Ag 

-l■0•9 (1 c-axis) 

J. chem. Phys. 24,492 (1956). 


T1 

—3 (II c-axis) 

J. chem. Phys. 24,492 (1956). 


T1 

—5 (i. c-axis) 

J. chem. Phys. 24,492 (1956). 


In 

—6(1 c-axis) 

J. chem. Phys. 24,492 (1956). 

Cu 

Ag 

-5 

JAFFE D. and SHEWMON P. G.. Acta Metali 12, 
515(1964). 


Au 

-3 

JAFFEE D. and SHEWMON P. G., Acta Metali. 12, 
515(1964). 


Co 

+4 

JAFFEE D. and SHEWMON P. G.. Acta Metali. 12. 
515(1964). 


Ge 

-8 

JAFFEE D. and SHEWMON P. G..Acta Metali. 12, 
515(1964). 


26% Au 

pos. 

Reference 115). 

Ag 

Au 

0 

JAFFE D. and SHEWMON P. G.. Acta Metali. 12. 
515(1964). 


Sb 

-29 

BIERMAN W., HEITKAMP D. and LUNDY T. S. 
Acta Metali. (1965). 


Ku 

pos. 

JAFFEE D. and SHEWMON P. G., Acta Metali. 12. 
515(1964). 

Au 

Ag 

-4 

JAFFEE D. and SHEWMON P. G.. Acta Metali. 12. 


Tl 

-8 

515(1964). 


♦The tabulated values are defined as per equation (1) in which the concentration term refers to 

the solute. 


Ljj, which are functions of the state variables, 

Jr = -L',„V(p,IT)+L:„V{llT) 

y„ = -L;,v(/4„/r)+L;„ V(i/7) 

and the Onsager reciprocity relation insures 
that L'^ = L'^„. In order to facilitate com¬ 
parison with de Groot[3] (Chap. Vll) and 
with other references, we will rewrite these 
equations in the form 

J, = -L„,TV(pt,,/r) -Z,„„r[yVln r] 

= -L„TV(fi,JT)-L,uV\nT (3) 
Ju = T VipJT) -VIn r] 

= -L„uTV{fiJT)-UuV\nT J[4) 

where TLy = and we take cognizance of 
the fact that the generalized forces still 


remain and ViMT) ^ 

-(I/r)Vln T. 

Defining 



we may rewrite (3) and (4) as 

= - L„,,[ TVipJT) + Q„Vlnr] (6) 
Ju = -L„Q,TV{pJT)-L^,X\nT (7) 

To see the physical significance of Q,., 
multiply (6) by Qi. and subtract the resulting 
equation from (7), obtaining 

Ju — QiJv = ) V In r. 

Hence in an isothermal system 

Ju ~ QvJt ( 8 ) 

so that is the quantity that relates the flux 
of energy to the flux of vacancies in an iso¬ 
thermal situation. 
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Dimensionally is expressible as cal/unit 
of mass and has for this reason been called 
the heat of transport. We will continue to use 
this name which has the force of tradition, but 
we point out that the basic significance of 
Qf is that of a flux of energy produced by 
a unit flux of vacancies in an isothermal 
system, and that any atomistic model for 
Qf, must be based on a mechanism that 
operates in an isothermal system, or at least 
it must be reducible to that basis. 

Equations (6) and (7) are general in that one 
does not inquire into how aV(/t„/7) arises. 
The usual assumption that has been made is 
that the vacancies are in local equilibrium, 
that is, that the local concentration is that 
demanded by 

xim = exp i-hJkT) (9) 

at the local temperature, where x:: is the 
atomic fraction of vacancies at thermal 
equilibrium and h,, is the enthalpy of formation 
of one vacancy. That the assumption of local 
vacancy equilibrium is generally a good one 
is shown by the work of Seidman and 
Balluffi[4] on the efficiency of dislocation 
climb. Making this assumption then, and 
taking the chemical potential of vacancies 
relative to that of the vacancy concentration, 
x”, at thermal equilibrium, i.e. 

M,, = ^71n (x,./x“) (10) 

one finds* that VifivIT) = 0, so that equations 
(6) and (7) become 

A = -T„.,(2,.Vln7 = -^G„ Vln7 (II) 

7„=-L„„Vln7 (12) 

where D,.and c„ are respectively the diffusivity 
and the volume concentration of vacancies. 
Remembering that 7„ = —J, and therefore 


‘Since by hypothesis, Jt„ = x° everywhere, 

(fji,IT) = 4 V In ixjx;) = 4 V In (*;/<) = 0. 

For an alternative proof see Appendix to Chap. XV of 
reference [5], 


Qv = — Qu and that D„c„ = DiCtly, where 1 
represents the pure component and T), is the 
tracer self diffiision coefficient of 1, (y is the 
correlation coefficient) equation (11) becomes 

/. = -^G.Vln7, (13) 

where Q, has the significance given by (see 
equation (8)) 

Ju = QJA^T = 0). (14) 

Comparing equation (13) with equation (2) we 
see that Q, = Q'„. We note in passing that if 
sources and sinks for vacancies are not 
perfectly efficient, V(fi,JT) would acquire a 
nonzero value such that 7„ would be smaller 
than that given by equation (11); consequently 
the calculated |G,| would be smaller than if 
vacancies were everywhere in local equili¬ 
brium. 

We need not have chosen x°(7) as the 
reference state for it is just as reasonable 
to refer the Hr to some constant, temperature- 
independent vacancy concentration, x'. With 
this choice, = kT In (x,,/x^), and V(ixJT) = 
AVInx,.. Under the assumption, as before, 
that the vacancies are everywhere in local 
thermal equilibrium, x,, = x°. 

(p.,,/7) = ^ Vlnx° 

and by equation (9), 

, h,VT h,.„, ^ 

inJT) = -yj- = y vin 7 

Substituting in relations (3) and (4) and 
proceeding as before, we obtain 

4 = -U„,.(e,.+ /i„) Vln7 (15) 
7„ = -(Z.„„eA + f-vJ Vln7 (16) 

where the Ju of equation (16) is different from 
that of equation (12). To see the relation 
between these two energy fluxes, we make use 
of the invariance[3] of the rate of entropy 
production with respect to choice of forces 
and fluxes. Using the superscripts to signify 
the equation, and hence the development 
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to which the quantities refer, we can write the 
rate of entropy production, A as 

Ai• [-vwr)]<“>+A»« • [-^^] 

=4“®' • [-• [~^^] 

Substituting 4'“' = [V(m,./7')]''*' = 

0, and IV(m./ 7')P®’= (/i./7')VlnT. one 
obtains 

/„<*«'= (17) 

or since = 

= (18) 

To see the relation between the heats of 
transport we first rewrite equation (15) in 
the equivalent fashion 

j\=‘~^^{Qi-K)V\x\T (* 9 ) 

and comparing with equation (13) we see that 

2 , 03 ) = ( 2 , 09 . ( 20 ) 

Thus we see by comparing equations that 
whereas relates to /j, Ci*'®’ relates 
+ /j„y,) to J,, all in isothermal systems, 
and since + (equation (20)) 

in the formulation stemming from the choice 
of a constant vacancy concentration as the 
reference state for/a,, both the heat of transport 
g'**’ and the energy flux ya”®’ have corres¬ 
ponding contributions from h„. Such contribu¬ 
tions are absent in both Ci“®’ and 

remains independent of /i„ in both formal¬ 
isms (equation 20). 

It is instructive now to choose another 
generalized force, (—V/r^),., in terms of which 
to express the fluxes: 

J„ ——L^{Vix,c)t I.t>u7' (21) 

yu = —7 .»u(V/x»)t— f-uM VlnT (22) 

in which Ju and the coefficients need not have 
the same values as in the foregoing relations. 
We will again assume local thermal equili¬ 
brium of the vacancy concentration, and use 


equation (10) to express Then 

(^#r»)r=i7'V(lnx„-lnxp =JfcrVlnx„ (23a) 

where V lnx„ corresponds to the actual 
distribution of concentration that obtained in 
the temperature gradient, and since we 
require local thermal equilibrium of vacancies, 

Vlnx,= Vlnx;(r)=^^VT 

= ^V7'. (23b) 

Substituting into equations (21) and (22), and 
defining Q„ = one obtains equations 

identical with equations (15) and (16) and all 
the subsequent relations follow. 

It is also possible to develop a formalism 
on the basis of considering the vacancies as 
a chemical component. This is justifiable 
since, in principle at least, the ratio between 
the vacancies and the atoms can be varied at 
will at any one temperature, for example by 
quenching from a higher temperature in 
circumstances where sources and sinks for 
vacancies are absent or ineffectual. If the 
vacancies are to be considered as independent 
entities, then 


J\ — 0 

(24) 

x,d^,'l-x„d/u,„ = 0 

(25) 


where (25) is the Gibbs-Duhem equation, 
valid in an isothermal system. Because of 
equation (24), and using —V{filT) as the 
generalized force, the phenomenological 
equations are 

y, = -L„T[V(^./r) - V{fiJT)]-Ly,Vln T 

(26) 

y« = -L»,T[ V(a*,/T) - V(m./7’)] -Luu Vln T. 

(27) 

We recall the thermodynamic relation, 
V{^IT)=j{Vfi)r+ {W)[^i^i|T)|^Th (28) 
and we apply it both to component 1 and to the 


■0 
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vacancies. Defining Q, ^ Lia/Lj,, we obtain 

J I = Lit I ~ (^Mii)r~ 

I 

+ (h,-h, + Q,)Vln rj 

Ju^ - L,iQi\-^(VfjL,)r- (V^„)r 

+ (h„-hi)^\n rj-L^^VIn T. 

These equations are quite general and may 
be used for any vacancy concentration gradient 
existing in the specimen; we note that (V/i„)r 
is evaluated at constant temperature for the 
concentration distribution actually existing 
in the specimen under the temperature 
gradient, /i, is the specific, partial enthalpy of 
component I and arises from the term 
d{tiylT)l()T of equation (28). If now we again 
consider that the vacancies in the specimen 
in a temperature gradient are everywhere at 
local thermal equilibrium, and use equation 
(10) to express equations (2.1) apply. Then 
neglecting x,./xi in comparison with unity one 
obtains 

J,=~Lii(Qi-h,)V\nT^-^ 

x{Qi-hi)VlnT (29) 

J,.= (L„Q,h,-L,iJV\nT. (30) 

Comparing equations (13) and (29) one sees 
that 

0,™’= (31) 

and by comparing the expressions for the rate 
of entropy production, 

= (32) 

Thus, both Qi andy* of this formalism have a 
contribution from A,, but it is not necessary 
to know the magnitude of h, since it cancels 
out, for the measurable quantity, Gi,. is 

= (33) 

The fifth and last formalism[5,6] that we 


shall discuss is that using —(Vfi)T as the 
generalized force in the context of vacancies 
as an independent component. The general 
equations are subsequently (as in the fore¬ 
going section) reduced to the case of local 
thermal equilibrium concentration of vac¬ 
ancies. obtaining 

J,=-Li,{Q,-h„)V]nT = -^ 

Kly 

x{Q,-h„)'7\nT (34) 
Ju= (LuQ,h,-L„JV\nT. (35) 

As with equations (15) and (16), 

We may summarize this section as follows: 

= (36) 

The lesson to be drawn from these compari¬ 
sons is that the phenomenological quantity 
which is to be interpreted atomistically is 
Q'„,, a quantity free of equilibrium-thermo- 
dynamic parameters hi and hi,. In particular, 
for the atomistic interpretation of thermo¬ 
migration one need not add h„ to, or subtract 
fi,,from, the measured heat of transport, QJ„. 

(B) Two-component solid solutions 

The same variety of formalisms can be 
applied to systems of two material com¬ 
ponents. To avoid repetition we will only 
outline the procedures and give the results. 

We consider first the interstitial solid solu¬ 
tion in which only the interstitial solute 
diffuses at the temperatures of interest and 
the lattice of host atoms provides a conven¬ 
ient frame of reference for the diffusive flux. 
If 1 represents the mobile component and we 
employ — V(/i,/r) and —(l/r)VlnT as the 
generalized forces, the resulting phenomeno¬ 
logical equations are 
D c 

•/. =--^I(VM.)r+(G.-Ai)Vlnr] (37) 
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~ r] (3g) 

— Luu InJ 

where Q, ^ L^JL^, and equation (28) has 
been used. If the experiment is continued to 
the steady state of = 0, and if the activity 
coefficient is constant in the composition 
range of interest, the above equations become 


'^^drnr = (e>-^') 

(39) 

A(y, = 0) = (^g,*-L„u)vin T. 

(40) 

Comparing equations (39) and (1) we see that 

gm — Ql Zl|. 

(41) 

If on the other hand, the generalized forces 
are taken as —(V/j.,)? and —(l/T)VlnT, the 
corresponding relations for the interstitial 
solute are 

dlnT 

(42) 

/«(i. =0) = (^g.“-L„„)vin T 

(43) 

and 


gm ~ Ql- 

(44) 

The interrelations between the two g, 
the two heat fluxes are 

’s and 


(45) 


(46) 

so that both Q,'™ and (in the V itxJT) 

formalism) have contributions from Zt,. It 


follows that Q„^ is independent of A,, irrespec¬ 
tive of formalism. 

For the case of two mobile components in 
a two-component system, each one moving 
by the vacancy exchange mechanism we shall 
only present the equations developed in a 
particularly general way by Lidiard[61. 
Taking vacancies as a third independent com¬ 
ponent, the generalized forces as (Vju,„)r— 
(where / = 1,2) since J, -l-Jj-t-Jp = 0, 
and using the Gibbs-Duhem equation -h 


XtdfX 2 +— 0, he obtains for the flux with 
respect to the fixed parts of the specimen 
(i.e. where there are negligible concentration 
and temperature gradients) 


J 2 = DVc2 — 


^1^2 

kT 


X 


[P2(Q»-M-P.(gl-/»r)] 



dhvy^N 
d In Cl) 


V\nT 

(47) 


where D = C 2 D 1 + C 1 D 2 and y, is the activity 
coefficient of component 1. This equation was 
derived on the supposition of loc£il thermal 
equilibrium vacancy concentration, and re¬ 
presents exactly the same formalism under¬ 
lying equation (34). It will be noted that (47) 
reduces to (34) when component 2 is the sole 
chemical component. 

At steady state (i.e. J 2 = 0), equation (47) 
becomes 


kT 


Vln C 2 

■vInT 


Ci[PAQt-h,)-D2(Q2-h,)] 


D^l-f 


^InyA 
d Inc,/ 


(48) 


Comparison with equation (1) shows that for 
the case of a substitutional alloy 


-Q. 


Ci[f3i(gi h,.) f?2(g2 k,,)J 


D 



^Inyi N 
d In c,/ 


(49) 


Lidiard[6] has shown that for a substitutional 
alloy dilute in component 2, equation (48) 
reduces to 


-kT 


Vln C 2 

Vlnr 


D 

x(gvz»..) = g„ 


where 


D,"' = D, 



^lnyi '\ 

alnc,/’ 


(50) 


D, and Dj are the tracer diffusion coefficients 
of 1 and 2 respectively, and Q° is the heat of 
transport for the pure solvent species 1. In 
general then, Q„ for a binary substitutional 
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alloy is a complex quantity, but since Q/"* 
contains he (see equation (34) et seq.) one does 
not need to consider /i„ in an atomistic inter¬ 
pretation of Q„. 

All the equations presented in this section 
and relevant to a vacancy exchange mechanism 
have been obtained on the assumption of local 
equilibrium concentration of vacancies. 
Blackburn [7] has considered possible super¬ 
saturations of vacancies produced by tempera¬ 
ture gradients, and these are generally neglig¬ 
ible. It should be remarked that accounting 
for actual vacancy supersaturations would in 
effect correct the observed J,, but would not 
improve the phenomenology as a basis for the 
atomistic description of the heat of transport. 

ATOMISTIC INTERPRETATION OF HEAT OF 
TRANSPORT 

The central problem in thermomigration is 
the formulation of an atomistic model for the 
mechanism underlying the heat of transport. 
This may be done either on the basis of the 
mass flux produced by an impressed tempera¬ 
ture gradient (represented by relations of the 
type of equation (13)), or on the basis of the 
energy flux produced by a flux of mass under 
isothermal conditions (represented by rela¬ 
tions of the type of equation (14)). Indeed, 
one of the virtues of irreversible thermo¬ 
dynamics is that the underlying identity 
between the flnite-fleld effect (e.g. equation 

(13) ) and the zero-field effect (e.g. equation 

(14) ) is clearly evident. It follows that an 
atomistic model that purports to represent 
the mechanism of the finite-field effect must 
also represent that of the zero-field pheno¬ 
menon. In fact it can be asserted that a model 
that is able to represent one process but not 
the other must be incorrect. 

There is a group of models(8-13] that 
explicitly depend upon a temperature gradient 
for their mechanism, the most general of which 
is that of Wirtz[8]. One considers that a por¬ 
tion of the activation energy is utilized at one 
temperature, T,, to shake the jumping atom 
loose from its environing neighbors, another 


portion is used at 7; to move aside the atoms 
situated between the original and the final 
position of the jumping atom, and still another 
portion of the activation energy is utilized at 
Tz to prepare the arrival site. In the case of a 
vacancy mechanism, the last portion is inter¬ 
preted as the energy of vacancy formation, 
he- Depending upon the details of the model, 
one obtains = E, the activation energy for 
migration, or Q„ — E — h^, but in any case 
\Qm\ ^ E. Such models have been criticized 
[5, 14], unjustifiably we believe, on account 
of the difficulty of specifying a difference of 
temperature between two atomic planes. A 
more serious criticism is that experimental 
values of \QJ{ are often larger than E. In 
addition, it appears impossible to infer from 
the Wirtz-type mechanism a flux of energy 
due to an isothermal flux of mass (e.g., 
equation (14)) driven, for example, by a con¬ 
centration gradient. The only feature of the 
Wirtz model that persists in the domain of 
^7 = 0 is the spatially inhomogeneous 
distribution of activation energy. Since 
nothing is said about the decay of this distribu¬ 
tion nothing is specified about the flux of 
energy accompanying the atom jump. Hence 
the Wirtz model does not touch upon the crux 
of the problem of thermomigration as embodied 
in equation (14). For these reasons this 
writer concludes that the Wirtz-type of model 
does not correctly represent the physics of 
thermomigration. 

This writer[15-17] has reasoned from the 
point of view of the isothermal effect (equa¬ 
tion (14)) and has stressed that the kernel of 
the problem is the difference between the 
spatial distribution of the dissipation of E after 
the jump of the atom and the spatial distribu¬ 
tion of E as it collects about the atom prior to 
its jump. The original thinking led to the con¬ 
clusion that \Q„\ « E. Haga[18,6] has also 
reasoned along the same lines and obtained 
0 < Qm ^ E. More recently it has been 
recognized! 1] that there has been a basic 
misconception in considering Qm to signify a 
quantity of energy, as the ratio of to Ji 
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would indicate (equation (14)). Adhering 
closely to the physical meaning given by 
equation (14) to <2i(= Qm), that of heat flux 
per unit mass flux at V T = 0, and recalling 
from equation (36) that Q„ is a quantity free 
of equilibrium-thermodynamic parameters, 
one can utilize transition-state reaction theory 
to develop an expression* for Q„. 

Consider a one-dimensional, isothermal 
crystal in which the diffusive displacement of 
the atom is X. The number of successful 
(i.e. completed) jumps by one vacancy (or 
by one interstitial solute atom) per second will 
be given by (kTlh) exp (—EjkT). If c is the 
number density of vacancies (or of interstitial 
solute atoms), the number of vacancy (or 
interstitial atom) jumps per second per unit 
volume in just one sense will be 

c kT 

(-ElkT). 

Of course in this isothermal system there will 
be an equal number of jumps in the opposite 
sense. Since the displacement per jump is 
Xp(=—Xi) the vacancy flux in one sense will 
be 

A, = AjX,. (53) 

Now, the thermal energy involved per jump 
is E, the activation energy for the change of 
place. Since the jump of the vacancy (or 
interstitial atom) represents an intrinsic 
asymmetry in the process one must expect an 
asymmetry due to the jump between how E is 
gathered in before the jump and how it is 
dissipated into the surrounding lattice after the 
jump. Let kg represent the displacement of 
the fraction, /, of E that is dissipated asym¬ 
metrically. / is a function of the scattering 
cross-section of the jumping entity for the 
energy carriers, and Xg is a function of the 
energy dissipation mechanisms in the environ¬ 
ing lattice. In these terms, INjE is the amount 
of thermal energy per second per unit volume 


*This is a simplification and clarification of the argument 
in reference [1], 


that would be subject to asymmetric dissipa¬ 
tion. Hence, the flux of energy in one sense is 

= Ni/Eke- (54) 

One can now use equations (53) and (54) 
in equation (8) to obtain 

J^kg = QiXi ~ GiXi 

and since kg and Xi are colinear vectors one 
can write 

Q,=^fE. (55) 

Thus, Qi (and hence Qm) can be larger or 
smaller in magnitude than E, and may be a 
positive or a negative quantity depending on 
whether X^ is parallel or antiparallel with X|. 
It may be remarked that there is no change in 
this formalism when going to a three-dimen¬ 
sional system with diffusion in only one 
dimension. 

This kinetic model for the heat of transport 
was developed for the zero-field effect (equa¬ 
tion (14)). That it is also consistent with the 
finite-field phenomenon (equation (13)) can 
be seen with the help of the le Chatelier prin¬ 
ciple. An externally impressed temperature 
gradient will favor a (associated with the 
mass flux) directed towards lower tempera¬ 
tures since a ju in that direction tends to 
moderate the applied generalized force (i.e. 
the grad T). Hence, of the opposite and equal 
j,’s in the isothermal case, the ji that produces 
the directed toward lower temperatures will 
be favored in the presence of grad T. Thus, 
for ji parallel to y'u (positive Qi) the applied 
grad T will favorjj towards the lower tempera¬ 
tures, and fory, antiparallel toju (negative Qj) 
a net mass flux, towards the higher 
temperatures will be produced. This is of 
course in keeping with equation (13). 

Our argument based on the zero-field effect 
has led us to focus on the asymmetric dissipa¬ 
tion of the activation energy for the jump of 
the atom and to relate this to the asymmetry 
inherent in the atomic displacement. Clearly 
what is involved is energy transfer between 
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the dynamic entity called the activated 
complex and the energy carriers of the lattice, 
the phonons and electrons. The moving pho¬ 
non packet, in terms of which the activation 
complex may be regarded, interacts dynamic¬ 
ally with the phonon field of the atomic lattice, 
and in the case of a metal, with the field of 
conduction electrons, producing an asym¬ 
metric phonon flux and an asymmetric elec¬ 
tron (including electron holes) flux. The elec¬ 
tron flux thus produced gives rise to the 
phenomenon of electromigration [19], and 
both the electron flux cuid the phonon flux 
contribute to (see equation (14)) in propor¬ 
tion to the scattering cross-sections for 
electrons and for phonons, respectively, and 
to the electron and phonon mean free paths. 

Because in a metal the primary energy 
carrier is the electron, one would expect that 
the chief mechanism of Q would be electron 
scattering[I], and indeed in simple metals, 
where the only charge carriers are the elec¬ 
trons (i.e. absence of electron holes), a simple 
correlation may be adduced[l] between the 
sign of the electromigration charge of trans¬ 
port and the sign of the heat of transport in 
thermomigration. In general such a correlation 
is not to be expected, however. Because 
collision cross-sections and mean free paths 
in general have finite temperature coefficients 
one would expect 0,„ to be temperature 
dependent; in contrast, the Wirtz-type models 
predict temperature independence. It is 
interesting that whenever sufficiently accurate 
data for have been obtained[l,20,21], a 
large temperature dependence has been 
found. 

In the foregoing we used the le Chatelier 
principle of moderation to show the equiva¬ 
lence at the phenomenological level of the 
interpretation of Q„ from the zero-field effect 
and from the finite-field effect. Similarly, at 
the mechanistic level of collision cross-sec¬ 
tions we can utilize Newton’s Third Law to 
demonstrate that equivalence. The mechanism 
that we have proposed, based on equation (14), 
is that the moving activated complex transfers 


momentum and energy to the phonon and 
electron fields, but since action equals reac¬ 
tion, it is equally valid to consider that elec¬ 
trons and phonons moving in response to an 
applied temperature gradient can transfer 
momentum and energy to the activated com¬ 
plex, thereby biasing the otherwise random 
atomic jumps to produce a net mass flux. This 
is in fact the point of view taken by Fiks with 
respect to phonons [22], and subsequently 
with respect to electrons [23]. Fiks, as well 
as Gerl[14], has made quantitative estimates 
of the contribution to the heat of transport 
arising from the momentum transfer between 
moving conduction electrons and the jumping 
atom. Huntington and Grone[24] and Bos- 
vieux and Friedel[25] have attempted similar 
calculations for the closely allied problem of 
electromigration. 

These calculations are very difficult to do 
accurately since what is required is the 
scattering cross-section, and its variation 
with electron energy, of the activated com¬ 
plex for electrons and for electron holes. This 
requires a knowledge of the electron screen¬ 
ing of the jumping atom as the environing 
atoms change their positions. In addition, it is 
not enough to consider the exchange of 
momentum between the phonon and electron 
fields and the jumping atom itself, but the 
entire disturbed region as a whole must be 
considered. In particular, for Q, < 0, so that 
at V T = 0, J, and are antiparallel, the only 
way to understand how energy can be moved 
backwards relative to the displacement of the 
jumping atom is to consider that the sphincter 
atoms (i.e. those most impeding passage of the 
jumping atom) themselves have a backward 
component of motion, thereby imparting 
momentum and energy to the phonon and 
electron fields in the sense opposite to that of 
the jumping atom. The problem of momentum 
transfer between a phonon current and a jump¬ 
ing vacancy in a linear chain of atoms, has 
been treated by Schottky[26], and for three- 
dimensional lattices by Gerl[14]. The same 
difficulties arise here as discussed above. 
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In a bar of metal having only electrons as 
charge carriers and supporting a temperature 
gradient, there exist two countercurrent 
fluxes of electrons. The more energetic 
electrons carry energy from the higher- to the 
lower-temperature end of the bar, and the 
zero net electrical current is accomplished by 
an equal flux of ‘cold’ electrons toward the 
hotter end of the specimen. Hence, any con¬ 
tribution from the electron-phonon interaction 
to the heat of transport must, in such one-band 
metals, be due only to the variation of elec¬ 
tron-phonon scattering cross-section with 
electron energy. However a metal that has 
both electrons and electron holes as charge 
carriers can satisfy the requirement of zero 
net electrical current by co-directional fluxes 
of electrons and holes towards the lower- 
temperature part of the specimen. Hence as 
Huntington[27] has suggested, one would 
expect in such a metal a larger Q^, since the 
electron and the electron hole interactions 
with the activation complex both would 
have the same sense. It is perhaps for this 
reason that there appears the trend, noted 
earlier, for larger heats of transport in the 
transition metals. 

SUMMARY AND CONCLUDING REMARKS 

By comparing the results of carrying out the 
formalism of irreversible thermodynamics we 
have shown that the experimentally observable 
quantities always lead to a heat of transport, 

that has no contribution from equilibrium- 
thermodynamic quantities /i„ or hi. The basic 
reason for this is that both the phenomeno¬ 
logically defined and Qi have the same 
contributions from such quantities. The Q„ is 
to be interpreted completely kinetically as the 
flux of energy produced in an isothermal 
system by a unit flux of mass. Because of this 
the Wirtz-type of model is rejected as not at 
all representing the basic mechanism of 
thermomigration. 

Based upon the physical significance of 
Q„ in an isothermal system, a qualitative 
model is developed for the asymmetric 
dissipation of the activation energy of the 


atomic jump; energy dissipation via both elec¬ 
trons and phonons is stressed and the close 
connection is pointed out between thermo¬ 
migration and electromigration in metals. 
This model is shown to be equivalent to that 
independently developed by Fiks for the non- 
isothermal situation. The quantitative evalua¬ 
tion of these models will necessarily b‘c very 
difficult. 
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OPTICAL TRANSMISSION IN SINGLE CRYSTAL 
SILICON DISELENIDE* 
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Department of Electrical Engineering, Northwestern University, Evanston, 111. 60201, U.S.A. 
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Abstract—Single crystal filament type samples of silicon diselenide, SiSe^, have been prepared by 
vapor deposition. The crystal system is body-centered orthorhombic belonging to the C42 structure 
type. Optic^ absorption measurements over the wavelength range 0-45 to 2^2 p. were made with the 
incident radiation polarized ^th parallel and perpendicular to the crystallographic c axis, the direction 
of length in the growth habit of the single crystals. Analysis of the absorption curves indicates the 
material to be an indirect band gap semiconductor with £, « l-T^ + O-OSeV. Semiconductor behavior 
has been predicted for materials belonging to the C42 structure type. 


INTRODUCTION 

In a recent report from this laboratory some 
optical properties of silicon ditelluride were 
discussed [1]. Similar measurements have 
been completed for silicon diselenide, SiScj, 
and are presented in this paper. Silicon 
diselenide was first synthesized by Sabatier 
[2], Weiss and Weiss[3] prepared crystalline 
material and determined the crystal structure 
to be body-centered orthorhombic. The 
structure is isotypic with that of silicon 
disulfide, the prototype for the C42 class of 
structure types. The compounds SiSa, SiSe 2 , 
and one form of SiOj are the only known 
members of the C42 class. A general summary 
of this structure type is given by Parthe[4]. 

In a survey of materials Mooser and 
Pearson [5] predicted semiconductor behavior 
for a number of crystalline solids including 
SiSj. This conclusion is based principally 
upon identifying in the various structure types 
the presence of predominantly covalent bonds. 
In the case of the SiSz structure they noted 
the tetrahedral coordination of the silicon 
atoms in conjunction with the two-coordinated 


•This research was supported in part by the Advanced 
Research Projects Agency of the Department of Defense 
through the Northwestern University Materials Research 
Center. 

^Present address: Bell Telephone Laboratories Inc., 
Naperville, Illinois, U.S.A. 


sulfur atoms. Since SiSe .2 is isotypic to SiSj, 
their prediction should extend to the diselen¬ 
ide as well. In view of this prediction and the 
fact that physical properties other than crystal 
structure have not been reported for any of 
the three C42 type materials it seemed 
desirable to extend the silicon chalcogenide 
work to the Si-Se system. The choice of the 
selenide for this investigation was due to the 
fact that better quality single crystal material 
could be prepared of SiSe 2 than for either the 
oxide or sulfide. 

CRySTAL PREPARATION AND GROWTH 
ORIENTATION 

Polycrystalline ingots of SiScj were ob¬ 
tained by direct synthesis of stoichiometric 
proportions of the elements* in quartz tubes 
evacuated to 10~^ Torr. Synthesis tubes were 
placed in a furnace that was maintained at a 
temperature of 1000°C for periods of 4-7 
days. Variation in cooling rates had no 
appreciable effect on the homogeneity of the 
ingot. Single crystal sections large enough for 
physical measurements could not be obtained 
from the ingots. The most successful method 
employed to obtain single crystal material was 


•Silicon was obtained from the A. D. MacKay Co., 
purity; S-nines; selenium from the American Smelting 
and Refining Co., purity: S-nines. 
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vapor transport of ingot material in evacuated 
tubes using iodine as the transporting agent. 
Optimum results were obtained in a two stage 
oven with the high temperature zone at 810®C 
and the low temperature zone at 730°C. 
Single crystal growth on the tube walls is in 
the form of dark red rods 1 to 15 cm long, 
typical cross section dimensions; I by 01 mm. 
Larger crystals were found to be generally 
inhomogeneous. The crystals tend to split 
along the length of the rods but show no 
identifiable pattern of geometrical cleavage. 

As long as the crystals are stored in vacuum 
of 10~^ Torr. or better no appreciable amount 
of chemical decomposition takes place. 
Freshly prepared material, when exposed to 
laboratory atmosphere, reacts in a matter of 
minutes with water vapor in the air causing 
the surface to decompose and form a region 
composed of selenium and silicon oxide. The 
decomposed surface forms a semi-protective 
shield which tends to retard the rate of 
decomposition of the inner volume of the 
crystals. Most measurements were made with 
freshly prepared material in vacuum or 
immersed in carbon tetrachloride. Evidence of 
decomposition with crystals immersed in CCIj 
could not be found for periods of time less 
than 2 weeks. From chemical analysis of 
crystals stored in CCI, the iodine content 
was found to be 0-18 per cent. As a result of 
the chemical instability of the material, it 
was not possible by using a radioactive 
iodine tracer method to accurately determine 
whether the majority of this rather high level 
of iodine content was contained primarily in 
the surface layers and not the interior of the 
crystals. Since iodine is readily soluble in 
CCl 4 , any residual iodine vapor that condensed 
on the crystal surface during the growth 
tube cooling period has already been dissolved. 
An analysis for silicon content showed a 
deficiency of only 0 04 per cent from stoi¬ 
chiometric composition. 

To confirm the crystal structure assign¬ 
ment, Debye-Scherer photographs were 
prepared. Weiss and Weiss [3] reported the 


crystal system to be body-centered ortho¬ 
rhombic with lattice values a = 6-03, b = 9-76 
and c = 5-76 A; the space group is — Ibam. 
Each unit cell contains 4 molecules of SiSe 2 . 
To the extent of the crystal structure infor¬ 
mation presented by Weiss and Weiss[3,6], 
agreement with their work was obtained in the 
present investigation. Also a general corres¬ 
pondence was obtained with the more com¬ 
plete structure details reported for SiS2[7] 
and SiOjIb]. In all X-ray powder photographs 
the presence of selenium could be identified, 
indicating various degrees of decomposition 
in the powder samples. After a 2ihr X-ray 
exposure the amount of elemental selenium 
found in the SiSe^ powder samples varied from 
1 to 5 per cent. A measured density of 
3-63 ± 0 03 gm/cm^ was found for single 
crystal material which is in good agreement 
with the calculated value of 3-64 gm/cm^ using 
the lattice values given by Weiss and Weiss [3]. 

From an analysis of Laue photographs the 
growth orientation of the single crystals was 
determined. Figure I shows the typical 
growth orientation with respect to the 
principal crystallographic directions. The 
direction of length in the rods is along the c 
axis. The major parallel surfaces of the rods 
were found to be (110) type planes; thus the 
direction of the width of the rods is along a 
1110] direction. The location of the atoms 
with respect to the lattice is in a fibrous type 
arrangement along the direction of the c axis. 
The silicon-selenium bonding can be sym¬ 
bolically represented by the following 
pattern: 

Se Se Se 

\ / \ / \ / \ 

• Si Si Si ->• c 

/ \ / \ / \ / 

Se Se Se 

This is essentially a one-dimensional chain 
with the minimum interatomic Si-Se distance 
being 2-23 A. Such a scheme was proposed by 
Zintl and Loosen [7] in their structure analysis 
of SiS. 2 . Three-dimensional representations of 
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Fig. I. Single crystal growth orientation with respect to principal 
crystallographic directions. 


the C42 structure type are available in the 
literature [4,71- 

OPTICAL ABSORPTION 

The santple-in sample-out technique was 
employed to obtain the percent transmission 
through single crystal material. A brief 
description with spectral resolution values for 
the optical system employed has been given in 
previous papers from this laboratory (See 
e.g. reference [1]). Samples were placed over 
precision apertures and the entire sample 
holder immersed in GC-spectrophotometric 
grade CCl^. The reference aperture was also 
positioned in the light beam while immersed in 
CCI4. The carbon tetrachloride environment 
was found necessary for reproducible trans¬ 
mission measurements. The effect of chemical 
decomposition was readily observed in trans¬ 
mission data for samples mounted in inert 
gases or vacuum due primarily in the latter 
case to the time delay in positioning the sample 
on the aperture plate and evacuating the 
transmission chamber. Without any protective 
care as the selenium layer increases in the 
deteriorating surface, the optical transmission 
through crystals on the long wavelength side 
of the absorption edge at I-O/i was found 
after a three hour exposure to laboratory 
atmosphere to be only 1/4 to 1/12 of the 


transmission through crystals of comparable 
thickness in a CCU environment. With aper¬ 
ture plates to be immersed in CCI 4 for the 
actual transmission measurements, sample 
handling and mounting operations could be 
performed with the crystals immersed im¬ 
mediately after a growth tube was opened. 
Throughout the spectral range of interest CCI 4 
has no major absorption bands. 

The incident radiation was normal to the 
( 110 ) type planes of the crystal, polarized 
either parallel or perpendicular to the cry¬ 
stallographic c axis. Absorption coefficients 
were calculated using the numerical tables 
prepared by Kahan[8,9] for the analysis of 
optical transmission measurements in semi¬ 
conductor materials. Figure 2 shows the 
absorption coefficient versus wavelength over 
the wavelength range of 0-45 to 2 2 (i. These 
curves represent data from a number of 
samples over a range in thickness of 75-400 /j. 
In the vicinity of the absorption edge the 
curves are clearly separated at all wave¬ 
lengths except at the onset of the edge in the 
neighborhood of \ = 0-64 n where as shown in 
the insert section of Fig. 2 the separation is 
of the same order of magnitude as the spectral 
resolution of the optical system. The general 
growth habit of the single crystals was 
unfavorable for absorption measurements to 
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F-'ig. 2. Absorption coefficient vs. wavelength at ,300*K for 
the incident radiation polarized both parallel and per¬ 
pendicular to the ( axis. The insert figure expands the 
scale in the vicinity of the onset of the absorption edge; a 
few representative data points are shown for comparison. 

be made For the incident radiation directed 
along either of the other two principal cry¬ 
stallographic axes. As the temperature of the 
crystal is decreased to 77°K the absorption 
edge shifts toward shorter wavelengths, and 
toward longer wavelengths as the tempera¬ 
ture increases above 300°K. If a crystal 
growth tube is removed from the furnace at 
730-750°C and immediately examined in 
white light, the crystalline shapes are a 
transparent yellow in color. As the tube cools 
below approximately 7(X)°C, there is an abrupt 
change to an opaque gray metallic appearance 
which indicates a possible major phase 
change taking place in the structure. Weiss 
and Weiss [10] reported the formation of a 
yellow vitreous form of SiSe.^ above 1060°C 
which upon slow cooling devitrified and the 
crystalline structure reformed. 

Although transmission data were repro¬ 
ducible to better than ± 1 per cent, surface 


decomposition and other surface irregularities 
made it impossible to extract refractive index 
values from direct reflectivity measurements 
especially since reliable reflectivity values 
could not be obtained with the sample surfaces 
immersed in CCI 4 . 

The average dark resistivity of the single 
crystal material at 300°K is 2xl0’ft-cm, 
about two orders of magnitude greater than 
that of intrinsic silicon. A small decrease in 
resistivity (about 13 per cent) was observed 
with the samples illuminated by white light. 
It was not satisfactorily determined whether 
this effect is a result of surface decomposition 
or bulk SiSea behavior. 

DISCUSSION 

The absorption curves of Fig. 2 were 
examined for evidence of any indirect type 
tiansitions. For such transitions the absorp¬ 
tion coefficient, a, should vary as {hv — Eg 
± Ep)’"lhv where m is 2 for allowed and 3 for 
forbidden transitions: Eg is the minimum 
forbidden energy gap and E„ is the energy for 
the phonon being absorbed (-I-) or emitted (—) 
in the transition [11]. The best agreement 
was found for both curves with the energy 
dependence for allowed indirect transitions. 
A slightly better fit is obtained for the E {| c 
curve. Neither curve shows any agreement 
with the energy dependence for an indirect 
forbidden type transition. Figure 3 shows the 
extrapolated value for the indirect energy gap. 
For E II to the c axis Eg s 1 -72 eV; for E || to 
to the (110) type planes, i.e. (E 1 c), E„ =s 
l•74eV. Thus to within experimental error 
the indirect energy gap is essentially the same 
for both curves: E„ ^ l-73±0-05eV. Since 
transmission data were obtained only in the 
low absorption region, it was not possible 
to attempt to identify the presence of other 
types of absorption mechanisms. Neither 
curve follows an exponential dependence on 
wavelength or energy. 

In view of the results of primarily the opti¬ 
cal absorption measurements silicon diselen- 
ide should be classified as a semiconductor 
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Fig. 3. (ahp)''* vs. photon energy extrapolated to the 
threshold energy for indirect phonon assisted transitions. 

which appears to be of the indirect band gap 
type. Thus the Mooser and Pearson[5] 
prediction of semiconductor behavior for the 
SiSa type structure has been verified for the 
isotypic SiScj. The chemical instability in 


ordinary laboratory atmosphere of materials 
belonging to this crystal class has prevented 
reliable measurements to be made for pro¬ 
perties other than optical transmission. 
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Abstract—The alignment of domains in ferromagnets has produced changes in the observed Moss- 
bauer spectral area. The variation in the spectral area with the externally applied magnetic field 
exhibits close similarity to the corresponding magnetization curves. The results reflect the relative 
phase quantities in ferromagnets. 


1. INTRODUCTION 

The VIossbauer effect has been used for 
quantitative studies of multiphase properties 
of iron, iron compounds and alloys [1,2], 
Difficulties have been found in the analysis 
of the relative quantities of precipitated ferro¬ 
magnetic phases particularly in cold worked 
samples and thin films. The discrepancies in 
the results could be corrected mainly by 
applying the correct polarization relations 
between the total spectral area of the ferro¬ 
magnetic phase and the effective absorber 
thickness for non-magnetized and magnetized 
samples. The relation between the spectral 
area and the opacity of a ferromagnet to a 
recoiless incident radiation has been dis¬ 
cussed by Nussbaum and Housley[3] and 
Hanna [4], The consequences of the changes 
in the spectral area caused by the magnetic 
polarization of the sample are discussed in 
this note. 

2. EXPERIMENT AND RESULTS 
Mdssbauer studies reported here have been 
carried out on various metallic irons and 


*Preseni address: Department of Physics, University 
of! oronto, Toronto, Canada. 

tOn leave from Technion, Israel Institute of Tech¬ 
nology, Haifa, Israel. 


iron compounds when weak magnetic fields 
(up to 3000 G) were applied. Constant 
AI.NICO magnets were used. 

The Mossbauer spectrometer was of a 
constant velocity type: the constant velocity 
drive had in this case the advantage of a more 
careful evaluation of the spectral background, 
by counting relatively high (constant) velo¬ 
cities. The source used throughout was a 
single-line source of Co®^ diffused into a 0-5 ml 
copper foil. 

Special precautions were taken to insure 
that the photomultiplier and the transducer 
were not affected by the applied magnetic 
field. Also, the total number of counts per 
channel and the percentage of counts due to 
resonant 14-4 keV gammas were known and 
preserved to within 2 per cent from spectrum 
to spectrum. The source was shielded to 
prevent fringing fields at the source (this 
field was found to be less than 10 G for a 
3000 G field at the absorber). The ambient 
temperature was kept (19 ± 0-1 )°C. 

The total spectral area determined by the 
absorption lines was computed, considering 
background and broadening corrections and 
percentage of 14-4 keV in each case, n, the 
number of resonant nuclei per square cm was 
determined by weight and composition. 
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Values for cro, the on-resonance cross-section 
of Fe" (2-32xl0-‘*cni*) and/„(the Moss- 
bauer fraction of the absorber) at room tem¬ 
perature were obtained from the literature 
(the change in the spectral area does not 
require the accurate value of cro and/„). 

When a paramagnetic material, such as 310 
stainless steel foil, or an antiferromagnet, 
like a-Fe 203 , was used as the absorber, no 
changes in the Mossbauer spectrum were 
observed when a weak external magnetic 
held was applied. There were no polarization 
effects (such as changes in the relative in¬ 
tensity of the absorption lines or changes in 


the total spectral intensity). The precautions 
were applied to verify in each case the de¬ 
crease in the spectral area. When ferro¬ 
magnetic materials were used as absorbers, 
some very marked results were obtained. 
When an enriched iron foil (1-9 mg of Fe-57 
per cm*) was subjected to a magnetic field at 
right angle to the beam of the detected gamma 
rays, the spectra obtained (Figs. 1 (a-c) clearly 
illustrated that besides the (usual) change in 
the relative intensities [5] and reduced h.f.s. 
the total spectral area decreased with the in¬ 
crease of the intensity of the applied magnetic 
field. The net decrease in the total area was 



Fig. I. (a) Enriched Fe-S7 sample with no applied external magnetic held, 
(b) Same sample with an external transverse field of 3500 G. 91 per cent 
14-4 keV obtained for both spectra. 1 channel 0-00248mm/sec. 
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CHANNEL NUMBER 

Fig. l.(c) The change in the spectrum of Armco steel under an external 
magnetic held (1 channel = 0’024Bmm/sec). 

found to reach a saturation value of about area measurements). 

20 percent in the region of 2000 G (Fig. 2) An investigation of the magnetization curve 
and to remain constant at this value up to the for this sample under these field conditions 
highest field value (3500 G) used through showed that the magnetization also reached 
these experiments. The decrease in the saturation in the region of 2000 G (in general, 
spectral area was followed by a broadening the variation in the values of A/4/y4—the 
of all six components (taken care of for the fractional change in the total spectral area— 
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Fig. 2. The relative decrease (t^AlA) of the spectral area with externally applied 
transverse magnetic field (H) for an enriched (92-8 per cent Fe-57) foil, t = 36-8. 



f 

I 
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obtained at the same values of agreed 
with the expected variation in the relative 
magnetization MIM, for the different sub¬ 
stances at the particular value of Hni, that 
is. the smaller the quantity MIM,. the smaller 
was the observed ^/A for a given effective 
thickness. 

This effect was also observed during recent 
work on ‘thin’ CuFe alloys[6] where the 
Mossbauer spectrum consisted of both para¬ 
magnetic and ferromagnetic phases. The 
absorber thickness giving rise to the ferro¬ 
magnetic component was 0-2 mg of Fe-57 
per cm’*. The application of a transverse 
magnetic field resulted in a decrease of 

13 percent in the spectral area of the ferro¬ 
magnetic component but no change what¬ 
soever occurred in the paramagnetic com¬ 
ponent of the spectrum. 

3. DISCUSSION 

The non-polarized incident radiation in the 
absence of an external field at the absorber 
is resonantly scattered equally in all directions 
on the absorber plane; the directions of the 
domain fields in this case are randomly dis¬ 
tributed and the on-resonance spectral area 


is thickness dependent. (The dependence of 
the relative intensities of the transition on 
the direction of the domain field has been dis¬ 
cussed elsewhere [7]). The relation between 
the total spectral area. A. and the effective 
absorber thickness, t. for this case is given 
by (41 

/ o-e'''''*'')d£' (1) 

0 

where t — n = number of resonant 

nuclei per cm^ of absorber cro-on resonance 
cross-section. /„ and /, are the Mossbauer 
fractions for the absorber and source, respec¬ 
tively. ^{E) is used here to denote the sum 
over six lines in such a way that the total 
cross-section. (r(£). will be represented by: 

(t(£) = = i qcKiiE^Ei) (1 a) 

i’l 

where x,(£',£■,) = r„V4(£’-£'()’*-i-Fn’*. x(E.Ei) 
is the line shape, E, the energy of the /-th 
transition, qi are the normalized ratios of 
the six absorption lines of the iron, given by: 
1/4: 1/6: 1/12: 1/12: 1/6: 1/4; r„ the natural 
line width of the transition in the absorber. 
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When a transverse 7/ext applied (in a 
direction lying in the absorber plane) the 
domain fields become polarized in the direc¬ 
tion of the field (the field at the Fe-57 nuclei 
is opposite to the In this case, at most 
hay of the incident radiation can be absorbed 
on-resonance, the transmitted part will be 
linearly polarized and not absorbed reson¬ 
antly. (Experiments with two magnetized iron 
foils show that the transmitted intensity 
decreases when the two magnetization axes 
tend to be perpendicular). The expected 
decrease in the spectral area is compensated 
by the increase of the effective thickness 
in the direction of //ext- For thm absorbers, 
where Ait) is practically linear, no net de¬ 
crease in the area is expected. For thicker 
absorbers the compensation is not complete 
(due to saturation effects) and a net decrease 
in the total spectral area is observed. 

When the domain fields are aligned by an 
external field, the qi's are given (3,4,7] by 
two normalized parts = ± 1) which are 

in the ratio and = 0). in 

the ratio 0:i:0;0:i:0. In this case, the total 
spectral area will be 


-k (2) 

0 


where 

5:''(£) = i <7k,(£.F,); 



2MF) 


2 II- 

1=1 1=1 



A computer was used to calculate Ait) and 
A'(t) for various thicknesses t for Lorentzian 
lines, the results are shown in Fig. 3. The 
expected difference in the spectral area can 
be obtained, for the absorber of a thickness 
t. from this curve. 

The difference in the spectral area obtained 
for the absorber of a thickness t with random 
magnetic orientation and the area for an 
absorber with transverse orientation becomes 
significant for higher thicknesses when equa¬ 


tions (1) and (2) begin to diverge. 

The line broadening observed in a polarized 
sample is a straightforward result [8] of the 
increase of the effective thickness in the 
direction of //gxi- If = RitUTafa is the effective 
thickness for the f-th transition in a random 
oriented sample, r/ = qttiaofa is the thickness 
in the presence of a transversal //exi, then 
ti « I, t; i, h oc i, Ij « i, h it; ^3 * i efc. 
The effective thickness for each transition in¬ 
creases, resulting in line broadening of all 



lor.t. 

Fig. 3. The dependence of the total spectral area on the 
effective absorber thickness t. for the case of random 
orientation (equation (I)) of the magnetic domains, and 
for alignment by a transverse magnetic field (equation (2)). 

the transitions. The line broadening is apparent 
in thick absorbers; sample No. 1 (Table 1, 
Fig. la) shows an increase of —10 per cent 
in the line width of lines 1, 6, ~20 per cent 
in lines 2. 5. Sample No. 2 shows ~8 and 
- 15 per cent in lines 1, 6 and 2, 5, respec¬ 
tively. The broadening in lines 3, 4, was 
within the experimental error. 

As can be seen from Table 1. the effect 
of opacity on the total spectral area can be 
considerable even for relatively thin ab¬ 
sorbers. This is a fact which is often not fully 
appreciated in works dealing with measure¬ 
ments of either the total spectral area or of 
the relative areas and line shapes of individual 
lines in the spectrum. Even when unmag¬ 
netized samples are concerned, ferromagnetic 
foils often exhibit partial domain polarization 
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Table 1. Changes in the total spectral area of 
nuclei in ferromagnetic absorbers due to application 
of an external magnetic field (3500 G) 

^AIA{%) 

Sample mg/cm* t measured calculated 

ofFe-" (Fig. 3) 


1. Iron foil 
(enriched) 

1-90 

368 

20±2 

21 

2. Armco iron foil 
(natural) 

0-38 

7-3 

15 

17 

3, Cu-Fe alloy 
(foil) 

0-20 

3-8 

13 

10 

4. Fe30< 

(powder) 

014 

2-6 

9 

8 



Cu-Fe alloy (f = 3-8). 
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in the plane of the foil as a consequence of 
a cold working. These treatments result not 
only in that the iron lines are not only in the 
random ratios 3:2; 1; 1:2:3, but also the 
total spectral area may be considerably differ¬ 
ent than for the pure random case. The 
chemical analysis of the roiled Cu-Fe alloy, 
for instance, (Fig. 4) show higher relative 
amounts of iron content than the figures ob¬ 
tained by relative area measurements: the 
ratio of the lines in the ferromagnetic phase, 
however, is not 3:2:1:1; 2:3 and a partial 
polarization is obviously observed. A better 
fit was obtained by using the area corrections 
(Fig. 3). 
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Abstract-Three Born-von Ktirman lattice dynamical models obtained from neutron measurements 
and elastic constant measurements on Ni have been considered chiefly to calculate the Debye- 
Waller factor Debye temperature, 6"(T). The results are compared with X-ray experimental data in 
the region I00°K =s 7"« 520‘’K. Also considered are the dispersion curves, the moments of the fre¬ 
quency spectrum and the dependence of these moments upon the temperature. It is seen that for ^(T = 
296°K), the models based on the neutron data yield 403° and 406°K, the model based on the elastic 
constant data yields 423°iC, and the X-ray experimental value is 410°K.. It appears that at high tempera¬ 
tures the temperature dependence of determined using the model based on the elastic constant 
data agrees closely with experiment whereas the temperature dependence of e"(7') determined from 
thermal expansion effects alone is too small by a factor of two. However, due to experimental scatter, 
it is possible that only volume expansion effects are important in determining the temperature de¬ 
pendence of at high temperatures. 


1. INTRODUCTION 

The Debye-Waller factor Debye tempera¬ 
ture, 6‘''{ T), for Ni, has been determined[ I ] by 
X-ray relative intensity measurements in the 
region 100°K « 7 « Wilson[l] inter¬ 

preted the data with the use of a continuum 
model based on the measured elastic constants 
[2]. In this paper[3] results of calculations of 
d^(,T) for Ni based on simple Born-von 
Karman lattice dynamical models are pre¬ 
sented and the comparison between theory 
and experiment is shown. Several studies of 
0‘’'(T), based on the use of force models or 
on analyses of thermodynamic data have 
appeared in the literature for other substances 
[4,5J. We used a fourth nearest neighbor 
Begbie-Bom model, a fifth nearest neighbor 
axially symmetrical model, and a first nearest 
neighbor Begbie-Born model. The force 
constants of the latter model were deter¬ 
mined from available elastic constant data[2] 
in the usual way [6-8]. Hopefully, anharmonic 

’This work was supported in part by the National Aero¬ 
nautics and Space Administration through the Rensselaer 
Polytechnic Institute Interdisciplinary Materials Research 
Center, and the Army Research Office (Durham). 


or electron-phonon interaction effects in the 
Debye-Waller factor are accounted for in an 
approximate way by the inclusion of the 
temperature dependences of the elastic 
constants and equilibrium volume [9] in 
determining the harmonic force constants. 
It should also be pointed out that the elastic 
constant measurements were performed in 
the presence of a magnetic field. The force 
constants given by Birgeneau et o/. [10] were 
used for the remaining models, which are 
based on the neutron data of Birgeneau et al. 
at r = 2%‘’K[10]. Birgeneau et al. presented 
results of calculations of the frequency spec¬ 
trum, the specific heat Debye temperature 
and several moments of the frequency 
spectrum for the fourth neighbor model. 

A recent calculation[11], on the basis of 
the Birgeneau et al. fourth neighbor model, 
of the Debye-Waller factor for nickel at 
T = 300°K has been brought to the author’s 
attention by the referee. In their calculation 
Barron and Smith use 1000 phonons in the 
Briliouin zone and an integration over 
1/1000th of the Briliouin zone with an 
approximation for the long wavelength modes. 
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In addition, Gleiss[12] has calculated the 
Mdssabuer fraction for nickel at temperatures 
less than 200°K. Most of Gieiss’s calculations 
are based on the moments of the frequency 
spectrum with the use of high and low tempera¬ 
ture expansions. He used moments for the 
Birgeneau ef al. fourth nearest neighbor 
model and moments which he obtained from 
an analysis of the thermodynamic data. Gleiss 
also considered a second nearest neighbor 
model based on elastic constant data and he 
compared his results with Mossbauer measure¬ 
ments [13]. We believe that our calculations 
constitute a significant improvement over 
previous work on the Debye-Waller factor for 
nickel because our method of calculation (to 
be discussed) appears to be more exact than 
the methods used by Barron and Smith and 
by Gleiss, and because our calculations 
involve a few models, including the Birgeneau 
et al. fifth neighbor model (not considered 
in previous studies) and a wide range of 
temperatures. 

In the harmonic or quasi-harmonic approxi¬ 
mation H-'HT) for a cubic monatomic crystal 
is given by 

ev„(a),r) . 1 f x'dx' 1 (i) 

^ kTx[4 JC^J„e-'-lJ 

where x = 6*UT and where evih(a>, T) is the 
contribution to the vibrational energy of the 
mode of frequency w and of wave vector and 
polarization index and j, respectively. 
Although the left hand side of (1) can be 
evaluated with the use of a calculated fre¬ 
quency distribution [14], the normal mode 
sums discussed in this paper were performed 
directly over a cubic grid of 2992 points in 
the irreducible element of the Brillouin zone. 

In order to make further comparison among 
the various models, the dispersion curves 
and the moments of the frequency distribu¬ 
tion at r = 296°K were also considered. The 
moments of the frequency distribution are 
expressed in terms of an effective Debye 
frequency [15] or, equivalently, an effective 


Debye temperature, 

ec(«)=f{H« + 3)<a.»>}>'" (2) 

where (to") is the n’th moment of the fre¬ 
quency distribution and where the limit of 
the right hand side of (2) is taken for n = — 3 
and for n = 0. We note that for values of n 
of -3, 2, -1, -2, and 0, Oo^n) = ej, 
^ 00 *'. and respectively. The super¬ 
scripts c and s denote specific heat and entropy, 
respectively, and the subscripts refer to 
limiting temperatures. 

2. RESULTS 

The dispersion curves for the symmetry 
directions are shown in Fig. 1 for the first 
neighbor Begbie-Born model. The elastic 
constants at T = 3()0°K were used. The small 
disagreement between theory and experi¬ 
ment in the long wavelength region represents 
a discrepancy between elastic constant 
measurements and neutron measurements 
which has been noted previously [10, 16] and 
which is of theoretical interest [16]. Results 
for the Birgeneau et al. models, which were 
fitted to the experimental data points to within 
about 2 per cent, are not shown in the figure. 

In Fig. 2 the comparison between the Barron 
Plots, i.e. do(n) vs. n, is shown for the three 
models considered in this paper at room 
temperature. The values of ^d(~ 3) were 
obtained with the use of de Launay’s tables.* 
The calculations were performed at intervals 
of n of 0-5 and 1 depending on the range of n. 
The deviations of the values of 0/)(— 2-5) from 
the respective ffoin) curves are believed to be 
due to the crudeness of the grid size for 
calculating ffo(n) near n — — 3. The estimated 
errors in &p{n 2= —z) and @"(7), due to the 
grid size, are less than 2°K. 

The calculated values of for the 

fourth and first neighbor models are com¬ 
pared with experiment in Fig. 3. The minimum 
temperature interval for which the calculations 

*We agree with the elastic constant value of Alers et al. 
of So' = 476°K'given in their Bull. Am. Phys. Soc. paper. 
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Fig. I. Dispersion curves for Ni at T = 296“K. L and T refer to the longitudinal and transverse 
branches. The circles correspond to the neutron measurements of Birgeneau et al. (reference [10]), the 
solid lines correspond to the Begbie-Born first nearest neighbor model and the dashed vertical line 
corresponds to the Brillouin zone boundary. 


were performed was 20‘’K and was in the 
region 0 T « lOO^K. The effect of thermal 
expansion on d^(T), as shown in the figure, 
was obtained with the use of the approximate 
relation [18]. 

AV (3) 

where y is the Gruneisen parameter and 
where Aff" and AK are the shifts in the Debye- 
Waller factor Debye temperature and equili¬ 
brium volume from their values at T = 2%°K. 
It was assumed that y = 2 at all temperatures 
and the thermal expansion data of Nix and 
McNair [9] for ^VjV was used. U should also 
be noted that the ^(7) curve for the fifth 
neighbor model lies less than 1 per cent above 
the d*‘{T) curve for the fourth neighbor 
model. 

3. DISCUSSION 

Three Born-von K^rmSn force models for 
nickel have been considered chiefly to cal¬ 
culate the effective Debye-Waller 


factor Debye temperature, and the results 
have been compared with experiment. Two 
of these models were proposed by Birgeneau 
et al. on the basis of their neutron data at 
T = 296°K [ 10]. The other model is the 
Begbie-Bom first neighbor model which has 
been considered on the basis of the elastic 
constant data of Alers et a/.[2]. The model 
which yields results in best agreement (less 
than 1 per cent) with the quoted experimental 
value of 0^ = (410± 10)°K at room tempera¬ 
ture is the fifth neighbor axially symmetrical 
model considered by Birgeneau et al. How¬ 
ever, the difference in 9"(T) between the 
two Birgeneau et al. models is less than 1 
per cent which may be of the order of the 
error in 0*^(7) for either model due to un¬ 
certainties in the neutron data. The first 
neighbor model yields a result for d** at room 
temperature which is about 5 per cent above 
the respective Birgeneau et al. models and 
the quoted experimental value. It should be 
pointed out that all three models agree with 
the quoted experimental value for $*' at room 
temperature to within the accuracy of the 
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n 

Fig. 2. Barron plots for Ni at 7 - 2%“K calculated from the three force models considered 
in the text ««(—3) was calculated using dc Launay’s tables whereas other values of ff/An) 
were calculated using a cubic grid of 2,'792 points in 1/48 of the Brillouin zone. The .square 
refers to .3) calculated from Bozorth ct o/.’s elastic constant measurements (reference 
117]) and the circle and triangle refer to (»„(- 2-5) calculated for the fourth and first nearest 
neighbour models, respectively, I he fourth and fifth n.n. models cross between n = -2 and 

n -3. 


latter value which is limited by experimental 
error and by the method(l] of determining 
^(7) from the data. However, as suggested 
by the investigation of Birgeneau cl al., it 
is seen that the first neighbor model is in¬ 
adequate for representing the measured 
dispersion curves. 

Our results can easily be compared with 
the calculation of Barron and Smith [11] and 
with the experimental results of Inkinen and 
Suortti (see Barron and Smith for reference) 
at 7 = SOO^K. Barron and Smith considered 
the coefficient B of sin^^/X* in the Debye- 
Waller factor. They report B = 0-381 ± 
0-008 for the calculated value and B = 
0-37 ± 0-02 A* for the experimental value. The 
value ± 0-008 A* is due to uncertainties in the 


neutron data. We obtain B = 0-377 A^ for the 
fourth neighbor model, which is in good 
agreement with Barron and Smith’s value, and 
B = 0-372 A* for the fifth neighbor model. 

The effect of thermal expansion on d^(T) 
has been treated approximately. The justifica¬ 
tion of this treatment is suggested by the 
experimental information on the temperature 
dependence of the Gruneisen parameter for 
Ni[19] and reference is made to previous 
papers [5, 20,21] for a more detailed dis¬ 
cussion of thermal expansion effects. It is 
hoped that the first neighbor Begbie-Bom 
model provides an estimate of the full an- 
harmonic effect in 0^(7) although the 
theory may not be justifiable. A more exact 
treatment of the anharmonic effect is avail- 
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T rK) 

Fig. 3. Effective Debye temperature for the Debye-Waller factor of Ni as a function of temperature. The 
effect of thermal expansion on the Birgeneau ei al. fourth nearest neighbor model was obtained from the 
approximate relation Ad^'ie'' - -yAF/F withy = 2. The circles represent the experimental values. 


able for a mathematically simplified force 
model [22]. It is of interest that at high 
temperature the temperature dependence of 
e‘^(T) as given by the first neighbor Begbie- 
Born model is in close e^eement with experi¬ 
ment, as seen in Fig. 3. However, due to 
experimental scatter, the temperature 
dependence of 0^{T) given by the thermal 
expansion effect alone cannot be ruled out. 

Recently, Gilat and Nicklow[23] have 
introduced the parameter 

V AOnin)* 

" 9„{n) AV 

where the A operator takes the difference 
in the quantity between two temperatures 
(we used 100° and 500°K). The plot of y„ vs. 
n for Ni is shown in Fig. 4. The results are 
similar to those of Gilat and Nicklow who 
studied force models based on neutron data 


quantity y„ is a monatonically decreasing 
for aluminum at different temperatures. The 
function of n and has values close to the value 
of the thermodynamic Gruneisen parameter 
for large n. As noted for aluminum [23] the 
relatively large fractional changes of the 
transverse mode frequencies as compared 
to the fractional changes of the longitudinal 
mode frequencies appears to be important in 
determining the shape of the yn vs. n curve. 
However, we have found that in some direc¬ 
tions the fractional change in frequency for 
a particular polarization depends strongly on 
the wave length, and we intend to study the 
model dependence of the y„ vs. n curve. 
Finally it is pointed out that experimental 
and theoretical studies of the lattice dynamics 
of Ni at various temperatures are being carried 
out for temperatures greater than those 
considered in this paper[241*. 


. -alne„{«) * I am grateful to Dr. Earl F. Skelton for bringing this 

Analogous to the parameter y„(n) ^ ^ ' |nF ~ work to my attention. 
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n 


Fig.4 Aplotof 7 , » — — vs. n.wh«re the A operator takes the diflerence 

6i,{n} AE 

in the quantity between 7" = 100° and T = 500°K. 
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M. J. DIGNAM and D. B. GIBBS 
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Abstract —The question of the functional form of the net activation energy, IT(£). for the field 
assisted migration of ionic defects across an activation barrier is examined particularly with regard 
to the representation of If' (£) as a power series in the field strength, E. The contribution to the 
coefficient of in such a series made by each of four different effects, was estimated and the esti¬ 
mates compared with empirical values obtained from an analysis of L. Young's data for the anodic 
oxidation of Ta and Nb. All four effects examined could conceivably make a significant contribution 
to the empirical coefficient, although the dominant effect is probably that arising from a shift of the 
positions of maximum and minimum energy for the mobile defect brought about by the field. 

The influence of the choice of the form of IPIE) on the empirical values for the zero field activation 


energy and activation dipole is also examined. 

INTRODUCTION 

The MIGRATION of charged species across an 
activation barrier can play a major role in the 
kinetic behaviour of a number of systems 
[1,2]. In a recent paper, one of us (M.J.D.) 
has examined the case of ion transport in 
solids under conditions which include large 
electric fields [3]. In this paper it was assumed 
that the net activation energy, ITIE), for the 
migration of ionic species across an activation 
barrier could be represented as a power series 
in the field strength, £. The present paper is 
concerned with the functional form of the net 
activation energy particularly with regard to 
its representation as a power series. The data 
for the anodic oxidation of tantalum and 
niobium are then examined against the theory. 

Defining the net activation energy for high 
field ionic conduction through equation (1.1); 

i= i„exp[-lV(E)lkT] (1.1) 

where /' is the current density and I'o is a con¬ 
stant, the form of IV(E) which has until 
recently been favoured is given in (1.2) 

W{E)-=W„-qaE (1.2) 

where Wo is the activation energy at zero 


applied field, a the activation distance and q 
the magnitude of the charge on the ion (both 
a and q assumed constant). Equation (1.2) is 
obtained on treating the problem in an 
approximate manner[2]. A more general 
treatment of the problem has been presented 
recently by one of us (M.J.D.)[2], a further 
development of which follows. 

2. FUNCTIONAI, FORM OF WIE) 
Focussing attention on a particular ion, 
displacement of its nucleus in the absence of 
any external field by an amount x from its 
local equilibrium position will bring about a 
charge displacement, «, and an increase in 
potential energy for the system, U,. In the 
presence of a superimposed external field, 
E, directed in the -I-a direction, there will be 
an additional potential energy term arising 
from the interaction of the various charged 
species with the field, which is clearly given 
by —uE. Thus 

U(u.E) = U,-uE. (2.1) 

We may proceed from (2.1) in a straight¬ 
forward manner[2] provided that 

(di;,/d£)„ = 0. (2.2) 
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It is almost certain that (2.2) is at best only 
approximately correct. We proceed never¬ 
theless on the basis of (2.2) returning to the 
question of the field dependence of (7, in 
Section 4. 

If in the absence of a field, adjacent posi¬ 
tions of minimum and maximum potential 
energy correspond to u = 0 and u = qd/2 
(where q is the charge carried by the mobile 
defect and d the distance separating minima) 
then in the presence of a homogeneous exter¬ 
nal field, E, the relevant positions of minimum 
and maximum potential energy will no longer 
lie at u = 0 and u = qd/2 respectively, but will 
be positioned instead at m = u„ and u = u,„ 
respectively, where u„ and //„, are solutions to 
the equation dlj{u, E)ldu = 0 or using (2.1), 
to the equation 

dUJdu = E. (2.3) 

W(E), the net activation energy in the 
presence of the field, is clearly given by 

W(E) = U{u„.E)-U{u„,E) (2.4) 

or using equation (2.1), by 

W{E) = U- Ui(un) - {u„-Uo)E. 

(2.5) 

In the previous publication[2J the form of 
W(E) was evaluated in the above manner for 
each of three assumed functional forms for 
Uiiu), namely clipped parabolic, cosine and 
Morse functions respectively. Before sum¬ 
marizing these, we turn briefly to the model 
proposed by Young and ZobeI[4] and the 
form oiW(E) predicted by it. 

According to this model, ions are assumed 
to “move fairly freely in channels through the 
labyrinthine open structure of these films, but 
may become trapped by coulombic attraction 
at pockets of excess negative charge which 
will be present, due to the random nature of 
the glassy structure, at infrequent places 
along the channels_The obvious and sim¬ 


plest way to treat the above model is in fact 

.to assume that except very near to the 

traps the attraction between the mobile ions 
and the trapping centres is coulombic.” Young 
and Zobel point out that such a model gives 
rise to conduction according to the Schottky 
law, viz. 

W(E)=<i>-yE^'\ ( 2 . 6 ) 

An analysis of the model in the above 
manner, however, gives: 

W{E)=ii>[\-2{bEy'^^bE] (2.7) 

= q^qJ^KtoXo ( 2 . 8 ) 

b = Xuqil(i> (2.9) 

where q^ and q^ are the charges on the mobile 
ion and trapping site respectively, jcq the 
distance of closest approach of the charges, 
K the dielectric constant of the medium and 
€„ the permittivity of free space. Only for 
2(bE)''^ > bE does (2.7) reduce to (2.6), in 
which case y is given by: 

y = 2b''^(j> = {q^qilnKinY'^. (2.10) 

It appears to us that (2.7) will represent the 
behaviour of this model rather poorly as no 
account is taken of the short range interaction 
between the ion on one hand and the trapping 
site and channel walls on the other. We retain 
the equation nevertheless for comparison 
purposes. 

The form of W{E) arising from various 
forms of (/, are summarized below for future 
reference where in all cases u* and <f> are the 
activation dipole (charge-activation distance 
product in previous terminology) and activa¬ 
tion energy respectively in the limit of low 
field strength. 

1. Infinitely sharp positions of extrema in 
Ur 

W(E)=(i>{\-bE) (2.11) 

where b = u* I <j>- 
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2. Exact Schottky law—C/, calculated 
from charge pair interaction 

fFfE) =d>[l-2(feE)>'*-fe£] 

b = JCo^i/0. = qiqJ^rrKcoXo. (2.12) 

3. Approximate Schottky law, £)£ < 1 

W(E)=<l>l\-2ibEyi^]. (2.13) 

4. Cosine potential energy function, i.e. 
Ui(u) = ((ft/2)[l—cos (irulu*)] (2.14) 

where = w*/ 4 ). 

5. Clipped parabolic potential energy 
function, i.e. 

{/, (a) = (/)(«/«*)*,«*> tt & 0 (2.16) 

= < 1 >, M M* 

fViE) = <l>[l-bE+ibEV/4] (2.17) 


where = o)*l4>- 

6 . Morse function potential energy curve. 


1/i(m) = <f>[l-exp (-u/<i)*)]2 (2.18) 

W{E) = <b^{\-2bEY>^ 

ri + (l-21»£)''ni 

(2.19) 

where b = <o*/ 4 ). 

7. Expansion of W(E) as a power series 
in£ 

W{E)=4>[,\-bE+{bEYIC2 

+ {bEYIC^+..^ ( 2 . 20 ) 

where b = u*l<b\ and C^, C 3 ... are 
dimensionless constants characteristic 


of the shape of the potential energy 
function, C/,(m), with d> and u* being the 
activation energy and activation dipole 
respectively in the limit as £ -► 0 . 

3 . POWER SERIES REPRESENTATION OF W(£) 

The purpose of this section is to develop 
a power series representation of W (£) given 
Ui(u) in the form of a power series. 

We begin by choosing the adjacent positions 
of minimum and maximum in the relevant 
potential energy barrier, t/,(«), to coincide 
with u = 0 and u — u* respectively, u* thus 
becomes the zero field activation dipole. 
The zero field activation energy is then 
defined through the equation 

«;.= i;.(«*)-t;.(0). (3.i) 

We may now represent Ux(u) over the range 
of interest (i.e. w* m 3^ 0 ) in the following 
manner: 

IJl(u) — d>/,[w/w*], Uc» u » 0 

(3.2) 

where the functions/](Z) and/ 2 (Z) determine 
the ‘shape’ of the function Uj, whereas <l> and 
u* determine its dimensions. In order that 
U, be continuous and have a continuous first 
derivative,/](Z) and 1—/ 2 ( 1 —Z) and their 
first derivatives respectively should be equal 
at Z = uju*. Since f/, has a minimum at 
« = 0 and a maximum at u = u*, it must con¬ 
tain at least one inflection point between these 
limits. Uc is chosen to coincide with the 
position of the principal inflection point, that 
is the inflection point at which dUJdu is a 
maximum. The reason for defining Ui{u) in 
terms of two functions of (u/u*) will be 
clear shortly, but is merely one of convenience. 
It is worth noting at this point, however, that 
if the inflection point represents a centre of 
symmetry for (/, then/i(Z) =/ 2 (Z) provided 
that the zero of potential energy is chosen so 
that t/i(0)=0. Adopting this latter con- 
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vention it is apparent that/,(0) = 0 =/ 2 ( 0 ) in 
the general case. Furthermore, since both 
/i(Z) and / 2 (Z) have a minimum at Z = 0, 
//(O) = 0 = /j'CO) in the general case, where 
//(O) is the first derivative of/J(Z) evaluated 
atZ = 0. 

Substituting (3.2) into (2.3) to obtain expres¬ 
sions for the positions of minimum and maxi¬ 
mum potential energy (uo and u„ respectively) 
in the presence of a homogeneous field, E, 
and noting that «« must lie in the interval 
(0, Mr) and Mm in the interval (U(.,u*), the 
following equations are obtained 

/i[M„/M*] = hE 

(3.3) 

n[\~uJu*]=bE 

where b — u*l4>. 

Representing the inverse of the functions 
f'l by i e. 

^ Z, y=l,2 (3.4) 

(3.3) becomes 

u» = u*f;,{bE) 

M,„ = M*[l 

Substituting (3.5) in (2.5) we obtain an expres¬ 
sion for the net activation energy, ^V(E), viz.: 

lV(E}=(}>D-bE + FAbE}+F.AhE)] (3.6) 

where 

Fj(Z) ^ Zgj(Z)-fj[fiAZ)], y=l,2. (3.7) 

An alternative expression for IV(E) may be 
derived by noting that the first derivative of 
Fi(Z) is given by: 

F;(Z) = g,(Z). (3.8) 

To show this we differentiate (3.7) to obtain 

f;(Z) - ZgHZ)+gAZ) -nigAzn . gUZ) 


which reduces to (3.8) above since// [gj(Z) ] ^ 
Z, /' and gj being inverse functions. Integra¬ 
tion of (3.8) for the boundary condition 
Fj(0) = 0 gives: 

J .bE 

„ gAZ) dZ. (3.9) 

That this is the correct boundary condition 
follows from the conditions stated pre¬ 
viously, namely/(O) = 0 = // (0) from which 
by (3.4), gj(0)=0 and hence from (3.7), 
Fj(0) = 0. Substituting (3.9) in (3.6), the 
following expression for W{E) is obtained 
in terms of the functions gj 

fV(E)^,f>[l-bE+ fj' [gAZ)+g.AZ)]dz]. 

(3.10) 

We now show that expanding/,(Z) and 
f'AZ) about Z = 0 as power series in Z, 
permits (3.10) to be written in the form: 

W(E) = d>[l - (fcE) + (bEflC^ + (hEYIC .^....] 

(3.11) 

where the dimensionless constants C 2 , 
etc. are related to the coefficients in the 
expansions of /,(Z) and f-AZ). To find the 
relationships we begin by expressing /,(Z) 
and/ 2 (Z) as follows: 

fAZ) ^ i k 'aj^Z'^ (3.12) 

from which 

f;{Z) = 2 aj.Z’^-K (3.13) 

k=2 

That the first term in the expansion of/(Z) 
is a term in Z'^ follows from the properties of 
/j(Z) stated previously i.e./(O) = 0 =/j (0). 
Reversion of (3.13) gives: 

SAZ) = i /fj.Z*-> (3.14) 

k^2 

and hence 

f;''g,(Z)dZ= i (3.15) 
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where the coefficients A j» can be evaluated in 
terms of the coefficients aj* by a successive 
approximations procedure or from tables,( 51 . 

Comparing (3.10) and (3.11), from (3.15) 
the coefficients C* are given by: 

^ = /t = 2tooo. (3.16) 

4. CONSEQUENCES OF AI.LOWING FOR A 
HELD DEPENDENCE OF V, 

Assuming the function U, may be repre¬ 
sented as a power series in u for constant E 
(i.e. defining C, through (3.2), (3.12) and 
(3.13)) then we may presumably take account 
of the probable field dependence of C, by 
expanding </>, u* and the coefficients Oj* as 
power series in the field E. It is immediately 
apparent that this procedure will still lead to a 
power series form for fV(E), a result which is 
hardly surprising. We pursue the matter 
further, however, in order to ascertain to what 
extent the new coefficients in the power 
series can be related to the form of the 
potential energy function at zero field strength. 
We shall concern ourselves only with terms 
which make a contribution to W{E) which is 
of order 2 or less in the field strength. It is 
clear that the field dependent terms in the 
expansions of the coefficients Uj* will contri¬ 
bute only to terms of order 3 and higher. For 
present purposes, therefore, the field depen¬ 
dence of these coefficients is unimportant. 

We examine now the possible field depen¬ 
dence of the parameter <f». In the present 
analysis we are concerned with the first three 
terms in the field expansion of <f>. 

= + (4.1) 

The term which is first order in E is identically 
zero if we define the activation dipole u* 
according to equation (4.2) 

u* = Limit (4.2) 

£-0 aE 

The question then arises, however, as to 
whether this definition of u* coincides with 
the previous definition. That is, is u* as 


defined by (4.2) necessarily the charge dis¬ 
placement required to go from the position 
of minimum to that of maximum potential 
energy in the absence of a field? If the 
potential barrier in question is symmetrical 
and separates positions of minimum potential 
energy which are also symmetrical (such as 
might be found to transport within a crystal¬ 
line solid) then one can show by a fairly 
simple argument that the two definitions of 
u* are indeed equivalent. Defining u* in terms 
of the potential energy function at zero field 
strength, the adjacent positions of minimum 
potential energy lie at m = 0 and u = 2u* 
respectively for£ = 0. By symmetry 17, (0) = 
U,(2u*) for all values of field strength £ 
including £ = 0. It therefore follows that 
f/,(tt*)-(7,(0) = (/,(«*)-(/,( 2 //*) for all 
values of £, or in other words if i(> depends on 
the field strength it is independent of the field 
direction. <f> must therefore be an even func¬ 
tion of the field strength which requires that 
the coefficient d>, be zero. 

Essentially this same result has been proven 
using a different argument in an earlier 
publication[3), where it has also been shown 
that for this case u* = qdl2 where q is the 
valence charge and d the distance between 
adjacent minima. It is apparent, however, 
that the above symmetry conditions will not 
be satisfied for a potential barrier situated at 
an interface. In this case «* (^d/Z in general, 

and furthermore the two definitions of u* will 
not be equivalent. It seems probable, however, 
that «* as defined in (4.2) will not differ 
greatly from the charge displacement required 
to go from the position of minimum to that of 
maximum potential energy in the absence of a 
field. 

It is consistent with the above argument that 
<f> be an even function of field strength, so that 
the coefficient <^2 in (4.1) may not be dropped. 
As two different physical phenomena can be 
identified which will contribute to 02 , we 
divide 02 into two terms 

02 = 02 ^'’ + 07 “' 


(4.3) 



380 


M. J. OIGNAM and D. B. GIBBS 


where <^ 2 *®’ arises from electrostriction effects 
and <f> 2 *‘** from the interaction of induced 
dipoie moments with the electric held. We 
shall consider the term first. 

Young was the first to propose a quadratic 
field variation of the activation energy, <}>, 
arising from electrostriction[6]. The following 
treatment of the effect is essentially the same 
as that given by Young, though differing from 
it in detail. The effect may be regarded as 
arising from a volume change brought about 
by electrostriction. As <f> would be expected 
to change with volume, then a change in E will 
lead to a change in <f>. Accordingly we write: 


d(ln <f)) 

<f>„ ^ d(lnT)‘^ d£2 


(4.4) 


where y is the specific volume of the relevant 
phase or interphase, p is the hydrostatic 
pressure, and ^ = —d(ln V)ldp is the coeffi¬ 
cient of compressibility. Evaluating dpIdE^ 
from the relationship p = UoKE^, where K is 
the dielectric constant, and assuming<f) « 1^"", 
(4.4) becomes 


=» 0e<,Knl2. (4.5) 

Mott and Gurney estimate that for crystals 
such as rock-salt, n ~ 2[1]. Although it is 
difficult to justify this particular estimate, it 
seems unlikely that n would be as large as 10, 
say. 

We turn out attention to considering the 
term Assigning a polarizability, a, to the 
mobile defect, there will be a contribution 
— \aEi^ to the potential energy of the defect 
arising from the field induced-dipole inter¬ 
action, where £/. is the local electrostatic field 
strength. In general, both a and E,, will vary 
with position in the solid or interface so that 
we may write: 

^(a)£2 = - ia*£: *2 + (4.6) 


where x the electric susceptibility of the 
medium and y a structural factor (equal to 1 if 
Et is equal to the Lorentz field), (4.6) becomes: 

(4.7) 

An equation similar to (4.7) was first proposed 
by Ibl [8] employing a rather different approach 
to the problem. The above equation is some¬ 
what more general than that due to Ibl in that 
it allows not only for the variation of a with 
position but also for the variation of El (or y) 
with position. 

In order to obtain an equation from which 
^ 2 '"’ may be estimated, we shall attempt to 
determine the magnitude of the terms in (4.7). 
If the bonding in question can be regarded as 
essentially 100 per cent ionic then and a* 
should be essentially identical, and equal to 
the atomic polarizability of the mobile ion. 
Inertial contributions can be ignored to a first 
approximation as the relaxation time for these 
are too long to allow them to make a sig¬ 
nificant contribution to This follows 
from the fact that the time available for relaxa¬ 
tion will be only about one quarter of the 
period of vibration of the mobile defect in the 
direction which corresponds to surmounting 
the potential barrier. 

We now attempt to show that for crystalline 
solids y*’ and y* will probably have opposite 
signs. For simplicity we shall examine the 
case of a symmetrical barrier. We note first 
of all that: 

£ = £,.dM = 

i r‘" El + ^ / *“ El d«] (4.8) 

a result which follows from simple symmetry 
considerations [3]. Setting 


where * and "» refer to the positions « = m* £^, 0 ) 1 T*"' ^ ^ J_ ^ 

and M = 0 respectively. Setting = (1 -b ^yx)E " " J+ja* 
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[4.8] becomes 

(£;.«» + £t*)/2-£ (4.9) 

or setting £/,= (! +^yx)E 

r'o’+r* = 0. (4,10) 

Provided that (4.8) can be regarded as defining 
the mean external field strength for a symme¬ 
trical barrier situated at an interface, (4.10) 
can be considered to apply to an interfacia) 
potential barrier as well. For lack of a better 
approximation we shall proceed on this basis. 

If the defects in question are vacancies, 
then for crystalline solids y®* should be of the 
same order, though perhaps a little smaller, 
than the value of y{y' say) used to obtain 
agreement between measured values of the 
high frequency dielectric constant, K#, and 
values calculated from ionic polarizabilities 
[9]. For interstitial ions, the situation is less 
clear, but it seems likely that in this case, 
yo) ^ y! _ Mott and Gurney conclude that for 
all the alkali halide, y' lies between zero and 
0-25 [9]. Setting — y* = y®' == y' and <^®' = 
a* = a', the ionic polarizability of the mobile 
species, 

02'“’~ iy'x®'- (4.11) 

Although the situation for an interfacial 
barrier is far less clear, (4.11) will pre¬ 
sumably represent the correct order of magni¬ 
tude of the effect with the one difference that 
X will be the electric susceptibility of the 
interphdse rather than of a bulk phase. 

If the bonding in question involves an 
appreciable covalent component, then we 
would no longer expect a'®’ and a* to be the 
same. In fact a* should be considerably larger 
than a'®’. Thus when an interstitial ion is 
situated at the position corresponding to « = 0, 
the molecular orbitals associated with the 
defect will be centered roughly on this same 
position. The same is true of the position 
corresponding to w = 2 m*. In the transition 
state (i.e. u = u*) however, the molecular 


orbitals will be delocalized over both regions, 
and should accordingly lead to a higher 
polarizability in this state. Setting ia* ~ 
a'®* ~ CoXoX^> where Xo is the electric sus¬ 
ceptibility at optical frequencies and N the 
volume concentration of atoms of the type 
which are involved in the rate process, and 
setting —y* ~ y'®' ~ y' as before. Equation 
(4.7) becomes 

02'“’ ~ (l^) (2y'X - 1 - iy’ V) • (4.12) 

Since a', appearing in (4.11), will be of the 
order of or less than CoXo/^. we can compare 
the estimates of 02*“’ given by (4.11) and (4.12). 
We note that (4.11) always predicts the larger 
value of 0j‘“> except for a certain range of 
values of y'x- Within this range the maximum 
ratio of values occurs when y'x = 3, for which 
case (4.12) predicts a value of 02'“’ twice that 
predicted by (4.11). We may thus summarize 
the results of (4.11) and (4.12) by writing 

'^ 2 '“’« (^)r'X (4.13) 

where 0 « y' 1. 

We conclude now by considering the pos¬ 
sibility of a linear field term in the field expan¬ 
sion of the parameter u*. Presumably such a 
term could arise due to displacement of 
positively charged species relative to nega¬ 
tively charged ones in the environment which 
constitutes the potential energy barrier, which 
would lead to an asymmetric distortion of the 
barrier. We may estimate the magnitude of 
such an effect for a barrier within a solid from 
a knowledge of the magnitude of the contri¬ 
bution of lattice ion displacement to electrical 
polarization (i.e. to the dielectric constant). 
For this purpose we shall use a simple model 
consisting of alternately positioned ions of 
charge ± Ze, separated from one another by a 
distance Mq (e.g. the sodium chloride structure). 
In the presence of a field, £, this distance will 
change to a = <Jo+A and a = ao~ A, resulting 
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therefore in a displacement polarization per 
ion pair of magnitude AZe, and hence to a 
displacement polarization per unit volume. 
Pa, given by 

Pa = AZel2an\ (4.14) 

However, Pa is also given by: 

/'rf = (4.15) 

where K and A,, are the static and high (optical) 
frequency dielectric constants respectively 
for the solid. Elimination of P,, therefore gives: 

= A = 2(fl„'VZe)€<,(A-AolE. (4.16) 

Assuming, now, that M* «, (4.16) becomes 

M* = M,T + Mf£ (4.17) 

where is the value of u* at £ = 0, and uf is 
given by: 


Finally, if relatively long range movement of 
defects contributes to the static dielectric 
constant, which appears to be likely for ano- 
dically formed oxides and glasses, then a 
smaller value for K should be used to estimate 
ufluS, perhaps the dielectric constant for the 
bulk crystalline form. 

It seems almost certain that UiluS is 
positive, that is to say, u* increases with 
increasing field. Thus, for example if we con¬ 
sider the case of a positively charged defect 
surmounting a potential energy barrier, in all 
probability the position of maximum potential 
energy will reside at a region of local excess 
positive charge, with the adjacent positions 
of minimum potential energy residing at 
regions of local excess negative charge. For 
such a case, u* for transport in the direction 
assisted by the field would clearly increase 
with increasing field. The same conclusion is 
reached if a negatively charged defect is 
considered. We suggest therefore that «,* may 
be estimated from the relation 


= 2(o,r/Ze)€„(A-A„). (4.18) 

On substituting f) = 2«,i'VZ, (4.18) becomes 

|Mf/nJ| = (1F-Vf')(2/Z) ■'’'€„( A'-A„) (4.19) 

which upon setting (2/Z)'''* — 1 gives 

|Mr/«(T| = (fl-'>)eu(A-A'..) (4.20) 

where il is the volume occupied by an atom 
equivalent in the solid (i.e. 11 = equivalent 
weight/density X Avogadro's number). Three 
minor points are perhaps worth mentioning: 
First, equation (4.19) should apply equally 
well to ionic crystals consisting of ions of 
different charge. Second, the effect of charge 
delocalization or covalent bonding on the 
estimate represented by (4.20) is not clear. 


tTbis result may be obtained from the equations 
derived by Mott and Gurney [9] upon setting their over¬ 
lap parameter, y', equal to zero. It appears that y' = 0 
for the alkali halide.s(9]. 


ufluS ~ (i1^'^le)€,(K-K„). (4.21) 

Again, it appears likely that (4.21) will re¬ 
present the correct order of magnitude of the 
effect for a barrier situated at an interface, 
A and A,, in this case referring however to the 
interphase. 

On substituting (f> = + + 

and u* = u* + u*E into (3.11) and dropping 
terms of order 3 or higher in £, the following 
result is obtained: 

IV(H) = 0„(1 -(hE)+ (hEriC2 + - ■ ■] 

(4.22) 

where 

h = (4.23) 

and 


1 _ Jl_ I* 

Ci'Cz tto*" ■ 


(4.24) 


Furthermore, from (4.5), (4.13) and (4.21) 
respectively, we have 
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uP 

/SCnXn 

2b^ 

(4.25) 


^ ( 2coXo \ 

(4.26) 


^ \3Nb^J^ 

<^»«r 


(4.27) 

uV 

be 


A discussion of the expected numerical 
magnitudes of the terms contributing to C'.^ 
will be left to Section 6 of the paper. 

5. EXAMINATION OF DATA OBTAINED DURING 

STEADY-STATE ANODIC OXIDATION STUDIES 
ON TANTALUM AND NIOBIUM 

In order to provide results for the examina¬ 
tion of the foregoing theory, Young's data for 
tantalum and niobium[10, 11, 4] were fitted 
to equation (1.1) using least squares pro¬ 
cedures with the net activation energy W(E) 
being represented in turn by the various 
functions listed in Section 2. The data pro¬ 
cessed in this way include two sets, (one for 
tantalum and one for niobium) in which film 
thicknesses were determined using the mini¬ 
mum reflectance techniquef 10, II], and two 
sets (again one for tantalum and one for 
niobium) in which the film thicknesses were 
determined using an ellipsometer[4]. All 
four sets cover a fairly large range of current 
density and temperature. One set of data for 
tantalum [10] excels particularly in this 
regard and was therefore most suitable for 
judging the relative merits of the various 
functional forms for W{E). 

The method of analysis was as follows. The 
data in the form log / as a function of T and 
E were processed by a 7094 IBM computer 
using a non-linear least squares program 
which chose the parameters to minimize the 
variance in log /. In addition, the RMS 
deviation of the experimental log i values from 
those calculated using the least squares 
parameters, and the standard deviations 
of the parameters themselves were deter¬ 
mined. The calculations were carried out in 


both single and double precision in order to 
be certain that the results were indeed 
reliable. 

In order to compare the relative ability of 
the various forms of W{E) to represent the 
data in Table 1 the RMS deviations of log i for 
the four sets of data have been tabulated 
against the assumed functional form ofW(E). 
A fifth set of data has been included which 
was obtained by a smoothing procedure from 
one of the sets of tantalum data. The data 
(log / vs. E) were smoothed independently 
at each temperature using a polynomial fit 
procedure. The purposes of analyzing the 
smoothed data was to ascertain the relative 
importance of systematic vs. random errors 
in determining the RMS deviation of log /. 

It is apparent that the RMS deviation for 
the tantalum-A data is markedly dependent 
upon the form assumed for W(E), varying 
from a maximum of 0136 for case I to 
0 034 for case 7. The tantalum-B data does 
not display quite as sensitive a dependence 
on the functional form of IV(E) as does the 
tantalum-/^ data, due primarily to the fact that 
the B data cover a range of field strengths 
which is significantly narrower than that 
covered by the A data. The niobium data, 
both A and B sets, show an even weaker 
dependence upon the form ofW(E), due again 
to the even narrower range of field strengths 
covered by the data. In every case, however, 
the quadratic and cubic expansions give the 
best fit to the data, and a fit which is very 
substantially better than that obtained for 
the sharp extreme case (linear expansion 
of W{E)). Furthermore, the general trend 
with respect to the RMS deviations is much 
the same in all four sets of data with the excep¬ 
tion of the sensitivity feature already dis¬ 
cussed. We shall therefore focus our atten¬ 
tion on the tantalum-/! data. 

Young has postulated that the Schottky 
Law represents the anodic oxidation data for 
tantalum and niobium quite well [4]. It is 
apparent, however, from the tantalum-/! 
data, that the improvement in going from 
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Table 1. Root-mean-square deviation of log i from curves calculated 
using least squares parameters, assuming various forms for yM(E). The 
numbers in brackets represent the standard deviations of the RMS 

deviations of log i 


RMS deviations of log(i, a/cm*) for Young's data for Taand Nb 


Functional 
form of W(E) 

Smoothed data 
Ta-.4II0) 

Ta-/«|10] 

Ta-B[4] 

Nb-/< [11] 

Nb-B[4] 

1. Sharp 

01325 

0-1358 

0-1071 

0-0868 

0-0875 

extrema 

(00121) 

(0-0124) 

(0-0174) 

(0-0091) 

(0-0196) 

2. Exact 

0 0943 

0-0987 

0-0888 

0-0700 

0-0727 

Schottky 

(0-0086) 

(0-0090) 

(0-0144) 

(0-0073) 

(0-0163) 

3. Approx. 

0 0829 

0-0880 

0-0831 

0-0663 

0-0693 

Schottky 

(0 0076) 

(0-0080) 

(0-0135) 

(0-0069) 

(0-0155) 

4. Cosine 

0-0880 

0-0928 

0-0763 

0-0705 

0-0722 

potential 

(0-0080) 

(0-0085) 

(0-0124) 

(0-0073) 

(0-0161) 

5. Parabolic 

0-0717 

0-0775 

0-0655 

0-0659 

0-0680 

potential 

(0-0065) 

(0-0071) 

(0-0106) 

(0-0069) 

(0-0152) 

6. Morse 

0-0676 

0-0737 

0-0676 

0-0638 

0-0665 

potential 

(0-0062) 

(0-0067) 

(0-0110) 

(0-0067) 

(0-0149) 

7(a) Quadratic 

0-0197 

0-0353 

0-0435 

0-0585 

0 0626 

expansion 

(0-0018) 

(0-0032) 

(0-0073) 

(0-0062) 

(0-0148) 

7(b) Cubic 

0-0172 

0-0339 

0-0434 

0-0585 

0-0614 

expansion 

(0-0016) 

(0-0032) 

(0-0074) 

(0-0062) 

(0-0154) 


the simple linear expansion of W(E) (i.e. 
case 1) to either the exact or approximate 
Schottky Law, although significant, is small 
compared to the improvement obtained using 
the quadratic or cubic expansion. Likewise 
the Morse potential, which was proposed by 
one of us [2], although representing a better 
fit than the Schottky Law, still leads to a much 
poorer fit than does either the quadratic or 
cubic expansion. Thus, on going from the 
sharp extrema to the Morse potential, the 
RMS deviation is dropped in half, with a 
further reduction by one half occurring on 
going from the Morse potential to the quad¬ 
ratic expansion. It is clear that of the func¬ 
tional forms tested, only the quadratic and 
cubic expansions can be considered to 
represent the data well. 

On comparing the raw and smoothed tan- 
talum-/4 data, it is apparent that the smoothing 
process has led to only a small reduction in the 
RMS deviation values for all the function^ll 
forms of W{E) except the quadratic and cubic 
expansions, where the influence of smoothing 


is quite dramatic, the RMS deviation being 
reduced by close to 50 per cent. The impli¬ 
cation of this result is that in the case of the 
quadratic and cubic expansions, the RMS 
deviation arises mainly as a result of random 
errors, systematic deviation between the data 
and the functional form making only a minor 
contribution. 

On comparing the RMS deviations for the 
quadratic and cubic expansions, it is clear that 
the cubic expansion represents a very minor 
improvement over the quadratic expansion. 
In fact, the improvement is barely statistically 
significant even in the case of the smoothed 
data. We conclude, therefore, that the 
quadratic expansion represents the data ex¬ 
tremely well, far better than any other func¬ 
tional form proposed to date, and that the 
inclusion of a cubic term leads to a negligible 
improvement. 

In Table 2 the kinetic parameters, logio> <f> 
and b, for the tantalum-/4 data, are tabulated 
against the various assumed functioned forms 
for W{E). It is apparent that although the 
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Table 2. Values for the parameters log io, and b, calculated from Young's 
Ta data (set A [10]) assuming various forms for W(E). The numbers in 
brackets represent the standard deviations of the calculated parameters 


Functional 
form of tv (E) 

Log (/o, a/cm') 

(eV) 

«*• 

(A/V) 

«* = b,<l> 

(cA) 

1. Sharp 

819 

1-62 

9-50 

15-4 

extrema 

(0-22) 

(002) 

(016) 

(0-3) 

2. Exact 

8-26 

2-31 

1-53 


Schottky 

(016) 

(002) 

(001) 


3. Approx. 

8-27 

2-51 

218 


Schottky 

(014) 

(002) 

(0 06) 


4. Cosine 

8-24 

1-81 

1209 

21-9 

potential 

(0-15) 

(002) 

(0 07) 

(0-3) 

5. Parabolic 

8-25 

1-90 

1318 

25-0 

potential 

(012) 

(001) 

(0 07) 

(0-2) 

6. Morse 

8-27 

213 

3-63 


potential 

(012) 

(002) 

(002) 


7(a). Quadratic 

8'33 

2-21 

1614 

35-7 

expansion 

(006) 

(0 02) 

(0-36) 

(0-8) 

7(b). Cubic 

8-33 

2-57 

21-20 

54 

expansion 

(0 06) 

(017) 

(3-70) 

(10) 


values of logi'u are essentially independent 
of the form chosen for W(E), the values of 
</) and by show no such constancy. Thus the 
activation energy, d>, is seen to vary from a low 
of 1-62 to 2-57 eV. It is interesting to note 
the large difference in the parameters 4> and 
by calculated for the exact and approximate 
Schottky Laws. This emphasizes a result 
which was apparent from Table 1, namely, that 
the approximate Schottky Law does not 
represent a satisfactory approximation to the 
exact Schottky Law at the high field strengths 
encountered. The parameter b, may not be 
compared for all the potential energy functions, 
as it represents in different instances different 
physical quantities. An additional column h^ls 
therefore been added in which = by<i> has 
been calculated for those potential functions 
in which «*, the steady-state activation dipole, 
appears. Again, a large range of values for 
this parameter is evident. We favour the 
parameters calculated on the basis of the 
quadratic expansion of fV(E) since this form 
represents the data extremely well, and 


furthermore all the relevant parameters can be 
calculated with a fairly small standard 
deviation. The addition of a cubic term in the 
expansion of W{E), although improving the 
fit very slightly, introduces a large standard 
deviation in the calculated parameters, parti¬ 
cularly by and p*. The lesson to be learned 
from the results of Table 2, however, is that 
the zero field activation energy, d>, can prob¬ 
ably not be determined more accurately than 
to within about 0-3 eV because of the un¬ 
certainty as to the correct form for W(E) to 
use. Likewise, there is probably an uncertainty 
in the steady-state activation dipole p^, of 
perhaps as much as 10 eA. These uncertainties 
could be reduced somewhat by increasing the 
range of field strengths over which measure¬ 
ments are made. The only practical way of 
accomplishing this is to make measurements 
over a wide temperature range. 

In Table 3, the kinetic parameters for all 
four sets of data are presented in which IV(E) 
is represented in turn as a linear, quadratic and 
cubic function of the field strength. It is 
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Table 3. Values for the parameters calculated from Young's data for Ta 
and Nb assuming W(E) to be represented by a linear, quadratic and cubic 
function ofE respectively. The numbers in brackets represent the standard 
deviations of the calculated parameters 



l-og (i„. a/cm’") 

(eV) 

b. 

(A/V) 

Ci 

Ci 

1. 1.incur 

8-189 

1-616 

9-505 



1 

cd 

(0-217) 

(0-023) 

(0-163) 



3 7(a). Quadratic 

8-.329 

2-210 

16-134 

3-313 


Q 

(00.S7) 

(0-022) 

(0-357) 

(0-179) 


t— 7(b). Cubic 

8-334 

2-570 

21-203 

2-314 

-13-180 


(O-0.S5) 

(0-167) 

(3-705) 

(1-022) 

(8-888) 

CQ 1. Linear 

4-155 

1-482 

11-708 



1 

(0-.540) 

(0-050) 

(0-370) 



3 7(a). Quadratic 

4-473 

2-365 

20-659 

3-535 


Q 

(0-228) 

(0-095) 

(1-636) 

(0-622) 


H 7(b). Cubic 

4-459 

1-949 

13-379 

-2-694 

1-860 


(0-237) 

(1-221) 

(34-996) 

(28-867) 

(15-476) 

X 1. Linear 

7-728 

1-433 

11-607 



1 

id 

(0-235) 

(0-025) 

(0-226) 



a 7(a). Quadratic 

7-844 

1-802 

18 411 

3-262 


a 

(0-I6I) 

(0-053) 

(1-324) 

(0-636) 


Z 7(b). Cubic 

7-844 

1-900 

21-058 

2-444 

-14-778 


(0-163) 

(0-431) 

(16-214) 

(6-112) 

(72-722) 

aj 1. Linear 

7-025 

1-500 

13-547 



1 

(0-442) 

(0-045) 

(0-460) 



3 7(a). Quadratic 

7-177 

1-913 

21-393 

3.358 


C 

(0-337) 

(0-145) 

(3-918) 

(1-646) 


Z 7(b) Cubic 

7-195 

2-720 

38-044 

2-107 

-10-940 


(0-352) 

(I-45I) 

(47-667) 

(5-709) 

(42-213) 


apparent that there is a discrepancy between 
the results calculated from the A and B sets of 
data, the discrepancy being particularly large 
in the case of the tantalum data. We can think 
of no reason why such a large discrepancy 
should occur, but are inclined to favour the 
A -sets of data because of the extreme care and 
precision apparently involved in these 
measurements. 

It is apparent from the standard deviations 
of the coefficients that only in the case of the 
tantalum-zl data are the experimental results 
sufficiently precise and extensive to permit an 
evaluation of the parameters in the cubic 
expansion of W(E), and even here the stan¬ 
dard deviation of the coefficient C:, is almost as 
large as the coefficient itself. In the quadratic 
expansion, on the other hand, the parameters 
are determined with reasonable precision for 


all four sets of data, with the coefficient Ci 
being essentially identical for all sets. It seems 
safe to conclude, therefore, that a value of 
equal to 3-31 is characteristic of the behaviour 
of both tantalum and niobium, and indeed 
aluminum as well[2]. We have, accordingly, 
calculated a family of effective potential 
energy functions, f/ett, setting C2=3'31 and 
using equation (A14) in the manner outlined 
in Appendix A. (The parameter 'a' is cal¬ 
culated from (A11).) Representative members 
of the family are presented in Fig. 1, any one 
of which in conjunction with equations (2.5) 
and (1.1) and the appropriate values for i,„ <f> 
and b, will reproduce any one of the sets of 
data within experimental error. As shown in 
Appendix A, the kinetic data are unable to 
select from among these potential energy 
functions, as they are precisely equivalent in 
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0 -I a -3 4 -5 6 -7 e 9 1-0 


REDUCED CHARGE DISPLACEMENT 

Fig. I. Reduced potential energy function for the mobile defect, vs. its reduced 

charge displacement, 2 uidc. for a, equal to 01, 0-2.0-9 respectively, proceeding 

from the left to right. The curves were calculated using (A. 14) and Young's data 

forTaflO). 

terms of kinetic behaviour. Whether or not potential energy function would be that for ion 
any member of the family represents the‘true’ transport across one or more interfaces 
potential energy function at zero field strength [13,15], In Appendix B, we show that a single 
depends upon the relative magnitudes of the potential energy function in conjunction with 
various terms contributing to Ci (see equation the latter theory [13. 15] is sufficient to 
(4.24)) and upon the precise mechanism account for transient phenomena, and hence 
operative during the anodic oxidation of the proceed on this basis. It must be admitted, 
valve metals. If, for example, the high field however, that this need not be the case, even 
Frenkel defect theory[12] is correct in if the basic postulates of the dielectric 
describing the behaviour of these systems, polarization theory are accepted, 
then one needs not one but two potential 
energy functions to represent their behaviour. 

If, on the other hand, transient ionic conduc- 6 . estimate of the magnitude of the 

tion phenomena are correctly explained in terms contributing to the quadratic 

terms of dielectric polarization phenomena field coefficient ci 

[13,14], then only one potential energy The relevant equations of Section 4 (equa- 
function is required. In this latter case, the tions (4.2-4.27) are summarized as follows 




3g8 


fy(£) = -bE+ (b£)ycn 

^ = ^+T, + Ta+T„ 

C2 Cj 

= Pe„Knl2b^ 

T„ *S {2eoXii/3A/ft^<;(»,i)x 
T„ ~ a^'\„(K-K,Mhe 
b = UhI<I>h 

where the terms T,.. and T„ are the con¬ 
tributions to the quadratic field coefficient 
made by the electrostriction efifect, the field- 
induced dipole interaction, and the asym¬ 
metric barrier distortion respectively. If is 
important to point out that although the 
empirical values for h obtained using equation 
(8.1) will depend on whether or not E is taken 
to be the Maxwell field, the empirical value 
of Q is independent of this choice. Thus we 
may substitute for d, the empirical value 
obtained from the tantalum data say (i.e. 
di — 3'31; see Table 3). Similarly, the value 
of (f>,t is independent of the scale factor 
chosen for E and can accordingly be deduced 
from the experimental data (<;)„ = 2-21 eV; 
see Table 3). If it is assumed that the appro¬ 
priate field to use is indeed the Maxwell field 
then h = hs== 161 A/V (see Table 3). Present 
results, however, militate against this assump¬ 
tion. Thus from Table 3 we see that the 
empirical steady-state activation dipole, 
h,4>- obtained from the quadratic expansions 
is about 40 eA for all four sets of data. From 
the point of view of energetics it is highly 
improbable that the mobile defect in these 
oxides will bear a charge of -t-5(15). Never¬ 
theless, even if we assume such is the case, 
the zero field activation distance is calculated 
to be about 8 A. It is inconceivable that the 
activation barrier could have such a large 
half width. We are led to the conclusion, 
therefore, that the rate controlling process or 
processes must occur within one or more 
interphases, the fields within which are much 
greater than the Maxwell field or mean field 


within the oxide film. We may estimate an 
effective low frequency dielectric constant of 
the interphase, from the continuity 
condition of the normal component of the 
electric displacement at the boundary between 
the oxide and the interphase and the relation¬ 
ship between the steady-state and transient 
field coelficients. Accordingly from ATj/K, 
= EJE = h,d)oUo* (see Appendix B) and setting 
bjb, = 3-21 (Table 4), b,= 16-1 A/V, 

d>o = 2-21, A, = 27-6[18J and estimating =» 

3 eA, we obtain /f, - 7. Essentially the same 
estimate for A", is obtained if the relevant data 
for Nb-A are used. It is interesting to note 
that the above estimate of ATj is close to the 
value for the dielectric constant usually 
assigned to the electrode-aqueous electrolyte 
double layer, namely 6. For the purposes 
of the following calculations, we shall assume 
that the high frequency dielectric constant 
of the interphase, A'(„, is about 3. Note that 
a larger estimate for u/f will lead to a larger 
estimate of A,. Since a larger estimate of 
will also lead to a larger estimate oFb = u///<t>u, 
the net effect of increasing the estimate of 
uS is to reduce the estimates of Tp and Ta, 
leaving the estimate of essentially un¬ 
changed. Since uS is unlikely to be signifi¬ 
cantly smaller than 3 eA, the estimates of 
the T terms obtained with this value will be 
upper limit estimates. 

We estimate the term Tp first, setting A = 
K>-=1 and h = = 3/2-21 = 1 -36A/V. 

Mott and Gurney estimate that n for the 
alkali halides is of the order of 2. Although 
there appears to be no justification for such a 
postulate it appears probable that for almost 
any system n will be of the order of magnitude 
of unity. The compressibility coefficient, )3, 
is of the order of 10* cm“/erg for most solids. 

A similar value would presumably apply to 
the highly structured oxide-electrolyte double 
layer. Substituting these values into (6.3) we 
obtain Tp — 0-03 which is an order of mag¬ 
nitude smaller than l/Cj = 0-30, This con¬ 
clusion is consistent with that reached by one 
of us in a previous publication [2] in which it 
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( 6 . 1 ) 

( 6 . 2 ) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 
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was stated that the electrostriction effect or 
condenser pressure effect probably made an 
insignificant contribution to the quadratic 
field term. The agreement between the results 
of the present and the previous calculation is, 
however, largely accidental as the bases of 
the two calculations are quite different. In 
the previous calculations, a value for b equal 
to hi was used, which from present con¬ 
siderations would appear to be incorrect. The 
effect of pressure on <f> was also estimated in a 
different manner in the two cases, leading to 
fortuitous agreement. 

Estimating the magnitude of the term T„ 
arising from the interaction of the induced 
dipole moment of the mobile defect with 
the local field, we obtain on setting x« ~ 2, 
X~6, /V~1023cm-3 and f»=l-36AV 

the result Ta<0 l. In this case we see 
that the contribution of this term to the 
empirical coefficient Cj could be significant. 
However, if instead of f»=l-36A/V'. x—^ 
and Xo = 2 we set — h, = 16-1 A/V and set 
X = 26-7, X(i = 7 (the values -appropriate for 
Ta^Oj) then the term Ta becomes negligible 
compared with l/Cj. Indeed, in discussing 
the contribution of the field-induced dipole 
interaction to the quadratic field term lbl[8] 
concludes initially that the contribution would 
be negligible. He then goes on to say that if 
the polarizable units in the oxide film are 
microcrystallites, as postulated in a theory 
by one of us [13], one can arrive at a proper 
magnitude for the quadratic field coefficient. 
This argument is fallacious, however, as the 
relevant polarizability term is that for the 
mobile ionic species and can have nothing 
to do with any larger polarizable configura¬ 
tion. The larger estimate arrived at here 
arises from the fact that local field effects 
have been taken into consideration in the 
present treatment, whereas they were not 
taken into account in Ibl's treatment. 

We proceed now to calculate the term Tg. 
Setting 10‘» cm'®, K-Ko=‘4 and 

b = 1-36 A/V, we obtain Tg ~ 0-01, which is 
an order of magnitude smaller than l/Q. 


Finally, assuming that the potential energy 
barrier at zero field strength is similar to a 
cosine function, l/Cj ~ 2 / 77 ® = 0-20[2], which 
agrees quite well with the empirical value of 
l/CJ,0-30. 

Since our estimate of the magnitudes of the 
terms T„ Tg and Tg could be in error by an 
order of magnitude, it is conceivable that all 
four terms on the right hand side of (6.2) are 
of the same order of magnitude as I/Q. Thus 
we must conclude in general that all four effects 
can contribute significantly to the quadratic 
field coefficient. It appears almost certain, 
however, that C 2 , the coefficient relating to 
the shape of the zero field potential energy 
function, makes a major contribution to the 
empirical quadratic field coefficient, and quite 
possibly the dominant contribution. Of the 
remaining effects, the field-induced dipole 
interaction is probably the most important. 
In any event, it is clear that we are not at a 
loss to account for the existence and the 
magnitude of the quadratic field coefficient. 

7 . SUMMARY AND CONCLUSIONS 

The extremely large values for the activa¬ 
tion dipole calculated from the data of Table 3 
assuming the local field to be the mean field or 
Maxwell field, combined with the success of 
the dielectric polarization theory in accounting 
for both ionic transients and the field depen¬ 
dence of the steady-state and transient dif¬ 
ferential field coefficients, lends strong 
support to the postulate that the local field 
assisting the rate controlling process or 
processes for the anodic oxidation of tantalum, 
niobium and aluminum is substantially l 2 U 3 er 
than the mean field. In estimating the magni¬ 
tude of the various terms contributing to the 
quadratic field coefficient, the local field effect 
must be taken into account. This is most easily 
done by employing an estimate of the acti¬ 
vation dipole u* rather than the steady-state 
empirical value //,*. The chief uncertainty in 
estimating u* concerns the magnitude of the 
charge on the species involved in the rate 
controlling step. In the foregoing analysis this 
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has been set at about 1 or 2 e with the activa¬ 
tion distance given a value of around I to 2 A 
leading to u* — 3 eA. 

Estimates of the magnitudes of the contri¬ 
butions to the quadratic field coefficient in the 
field expansion of W(E), the net activation 
energy, have been made based on the above 
value for «* in conjunction with numerous 
assumptions with respect to a detailed model 
for the matrix containing the barrier. Four 
different effects have been examined with 
respect to their contribution to the quadratic 
field term and, surprisingly, all four could 
conceivably make a significant contribution. 
The four different effects may be described as 
follows. The first, giving rise to the term l/C-,, 
arises from the fact that upon superimposing 
the linear potential energy function, arising 
from the field-charge interaction, upon the 
zero field potential energy function for the 
barrier, the positions of minimum and maxi¬ 
mum in the composite potential energy 
function differ from those for the zero field 
potential energy function. This gives rise to 
higher order field terms in the expansion of the 
net activation energy. For reasonably shaped 
potential energy function.s, however, the cubic 


were to take place at the oxide-electrolyte 
interface, electrostriction effects would occur 
within the oxide-electrolyte double layer. It is 
clear, however, that in such a case the local 
field rather than mean or Maxwell field must 
be employed in order to estimate the mag¬ 
nitude of the effect. Proceeding in this way we 
conclude that this effect contributes a term 
which is about an order of magnitude smaller 
than the empirical quadratic field coefficient. 

The third contributing effect arises from the 
fact that the ionic species associated with the 
process of field-assisted migration over the 
activation barrier will be subjected to different 
local fields at the positions of minimum and 
maximum potential energy, and furthermore 
will in general have different polarizabilities 
in these two regions. The latter of these two 
effects has been discussed previously by 
Ibll8] whose development led to the conclu¬ 
sion that the effect would make a negligible 
contribution to the quadratic field coefficient. 
Allowing for local field effects we find, how¬ 
ever, that the term could be of the same order 
of magnitude as the empirical field coefficient, 
our upper limit estimate giving a value of 
about 1/3 of the latter. 


and higher order terms are of little significance. 
The entire quadratic field coefficient can be 
accounted for on this basis alone. Although it 
is possible to derive a unique net activation 
energy function, H/(E). given the functional 
form of the potential energy barrier and 
assuming no other contribution to the higher 
order field terms, the inverse process does not 
lead to a unique function for the barrier but 
rather to a family of potential energy functions 
such as those illustrated in Fig. 1. 

A second effect contributing to a quadratic 
field term arises from electrostriction (con¬ 
denser pressure effect using Young's ter¬ 
minology). That is, compression of the phase 
containing the barrier will lead to an increase 
in the zero field activation energy. Such an 
effect can occur whether or not the rate con¬ 
trolling process resides within the oxide film. 
For example, if the rate controlling process 


Finally, an estimate was made of the con¬ 
tribution to the quadratic field term arising 
from asymmetric distortion of the potential 
energy barrier brought about by inertial 
polarization of the matrix containing the 
barrier. The estimated magnitude of this con¬ 
tribution is about a factor of 30 smaller than 
the empirical value of the quadratic field 
coefficient. On the basis of these calculations, 
therefore, we are obliged to conclude that all 
four effects could conceivably make signifi¬ 
cant contributions to the quadratic field term. 
This conclusion, however, should be tempered 
by the following considerations. The leading 
and most obvious term, 1/Cj,, may be readily 
calculated given the shape of the potential 
energy barrier. Furthermore, almost any 
reasonable assumption concerning the shape 
of the potential energy barrier leads to a 
quadratic field coefficient which is in agree- 
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ment with the empirical coefficient to better 
than a factor of 2. It seems likely that this 
term does dominate. The situation is, however, 
by no means certain. The magnitude of the 
electrostriction term might be determined 
more accurately by carrying out kinetic 
measurements over a range of hydrostatic 
pressures. It would be extremely difficult, 
however, to obtain improved estimates of the 
terms, T„ and T„. 

in conclusion, there is ample theoretical 
justification for the inclusion of a quadratic 
field term in the field expansion of the net 
activation energy IV(E). Furthermore, the 
existence of such a term is borne out by the 
experimental data pertaining to the anodic 
oxidation of aluminum, niobium and tantalum. 
Such an effect should also be present, how¬ 
ever, for all electrode reactions occurring 
either at high overpotentials if the reactions do 
not involve film formation, or at high field 
strengths if film formation is involved. This 
means that the symmetry factor which appears 
in the theory of electrode reactions (and is 
frequently given the symbol a or /3) should be 
a decreasing function of electrode potential, 
or more correctly, a decreasing function of the 
charge on the electrode. We are currently 
testing this hypothesis. 
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APPENDIX A 

Calculation of effective potential energy function from 
knowledge o/ W( E) 

Returning to the approximation that the periodic 
potential energy function U,. is independent of held 
strength, it is clear from (3.10) that given U, as a function 
of u (and hence g, and g, as functions of u). W(E) can 
be determined as a function of E. On the other hand if 
)y(E) is known as a function of E (from empirical fit to 
data say) it is impossible to determine the form of U,(u) 
uniquely. In fact it will always be possible to construct 
an infinite number of potential energy functions all of 
which will lead to identically the same function for W{E). 
Thus choosing/, (and hence g,) arbitrarily within certain 
limits (i.e. the form of /,(Z) must have certain general 
properties, such as a minimum at Z = 0 etc.) we can 
always find a function / (and hence g,) which will satisfy 
(3.10) for any given function, W)E). A potential energy 
function which generates the correct form for ti'lE) we 
shall call an efiective potential energy function and 
designate it U,,,. Allowing for the field dependence of 
U, does not alter the situation materially in that W(E) 
defines through (3.10) an infinite set of functions. 

The only difference between the cases dt/,/dE= 0 and 
dl/jIdE la 0 IS that in the former case. U, is contained in 
{(y,.n} whereas in the latter case it is not. 

We develop now a procedure fur generating an infinite 
set of functions U,.„ given )F(E) as a power series in 
E in which the cubic and higher order terms are very 
small. We make no attempt to generate the entire set 
{(/,„} but instead limit consideration to functions con¬ 
taining one inflection point between adjacent extrema and 
for which the regions around the extrema in l/,n can be 
well represented by parabolae. The subset (' which 
we shall attempt to generate in this way will consist of 
functions made up essentially from a pair of parabolae 
(one inverted relative to the other) a cubic term being 
introduced into each in order to effect the necessary 
continuity at their junction. Even with the restrictions 
imposed so far. we are still left with a family of functions 
involving two parameters, of which one distributes 
l/Cj between A,i and A,, and the other distributes l/Cj 
between .4,3 and Au (see equation (3.16)). Since we have 
postulated that the cubic term in the field (i.e. the term 
involving I/C,) is very small, the parameter relating to 
the distribution of l/C, will be of little importance so 
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that we define a single parameter set of functions (f/on) 
through the following equations, t 
We begin by defimng/j(Z) as follows: 

f,(Z) = aJiZlat), ai»Z»0, y=f,2 (Al) 

where Oj are constants such that 

a, -f a.j = I iA2) 


For the anodic oxidation of the valve "Wtal*. » 0.9 
..nd r = I SO that the cubic term in (A13) is ~ 0 05. 
which is small compared with the linear term, as postulated 
at the outset of this development. Employing equation 
(Al-I), the constants <!>, b = u*ld> and C, may be deter¬ 
mined from a fit to empirical data, and hence 'a calculated 
from (All). Substituting into (3.2) the expressions for/ 
given by (Al) and (A7) and replacing U, by tl,„ we 


and/(Z) has the following properties 


t/,ff/d> = a,[fl(«/u*a,)”+{l-a)(a/«*“i)“. 0 « uju* « a, 


/(l) = l. /(0) = 0, /'(0)==0 (A.1) 

From (Al) to (A.I) it is easily shown that/,(Z) and 
1—/j(l—Z) join al Z — a, and have a common first 
derivative at this point. From (5.1) we now have: 

/•,(/.)= f'iZIa,) (A4) 

and hence 

Hi(Z) = (A5) 

where ft(Z) and f (Z) are inverse functions. The miegial 
appearing in (.1.10) is therefore given by 

/r +X,(Z)]dZ = V(Z) dZ. (A6) 

We see that having chosen g(Z) and hcncc/lZ) consis¬ 
tent with the empirical form for W(t'.\ and with (A.i). 
we may choose any value for a, in the interval (0.1). so 
that the empirical data in this case generate a single 
parameter family of potential energy cm ves. 

Assuming /!/) may be represcnled satisfactorily 

by two terms of a power senes expansion, we have 

f(Z)=-aZ-+([-a\Z^ (A7) 

/'(Z)--2aZ+3(l-a)Z^ (A8) 

KiZ) ^ ll/2a]Z~l3(l-a)/lfa']Z^ (A9) 

correct to terms in Z“. Hence 


r /i—ulu*\^ /I — 


a, * ulu* a 1. (AI4) 


Allowing a, to take values in the interval (0. I), (A 14) in 
conjunction with empirical values for 0, u* ando, generate 
a family of effective potentiaf energy functions. Such a 
family of functions consistent with Young’s data for 
Ta[l0], has been calculated using (A 14) and is illustrated 
in Fig. I. Details of the calculations of the parameters d>, 
h* and C, are given in Section 5. 


APPENDIX B 

Jiunsient differenliul field coefficient for tantalum, and it.'s 
relationship to W(E) 

The purpose of this Appendix is to examine certain 
transient data obtained by L. Young for tantalum [17]. to 
see whether or not the dielectric polarization theory[13, 
I4| (a theory which need involve only a single potential 
energy function) will account for the data. Before doing 
this, however, we outline very briefly the salient features 
of the polarization theory [13,15] as they relate to the 
question at hand. 

The ion current density is assumed to be given by an 
equation of the form of (1.1) with £, the Maxwell field 
strength within the film, replaced by Er, the field strength 
within the interphase or interphases at which the rate is 
controlled. Thus; 


„ g(Z)dZ= [l/4(/](ht)'-[(l -«)/8<r'](hfc)'. 

(AlO) 

Comparing (3.10) and (3.11), using the relations (A6) and 
(AlO), we have 

Cj = 4a, Cl = ~8«'V( I — ul (All) 


and hence 

C3 = -C//2(4-C,) 

The net activation energy is therefore given by. 

(££■)' 2(4-C,)(h£)^ 


tf'(E) =4>ll-bE+ 




C,» 


(AI2) 


(A13) 


i„ = i„exp(-W(£,)//C7 ). (Bl) 

Accordingly, from the continuity condition for the normal 
component of the electric displacement at an interface 
between dielectrics, the dielectric polarization of the 
oxide film will make a contribution to £, given by 

K,Er = E+Plf„ (B2) 

where A, is the effective dielectric constant of the inter- 
phase. It is then assumed that there are both fast and slow 
processes contributing to P so that for steady-state con¬ 
ditions we may write 

1)£ (B3) 


tThe same symbols used in Section 3 will be used here, 
even though they refer now to rather than U,. This 
avoids the necessity of defining new symbols and should 
not lead to any confusion. 


whereas for conditions of very rapidly changing field we 
have 


Limit dP 
£ large dE 


<o(A,-l) 


(B4) 
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Table 4. Comparison of one parameierfit of Young's transient differentialfieU coefficient 
values for Ta assuming various forms for W(E), with an independent three parameter fit 


Functional form 
of W(E) 

RMS deviation 
forfl, 

(A(V) 

Std. deviation of 
RMS value 

(A/V) 

bjb, = KJK, 

1. Sharp extrema 

9-61 

1-16 

4-48 

2. Exact Schottky 

6-91 

1-15 

3-12 

3. Approx. Schottky 

6-13 

1-02 

2-87 

4. Cosine potential 

6-41 

1-61 

3-98 

5. Parabolic potential 

5 31 

0-89 

3-77 

6. Morse potential 

7-57 

1-26 

4-62 

7(a). Quadratic expansion 

3-91 

0-65 

3-21 

7(b). Cubic expansion 

3-64 

0-61 

2-33 

Independent three parameter fit 

3-51 

0-62 



where K, and K, are the static and dynamic dielectric 
constants of the oxide respectively. For steady-state 
conditions, therefore, we obtain from (BI) to (B3) 

= ;„exp {-W([K.IK,]E)lkT). (B5) 

Hence for any of the functional forms chosen for W(E), 
since E always occurs multiplied by h, (B5) may be 
written 

i..=ke\p(-W,(E)lkT) (B6) 


where IV,(£) is obtained from W(E) on replacing b by 
b, = (K,IK,)b. Accepting this theory we see from (B6) 
that the values labelled b, in Tables 2 and 3, are related to 
h as above. We now define the transient differential field 
coefficient, B,, through the following equation: 


Limit d In i 

^ large df 


Limit A In i 

4E-K) AC 


(B7) 


Substituting (BI), (B2) and (B4) in (B7) now gives 


fl. =-^(X,//C,) 


d W(E^) 
d£. 


(B8) 


The data to be analyzed were obtained commencing from 
steady-state conditions so that AW(Ef)IAE, may be 
evaluated at steady-state giving: 


B,=-—(bdb.) 


d ff'.(£) 
d£ ■ 


(B9) 


where h, = (KJK,)b. The important result expressed in 
equation (B9) is that once we have obtained the form of 
from steady-state data, only one additional con¬ 
stant, bjb, = K,IK„ is required in order to obtain B, as a 
function of temperature and field strength. 

Young's transient data for tantalum [16] were obtained 
by first establishing steady-state formation conditions. 


then changing the current suddenly by a factor of 2 and, 
after correcting for capacitance effects, noting the in¬ 
stantaneous change in field strength. Measurements of 
this kind were made over a fairly wide range of tempera¬ 
ture and initial field strength. The change in field strength 
arising from such measurements is sufficiently small that 
the limiting conditions imposed upon equation (B7) are 
satisfied to a very good approximation so that B, may be 
calculated directly from the ratio of A In i to A£. 

To test the validity of equation [B9] the experimental 
values of B,, tabulated as a function of £ and T. were 
fitted to equation [B9j using an IBM 7094 digital com¬ 
puter, substituting in turn for H',(£) the various func¬ 
tional forms listed in Tables 1-3 and using the values for 
the coefficients appearing in the tables. In these analyses, 
the only unknown parameter is the ratio b,lb„ which was 
chosen to minimize the RMS deviation of the experi¬ 
mental from the calculated values of B,. In Table 4 the 
results of these calculations are given along with the 
results obtained on representing £, as a cubic function in 
the field strength, the fit in this case involving three inde¬ 
pendent parameters. As was the case for the steady-state 
data, we see that the best fit (i.e. least RMS deviation for 
B,) is obtained for the quadratic and cubic expansions. 
Furthermore the fit obtained using three independent 
parameters is not significantly better than the sin^e para¬ 
meter fit obtained using the quadratic and cubic expansion 
forms for li',(£). There is no doubt, therefore, that 
equation (B9) accounts for the transient data well within 
expenmental error, the degree of accord achieved, in fact, 
being quite remarkable. A similar result has been shown 
in respect to the anodic oxidation of aluminum (18]. The 
uncertainty in the values of the parameters arising from 
the aluminum data however was considerably greater 
than that associated with the data analysed here, due to 
the narrow range in field strengths employed (all the 
measurements were made at 25°C). 

It is clear that other theories can also account for the 
transient data but at the cost of introducing additional 
independent parameters [14]. 
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INTERSTITIAL INCORPORATION OF DI- AND 
TRIVALENT COBALT IN QUARTZ 


GERHARD LEHMANN 
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{Received 17 June 1968) 

Abstract—Tri valent cobalt in synthetic quartz shows absorption bands of a distorted octahedral complex 
indicating interstitial incorporation of this ion. Upon heating the cobalt is reduced to the divalent 
state. The absorption spectrum is now identical to that of synthetic quartz doped with divalent <»balt. 
It is compatible with a tetrahedral or cubic site symmetry and has been attributed to Co** substituting 
Si*+ in the lattice. From kinetic considerations and the experimental Dq value as well as the similarity 
of the spectrum of Co*'^ in high alkali glasses it is concluded that the divalent cobalt occupies an 
interstitial position of distorted tetrahedral symmetry arising from the octahedral site by a displace¬ 
ment of t76 along the c axis channels of the quartz structure. 

INTRODUCTION -Oiy oc 


Ligand field bands of transition metal tons 
have been extensively used to determine the 
site symmetry of these ions in different host 
lattices[l-6]. Difficulties in interpretation 
arise for host lattices with open structure and 
low symmetry for several reasons: 

(a) A lower than cubic symmetry can shift 
and split degenerate levels, 

(b) there may be more than one site leading 
to the same type of spectrum, 

(c) weak bands in addition to assigned 
strong ones may be due to spin for¬ 
bidden transitions arising from the same 
configuration or to low concentrations 
of the same ion in a different site (or a 
different ion in the same site) and 

(d) tetrahedral and cubic (hexahedral) sym¬ 
metry lead to nearly the same band 
positions. 

This latter effect is very surprising and 
requires some explanation. According to 
electrostatic calculations Dq for a cube 
should be twice that for a tetrahedron if the 
distances between ion and ligands remain 
unchanged. Dq has been shown theoretically 
and experimentally [7-9] to vary with the 
inverse of the fifth power of this distance: 


Thus an increase of about 15 per cent in 
R is needed to bring Dq for a cubic symmetry 
back to the value for a tetrahedron while one 
expects only about 10 per cent elongation. 
Only cations larger than those of the first 
row transition metals form structures with 
coordination number eight resulting in an 
additional elongation for an impurity ion. 
The only case reported so far is Co*^ in CaF* 
[10] with a Dq value of 350 cm*'[1], even 
smaller than expected for tetrahedral sym¬ 
metry.* 

Cations can be incorporated in the a-quartz 
structure in four different positions as seen 
in Fig. I: 

(a) substitutionally for Si** into an almost 
regular tetrahedral site. Only Fe"* of 
all transition metal ions has been shown 
to occupy these sites under certain con- 
ditions[ll, 12,6]. 


*lt is interesting to look at the Dq ratio for octahedral 
and tetrahedral symmetry: One would expect a ratio of 
-0-6 instead of the value -4/9 following from point 
charge calculation if the distance change is taken to be 
about 6 per cent. The experimental ratio is close to or 
below-0-5. 
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(b) into a distorted tetrahedral interstitial 
position li midway between two silicon 
on the twofold axes, 

(c) a distorted octahedral interstitial posi¬ 
tion /fl arising from by a displacement 
of c /6 along the c axis channels. Fe^^ 
has been shown to occupy this site in 
synthetic quartz[ 6 ] and Cr’^ also pre¬ 
fers it in the isostructural AIPO 4 [5], 

(d) a third interstitial position with eight 
oxygens as nearest neighbors /„ in a 
distorted cubic symmetry. This site 
lies midway between two silicon on the 
c axis. 

The sites I 4 and /« are expected to lead to 
the same type of spectrum and to very similar 
band positions. 



Fig. I. Possible sites for cations in a-quartz. A prism 
plane of the unit cell is shown. Small circles: silicon large 
circles: oxygen (full: before, open: behind plane of paper). 
The asterisks mark the positions of the interstitial sites in 
this plane, the number of prongs indicating its coordination 
number. 

EXPERIMENTAL 

Two crystals of synthetic quartz were used 
in this study; a yellow one doped with 
trivalent cobalt and a slightly blue one 
doped with divalent cobalt. They were 


kindly supplied by Mr. B. Sawyer of Sawyer 
Research Products, Eastlake, Ohio, USA. 
The yellow crystal was analyzed spectro¬ 
scopically and chemically and contained 
0 033 per cent Co and 0 012 per cent Fe (as 
Fe®^). The cobalt content of the other 
crystal was determined from the known molar 
extinction coefficient of the strong band to 
be 14-6 ppm. The Fe content was very low 
(estimated from the charge transfer band at 
227 nm to be 1-6 ppm taking its oscillator 
strength to be 0-5). A dark blue Na^O- 
CaO-SiOj glass was also used for com¬ 
parison. Its cobalt content was determined 
by chemical analysis to be 0-20 per cent. 

Absorption spectra of cut and polished 
specimens (basal sections in the case of quartz) 
were taken using a Zeiss PMQll single beam 
spectrophotometer. 

A plate cut from the yellow crystal was 
heated to 500°C in air for several hours. 

RESULTS AND DISCUSSION 

Absorption bands of the yellow crystal 
before heating are shown in Fig. 2. Maxima 
are seen at 15-8; 25-5 and 30-3 kK and an 
additional very broad band at about 19-6 kK. 
Molar extinction coefficients e and halfwidths 
6 are given in Table 1. These values are 



Fig. 2. Absorption bands of Co’+ in quartz (1 kK equals 
1000 cm’’). 
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rather uncertain since an unarbitrary separ¬ 
ation is impossible due to the unusually 
large halfwidths. As seen from Table 1 only 
an octahedral site symmetry can explain 
this spectrum since a tetrahedral complex 
should give a single band near 9kK. The 
large halfwidths and high intensities of the 
two strong bands can be taken as evidence 
for a considerable distortion of the octahedral 
symmetry. The broad band near 19-6 kK 
could be one of the split components of the 
‘T, term. 


together with Dq value and term dilference 
between P and F taken from the band posi¬ 
tions. 

Since this spectrum cannot be explained with 
an octahedral site symmetry of the ion a 
migration must have occured in addition to 
the reduction. Wood and Ballman[2] ten¬ 
tatively ascribed the spectrum to a substitu¬ 
tional Co*^. This would mean diffusion of the 
ion from an interstitial to a substitutional site 
in our heating experiment. This process 
certainly requires a high activation energy 


Table 1 .Absorption bands of Co®^ in quartz 


Postulated 


(a) Tetrahedral: Dq = 900 cm"' 


T ransition 

v(kK) 

c 

8(cm ') 

/ 


90 

100 

3000 

10’ 

(^) Octahedral: Dq = 1800 cm' 

':C = 

3000cm-’;C/B 

= 4-8 

'T,„ 

ISO 

100 

3000 

I0-’ 


250 

200 

3000 

2 X 10-’ 

Tw 

31-6 

100 

3000 

10 ’ 


Observed 


15-8 

8 

4000 

lO-" 

25-5 

252 

6700 

8 X 10-’ 

30-3 

84 

4500 

2 X 10-’ 


After heating to 500°C this crystal shows 
a completely different spectrum seen as curve 
I in Fig. 3. It consists of two triplets, the 
second one showing some additional struc¬ 
ture. The spectrum of Co^^ in a Na^O-CaO- 
SiOj glass is shown for comparison as curve 
2. Band positions, relative heights and 
halfwidths are nearly identical, but molar 
extinction coefficients are slightly more than 
half of those in quartz. The same difference 
between glass and quartz was noticed for a 
borate glass by Wood and Ballman[2]. They 
only observed the band in the visible region 
in a synthetic quartz doped with about 6 ppm 
of divalent cobalt. Their molar extinction 
coefficient agrees with our value to within a 
few percent. 

In Table 2 postulated and observed band 
positions and oscillator strengths are given 


and has never been observed in this tempera¬ 
ture range. In addition the compression of 
the ion in the constricted silicon site should 
lead to a higher Dq value near 600 cm"' 
assuming the already mentioned variation 
of Dq with A?"* {R taken as the mean value 
between normal Si-O distance (1-62 A) and 
calculated Co-0 distance for a tetrahedral 
complex (1-91 A). Finally the lower intensity 
in glass compared to quartz can be taken as 
evidence for a higher distortion of the CoO^ 
tetrahedra in quartz again consistent with an 
interstitial environment only. 

Since octahedral and tetrahedral interstitial 
sites are very close together in the c axis 
channels a rapid conversion can be expected 
if one of the oxidation states has a site pre¬ 
ference for the position nearby. The possibility 
of incorporation of the ion into the distorted 
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Fin. ^ Absorption bands of C V in quart/ and glass. Curve I: 
quart/, curve 2. NuiO-CaO-SiOj glass. 


cubic site cannot be excluded with certainty. 
But the close resemblance of the spectra in 
glass and quartz makes this possibility 
unlikely especially since Co^^ does not nor¬ 
mally occupy a site of hexahedral symmetry. 
Furthermore, diffusion from octahedral to 
cubic interstitial position should require a 
higher activation energy then the small 
displacement in the c axis channel that can 


almost be regarded a large amplitude vibration. 

This example shows that a valence change 
in the solid state can well be accompanied 
by migration of the reacting ion. However, 
several conditions must be satisfied: 

I. The final state ot the ion must prefer a 
site symmetry different from the one 
originally occupied. 


Table 2. Absorption hands of in quartz 


Postulated 

W Ocliihectral: Dq == H50 cm FaP F) = 12..SOOctn ' 


1 ransition 

inkK) 

« Btcm’) 

f 


8-5 

10 3000 

10 * 


17-5 

1 3000 

10’ 

* ^ ly 

200 

20 3000 

2 X lO " 

(b) Tetrahedral: Dq=m cm '.E{P-F) = J2.000cm-' 

U., ~r >1., 

40 

30 3000 

4 X 10-* 


70 

1triplet) 

5X to 


170 

(triplet) 

5x 10 ’ 



Observed 



« 4 0) 




6-7 

(triplet) 

8'3x 10-" 


16-9 

(triplet) 

5-7X 10-’ 

Dq = 3m cm-'\E{P-F) 

= f2,IOOcni-F 
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2 . such a site must be available in the 
structure and 

3 . mobility must be high enough to allow 
rapid diffusion in the temperature 
range of the conversion. 

While condition 1 can be easily met by a 
number of transition metal ions (especially 
by one originally occupying sites of tetra¬ 
hedral symmetry), conditions 2 and 3 are 
more severe. The high mobility of interstitial 
ions in the c axis channels must be regarded 
an exception possible only in network struc¬ 
tures with small coordination numbers. 


Achnowlednemenlx — t am indebted to Mr. B. Sawyer of 
•Sawyer Research Products, Eastlake. Ohio, USA 
for supplying the quartz samples used in this study. My 
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CHEMICAL DIFFUSION IN ALKALI HALIDES 
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Abstract - Chemical diffusion in AY-BY type alkali halide couples has been discussed from pheno¬ 
menological and atomistic viewpoints. Equations for the chemical interdiffusion coefficient. Kirkendall 
shift velocity and diffusion potential gradient have been derived. 


PHENOMENOLOGICAL THEORY 

We shall discuss the interdifFusionin/^y-BK 
type alkali halide couples. The fluxes relative 
to local lattice are then 


•Ffl “I" LuyJCy 


J b ^bti^a + + LbyXy 

Ju = LuaXa + Lyi^b + L^yXu- (I) 

Here the Ly are coefficients relating the fluxes 
Ji to the thermodynamic forces Xj. We shall 
derive the expressions for the Lt, coefficients 
with the aid of Manning’s kinetic theory [1] 
and as it is seen below (from equations (27)) 
in this approximation the cross-coefficients 
L„y and Lt,u vanish. If we suppose that Onsager 
reciprocity relations L„„ = and Lt,y = Lyt, 
are valid, equations (1) simplify to 

Ja ^aaXa *1“ ^nbXb 

Jl) L-hyX,, LyffXb 
Jy = LyyXy. (2) 


We suppose that there are equal numbers of 
cation and anion vacancies and that the 
vacancies are everywhere in thermal equili¬ 
brium. In the case A and B are cations and 
y is anion, Xj are given by 

X„ = -ViJLa-eV (l> 

Xt = —Vn,b—eVit> 

(3) 


where and fiy are the chemical potentials 
of species/4 and </> is the diffusion potential 
and e the electric charge of a cation. The 
chemical potentials are written as follows: 

Mo = Moa (y. /*) + In c„y„ 

R-b = l»-ab{T,P)+kT\nCbyb (4) 

where -y„ and yy are the activity coefficients 
of species A and B, Ca and c* are the mole 
fractions of A and B ions. The numbers of 
A, B and y ions per unit volume are N„, Ny 
and Ny = N = Na + Nb respectively. 

The thermodynamic forces are restricted by 
Prigogine’s theorem 


N„X„ + NbXb + NXy = 0. (5) 


Equations (3), (4) and (5) give then 

dlny„ (flnyt alny 
3 Incn a Incf, a Inc' 


The local lattice moves during diffusion 
relative to one end of specimen with velocity 
p where 


V 

~~N N' 


(7) 


To determine the interdiffusion coefficient we 
must know the fluxes relative to the end of 
specimen. These fluxes are 


Xy = eV<l> 
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J'tt — Ja- NCyV 
J'b=Jb-NCbV 
J'y=Jy-Nv = 0. 


( 8 ) 
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With the aid of equations (2) and (7) we obtain concentration Cj. It can be written in the form 
in 1-dimensional case for the diffusion poten¬ 
tial gradient D* ~ ~ (14) 


dx \ rllnc / 


r ft _Cft_ C,f 


and for the Kirkendall shift velocity 


Now with the aid of equations (10) and (9) 
7„' may be given by 

* g 

j;, = -DN^ (ID 

where the chemical interdiffusion coefficient /) 


N \ 


In (■ 


where Vi is the basic jump frequency for an 
atom jump between two neighbor sites in a 
homogeneous alloy; A is the distance between 
these sites; d is the distance between neighbor¬ 
ing planes perpendicular to the direction of 
diffusion; w, is the basic jump frequency for a 
vacancy to exchange with an atom i in a homo¬ 
geneous alloy; c,, is the mole fraction of 
vacancies; r is the number of nearest neigh¬ 
bors; and fi is the correlation factor of species 
/ in a homogeneous alloy which arises from 
that a given vacancy may exchange with the 
same atom more than once. /I i and B) are pro¬ 
portional to the driving force and are discussed 
below. 

A chemical concentration gradient or some 
other driving force may cause the jump 
frequencies to deviate from the basic values 
V, and w,. Let the direction of the driving 
force be +x direction and »',+ the jump 
frequency from a site on plane 0 to one of the 


4- — I _ ! 

^ u ^ h 


[r>.(/.gg + L„„)-c„(Z.,„ + L,„)][^-^-^ + H 

L c„ Cb Cb c„ j 


L.,h Libb "b Lftg -t- L/u 


KINETir THEORY 

To find the equations of the L,j coefficients 
we shall use the .same method as Manningjl] 
when he treated chemical dilfusion in anA-B 
alloy. Manning has shown that the fluxes in a 
binary alloy may be written as follows: 


Ji = NciDr2d-'{A, + B.) - ND*— 

<)x 


neighboring sites on plane-fl immediately on 
the right of plane 0 and u,- respectively. Then 

Ej-= Vi(l±/li) (15) 

where A) is a small quantity. Now the jump 
frequency w,gb for exchange of a vacancy on 
site g (on plane g) with an atom of species i 
on site h (on plane h) is given by 


- Nc,D^ 


{i=a,h). (13) 


Here D* is the tracer diffusion coefficient of 
species / in a homogeneous alloy having the 


^luh ^iohmi 1 T ^i) 

^'lohm ^'luh(A ITS/) ( 16 ) 

where wigbm is the value of Wigb in a homo- 
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geneous alloy having the composition assoc¬ 
iated with the plane midway between planes 
g and h; Wtgnc that in a homogeneous alloy 
having the composition associated with the 
plane G ; and and 8< are small quantities. 

• Manning!I, 2] has shown that for tracer 
atoms in a chemical concentration gradient 


where 


and 




= fi. 


— ei + d 


d In c,. 
dx 


(17) 


_ dd Inwi 
2 r)x 


(18) 




d/d]nyi 5lnc„\ 
2\ dx dx )' 


(19) 


If there is a diffusion potential in an A Y-BY 
couple where A and B are cations, it decreases 
the jump frequency of the faster moving cation 
to the direction of its concentration gradient 
with a factor 



Then in equation (17) we have to replace €( by 
«, + ed, where 

_ de d<t> 

^'‘~2kf'dx' 


where Bi is a small quantity. Manning[l] has 
shown that in a f.c.c. binary alloy Bi may be 
written in the form 


1 

7-15 


{jd In Cp 



( 22 ) 


e is defined by 


(♦'^/.md+e) (23) 

where = Cahyt'agh + Cth^bai, 'S in a binary 
alloy the average frequency for exchange of 
a vacancy on site g with an atom on site h\ 
and H'ghm is the value of Wg^ in a homogeneous 
alloy having the composition associated with 
the plane midway between planes g and h. 
Taking into account that 

/, 3 In C(\ 


we obtain by substituting the equation of 
et + €rt into equation (16) and it into equation 
(23) for cations in chemical concentration 
gradient and diffusion potential gradient 


d\ alny \ar„ 

2L w v'^ainc/ax 


d In r,. e dij>' 

H-- - . 

dx kT dx_ 


(25) 


Here W = r„M „ -I- Then 


Taking into account that vi = c,,wi we obtain 



'd In i>, 

alny, 

e d<f>\ 

2 ' 

dx 

Sx 



When a vacancy flow goes to —x direction, 
the individual vacancies are more likely to 
approach the tracer atom on plane 0 from +x 
direction than from —x direction. This changes 
the effective jump frequency of the tracer by 
a factor 


0 __ d r w’o-H'o / alny \dc„ e a*))! 

7-15[ W \ fllnc/flx itrajcJ' 

(26) 

Equations (13) may now be written in the form 




X 



2 W„ - H't \ 

7-15 W 


Nc„D* 


X 



2 \ e dij> 
ils/Iflx 


Gj± = 1 ±B( 


( 21 ) 


(27) 
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Comparing the equation (27) of J„ to the 
corresponding equation (1) we find that there 
must be 

^an _ l-‘nh _ ^ / i ■ ^ ^ b _ \ 

c„ kT I w W 


into account the difference between/„ and/^ 
the deviations of the equations of interdiffu- 
sion coefficient and Kirkendal) shift velocity 
from Darken’s equations in a binary alloy 
are smaller than in the case/„ =f,,. 

Next we shall consider the diffusion of 
anions. Now the only driving force is the 
diffusion potential gradient. Also in this case 
we make use of Manning’s equation (13). 
Instead of equations (20) and (26) we obtain 


A, 


d fd\nv e d4>\ 

21 ajt W 


(31) 


and 


^ua “1” ^nb 



(28) 


de d<)> 
7-l5kTlx‘ 


(32) 


The former equation gives 


Nc„D* / 2 

kT \ 1\5 W I 


Nc„D,* 2 
kT 7'l.S W 


(29a) 


and then the latter equation yields L„„ = 0. 
Respectively we obtain 


/_2 

kT \ 7-15 W ) 


NctPH 2 c„w„ 
kT 7-\5 W 


(29b) 


and Lftj, = 0. If we suppose that Onsager 
reciprocity relations are valid, L„„ = 0 = Lyb 
and the fluxes in the system are represented by 
equations (2). From equations (29) we see 
that the relation L„„ = yields 






Jb 


2 \ e dd) 
/„ I 1 “1-I- 

' l-\s)kTdx 


(33) 


Comparing equation (33) to the corresponding 
equation (2) one finds 



(34) 


When the equations of coefficients (29) 
and (34) are substituted into equations (12), 
(9) and (10) we obtain taking into account 
equation (30) for the chemical interdiffusion 
coefficient 


b = 



3 In yX 
a Inc7 


X 


|Ch£>,f + c„Z>fc* + 0-28c 


{D^-DSY 

CaD* + Ci,D^ 


-h2SCaC„ 


{D*-DSY 

c„D* + C6D6* + D*. 


(35) 


D* ^ w„ 

DS tVft 


(30) 


or that the correlation factors of A and B ions 
fa and are equal. This does not hold in 
strict sense. Manning[5] has shown that taking 


for the diffusion potential gradient 


e d(j> 
kT dx 


Da*-Db* 

CaD* + C„D^ + D^ 


X 1 + 


d InyX 
Sine / 


SCa 

Sx 


(36) 
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and for the Kirkendall shift velocity 


t) = -l-28 


{D*-DS)D: 
c„D* + C(,D6* + D* 


(37) 

V d\nc) dx' 


The limiting values of D, d<j>ldx and v are 
found when (i) D„* > Da* and Dg and (ii) 
DJ < DJ and D^. In the case (i) r)(f>ldx = 0 
and equations (35) and (37) yield the equa¬ 
tions of a binary alloy A-B. In the case (ii) 
the diffusion potential gradient is strongest 
and the Kirkendall shift velocity is essentially 
dominated by D^. The author has not found 
any experimental data of and D^. So to get 
an idea of the deviations of D given by (35) 
from Darken’s formula 


(i+|^)(c6D* + c«D.*) 

we have to suppose some value for the ratio 
D*IDg. When D* = 3Dg and c„ = 0-5. the 


deviations are in the case (i) -F7 per cent and 
(ii)—25 per cent which are rather remarkable. 

DISCUSSION 

In the derivation of the preceding equations 
for the chemical interdiffusion coefficient. 
Kirkendall shift velocity and diffusion poten¬ 
tial gradient we have neglected the effects of 
porosity and aliovalent impurities which may 
be appreciable in the measured results. Some¬ 
what different equations may be obtained if 
the correlation effects are more strictly taken 
into account. However we think the above 
equations to describe the chemical diffusion 
in alkali halide diffusion couples so well that 
experimentaf verifications may be planned on 
this base. 
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INTERSTITIALCY MOTION IN THE SILVER HALIDESn 
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Abstract —Results are reported for the diffusion of Ag in single crystals of AgCI between 300 and 
43S°C. Diffusion coefficients are measured with radioactive tracers by the sectioning method. The 
correlation factor /a. is obtained by comparison to the ionic conductivity with the Einstein relation. 
An analysis of fn, shows that the interstitial silver ion moves by a combination of two kinds of inler- 
stitialcy jumps, with an activation energy of 0-008 eV for the collinear jump and 0-13 eV for the 
non-collinear jump Earlier diffusion measurements for AgBr are also re-analyzed with more recent 
correlation factors and mobility data to give revised activation energies of 0 058 eV and 0-27 eV, 


respectively. 

1. INTRODUCTION 

For many years it has been realized that 
AgCl and AgBr contain Frenkel defects, 
namely, silver ion vacancies and interstitial 
ions[l]. Both of these defects are mobile 
and contribute to the ionic conductivity in 
pure crystals at elevated temperatures. Sub¬ 
sequent investigators have . measured the 
conductivity of crystals containing divalent 
ions in order to determine the concentration 
of Frenkel defects and the mobilities of the 
vacancies and interstitials. Diffusion measure¬ 
ments have also shown that ionic transport 
by negative ions is three to four orders of 
magnitude smaller[2, 3], in confirmation of 
earlier transport measurements in which the 
transport number of silver was found to be 
unity [4]. 

The mechanism for motion of a vacancy 
seems to be clear enough: one of the neighbor¬ 
ing silver ions simply jumps into the vacancy. 
At first glance it might be thought that an 
interstitial ion would move by direct jumps 
between neighboring interstitial positions. 
But even a brief examination of the distortions 

’Work supported by the U.S. Atomic Energy Commis- 
■sion. This is Technical Report COO-1197-22. 

tBased in part on a thesis submitted to the University 
of Kansas in partial fulfillment of the requirements for 
an M.S. degree for MDW. 

tPresenI address: U.S. Navy Mine Defense Labora¬ 
tory, Panama City, Florida. 


involved in such a jump suggests that this is 
energetically unfavorable [5], and this idea is 
substantiated by more extensive calculations 
[6]. A much more favorable process is one in 
which the interstitial ion jumps toward a 
silver ion on an adjacent lattice site, knocks 
the lattice ion into an interstitial position, 
and occupies the vacated lattice site. This 
combination of events is called indirect 
interstitial or interstitiaky motion [7]. 

Comparison of tracer diffusion coefficients 
with the ionic conductivity has shown that 
interstitialcy motion does, indeed, occur in 
these substances. For AgBr, in fact, two kinds 
of interstitialcy jumps have been identified, 
and it has been jxjssible to evaluate the 
individual jump frequencies [8]: for AgCI the 
presence of the two kinds of jumps has been 
indicated qualitatively [2,9]. In this paper new 
diffusion measurements are reported for Ag in 
AgCI, and the results are analyzed to give 
estimated values for the individual jump 
frequencies. In addition the previous results 
for diffusion of Ag in AgBr are re-analyzed 
in view of more recent information about 
correlation factors and vacancy mobilities. 

2. DIFFUvSION AND IONIC CONDUCTIVITY 
(A) Correlation factors 

We consider a pure crystal containing equal 
mole fractions jr,, = xj = jco of vacancies and 
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interstitials. The microscopic diffusion coeffi¬ 
cient and the mobility for the vacancy are 
given by 


dr = iVrK^, Pr = ep,X,^l6 kT. (I) 


The jump distance Kr is defined in Fig. I: 
the jump frequency v,- represents (he total 
probability per second of a vacancy jump. For 
the moment we use similar expressions for the 
interstitial (the different kinds of interstitialcy 
jumps are considered in detail below) and find 
the microscopic Einstein relation to be 


Pr Pi e ■ 


In terms of the mobility ratio 



dr 


the conductivity for the pure crystal is 


( 2 ) 


(3) 


(Tn = N„eXnPr(i+(j>) (4) 


where Na is the total number of silver ions per 
unit volume. 

The diffusion of silver ions would be given 
by Df^ = Xrdr + Xjdj if the successive jumps 
of a particular ion formed a genuine random 
walk sequence. Combination of this relation 
with equations (2) and (4) yields the normal 
macroscopic Einstein relation 


DJir„ = kTIN„e^ (5) 

which we shall use to calculate D„ from the 
measured value of the conductivity. In 
actuality the sequence of jumps for a radio¬ 
active tracer ion is not a completely random 
walk, and it is therefore necessary to introduce 
correlation coefficients in the expression for 
the tracer diffusion coefficient. 


JiXvdv~i~ fiXidt, ( 6 ) 


ments of DX, and o-o is conveniently expressed 
as a ratio of DXt to D „, 


£> a % fv+<>fi 
D„ !+(/> 


(7) 


where the last expression follows from equa¬ 
tions (4-6). Thus the observed results involve 
contributions from both vacancies and intersti¬ 
tials. In order to separate out the correlation 
factor / for interstitials, it is necessary to have 
independent knowledge of from conductivity 
measurements on crystals with divalent 
impurities. Then / can be obtained from 
equation (7) as 


/i=/A,-(/-/A.)/<f>. (8) 

When the details of a jump mechanism are 
specified, it is possible to obtain a theoretical 
value for the correlation factor by considering 
diffusion of probability on an appropriate 
lattice [10]. By this means an accurate value 
has been obtained for vacancy motion on a 
face centered cubic lattice, namely, /,.= 
0-78146[ll]. An experimental check of this 
value has also been made in AgCl and AgBr 
containing enough Cd so that interstitials are 
completely suppressed and only vacancies 
contribute to diffusion and conductivity 
[12,13]. The various possibilities for inter¬ 
stitial motion are illustrated in Fig. 1, and the 
theoretical correlation factors are listed in 
Table 1 [8,9,14], In the subsequent treatment 
we shall consider only the collinear inter¬ 
stitialcy X, and the non-collinear interstitialcy 
Xz. The direct interstitial jump X,, appears to be 
excluded by energetic considerations (see 
Table 5), and the experimental results show no 
evidence of its presence. The partially back¬ 
wards interstitialcy jump X 3 also appears to be 
energetically unfavorable, and the analysis of 
the experimental results is not sufficiently 
detailed to reveal Its presence. 


It is also necessary to consider the simultaneous 
occurrence of (at least) two kinds of interstitialcy jumps, 
with a relative frequency k * v,/v,. The microscopic 
diffusion coefficient for an interstitial is then 


The comparison of experimental measure- 


di = i(i',\,* + vsXj'‘) =iv,a*(f(t-l-l). 


(9) 
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Fig. t. Silver ion jump processes. The figure is projected 
onto a plane of the NaCI type structure. Thus if each 
interstitial ion is initially located a distance j a above the 
plane, the final position is 1 n below the plane for the 
collinear interstitialcy with X, = VBn, i a below the plane 
for the non-collinear interstitialcy with X, = y/2 a. but 
i a above the plane for the partly backwards interstitialcy 
with Xj = a. The vacancy jump with X„ = V2 a and the 
direct interstitial jump with Xg = a are parallel to the 
plane. 

The corresponding tracer diffusion coefficient is related to 
J, by the factor/i as defined in equation (6), where[8,14] 



The first factor in braces gives the effect of the difference 
in displacement between the interstitial and the tracer in 
an interstitialcy jump, and the second factor shows the 
effect of correlations between successive Jumps of the 
tracer. The quantity P(k) is a slowly varying function 
involving the probabilities of return of the interstitial ion 
to the tracer fi'om various directions; a detailed calcula¬ 
tion shows that a fairly good interpolation formula is 
given by [14] 

P(K) = (K+l)li(K+lll9). (II) 


Insertion of equation (11) into equation (10) yields 

^ 9k»-I-27k-(-16 

■^”27»c* + JU + 22’ 

which can be solved to give 

(25/,«-26/;-H7)''«-(l7/,-9) 

* 6(3/,-1) 

The mobility of the interstitial defect is 
obtained by use of the microscopic Einstein 
relation of equation (2). 

fM= (elkT) d, = (14) 

With di from equation (9) we find 

yix = ea^vdlkT, = ea^vJ'ikT. (15) 

Hence and /jiiT are proportional to the 
corresponding jump frequencies. After k is 
obtained from equation (13), Mi and can 
be calculated from 

Ma = 1). (16) 

(B) Analysis of conductivity measurements 
The analysis of the diffusion results to 
determine k, /u,. and depends vitally on 
knowledge of the mobility ratio d>, which 
enters into the separation of the vacancy 
contribution in equation (8). The values of 
are obtained, in turn, from an analysis of 
conductivity measurements made on crystals 
containing divalent ions. Hence it is important 


Table 1. Jump mechanisms and correlation factors. The length a is 
defined in Fig. L The displacement effect is given by f', the correla¬ 
tion effect by f", and the overall correlation factor by f = f T' 


Mechanism 

y 

X 

r 

r 

/ 

Vacancy 

Vr 

V2a 

1 

0-78146 

0-78146'“’ 

Direct interstitial 

Vo 

a 

1 

1 

1 

Collinear interstitialcy 

Vi 

V3o 

i 

2/3 

0-3333'“ 

Non-collinear interstitialcy 

Vt 

V2a 

\ 

32/33 

0-7273'“ 

Mixed interstitialcy 



3/5 

0-8782 

0-5269'* <■’ 

Backwards interstitialcy 

*^3 

a 

i 

0-9643 

1-4464'“ 


'"’From reference [I I]. 

'“From reference [14]. 

'"’The interpolated result obtained with equation (12) is 0-S200. 
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to consider the three methods of analysis that 
have been used for the silver halides[15]. 

(i) The simplest assumption is that a divalent ion such 
as Cd'^ * exerts an influence only by virtue of its excess 
charge. Then the vacancy concentration is increased, the 
interstitial concentration is decreased because of the mass 
action law for Frenkel defects. 


charged defects appears in the Debye-Huckel screening 
constant 

h = [87rpWjr„/€/t7’](23) 
and the activity coefficient is 

logy = -(f*/2e*T)h(l + bR)-' (24) 


■■= Jia‘ 


(17) 


and the conductivity of the doped crystal is expressed by 


rr 

IT,I 




^-1- (IK) 

</)+ I 


where c is the mole fraction of divalent impurity Since 
if) > I the conductivity isotherm has a minimum, lor which 


l>r\ _2^^ 

ur,/ if) -f 1 


(IV) 


where c is the dielectric constant and R is a distance of 
closest approach of defects. Since jr„ appears in equation 
(23). as well as in the modified form of equation (21), it is 
necessary to solve by iteration to obtain a consistent solu¬ 
tion. A detailed calculation has shown that these effects 
arc of some quantitative importance even for the pure 
crystal!21]: y = 0-88 for = 0-001 per cent and -y = 0-76 
for .t„ = O-OI per cent in AgCI. Of especial importance for 
our purposes is the fact that values of <t> calculated by this 
method are at least .30 per cent larger than values obtained 
from method (i) or (ii). 


After if) IS obtained from this result. ,i„ is found from the 
slope of the conductivity isollierm at c — 0. and (he 
mobilities are then calculated from equations (.3) and (4) 
Methods based on equation (IK) arc common because 
of the simplicity of the analysis, and it appears possible to 
obtain a good fit to the observed isotherms up to an im¬ 
purity concentration of perhaps 0-1 per cent. 

(ii) The next assumption supposes that a fraction of the 
divalent ions is associated with vacancies at nearest 
neighbor positions, I ho association removes some 
vacancies from those which are free according to a 
mass action law that is usually written as 

.r J’a, (c ■■ a*) ] (20) 

where is the mole fiaction of complexes Fqiialions (1 7) 
and (20) are combined with the condition of eicctiic 
neutrality to give a cubic equation for .r,. 


The conductivity isotherm is expressed by 

_ir _ (x,./.i:i,) -f (X|i/.t,J<J) 

<T„ }+<ll 

By using implicit differentiation it can be shown that 
(rr/rnolmin is given by equation (IV) for this case also, 
hence inclusion of association does not affect the values 
obtained for <ft. Because of the availability of an additional 
parameter, it is possible to fit the observed results to 
somewhat larger values of c. but the method has never 
really been entirely satisfactory over a wide range of 
temperature and impurity concentration. 

(iii) One of the deficiencies of method fii) is the neglect 
of long range Coulomb interactions among the vacancies, 
interstitials, and unassociated divalent impurities. These 
can be included in a formal way by introducing activity 
coefficients y into equations (17) and (20) as multiplica¬ 
tive factors for Xp, X|, and (c —x*). The concentration of 


3. EXPERIMENTAL RESULTS FOR AgCI 

Experimental techniques were generally .similar to 
those previously used for AgBr|8,16]. The pure material 
was precipitated from 0-5 M solutions of analytical reagent 
grade AgNO.i and HCl. Single crystals were grown by the 
Bridgman technique in a sealed quartz tube. The powder 
was outgassed in vacuum for 12 hr at 350°C before 
sealing off. and the melt was held for 8 hr at 500'C 
(4,‘v‘’C above the melting point) before withdrawal in order 
to eliminate voids. Cylindrical samples approximately 
I cm m all dimensions were machined on a lathe; smooth 
end faces were obtained by microtoming. 

All .samples were provided with silver electrodes, first 
a 21)00 A layer by vacuum evaporation, followed by a 
thick layer of silver conducting paint. For diffusion 
samples about I /xc of Ag'’''CI was evaporated onto one 
end before the silver evaporation; after a diffusion run all 
silver was removed m heated 6 M nitric acid. Conductivity 
measurements were made at a frequency of I to 10 kc 
with an a.c. bridge. 

During diffusion and conductivity measurements the 
sample was kept in an atmosphere of nitrogen. The fur¬ 
nace temperature was controlled to±}°C. but variations 
at the sample were much smaller because of the large 
thermal inertia of the furnace. Temperature was measured 
with the same chromel-alumel thermocouple for the 
entire series of measurements, and the effect of possible 
calibration errors was minimized by measuring con¬ 
ductivity during the diffusion run. 

After diffusion a microtome was used to lake lO/x 
slices parallel to the original surface. The slices were 
collected in planchels and weighed with a semi-micro 
balance (sensitivity 0-01 mg) to determine the amount of 
material. In order to obtain a uniform distribution on 
the bottom of the planchet, the AgCI was dissolved in 
6 M NH,OH, which was then slowly evaporated at 50°C. 
A minimum of 10,000 counts was obtained with a Geiger 
lube. The diffusion profiles gave the expected straight 
line for a plot of log (activity) vs. (penetration depth)* in 
alt cases; the diffusion coefficients were obtained from a 
least squares fit of this line. 
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The largest source of error for conductivity comes from 
the sample dimensions; repeatability for different samples 
showed an error of 0-2 to 0-7 per cent. Errors in the 
diffusion coefficients were approximately 0-2 per cent 
from the area, 0-2 per cent from finite slice thickness and 
misalignment, 0-6 per cent from the correction for finite 
heating and cooling times, and 0-8 per cent for the slope 
of the diffusion profile, giving a total error in D of about 
1 -0 per cent. 

The measured diffusion coefficients are 
shown in Fig. 2. There is good agreement 
between our results and those of Compton 
[2,17]. Also shown are values ofD,, calculated 
from the measured conductivity with the 
normal Einstein relation of equation (5). The 
general agreement of all workers is reasonably 
good, but there are several minor discrepan- 



f'lg. 2. Diffusion coefficients for AgCI. Measured by 

radioactive tracers: t- this work. 9 -— Compton 

(reference [17]). Calculated from (he ionic conductivity 

with the normal Einstein relation: •-this work, O 

Compton (reference [17]), ■ Abbink (reference [20]). 
A Ebert and Teltow (reference [18]). O Muller (reference 
[19]). 


cies. The reason for the deviation and scatter 
of Compton’s conductivities [17] at the higher 
temperatures is not known, but this has made 
it infeasible to use his results for a quantita¬ 
tive analysis of the type presented in the next 
section. The deviation of Ebert and Teltow’s 
values [18] at the lower temperatures is pro¬ 
bably due to impurities; an impurity content of 
20 to 30 ppm has been estimated by Mufler[I9]. 
The D„ points for this work are calculated 
from the conductivity actually measured 
during the diffusion runs; the line is the average 
of all conductivity measurements. The points 
for Compton [17], Ebert and Teltow [18] and 
Abbink[20,21] have also been calculated 
from quoted values of the conductivity. For 
Muller’s results [19], however, the conduc¬ 
tivity has been calculated from the published 
values of activation energies and pre-exponen¬ 
tial factors for jtu, a*.,., and /ly because no 
numerical values are given and the graphs are 
too small to yield useful numbers. The rather 
large discrepancy for these results at the 
higher temperatures occurs because the fit is 
based on a different temperature range (50 to 
250°C) in order to avoid the complications 
caused by large defect concentrations above 
250°C. 

The observed values of DX^ and o- are listed 
in Table 2; these are based on sample dimen¬ 
sions measured at room temperature. When 
values of /a* are calculated from equation (7), 
a room temperature value of the lattice 
constant is also used to obtain the number of 
silver ions per unit volume in equation (5); 
by this procedure the effect of thermal expan¬ 
sion is cancelled, and correct values are ob¬ 
tained for /ar. The combined errors for /a* are 
obtained from the individual errors for DXt 
and (7 and are quoted as standard deviations. 

4. ANALYSIS OF RESULTS FOR AgCI 

The experimental values of/"xg are calculated 
from measured values of D^g and o-q with 
equations (5) and (7) and are shown in Fig. 3. 
Also shown by the dotted lines are the results 
to be expected for /xg if a single type of 
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Table 2. Conductivity and diffusion data for 
AgCl. The correlation factor is fA, = Dt^lDa 
where D,, is obtained from Oo with equation 
(5) 


(°C) (flcm)'* (cm'sec) An 


I'StMxlO* 0-487 ±0011 
2-228 0-476 ±0-006 

5-159 0-582 ±0-007 

7-481 0-5I7±0-006 

13-52 0 513±0-006 

22-76 0-501+0-005 

42-30 0-562 ±0-008 

63 02 0-540 + 0-007 

interstitial jump mechanism were present. 
It is evident that a mixture of two types of 
interstitialcy jumps will be required to account 
for the observed results. 

In order to proceed with the analysis it is necessary to 
know the mobility ratio <t> = nJix,. Published values of 
this ratio are shown in Fig. 4. In most cases the conduc¬ 
tivity isotherms have been analyzed by the simple theory 



Fig. 3. The correlation factor/*, for AgCl. The bars on the experimental points show the 
estimated errors. The vacancy contribution to the dotted lines is calculated with Abbink's 
mobilities with Oebye-Hiickel interactions. (See Fig. 4). The solid line is calculated with 
the smoothed values of k from Fig. 5. 


300-25 

2-05 X 10-’ 

320-0 
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342-0 

6-32 

358-0 

10-05 

380-0 

17-7 

400-0 

29-6 

420-0 

47-7 

435-0 

72-4 


according to equation (19), in which all interactions 
between defects are ignored; in this case the same result 
is obtained for d> even if the formation of complexes is 
included with equation (20). The results obtained with 
this simple analysis by Abbink[21] and by Ebert and 
Teltowlis] agree quite well. (The re-analysis of Ebert 
and Teltow's data with Kumick's method was done in an 
earlier attempt to interpret the diffusion measurements 
reported here[!6].) When Debye-Huckel interactions 
are included in the analysis with equations (23) and (24), 
however, considerably larger values of d> are obtained, 
and this has an important influence on the analysis of the 
diffusion data. MiillerlI9] has employed only the simple 
analysis of equation (18), but by working with lower 
temperatures (50-250“C) and impurity concentrations 
(less than 150 ppm) he has apparently avoided some of the 
deficiencies of neglecting the Deybe-Hiickel interactions 
for the larger defect concentrations. Since Abbink's 
analysis appears to be more thorough and since his data 
correspond more nearly to the temperature range of the 
diffusion measurements, his mobilities will be used for the 
subsequent analysis. 

With (j) andyj, known, the vacancy contribu¬ 
tion to/ a, is removed with equation (8). Then 
K= pju., is calculated from y; with equation 
(13). Finally /z, and are obtained from fx, 
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Fig. 4. Values of <l>= for AgCI. Conductivity 
analyzed according to simple theory; □ Abbink (refer¬ 
ence [21]), A Ebert and Teltow (reference [18]). V Ebert 
and Teltow’s results analyzed by Kurnick's method 
(reference (221), OMuller (reference (19)). Conductivity 
analyzed with Debye-Hiickel interactions: ■ Abbink 
(reference (21)). The doited lines indicate the extent of 
extrapolations. 


and K with equation (16). The results for k. 

and ^2 are shown in Figs. 5 and 6. Even 
though there is appreciable scatter, which is 
due primarily to inaccuracies in the diffu¬ 
sion measurements, the overall trend is clear, 
and reasonable values for the activation 
energy are obtained for both /xj and /xj. The 
smoothed values of k from the line in Fig. 5 
are then used to calculate the solid line for/A* 
in Fig. 3; a fairly good fit is obtained. 

The dotted line in Fig. 4 shows the fitted 
values of k which are obtained when the 
analysis of/ a* is carried through with Muller’s 
mobilities. The individual points (not shown) 
also lie sJightly below those obtained with 
Abbink’s mobilities, and the general result 
is practically unchanged. An earlier attempt 
was made to use the mobility ratio obtained 
from Ebert and Teltow’s data with the simple 
theory [16]; in this case considerably larger 


T„CC) 

400 300 



Fig. 5. Values of k = i'i/v, for AgCl obtained by using 
Abbink’s mobilities with Debye-Hiickel interactions. 
The solid line is a least squares fit of the solid circles. 
The dashed line is a least squares fit of the corresponding 
points obtained from Muller's mobilities. 




414 


M. D. WEBER and F. J. FRIAUF 


T CO 


400 300 225 



Fig fi. I nlerslitUlcy mobililics for AgC'l. The solid squares 
arc Abbink s values for /r, with Debye-Hiickel inter¬ 
actions; the line is a least squares fit of the six interior 
points and coriesponds to the stated activation energy. 
The lines for p, and are least squares (its of the solid 
triangles in each case. 


values of k were obtained (up to 7 0). and the 
slope of K had the opposite sign, which led to a 
negative activation energy for fi^. This com¬ 
pletely untenable result indicates the im¬ 
portance of having proper values fort/i. 

For each of the jump frequencies associated 
with defect motion the temperature depen¬ 
dence can be written with expressions of the 
form 1 15] 

I', - I'oCXp ~ r'ioC’xp(-A//,MT). 

(25) 

With 

A^.', = A/i, - TA.Vi 

we find 

P,n = t'oCXp (As,/k). 

The mobilities are related to the frequencies 
by equations such as equation (15); the 
different numerical constants arise from the 
different values of A in Table 1. The activa¬ 
tion energies for the two interstitialcy jumps 
have been obtained from least squares fits to 
the points m Fig. 6, with the point at .^42“C 
excluded in all cases because of its large devia¬ 
tion. The values obtained in this fashion are 
listed in Table 3. 

The frequency factors such as f,o have been 


evaluated from the corresponding pre¬ 
exponential terms of fxT according to equation 
(15). (For the 'interstitial’ this process does 
not have any direct physical meaning, but the 
frequency factor has been obtained with Aj = a 
for comparison purposes.) If we suppose that 
Vo in equation (25) is the same for both collinear 
and noncollinear interstitialcy jumps, the 
ratio of the frequency factors is 

V)i,/v.i„ = exp [-(^s,—^Si)|k] (26) 

where A5) and Ajj are the appropriate 
entropies of activation. 

5. RE-ANALVSIS OF RESULTS FOR AgBr 
There are two reasons for a re-analysis at 
this time. In the first place somewhat more 
accurate values are known for the correlation 
factors. Secondly, the importance of consider¬ 
ing Debye-Hiickel interactions in obtaining 
the mobility ratio also indicates the desira¬ 
bility of re-examining the values of to be 
used. The possibilities are shown in Fig. 7, 
which should be compared with Fig. 4 for 
AgCl. Again there is fairly good agreement 
for the results obtained from the simple theory 
between 200 and 300°C by Teltow[5] and 
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Table 3. Activation energies and frequency factors for AgCI 
Process Abbink*”’ Miiller'*’ Ebert andTeltow*'"’ 


Activation energies 

Formation of Frenkel pair 


Simple theory 

Simple association 
Debye-Hiickel interactions 

l'6eV 

1-55 

1-25 eV 

l-69eV 

1-43 

Defect mobility 

Vacancy 

0-26 

0-35 

0-334 

Interstitial (average) 

0 045 

016 

0-149 

Interstitialcy mobility 

Collinear 

0008 ± 0 021 

0114 ±0022 


Non-collinear 

0 132 + 0050 

0-260 ± 0 046 


Frequency factors 

Defect frequencies 

Vacancy 

176X I0"sec-' 

890 X 10"sec-‘ 


Interstitial 

44-7 

444 


lnterstiti:ilcy frequencies 

Collinc.ci 

5 41 

45-2 


Non-collineai 

29-4 

403 



‘"’Reference [17], Mobility values are calculated with Debye-Huckel interactions. 
‘“Reference 119]. Mobility values are calculated from the simple theory. 
‘‘■'Reference [ 18|. Mobility values are calculated from the simple theory. 


by Kurnick[22]. But when Debye-Huckel 
interactions are considered [5]. much larger 
values are again obtained. As for AgCl 
Muller[19] has considered lower tempera¬ 
tures (15-175“C) and impurity concentra¬ 
tions (less than 150 ppm) in an attempt to 
make the analysis with the simple theory more 
appropriate; again he has been only partially 
successful according to the figure. For these 
reasons the re-analysis will be carried through 
primarily with Teltow’s results including 
Debye-Huckel interactions. 

The analysis proceeds in the same manner 
as for AgCl. and the results are shown in Figs. 
8 and 9. Only the more reliable diffusion data 
have been used, but it is apparent that the 
peculiar behavior above 350°C is still present 
[8]. Since the crystals at the two lower 
temperatures may have been contaminated 
with sulfur, the activation energies in Table 4 
are determined from the four intermediate 
points between 200 and 325°C. The diffu¬ 
sion data of Miller[12] for high purity AgBr 
are in good agreement with those used here 
but are limited to temperatures below 210°C: 
the more extensive data for reagent grade 


T„ CO 



1000/T 

Fig. 7. Values of = for AgBr. Conductivity 
analyzed with simple theory: A Teltow (reference |5]). 
^ 'Muller (reference [19]), O Kumick (reference [22]). 
Conductivity analyzed with Debye-HUckel interactions: 
A Teltow (reference [5]). The dotted lines indicate the 
extent of extrapolations. 
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Fig. K. Values of k = o./kj for AgBr obtained by using 
Tellotv'.s mobilities with Debye-Huckcl interactions. 
The solid line is a least squares fit of the solid circles. The 
other lines are least squares (its with mobility dataobtained 
by u.sing the simple theory to analyze the conductivity. 
—-—Teltow.—-—Muller. 


T„CC) 

300 200 


IZi 



AgBr show considerable deviations and do 
not appear to be suitable for a quttntitaiive 
analysis. 

In the previous analysis values of <ii were taken from 
Teltow’s results with the simple theory, including the 
extrapulation.s along the curved lines m Fig. 1. and 
activation energies of 0-078 and 0-23 cV were reported 
for the collinear and non-collinear interstitialcies|8]. 
When the same mobilities are used in the present analysis, 
values of 0-121 and 0-27 eV are obtained. The difference 
comes from the different values used here for/,. in equa¬ 
tion (8) and for P(k) in/i in equation (10). It is now 
considered, however, that the results listed in Table 4 
are more reliable, for the reasons stated above. 

6. DISCUSSION 

A good qualitative picture of the diffusion 
results is given in Fig. 3 for AgCI, and a similar 
picture is obtained for AgBr[8]. The fact that 
is considerably smaller than /„ = 0-781 
shows that interstitialcy processes must be 
prominent for the motion of interstitial ions, 
and the intermediate values of also make 
it clear that at least two kinds of interstitialcy 
jumps must be present. In particular the 


Fig. V Interstitialcy mobilities for AgBr. The solid 
triangles are Teltow’s values for g, with Debye-Huckel 
interactions. The straight lines are least squares fils of the 
solid points in each case. 

absolute calibration of the comparison of 
diffusion and conductivity measurements[12, 
13] makes it unlikely that there are any 
appreciable systematic errors that might affect 
the general interpretation. 

For the quantitative evaluation ofp., and fi 2 . 
however, it is necessary to separate out the 
vacancy contribution, and thus a good know¬ 
ledge of<f) = becomes necessary The dis¬ 
cussion for both AgCI and AgBr emphasizes 
the importance of considering Debye-Hiickel 
interactions in treating the conductivity. Even 
in cases where the simple theory appears 
to be self-consistent up to moderate impurity 
concentrations, the values obtained for tf) may 
not really be correct, as illustrated especially 
by the inability to use the results of the simple 
theory for AgCI. Furthermore in both 
materials it would be desirable to have a 
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Table 4. Activation energies and frequency factors for AgBr 


Process 

Teltow'"’ 

MU Her'*' 

Activation energies 

Formation of Frenkel pair 

Simple theory 

l•27(eV) 

106(eV) 

Debye-Hiickel interactions 

1-13 


Defect mobility 



Vacancy 

0-30 

0-34 

Interstitial (average) 

017 

015 

Interstitialcy mobility 

Collinear 

0 058 ±0(X)3 

0 064 ±0-006 

Non-collinear 

0-274 ±0017 

0-245 ±0-018 

Frequency factors 

Defect frequencies 

Vacancy 

527 X 10" sec-' 

1930 X 10" sec-' 

Interstitial 

435 

301 

Interstitialcy frequencies 

Collinear 

6-10 

7-86 

Non-collinear 

1090 

581 


'"'Reference(5]. Mobility values are calculated from the conductivity with 
stated values of xq and 4> obtained with Debye-Hiickel interactions. The 
activation energies and frequency factors are obtained by plotting and 

ln(n,T) vs. \IT. Teltow quotes different values for the activation energies 
because he plotted In /Xc and In /Xf. 

""Reference [19). Mobility values are calculated from the simple theory. 


better match for the temperature ranges for 
the analysis of and of/^g. The problems of 
long range Coulomb interactions are par¬ 
ticularly important in the silver halides 
because of the rather large concentration of 
Frenkel defects (jto = 001% = 100 ppm at 
300° in AgCI and 210° in AgBr), and it is 
evident that a complete quantitative under¬ 
standing of these interactions is not yet 
available. 

A notable feature of the results is the very 
small activation energy for the collinear 
interstitialcy. especially for AgCl. This is 
associated, of course, with the relatively small 
observed value for /X(, which represents the 
average interstitial contribution to the con¬ 
ductivity. The method of obtaining /x, from 
equation (16), in fact, forces A/ii for /x, to 
be approximately proportional to, but some¬ 
what smaller than. A//, for /x,. For AgCl 
Abbink[21] states that A/i( = 0'045 eV, which 
is obtained from the six inner points in Fig. 6. 
If the two outer points are also included, it is 
found that A/i( = 0-061 eV. Abbink also points 


out that the value of R used to correct for the 
Debye-Huckel interactions in equation (24) 
affects this result: when he uses = 2-9 A 
instead of V2u = 3-9A. he obtains A/i( = 
0-08 eV[20]. This is another illustration of the 
influence of the method of handling defect 
interactions on the results obtained here. 

The values obtained for the activation 
energies are somewhat smaller for AgCl than 
for AgBr. This is caused partly by a smaller 
temperature dependence of /^g for AgCl 
but also partly by the lower value of A/ij 
given by Abbink; the values obtained in Table 
3 with Muller’s mobilities are appreciably 
larger. Since both Teltow and Muller obtain 
comparable values for A/ij for AgBr in Table 
4, the activation energies may also be some¬ 
what too large for AgBr. 

The frequency factors in Tables 3 and 4 
appear to be reasonable, with perhaps some¬ 
what small values for the collinear intersti¬ 
tialcy. The ratio of frequency factors for the 
two interstitialcy jumps is = 5-43 for 
AgCl and 179 for AgBr. Since there are three 
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equivalent non-collinear jumps but only one 
possible collinear jump, this leaves factors of 
5'43/3 = 1'81 and 179/3 = 60 to be accounted 
for by the entropies of activation in equation 
(26). The possibility seems quite reasonable 
for AgCl but a bit ferfetched for AgBr. (The 
previous analysis gave 38/3 = 13 for AgBr[8].) 

Activation energies for interstitialcy motion 
are compared to some theoretical calculations 
in Table 5. The very small values for the 
collinear interstitialcy fall well within the 


two possible ways of motion for the dumb¬ 
bell, corresponding to the collinear and non- 
collinear interstitialcies, and it can be shown 
that the corresponding correlation factors 
are identical to those for the interstitialcy 
mechanisms [24], Hence this analysis is 
unable to distinguish between the interstitialcy 
and dumbbell mechanisms. 

The very small activation energy for the 
collinear interstitialcy should cause this 
mechanism to dominate the interstitial motion 


Table 5. Activation energies for interstitial mobility 

AgCI'"’ AgCI'*’ AgBr"-' 

Process theory experiment experiment 


Collinear interstitialcy - 01 to 0-4 eV 0 008 eV 0-058 eV 

Non-collinear interstitialcy <0-8 0 132 0-274 

Direct interstitial >3-0 


“"Hove (reference [6)1. 

“"With Abbink's mobilities with Debyc-Hiickel interactions. See Table 3. 
“■’With reltow’s mobilities with Dcbye-Hiickel interactions. See Table 4. 


predicted range. The appearance of a negative 
value in the theory simply means that an inter¬ 
stitial ion at the center of a small cube may not 
be in a position of minimum energy; a dumbbell 
configuration, in which two ions share equally 
in the distortion at a lattice site, may have 
lower energy. In contrast the observed values 
for the non-collinear interstitialcy are notice¬ 
ably smaller than the prediction. The theoreti¬ 
cal value is. however, only an upper limit since 
only one path through the saddle point was 
considered[6]; if the dumbbell is indeed the 
equilibrium configuration, this might well 
account for the lower activation energy. 
Some support for the dumbbell configuration 
is suggested by preliminary results of isotope 
effects for diffusion in the silver halides by 
BaiT[23]. He finds a much smaller mass 
dependence of the diffusion coefficient than 
for other ionic crystals where vacancy 
mechanisms predominate. This indicates 
that the diffusion jump of the interstitial 
involves a considerable number of ions, there¬ 
by supporting the interstitialcy or perhaps 
even the dumbbell mechanism. There are also 


at lower temperatures, as is especially evident 
from Fig. 9 for AgBr. The presence of two 
contributions to interstitial motion should, in 
fact, produce a curvature in the plot of /j-iT, 
in much the same way as a curvature is 
observed for the total conductivity. The 
present determinations of /t., however, are 
not sufficiently accurate and do not extend 
over a large enough temperature range to 
display any curvature[20]. In any case the 
ability of interstitial ions to move easily even 
at room temperatures certainly plays an im¬ 
portant part in making the silver halides out¬ 
standingly suitable for the photographic 
process [2 5], and this ease is clearly made 
possible largely by the operation of the 
interstitialcy mechanism. 
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Abstract —Diffusion coefficients for Ag tracers and ionic conductivity have been measured in AgCI 
containing 100 to 2S0 mole ppm Cd at temperatures of I25-22S°C. Under these circumstances 
cation vacancies should be dominant, thereby allowing an unambiguous comparison of the measured 
correlation factor to the theoretical value for vacancies on a f.c.c. lattice. In practice it is found neces¬ 
sary to correct for a finite concentration gradient of Cd along the length of the samples and for a small 
contribution of residual interstitial Ag ions at the higher temperatures. The possible contribution to 
diffusion of Ag by cation vacancies associated with divalent Cd ions to form complexes is shown to be 
negligible at all temperatures because of the very small jump frequency of the Cd ion in the complex. 
With these corrections complete agreement is found between experimental and theoretical correlation 
factors within the experimental error of 1-0 to 1-3 per cent, thus demonstrating the absence of any 
systematic error in either diffusion or conductivity measurements. 


1. INTRODUCnONfl] 

In ionic crystals the motion of point defects— 
vacancies, interstitial ions, and complexes— 
gives rise to both ionic conductivity and 
diffusion. On the microscopic scale these are 
related by the Einstein relation for each type 
of defect, but on the macroscopic scale it is 
necessary to introduce a correlation factor 
for diffusion by tracers [2]. This effect was 
first pointed out by Bardeen and Herring[3], 
and theoretical values of the correlation factor 
have now been calculated for many types of 
defects and crystal structures by Compaan 
and Haven [4, 5], Manning[6], Howard[7] 
and others. Thus by comparing experimentally 
measured correlation factors to a table of 
theoretical values, it is often possible to obt 2 un 
rather detailed information about the diffusion 
mechanism in particular substances [8], 

The experimental correlation factor is 


*Work supported by the U.S. Atomic Energy Com¬ 
mission. This isTechnical Report COO-1197-24. 

tBased in part on a thesis submitted to The University 
of Kansas in partial fulfillment of the requirements for 
an M.S. degree for JPG. 

tPresent address: Western Electric Co., Lee’s Summit, 
Missouri. 


obtained by measuring the total ionic con¬ 
ductivity 0 -, calculating D„== {kTINoe^)(T 
with the ‘normal’ Einstein relation, and com¬ 
paring to the diffusion coefficient Dj* 
measured with radioactive tracers. For silver 
ions, for instance, 

fr^ = D*JD„. ( 1 ) 

Thus the determination of /a, involves the 
absolute comparison of two quantities—o- 
and D^g—obtained by rather different 
kinds of experimental techniques. Since even 
a variation of a few per cent may lead to 
considerable differences in the interpretation 
of the results, a small systematic error in 
either measurement might well be significant. 
In this laboratory, for instance, results have 
been obtained giving a correlation factor 10 
to 1S per cent larger than expected for single 
vacancies for both Na in NaCl[9.10] and Cl 
in TICI[8,11, 12], thus strongly suggesting 
some additional diffusion mechanism, such as 
vacancy pairs, if the correlation factors can 
be relied upon to this accuracy. For this 
reason it is desirable to have a measurement 
of the correlation factor for some system 
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where there can be no ambiguity about the 
theoretically expected result. 

The principal requirement is that one, and 
only one, type of defect mechanism contribute 
to both ionic conductivity and diffusion. The 
alkali halides are not very suitable for two 
reasons, even though the diffusion of cation 
and anion vacancies can be immediately 
distinguished by using chemically distinct 
tracers. In the first place there is usually a 
non-negligible contribution of anion vacancies 
to the total ionic conductivity in pure crystals; 
recent work suggests 10 to 50 per cent in 
many cases [13-151. Doping with divalent 
positive ions can eliminate this problem by 
suppressing the anion vacancies but will 
not influence the concentration of neutral 
vacancy pairs, which appear to make notice¬ 
able contributions to the diffusion of both 
anions[16-18] and cations[10). The situation 
in the silver halides, in contrast, is more favor¬ 
able. Both transport and diffusion measure¬ 
ments show that only Ag ions contribute to 
the conductivity in both pure and doped 
crystals, doping with divalent positive ions 
suppresses the interstitial Ag ions and leaves 
Ag ion vacancies predominant, and any 
possible contribution of vacancy pairs to 
diffusion of Ag ions is shown to be negligible 
by the exceedingly small values of the anion 
diffusion [19]. 

The system selected for these experiments 
is AgCltCd. AgCI is slightly preferable to 
AgBr since the somewhat smaller intrinsic 
defect concentrations in AgCI allow sup¬ 
pression of interstitial defects at more 
moderate doping concentrations. Cd is a 
convenient doping agent, and a detailed 
analysis of the defect interactions for this 
case is available in Abbink’s work [20,21]. 
For Cd concentrations of several hundred 
ppm[*] and temperatures of 100-200°C, 
then, the crystal should contain exclusively 
Ag ion vacancies, and the correlation factor 

*A]| concentrations are given as the mole fraction in 
parts per million; i.e. a mole fraction of 0-1 per cent is 
1000 nxs. 


for vacancies on a f.c.c. lattice is well known 
to be X = 0-78146[4,5]. Similar results for 
AgBr:Cd have been given by Miller[22,23]. 
For 280 ppm Cd he finds/Jfg = 0-80 between 
90° and 150°C; at higher temperatures fX, 
decreases because of the increasing contribu¬ 
tion of interstitial ions, which have /, = 0-33 
to 0-73[5], and at lower temperatures /^g 
increases towards 1 -0, possibly because of a 
contribution of divalent positive ion-cation 
vacancy complexes (but see the discussion 
in Section 4). We have initiated the experi¬ 
ments on AgCI; Cd both to increase the 
accuracy of the comparison and to provide a 
direct test of the procedures used in this 
laboratory. 

2. EXPERIMENTAL PROCEDURE AND RESULTS 

The experimental procedures have been described 
previously |2,24], and only an outline indicating modifica¬ 
tions will be given here [25]. The AgCI for this work was 
prepared according to the procedures of Nail, Moser, 
Goddard and Urbach[261 from distilled reagent grade 
hydrochloric acid and recrystallized silver nitrate [27]. 
Doping was done by mixing approximately 200 ppm 
analytical reagent grade CdCl* powder with the AgCI 
powder before melting, and crystals were grown by the 
Bndgman technique in a sealed quartz tube with 0'8 atm 
He to limit volatilization. During conductivity and 
diffusion the sample was held between silver electrodes 
in a He atmosphere in a sample holder containing only 
quartz, silver, and a chromel-alumel thermocouple in the 
high temperature region. In order to eliminate thermo¬ 
couple calibration errors the same thermocouple was 
used for all measurements, and conductivity was observed 
during diffusion for each sample. Conductivity was 
measured with an ac bridge at I to 10 kHz, and diffusion 
coefficients were determined by taking 10 to 20 ju 
sections with a microtome and plotting the diffusion 
profile. 

Since there is always some finite heating and cooling 
time, as well as small fluctuations in the temperature dur¬ 
ing the diffusion anneal, an effective time at the diffusion 
temperature To must be calculated by 


'.t, = T>c-'/x)(r)d/ (2) 

0 

where D„ = D(.Ta). As long as most of the correction 
comes from temperatures near To, as is usually the case, 
it is quite satisfactory to use D{T) = Dotxp{—fVolkT) 
for this purpose. For the doped samples used in this work, 
however,. it was eventually reali^ that a noticeable 
amount of diffusion occurs even at room temperature. 
The additional correction for this time is calculated from 
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l'^= (/oTocr,)-> J/»(T)ror(7)d/ (3) 

0 

where has been expressed in terms of tr with the Einstein 
relation and equation (1). For lack of more precise 
information the ratio/*(T)//o is set equal to one; Miller's 
results [22] indicate that the value should lie between 
0-8 and 1-0. The value of <t(T) at room temperature is 
obtained by extrapolating from the measured conductivity 
at about 100°C according to the slope taken from Abbink's 
data [21] for a sample of comparable impurity concentra¬ 
tion. Since an appreciable time elapsed in some cases 
between evaporation of the radioactive tracer and slicing 
of the sample, i'^n ranged from 2-5 per cent of for sample 
14 D1 to 13-3 per cent for 13 B; no correction was 
required for the pure sample or for 14 D2, which was 
stored at liquid nitrogen temperature. 

Conductivity measurements for 3 conduc¬ 
tivity samples and 4 diffusion samples from 
the doped crystals are compared to Abbink’s 
results in Fig. 1, and the values of the con¬ 
ductivities and diffusion coefficients for the 
diffusion samples are summarized in Table 1 
[25]. The errors for /a* are comprised of 
0-2 to 0 5 per cent from cr with the balance 
from D Jtg and are given as standard deviations. 
The diffusion measurement on the pure sample 
at 250'’C compares reasonably well to the 
value of/ a* = 0-451 extrapolated from Weber’s 
results for 300-440°C[28]. 

3. ANALYSIS OF RESULTS 

The values of /a^ for the doped samples in 
Table 1 are in the general neighborhood of the 
theoretically expected value of /„ = 0-78146 
for diffusion by isolated vacancies on a f.c.c. 


lattice. Before a detailed comparison can be 
made, however, two other factors that lead 
to small corrections of the experimental 
values must be considered. The first is the 
existence of a gradient of the Cd concentra¬ 
tion along the length of the samples, and the 
second is the possible contribution of other 
defect mechanisms, in particular interstitial 
ions and complexes, to the conductivity and 
diffusion of Ag tracers. 

(A) Influence of concentration gradient 
The conductivity curves in Fig. I show good 
agreement with Abbink’s results [20.21] 
and we may utilize this feature to determine 
the Cd concentration of our samples. When a 
plot of Abbink’s concentration isotherms is 
made in the form of logo- vs. leg c, straight 
lines are obtained for the temperatures and 
concentrations of interest here. These lines 
provide a convenient means of graphical 
interpolation, and the concentrations stated 
in Fig. 1 and Table 1 have been determined in 
this fashion. The straight lines also show that 
an empirical formula of the form 

(T= Ac" (4) 

is a good respresentation of the data, with 
n = 0-85 to 0-90. If there were no association, 
a value of n = 1 would be expected; the 
observed values of n slightly less than 1 


Table 1. Conductivity and diffusion data 


Sample 

Cone. 

(ppm) 

T 

{-C) 

(ft) 

DU 

(cm*/sec) 

<7 

(ft-cm)”' 


14 D2at 

216 

125-2 

93 

2-31 X lO '" 

3-08 X 10* 

0-827ti:0012 

14 D2 bf 



88 

2-05 


0-734t± 0-011 

13 B 

135 

150-0 

105 

2-27 

3-64 

0-646 ±0-006 

14 E 

190 

175-3 

121 

5-65 

7-81 

0-707 + 0-012 

14 D1 flt 

216 

199-9 

123 

Ml X 10" 

1 31 X 10" 

0-787 ±0-008 

14 C 

232 

225-0 

155 

1-80 

2-03 

0-779 ±0008 

12 C 

pure 

249-8 

117 

l-% 

3-54 

0-465 ±0-007 


tSample 14 D was first used at 199-9° for diffusion into end a. After removal of all residual 
radioactivity it was used a second time at 125-2°C for diffusion into both ends a and b. 
tThe average of these two values is 0-780 ±0-012. 
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the conductivity of diffusion samples measured during 
the diffusion anneal. The concentrations of Cd, in mole 
ppm, are for conductivity samples: 14 A (354), 14 F 
(175), 13 C (77); and for Abbink's samples from reference 
(21): I (441), 2 (198), 3 (128),4 (b4), 

appareatly represent a first order correction 
for association in some average sense. 

The observed concentrations for our samples show a 
monotonic decrease along the length of the ingot (13 and 
14 are two different ingots, and samples are labeled 
A, B, C,... in order, with A freezing first), indicating a 
segregation coefAcient somewhat greater than I as 
found by others [21], This shows that there must also be 
a concentration gradient along the length of each sample, 
and the very small diffusion coefficients for Cd at the 
temperatures of concern [29] do not allow any appreciable 
redistribution during the course of our experiments. With 
upper limits of Z) = 3 x I0'"’cm7sec|30] and r = lO’sec, 
for instance, we find Jrnw= VZDi « 0-01 cm, which is 
still small compared to the sample lengths of 0 47 to 
0-68 cm. For lack of more specific information a linear 
concentration gradient is assumed, and therefore the 
change in concentration between the center and the end 
of a particular sample is taken as one-half the change 
in average concentration between this sample and the 
immediately adjacent one. 


The concentration gradient influences the results 
because the measured difhision coefficient refers to a 
small region at one end of the sample (Xrmt = 90 to 150 /r) 
whereas the observed conductivity reflects an average 
over the entire length of the sample. In order to estimate 
the required correction let us consider a sample of 
length 2/ and write a linear concentration gradient as 

c{z)=cJil+g{zll)] (5) 

where Cg is the concentration at the middle of the sample 
(; — 0) and q measures the size of the concentration 
gradient. By relating cr(z) to c(z) with equation (4) the 
conductivity for the sample is found to be 

o-oh.= 2(1 —n)q [(l + q)''*-(I-q)‘‘*]''oo (6) 

where (r„ = (r(co). With use of the Einstein relation and 
equation (I), the correlation factor calculated from 
diffusion at end n(z = J) is then 

f. _ Oa.(Co) ^ 2l£»i = r +9)" (7) 

£>„(o-„bt) ** o-„b. *“ a-oti/cTo 

and a similar expression is found for end h(z = —/) with 
(l+q)’ replaced by (1—q)". The first order effect of 
the concentration gradient can be eliminated by averaging 
/„ and /g, and the second order effect is obtained by 
combining equations (6) and (7) and expanding. 

/.,. = i(/a+/s)=/x,[l + jn(2n-l)q*]. (8) 

With typical values of rt = 0’9 and q = 0’l (20 per cent 
change in c from one end of the sample to the other) the 
error amounts to only 0-24 per cent. 

(B) Contribution of other defects 

Since the doped samples of AgCl contain a 
large amount of Cd (c > x^, where c = mole 
fraction of Cd and Xo = mole fraction of 
Frenkel defects in the pure crystal at the same 
temperature), we expect silver ion vacancies 
to be dominant and therefore /a* There 
may still be a small concentration of inter¬ 
stitial silver ions, however, and the contribu¬ 
tion of these is enhanced by their large 
mobility at low temperatures [ 31 ], There are 
also a large number of complexes formed by 
the association of a divalent Cd ion and a 
silver ion vacancy, and the associated vacancy 
may make a contribution to the diffusion of 
Ag tracers [ 30 ], 

Hence we must consider a crystal containing mole 
fractions x^, x,, and xi, of vacancies, interstitial ions, and 
complexes, respectively. The contribution of vacancies 
is eNofivXc to conductivity and f„d„Xc to diffusion, where 
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the mobility Hc and vacancy diffusion coefficient d, 
are related by the microscopic Einstein relation 
= eIkT, and similar expressions apply for interstitial 
ions. Tlie complexes contribute only to diffusion by an 
amount /idix*. where (4/3)w,ao’ in the notation of 
the following paper[32]. It is convenient to introduce 
relative mole fractions >( = xjx, and y* = xjx, and 
mobility ratios <f>( = nJ/x, = cljd„ and </>* = d'old,. From 
the conductivity, then, we find 

D„ = d„x„(l + <f>(y,) (9) 

and the total diffusion coefficient is 


drxAfv+Uiyi+Miryk)- (lO) 

By combining these equations according to equation (I) 
and rearranging terms slightly, we obtain 




, <t>kyk 
1+4‘iyi ■^’i+4>(yi’ 


( 11 ) 


in which the three terms show the contributions of 
isolated vacancies, interstitial ions, and vacancies in 
complexes, respectively. 

The evaluation of /u for a sample at a specified 
temperature and impurity concentration involves three 
calculations. First, the mole fractions x,., Xi and xj, must 
be determined from xn, c and K}, the mass action constant 
for association. For this purpose Abbink’s results and 
procedures[20,211 for 200’ to 300°C have been used, 
with partial extrapolation, for our temperature range of 
125° to 225°C. Second, the value of/, may be calculated 
from Weber’s results for the pure crystal (2) since the 
ratio K= vi/v, of the frequency of collinear to non- 
collinear interstitialcy jumps should not be affected by 
the presence of Cd. For this purpose we have extrapolated 
K down from 300° according to Fig. 5 and have then 
calculated/, from equation (12) [2|. Third, the contribution 
of vacancies in complexes may be evaluated from the 
observed diffusion Do of Cd by these complexes accord¬ 
ing to the following paper, where it is shown in equation 
(33) that 


A<l>,=Ld'Jdr =17-6 DM (12) 

when K, = Wo/m’i <4 I (30). D„ is obtained from the 
corrected results of Reade and Martin [29] in Fig. 3 [30]. 

4. DISCUSSION 

The effects of the two corrections described 
in the preceding section are summarized in 
Fig. 2. First the contribution of other defects 
is calculated from equation (11). The relative 
fraction of complexes y* ranges from 0-80 
at 125° to 016 at 225°C, but the contribution 
of these to diffusion of Ag is less than 0-0001 
in /a* even at 225°C and hence is negligible 
at all temperatures. The reason is that Do for 


Cd is very much smaller than in equation 
(12), presumably because the di^sion of the 
complex is limited by the very small jump 
frequency of the Cd*"*^ ion[30]. The inter¬ 
stitial ions, on the other hand, have a relative 
fraction y, of only 0-0042 even at 225°C, 
but their contribution lowers /xg by 1-1 and 
3-3 per cent, respectively, at the two highest 
temperatures, because of the large values of 
<f)i, namely, 24 and 19. 

Next the correction for the concentration 
gradient is calculated with equation (7)[*]. 
For samples 13 B and 14 C it was possible 
to estimate q from the adjacent sample only 
for the end with the lower concentration; in 
these cases the same value of q was assumed 
for the other end. The high and low concentra¬ 
tion ends of the samples were not initially 
distinguished, but the assignment in Fig. 2 
appears to be unique. With the exception 
of 14 E the observed and calculated values of 
/ak agree to better than 1-4 per cent, which is 
somewhat remarkable in view of the un¬ 
certainties in estimating the concentration 
gradients. 

By far the most reliable comparison, how¬ 
ever, is afforded by the results for sample 
14 D2. In the first place this sample was stored 
in liquid nitrogen so that none of the possibly 
doubtful room temperature correction from 
equation (3) was needed. Secondly the 
diffusion coefficients were measured at both 
ends of the sample for the same diffusion 
anneal; according to equation (8) the average 
should agree with /Ag to well within the 
experimental error even without any know¬ 
ledge of the actual size of the concentration 
gradient. Thirdly the end a of sample 14 D 
was marked between runs 1 and 2, and the 
results of the two runs on end a suggest the 
necessity of including the effect of inter¬ 
stitial ions at the higher temperatures, but 


’Strictly speaking it is not quite correct to assume that 
/gg is independent of c, as implied in equations (7) and (8). 
Since both corrections are fairly small, however, this addi¬ 
tional dependence has been neglected in the present treat¬ 
ment. 




hig. 2. Correlation factors for Ag diffusion in AgCliCd. Experimental: 
# diffusion coefficient measured at one end of the sample, ■ average 
of diffusion coefficients for two ends. ♦ diffusion coefficient for pure 
sample. Theoretical: f, = 0-78146 for vacancies from reference [5], 
including contributions of interstitial ions and complexes from 
equation (II), O /a, conected lor estimated concentration gradient 
according to equation (17). The dashed curve does not represent any 
particular function of temperature since different samples have different 
concentrations, it merely helps to show the general influence of the 
appearance of a few interstitial ions at the higher temperatures. 


the correction for this effect i,s negligible at 
125°C', The average for the two ends is 
/au = 0-780 ±0-012 from Table 1, and this 
agrees very well with the theoretical value of 

= 0-78146. 

The very good agreement for sample 14 D2, 
along with the general consistency in Fig. 2, 
shows that there is no detectable systematic 
error within the experimental error of TO 
to 1 -5 per cent. The decrease of Ab at higher 
temperatures can definitely be ascribed to the 
influence of interstitial ions, in agreement with 
the suggestion for Miller’s results in AgBriCd 
[22,23]. The negligibly small contribution 
of complexes to diffusion of Ag, however, 
suggests that a different explanation may be 
required for the rise in above /„ observed 
by Miller at lower temperatures. 
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Abstract—The theory of diffusion by complexes of divalent cations and cation vacancies is reviewed. 
First the microscopic diffusion coefficients for both the divalent ion and the host ion are expressed 
in terms of appropriate jump frequencies and correlation factors. Next the concentration dependence 
of the macroscopic diffusion coefficient for divalent ions is expressed in terms of the degree of associa¬ 
tion of the complexes and their distribution in the sample. A number of experimental arrangements 
are considered, involving chemical diffusion and tracer diffusion with and without carrier, and a 
number of examples are given of both correct and incorrect application of the analysis for experiments 
in the alkali halides. The results for diffusion of Cd in AgCI are re-examined, and it is suggested that 
inclusion of the concentration dependence indicates that Cd diffusion occurs by means of complexes 
at all temperatures. For Cd in AgBr it appears that proper treatment of the concentration dependence 
introduced by the complexes may remove the need for most or all of the previously proposed increase 
of mobility with concentration. Finally the relative contribution of complexes to diffusion of Ag and 
Cd in AgCI: Cd is obtained for use in interpreting experiments on tracer diffusion of Ag in this system. 


1. INTRODUCTION 

It is generally agreed that positive divalent 
ions Me^"^ are usually incorporated into a 
monovalent ionic crystal of the type MX by 
substitution for M+ ions on regular lattice 
sites. The condition of electric neutrality 
then requires an equal number of positive 
ion vacancies, which may be present either 
as isolated vacancies throughout the crystal 
or in association with divalent ions to form 
complexes. Since the divalent ions may diffuse 
by Jumping into the associated vacancies, the 
extent of complexing is an important factor 
in determining the rate of diffusion by this 
mechanism. 

The theory of diffusion of divalent ions 
by means of vacancy complexes has been 
treated by Lidiard[],2] and Howard [3], 
A number of experimental investigations have 
shown a dependence of diffusion coefficient 
on concentration in general agreement with 
the theory—Cd in AgCI [4] and AgBr [5], 
Ca[6] and Mn[7] in NaCl, Pb in KC1[8-11] 


‘Work supported by the U.S. Atomic Energy Commis¬ 
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and NaClinj, Cd in NaCl[13] and KC1[14], 
and Zn in NaCl [ 15] — and thus have supported 
this model for diffusion. There have been 
numerous misinterpretations of the theory, 
however, some relatively minor but others 
appreciably influencing the interpretation 
of the results, and this is one reason for the 
present discussion. Particular attention will 
also be given to the diffusion of Cd in the silver 
halides because of its relevance to the pre¬ 
ceding paper [16]; this arises because the 
vacancy attached to a Cd^^^ ion in a complex 
can also make jumps involving Ag^ ions and 
thus provide an additional contribution to 
the diffusion of Ag. 

Once the cation vacancy-divalent ion 
complex is accepted as the model for the 
diffusion process, there are two separate 
aspects of the diffusion problem. The first 
is to express the microscopic diffusion coeffi¬ 
cient for a divalent ion in a complex in terms 
of the appropriate jump lengths and fre¬ 
quencies. This aspect has not been of much 
concern in most of the experiments listed 
above, but it is of vital importance for 
estimating the contribution of the complexes 
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to diffusion of the host ion in the siiver 
halides and hence will be reviewed in Section 
2. The second problem is to relate the 
observable macroscopic diffusion coefficient 
for divalent ions to the number of complexes 
and their distribution in the sample, and this 
may again be subdivided into two parts. 
One concerns determination of the amount 
of complexing through application of appro¬ 
priate mass action laws or statistical 
mechanics, taking into account all vacancies 
and impurity ions that may be present in a 
particular situation. The other concerns the 
influence of the spatial distribution of the 
amount of complexing, whenever this exists, 
on the macroscopic diffusion coefficients. Both 
of the.se parts contribute to the concentration 
dependence of the diffusion coefficient, and 
it is in this area that misinterpretation has 
most frequently occurred. In Section 3 a 
simple formulation of the general problem is 
first presented, and then a number of special 
cases are discussed to illustrate the treatment 
of different experimental conditions. Finally 
the results for the silver halides are examined 
in Section 4, both for their intrinsic interest 
and for their application to the preceding 
paper! 16]. 

2. DIFFUSION COEFFICIENTS AND 
CORRELATION FACTORS 
Let us consider a cation vacancy-divalent 
cation complex in a f.c.c. lattice, which is 
appropriate for all of the alkali and siiver 
halides considered in this paper. The anion- 
cation separation is a„, which is half the 
lattice parameter, and the jump distance for 
the vacancy is a = Vlog. For the pertinent 
jump frequencies we follow the notation of 
Lidiardflj: w* is the frequency for a jump of 
the divalent ion into the vacancy, w, is for any 
one of the four jumps of an ion that leaves 

the complex bound, and k, is for any other 
jump of the ion that leads to dissociation. 

A divalent impurity atom in a complex can diffuse by 
jumping into the associated vacancy. A random walk 
treatment neglecting correlation gives the usual result. 


D„ = = iH-aflo* (I) 

More correctly a correlation factor/, should be included 
to take account of the correlation that exists between 
the directions of successive jumps of the divalent ion. 

Do jH'afloV'z' (2) 

An exact expression for/, can be obtained if dissociation 
jumps arc neglected completely (it, = 0) as shown by 
Lidiard [ 1,2] and by Compaan and Haven [17]. 

/, = iv,/(w,-t-K’j), (3) 

A commonly used expression for rather tightly bound 
complexes (A, < iv,) has been obtained by kinetic 
methods [1,3]. 

/, = (»', +3-5 it,)/(tv,-I-)V, +3-5 it,). (4) 

More general expressions have also been given for 
weakly bound complexes by Howard and Lidiard [3] 
and by Manning[18]. An important limiting case occurs 
when the divalent ion jumps into the vacancy much less 
frequently than the ions neighboring the complex. 
Then tv, <x tv,, all expressions for the correlation factor 
reduce 10 /,= 1 (even for weakly bound complexes [I]), 
and determination of Do gives a direct measure for 
tv, from equation (I). 

The vacancy associated with a complex provides jumps 
not only for the divalent ion but also for near-by M+ 
ions. These jumps afford a second means for diffusion of 
ions, in addition to jumps into isolated vacancies. 
The contribution to diffusion for a single complex is 

Do' = 4 X j»v,flt/,(K,) = (4/3)H',aoyi(*i)- (5) 

The factor 4 appears because there are 4 jumps of the 
M * ion that leave the complex bound, each with frequency 
w,. The correlation factor /, depends on the ratio of 
jump frequencies k, = wjw,\ values have been obtained 
for tightly bound complexes lk, — 0) by Compaan and 
HavenI17] and by Howard[19]. whose results are shown 
in Fig. 1. In the limit as iv, goes to zero f, must also go 
to zero since there can then be no macroscopic displace¬ 
ment of an ion. In the limit as tv, goes to infinity/, 
approaches an asymptotic value of0-4862; this is a typical 
value for situations where only 4 jumps are possible 
(compare to 0-5000 for a diamond lattice and 0-4669 for 
a plane square lattice)[17]. An important feature of the 
behavior shown in Fig. I occurs when tv, << w,; then /, 
becomes proportional to k„ as expected on generid 
grounds. 

/, = 4-4 X, = 4-4 iv,/tv,, X, < 0-01. (6) 

3. CONCENTRATION DEPENDENCE 
(A) Diffusion coefficient for divalent ions 
Consider a crystal that contains a non- 
uniform distribution of divalent ions. We 
denote the total number of ions per unit 



DIFFUSION BY DIVALENT IONS 


431 



Fig. I. Correlation factor vs. frequency ratio for host ion diffusion by means of associated vacancies 
on a f.c.c. lattice. • Howard, reference (19]; 0—0 Compaan and Haven, reference [17]. 


volume by No, the number of divalent ions diffusion coefficient for divalent ions is then 
per unit volume by tir, and the mole fraction defined by Pick’s law. 
of these by c = ndNo- Of the divalent ions a 

certain number n* per unit volume will be J— — D(c){(incldx) = — NoD{c)(dcldx). (8) 
associated with positive ion vacancies to 

form complexes, with a corresponding mole A unit area of the plane at jr = 0 perpendicular 
fraction x„ = njNo- The fraction of the to the [100] axis contains OonidO) divalent 
divalent ions in complexes is then ions in complexes, and in a f.c.c. lattice one 

third of these, on the average, have the 
^ ^ ^ _ associated vacancy located on the plane at 

c ~n^' ' ' jc = Oo- The current to the right across the 

plane atx = ia^ is then 

Since diffusion lengths in actual experiments 

are of the order of 1 to 1000/x, which is a ,/ri*ht = iflo«*(0)H’s, 

very large distance compared to interatomic 

spacings, we shall assume that/3 is determined if we neglect correlation effects for the 
at each location in the crystal by the local moment. The net current across this plane 
concentrations of divalent ions and vacancies, is readily found with the customary Taylor’s 
Let us first use a very simple kinetic picture expansion of nM- 
of diffusion in order to show how the con¬ 
centration dependence arises[l]. We may Jwt = JiisM—Jxtn ——i^^iOoHdnJdx). 
suppose the concentration gradient to be 

along a [100] axis of the crystal with no loss In order to compare this result to equation 
in generality since the diffusion coefficient (8), we must introduce the dependence of 
must be isotropic in a cubic crystal. The c on x. This is done by using n* = o and 
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realizing that depends on x only through 
c (and /8). 

drt* d(j8c) d{/3c)dc 

cLt ~ dt “ ^0 dc dt- 

Thus we find 

0(c) = iH'jao^[d(/3c)/dc]. (9) 

The previous result was obtained by neglec¬ 
ting correlation effects, in which case i = 

Da according to equation (I), and we obtain 

0(c) = D„[d(i3c)/dc]. (iO) 

This equation actually has more general 

validity provided D„ is obtained from equa¬ 
tion (2) with an appropriate expression for 
the correlation factor. The only requirement 
is that the complexes be rather tightly bound, 
i.e. their lifetime is reasonably long compared 
to the time 1 /m >2 for a single jump of the 
divalent ion. Then the complexes may be 
regarded as diffusing particles with a micro¬ 
scopic diffusion coefficient D,,. The only new 
feature of the present considerations is the 
spatial dependence of the concentration of 
complexed divalent ions, and this introduces 
the factor d(/3c)/dc in the expression for 
D(c). 

The result in equation (10) contains the 
concentration dependence of D{c} for all 
circumstances if the dependence of /3 on c 
is treated properly, and this will be illustrated 
for a number of situations in Section 3(C). 
The form of equation (10), however, is directly 
applicable only when there is an actual 
concentration gradient of the divalent ion, 
as in chemical diffusion for which the result 
was originally obtained [1]. In diffusion 
experiments with radioactive tracers, rather 
different circumstances often occur, and we 
wish to consider one of these now. Suppose 
we have a carrier-free tracer of the divalent 
ion with a half life of one year, that we desire 
to use an activity of 1 p.c on a sample face 


with area 1 cm*, and that we have a penetra¬ 
tion length of 1 n into a crystal containing 
approximately 2 x 10**molecules/cm*. 

Then the average mole fraction of tracers is 
of the order of 10”®= 1 ppm, which is 
usually smaller than the concentration of 
residua) divalent impurities in the crystal. 
If the half life is shorter or the penetration 
length longer, the mole fraction of tracers 
is even smaller. Furthermore diffusion experi¬ 
ments are often performed in crystals deli¬ 
berately doped with a uniform concentration 
of divalent ions up to several hundred ppm. 
The important point is that in these circum¬ 
stances the amount of complexing )8 is not 
appreciably influenced by the concentration 
gradient of radioactive tracers and is there¬ 
fore independent of x. Indicating radioactive 
tracers by an asterisk, we have for Pick’s 
law 

J * = — N J) *(c)(dc*l<ix) 

= -NaDa[(i(l3c*)ldx], 

and when j8 depends on x only through c* 
this gives 

D*(c) = Da[d(/3c*)/dc*]. (11) 

In particular when /3 is independent of x, 
as in the situations considered above, we find 

D*(c)-=Da^. (12) 

The different forms for the concentration 
dependence of the diffusion coefficient in 
equations (10) and (12) arise from the different 
conditions for performing the experiments. 
This has been pointed out several times [2,3] 
but has not always been considered properly 
in interpreting experimental results, as we 
shall see in some of the examples below. In 
order to obtain the explicit variation of 
D(c) on c in either case, however, we must 
now review briefly the method of deter¬ 
mining as a function of c. 
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(B) Treatment of association 
For convenience we shall consider ex¬ 
plicitly the simple association theory of 
Teltow and Stasiw [20]. Inclusion of Debye- 
Hlickel interactions can be accomplished 
when desired without introducing any 
qualitatively new features [2]. We denote 
mole fractions by x (except for c = x^) 
and use the following subscripts: v for 
positive ion vacancies, s for the other kind 
of intrinsic defect (negative ion vacancies 
in the alkali halides or interstitial silver ions 
in the silver halides), c for divalent ions, and 
k for complexes. The basic equations are 
electric neutrality, mass action for intrinsic 
defects, and mass action for association of 
complexes. 


diliusing species). Since x, may be much larger than x^, 
it is quite possible in this case to have 

D{c)-=D„. (17) 

(2) Predominance of impurity controlled defects 
(c ■* Xo). In this case we have x^ = r(l —fi) and equation 
(14) becomes 


p(l-pr' = cK,. (18) 


For use in equation (10) we also find 

d(j8c) _ 2/3 ■ I 1 

dc 1+/9 (l-l-4c/£-,)''»- 


(19) 


These are the forms given explicitly by Lidiard[l,2]. 
They are usually appropriate for the alkali halides but 
may not be valid for the silver halides because of the 
larger values of Xo- As c becomes very large, however, 
both p and d(/3c)/dc approach unity, and for any experi¬ 
mental situation 


x„ = X, + C — Xu 

x„x, = Xo\T) = c\p(-g,lkT) (13) 
a :*[ x „( c - x *)]-' = KiiT) = i2 exp (AgJkT). 


D(c —oc) = D„ (20) 

from either equation (10) or equation (12). 

(3) Intermediate concentrations (c ~ Xo). In this case 
a cubic equation is obtained for x, from equations 
(13)121]. By further substitution and implicit differentia¬ 
tion we find [22] 


When c, Xo, and ATj are specified these three 
equations can be solved for x, and /3 = xjc. 
The following cases can be distinguished. 

(1) Predominance of intrinsic defects (c < Xo). It is 
convenient to rewrite the general form of the mass action 


law from equation (13) in terms of p. 


/3„(l-/3)-' = x„Ao. 

(14) 

When c < xq we have x„ Xo and find 


p = XolCjfl H-Xo/fj)'*. 

(15) 


In this case the value of Po is determined by the intrinsic 
defect concentration and is therefore characteristic of 
the pure crystal. Since Pt is independent of c and hence 
also of X, either equation (10) or (12) gives 

Dic-*0) = D^, (16) 

which may be called ‘the self-diffusion coefficient of the 
divalent impurity in the pure crystal.' As the temperature 
increases X, decreases but Xo increases according to 
equation (13), and it is not uncommon for the product 
XoKj to increase. Usually, however, xoXj <4 i, whence 
Pa < 1 from equation (15). 

A similar analysis is also appropriate when a large 
concentration x, of positive ion vacancies already 
exists in the crystal because of the presence of other 
divalent impurities (not necessarily the same as the 


j d(gc) 2p l-l-2x,X, 

l+x^,’ dc \+pi + 2 x^ 2 +{xJXr)‘' ' ' 

For small concentrations (c *« Xo) we have x^A, <4 1, 
IS "4 1, and Xo * x,., whereby equation (21) reduces to 
d{pc)ldc = p in agreement with equation (16). For 
large concentrations (c > x,) we have x^ > x, and equa¬ 
tion (21) gives d(^c)/d^ = 2^/(1 +p) in agreement with 
equation (19). 

The general behavior of the factors governing the 
concentration dependence of the diffusion coefficient 
is shown in Fig. 2 for typical values of x, = 10“* = 10 ppm 
and K,= I0“, corresponding to Ag* = 4-4 kT in equation 
(13). Similar curves for the large concentration region 
have been shown by Lidiardfl,2], but this figure also 
illustrates the behavior at intermediate and small con¬ 
centrations. For small concentrations D(C -► 0) is given 
by equation (16) with Pa< 10~’ in many cases, for 
intermediate concentrations d(^r)/dr — 2 p and both 
quantities are approximately proportional to c, and 
for large concentrations both curves approach saturation 
and D(c) becomes equal to Do as in equation (20). The 
calculations for the figure indicate that equation (16) 
is a good approximation (error less than I per cent) 
when c < IO~'xo and equation (19) is a good approxima¬ 
tion when c > lOXo. 

(C) Examples for alkali halides 

(I) Chemical diffusion. In this case there must be an 
actual concentration gradient of the diffusing impurity, 
and by combining equations (10) and (19) we find 
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Fig 2. C oncenlralion dependence of the degree of association calculated from 
equation (21) for x„~ 10 ’ and I(F. The limiting values are the same for 
both curves; (in ~ 00009 for < =0 and /3m„, = 1 for c = 


D(c) = O„[2 0/(l-;3)l (22) 


since usually c > x,, in these circumstances. This result 
was originally applied) 1] to diffusion of Cd and Pb in 
AgBr by Schone. Stasiw and Teltowf23J; the general 
approach to saturation at high concentration was sug¬ 
gested. but the data were not accurate enough fora detailed 
analysis)!). More recently Ikeda[l3| has diffused Cd from 
the vapor into NaCl and has also applied equation (22). 
He expands equation (19), however, with (he assumption 
that^ •* 1 in order to obtain f)(c) = D,c; this corresponds 
to the behavior for c/x„ = I-10 in Fig. 2. Since the larger 
concentrations make cKi - I at the surface, this assump¬ 
tion may introduce some uncertainty in his analysis. 

(2) Diffusion of tracer with carrier. In many diffusion 
experiments a radioactive tracer is used with an appreci¬ 
able amount of carrier of non-radioactive atoms of the 
same element. Sometimes a carrier free tracer is not 
available, and in other cases it may be necessary to add a 
carrier to suppress evaporation of a volatile halide at 
high temperatures. In these circumstances we assume that 
c(x) = Mc*{x), with M independent of c and x. Applica¬ 
tion of equation (11) then gives the result of equation (10) 


dc dc* dc 


(23) 


the concentration gradient has the same influence on both 
tracer and carrier atoms. This procedure has been used 
by Fredericks and coworkers for diffusion from the vapor 
of Pb into KCI[8, 9] and NaCI(121 and Cd into KCI[141, 
and the curvature in their diffusion profiles shows clearly 
the concentration dependence of D* (c). Since r j, 
(intrinsic defects) and c > xi (defects introduced by 
doping or background impurities) in most cases, they have 
correctly used equation (19) to evaluate d(/3c)/d)3 and to 
obtain equation (22) for analysis of their results. On the 
other hand Reade and Martin [4] did not consider any 
concentration dependence for the diffusion of Cd in AgCI 
(see Section 4(A)). 


O) Carrier free tracer in doped crystal. It is often 
advantageous to carry out diffusion of a divalent impurity 
into a crystal already doped with a uniform concentration 
of the impurity. When the uniform concentration Ci is 
much larger than the concentration c* of tracers, the 
amount of complexing is not influenced by the bacers, 
B is therefore independent of x. and the results of Section 
3(A) apply, 


£>*(c,)=/3„/3(c,) (24) 

as in equation (12). The curves in Fig. 2 show that D*{c) 
saturates less rapidly in this case than in cases (I) and (2) 
above where the limiting form of the concentration 
dependence is given by 2/3/(l-F/S). With large doping 
concentrations it is possible to have c, > Me* even if 
carrier free tracers are not available. This was the situa¬ 
tion for Zn in NaCI studied by Rothman, Barr, Rowe, and 
Sel wood 115). Their diffusion profiles showed that D* was 
independent of x for heavily doped crystals; for pure and 
lightly doped crystals at lower temperatures the situation 
was more nearly c, ~ Me*, and the concentration 
dependence of D* was revealed by some curvature in 
their diffusion profiles. For Cd in AgBr Hanlon [5} also 
realized the importance of using carrier free tracers in 
order to obtain straight diffusion profiles (see further 
disucssion in Section 4(B)). For Ca and Mn in NaCl 
Murin and co-workers [6,7] have similarly used heavily 
doped crystals, for which c, should be greater than Me*. 
But their activation energies are probably unreliable 
because they have introduced an expansion for equation 
(18) assuming p “= 1 (cK, 1) although values for p 
range down to less than 0-5. Furthermore they have 
applied both equation (23) and equation (24) in their 
first treatment, despite the fact that the experimental 
conditions indicate that only equation (24) is correct. 

(4) Carrier free tracer in pure crystal. In the ideal 
situation we hope to have c* <e xg. Then /3g is determined 
by equation (15) and D(c-»0) =Do^o by equation (16). 
litis situation was undoubtedly realized for Cd in pure 
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AgBr[51 and perhaps for Zn in pure NaCl above 700“C 
[15]. For Pb in pure KCl between 230“ and 340°C(8J. 
however, the diffusion coefficients were approximately 
equal for carrier free tracers and for tracers with enough 
carrier to make the surface concentration ~ 6000 ppm! In 
each case the diffusion profile shows no dependence of D* 
on X. The most likely explanation is that /3 I even in the 
'pure' crystals because of the presence of other divalent 
impurities [10]; then even a large additional concentration 
cannot produce a further change in /3 or lead to a depend¬ 
ence of D* on X. If this explanation is correct, these values 
of D* should be compared to values of Do obtained by a 
different technique at higher temperatures, rather than to 
D*(c -► 0) as done by the authors. In the next paper[9], 
however, activation energies are indeed obtained from a 
plot of Do vs. T"'. 

(5) Carrier free tracers in general. The analysis in the 
last two paragraphs has assumed c* Xo or c,. When this 
is not the case, we may proceed as follows. We let 


c(x) = ci + c*(x) 


and proceed with equation (21) to find 


dc* 


13-I-c* 


dc 


r c: i-ixjx..y -I 

'’L C l + {xJx,r + 2x,.K,] 


(25) 


for use in equation (11)[241. For c* < c, this reduces 
immediately to equation (12) or (24), and for c* t> c, this 
goes to equation (21). For large concentrations x„ < x^ 
and the result simplifies to 


d(^c*) 

dc* 



1-^ 

1+^ 


1 ^ 


(26) 


Use of the latter form has been suggested by Reisfeld. 
Glasner and Honigbaum[10] for Pb in KCl. but there may 
have been some confusion about the proper use of the 
mass action law for complexing [II]. 


(D) Summary 

There are two points to be made concerning 
the general application of these results. (I) 
The proper form to be used for the concentra¬ 
tion dependence of the diffusion coefficient 
is determined by the experimental conditions. 
There are two important limiting cases; (a) 
diffusion with a concentration gradient of the 
impurity, equation (22) or (23), and (b) 
diffusion of a carrier free tracer, equation (16) 
or (24). Intermediate cases must be handled 
by equation (25) or (26). (2) The basic ihforma- 
tion about the jump frequencies in the complex 
is contained in Do according to equation (2). 
If it is desired to obtain activation energies for 
►vj, for instance, it is necessary to obtain Do for 


C-* CO and not D(c -» 0), but this distinction 
has not always been made properly [8,10], 


4. ANALYSIS FOR SILVER HALIDES 

{A) AgCl 

The only published data for diffusion of 
divalent ions in AgCl is for Cd in AgCl by 
Reade and Martin [4], Since diffusion coeffic¬ 
ients were measured with a surface counting 
technique, there was no direct evidence for a 
dependence of D* (c) on c, and any possibility 
of a concentration dependence was explicitly 
ignored by these authors. They observed a 
change in slope of the Arrhenius plot for D* (c) 
as indicated in Fig. 3, made an approximate 
fit with the sum of two activated processes, 
and then attributed the behavior at low 
temperatures to diffusion of Cd*"* ions in 
complexes and at high temperatures to diffu¬ 
sion of unassociated Cd^*^ ions (mechanism 
unspecified). More recently it has been sug¬ 
gested that the change in slope or ‘break’ in the 
Arrhenius plot near 320®C indicates diffusion 
by interstitial Cd^^ at low temperatures and 
by Cd*+ ions in complexes at high tempera¬ 
tures [25], The estimates given below will 
show that it is just as reasonable to suppose 
that diffusion occurs at all temperatures by 
means of Cd^^ ions associated with vacancies, 
with the break in the Arrhenius plot caused 
simply by a change in the association process 
from domination by impurity controlled 
defects at low temperatures to domination by 
intrinsic defects at high temperatures. 


The first problem is to estimate the concentration of Cd 
in the crystal during diffusion. The Cd"“ tracer used in the 
experiments contained a considerable amount of carrier 
(at the specific activity of 100 mc/g for the 53 hr half-life 
Cd"*", only 2 Cd atoms in 10' are radioactive). The two 
statements that a maximum amount Q = 10*’ mole of Cd 
was used and that this would give a mole fraction c < 
1/500 if distributed uniformly over a layer of thickness 
I micron combine to give an effective area A = 1-3 cm* 
(the quoted sample dimensions give I '39cm*). The 
standard solution of the diffusion equation for difitision 
from a plane source into a semi-infinite medium for a 
constant diffusion coefficient [26] gives 


Co = c(x 


0 ,/) = 


QIA 

A/o(irD/)''* 


'2y'» QIA 
.it) NoXrmu 


(27) 
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Table I DfffitsioH parameters for 
divalent ions in AgCl 



—— 

R 

iih, 


Ion 


(eV) 

(cmVsec) 


0-74'"' 

lor^’ 

I2'^> 


0-97‘" 

0.9310 

2.010 

Sr‘* 

1-13'"’ 


0-3ff» 


""From reference [32]. 

'•’From reference [25], 

“-'From Fig. 3 of this paper. 

on AgCI containing Cdf27,28J. Instead of the simple 
association theory of SIasi w and Teltow he used a Debye- 
Hiiclcel analysis by introducing an activity coefficient y as 
a multiplicative factor for and c—jTit in the last two of 
equation (13)[29] and obtained reliable values for x,, 
and K2 between 200® and ^OO^C. We have extrapolated 
XiKi = r»rii and to both lower and higher tempera¬ 
tures according to the activation energies given by Abbink 
[27] and have also cheerfully used the Debye-Hiickel 
equations at all temperatures (even though x„ ~ 1000 ppm 
= 0-! per cent at the highest temperature) [30]. If we 
neglect the small dependence of y on c, equation (21) is 
replaced by 


d(/3c) ^ 2ff_ \+2y*XrK2 

dc 1 I +2y*x,X,+y'*(Wx„)“’ 


(28) 


1000/T (“Kl 

Fig. 3. Diffusion of Cd and Ag in AgCI. D*U ) was 
measured with Cd"’ tracers containing an appreciable 
amount of carrier (reference 14]). P„ is calculated from 
D*(c) as described in the lext. d„ for isolated Ag vac¬ 
ancies is obtained from the mobility in reference |27] 
by means of the Einstein relation d, = {kTle)fi,-, f^- 
0-781 for vacancies on a f.c.c. lattice from reference [17]. 

where x„„, = V2Dt. The slated values of D and t at each 
temperature were used to calculate x™, and then to was 
obtained from equation (27) with the values of 0 and /< 
indicated above. Cg represents the maximum concentra¬ 
tion at any given time, but larger concentrations occur 
at shorter times; hence Cg may serve as some sort of 
representative average. The values of Xr„, range from 
12 p at I49^C to 260 p at 398”C and give corresponding 
values of Cg from 13 3 to 6 ppm. 

The next problem is to determine the degree of associa¬ 
tion and from this the relationship between D*(c) and 
Dg. For this purpose we may use the method of analysis 
and the results of Abbink for Conductivity measurements 


Then 0„ is calculated from the observed values of D’tf) 
with equation (23). which is appropriate for this situation. 

The results in Fig. 3 show that Do can be fit 
reasonably well by a single activated process 
over the entire temperature range of 150° to 
400°C. Before discussing this result, it should 
be re-emphasized that the calculations are 
very tentative because of the many approxima¬ 
tions involved both in estimating the impurity 
concentration and in extrapolating Abbink's 
results and procedures. The difference between 
the plots for D*(c) and Do is nonetheless 
striking, and typical values are obtained (see 
Table 1) for the diffusion parameters defined 
by 

Do (T) = D™, exp i-MJkT ). (29) 

It is probably not sheer coincidence that the 
break in D*(c) occurs near the temperature 
where Co ~ Xoo (Co/Xoo = 0-93 at 275° and 0-46 
at 300°C). At lower temperatures Co/xoo > I 
for the most part, /3 decreases noticeably from 
0-36 at 149° to 0 028 at 249°C, and d(/3c)/dc 
decreases from 0 53 to 0-046. At higher 
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temperatures cJxm <1. P changes only 
slightly from 0-019 at 300* to 0-022 at 400*, 
and d(/3c)/dc changes slowly from 0 022 
down to a broad minimum at 0-0195 and back 
to 0-022. The high temperature region gives 
a slope for D*ic) approximating that of Z)o, 
whereas the decrease of d(/3c)/dc with 
increasing T diminishes the apparent slope of 
D* (c) at lower temperatures. Thus we obtain 
no inconsistencies if we assume that the diffu¬ 
sion of Cd*^ ions occurs by means of associated 
vacancies at all temperatures, and this is 
perhaps the most likely hypothesis on the 
basis of the present somewhat meagre 
evidence. 

(B) AgBr 

The available data for divalent ions in AgBr 
are those of Hanlon for the diffusion of Cdt51. 
The diffusion coefficients were determined by 
the sectioning technique with carrier free 
Cd'"* tracers; an early experiment with Cd'*® 
showed an appreciable curvature of the diffu¬ 
sion profile because of the. concentration 
dependence of D*(c). Results were obtained 
for both pure and doped crystals and were 
interpreted in all cases in terms of diffusion 
by complexes as considered here. For diffu¬ 
sion of Cd'®* tracers into pure AgBr, intrinsic 
defects should be predominant (the ‘pure’ 
crystals contained ~ 20 ppm of Mg and Fe [5], 
but Xo > 50 ppm even at the lowest tempera¬ 
ture of 192°C[33,34]), and the results were 
analyzed correctly with equation (15) and (16). 

A number of experiments were also performed in 
which Cd'®* tracers were diffused into cryst^s doped with 
large and essentially uniform concentrations of non-radio- 
active Cd (0 -23-3 -30 per cent). In this situation the con¬ 
siderations of Section 3(C3) should apply, and the con¬ 
centration dependence should be given by equation (24). 
The results in the original paper, however, were analyzed 
by means of equation (22), with the factor 2 fil(l+P) 
expressed in the equiv^ent form of equation (19). In 
order to fit the observed values of £>* (c) to this equation, 
especially at large concentrations, it was then necessary 
to introduce an additional dependence of D„ on c. in the 
form D„(c) = £)o(0) (H-ac) with a ~ -I-1-0 per cent. 
Presumably this additional dependence must arise from 
the frequency factors in equation (2) and would therefore 
also affect the mobility of ions in the crystal; it seems 
difficult to imagine a physical process for causing this 


much Increase in mobility with increasing concentration 
of impurity. The suggestion here is that at least some 
of the apparent increase in D*(c) at large concentrations 
is due to the incorrect application of equation (22). It is 
seen in Fig. 2 that the factor dOc)/dc 20/(1 ■(-P) in 
equation (22) approaches saturation for smaller values of 
c then does the factor 0 in equation (24). (With Hanlon’s 
value of Kt at I86‘C and c = 3-3 per cent, for instance, 
20/( 1-1- 0) = 0-73 whereas 0 = 0-57.) Hence a re-analysis 
with equation (24) would certainly reduce the required 
value of a. A graphical estimate indicates that perhaps it 
would be possible to obtain a fairly good fit with a = 0 if 
A, were reduced so that 0„u ~ 0 - 3 at 3 - 3 per cent, but 
this is by no means certain and would probably introduce 
some further discrepancy between the values of 
estimated for pure and doped crystals [35]. In any case the 
importance of correct treatment of the concentration 
dependence arising from complexing is indicated. 

(C) Jump frequencies 

For the positive ion vacancy associated with a complex 
we have distinguished two Jump frequencies, w, for the 
jump of the divalent ion into the vacancy and w, for any 
of the four silver ion jumps that leave the complex bound, 
and in the next section we shall need the ratio of these 
frequencies. Since we shall find that w, < w, we may cal¬ 
culate w, directly trom Do with equation (I). We may 
obtain an order of magnitude estimate for w, by calculat¬ 
ing the jump frequency w, for an isolated silver ion 
vacancy from the vacancy mobility 

M'o = (3<:T/eao’)(ir. (30) 

By taking Do for AgCl from Fig. 3 and for AgBr from 
Hanlon's estimates [5], along with values of ^ trom 
conductivity experiments [27,33), we obtain the fre¬ 
quencies shown in Table 2. It is seen that the ratio ko = 
H'j/wo is less than 3X10"’ for AgCI and 4X10"^ for AgBr. 

The frequency w, can also be measured directly by 
dielectric loss measurements at low temperatures [36]. 
Even though the comparison involves a rather long extra¬ 
polation from the measuring temperatures of 150-200'’K, 
the results in Table 2 do not appear unreasonable, m’, is 
less than «’o by a factor of about 10 for AgCl and 40 for 
AgBr. making k, = wjw, less than 10'* for most tempera¬ 
tures in both substances. 


Table 2. Jump frequencies for vacancies in 
AgCl and AgBr 


Frequency 

149° 

AgCl 

275° 

402°C 

AgBr 

186° 361°C 

K’j'"’ 

004 

30 

600 

2-5 80X 10" (Hz) 

M’,'" 

9 

90 

420 

7 60xlO"(Hz) 


14 

80 

220 

26 230xl0*(Hz) 


'"’Obtained from Do with equation (1). 

‘^’Obtained from dielectric loss measurements by 
extrapolation. 

"’’Obtained from /x, with equation (30). 
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(D) Contribution of complexes to diffusion of 
silver 

We have already seen in Section 2 that the 
jumps of the vacancy in a complex make a 
contribution to the diffusion of the host ions 
as well as of the divalent ions. In connection 
with the preceding paper [16] we need an 
estimate of the amount of this diffusion for Ag 
ions in crystals of AgCI doped with Cd. The 
situation in the experiments described there 
is that there is a concentration gradient of 
Ag"« radioactive tracers diffusing through a 
crystal with an essentially uniform concentra¬ 
tion of Cd“^ ions. The contribution of a single 
complex is given by equation (5), and the 
probability that a particular Ag ion will be 
involved with a complex is simply the mole 
fraction of complexes jr*. = 

= (4/3)wvV/,(/f,)/3c. (31) 

In order to evaluate this expression directly 
we should need an independent measurement 
of w,. but we can circumvent this problem by 
comparing to the observed diffusion of Cd^"^ 
ions as measured by From equation (2) 
we obtain 

(32) 

In particular when k, « 1 we have f^ = 1 
from equation (3) and /, = 4'4 ki from equa¬ 
tion (6). 

£>UO„= 17-6/3C, K, «1. (33) 

The results of the previous section show 
that »c, is indeed small compared to unity in 
AgCI and AgBr. This is not surprising since 
it would be expected that the double charge 
on the divalent ion should give a considerably 
laiger activation energy for the jump of this 
ion into the vacancy. This expectation is 
confirmed by the observed activation energies 
in AgCI: A)i 2 = 0-93eV from D, in Fig. 3, 
A/ji = 0*38 eV from dielectric loss measure¬ 
ments [36], and A/io = 0-26eV from the 


mobility of Ag vacancies [27]. A similar 
situation usually occurs in the alkali halides, 
namely, A/ij is appreciably larger than A/io; 
the only exception appears to be Cd in KCl, 
where A/i 2 = 0-54eV compared to A/io = 
0-76 eV [14]. The fact that tvi or is 
illustrated vividly for AgCI in Fig. 3, which 
shows that below 300'’C the diffusion of a 
single complex represented by Do is consider¬ 
ably more than three orders of magnitude 
smaller than the diffusion of a single isolated 
vacancy represented by /„d„. Since the macro¬ 
scopic diffusion coefficients for Ag ions are 
found by multiplying Do by 17-6 a* from equa¬ 
tion (33) and/„i/„ by x^, respectively, it is clear 
that the contribution of defects will be small 
even when x*. is comparable to Xp. The reason, 
of course, is that the diffusion of silver ions 
by complexes is limited by the very small 
values of Wj, which enter through the correla¬ 
tion factor 
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Abstract—Correction of Lorentz field coefficients in a Perovskite-type crystal is discussed by consider¬ 
ing orthorhombic deformation of a simple cubic lattice. If one considers the deformation of crystal 
structure from the simple cubic lattice to the orthorhombic lattice fl( 1-1- A,) x fl( 1 -l- dj) x a( 1 -i- Aj), 
a change of the internal field at some respective points caused by the dipole interaction is calculated 
as follows. The internal electric fields at (0 0 0), (i J J) etc. are given by the equations 

£,(000) = {tir + S,(000)-f2 1563 (A,-l-Aj)-16-8793A3}p/a» 

EAUi) = -10-0622 (A,-fAj)'+7-5578A3}p/fl“ etc. 

where 5 's represent the Lorentz correction terms and p is the dipole moment placed at the lattice 
points. By applying the results the quantitative discussions are possible for many phenomena accom¬ 
panied by the lattice deformation, namely, ferroelectricity, piezoelectricity, photoelasticity and so 
on. As an example calculations arc made to estimate the birefringences of the BaTiO, and WO, 
crystals. 


1. INTRODUCTION 

Various quantitative problems in the theory 
of ferroelectricity have been treated by con¬ 
sidering the interaction among the dipoles 
of the crystal lattice[1-5]. In such treatment 
several numerical values of Lorentz field 
coefficients [6] have been calculated only for 
the simple cubic lattice. But crystal structure 
is generally deformed from the simple cubic 
shape to the tetragonal and orthorhombic ones 
etc. by the polarization. 

The correction of the dipole field, however, 
has been done by considering only the nearest 
neighbour lattice points [2-4] and has not yet 
been calculated accurately. This calculation 
is quite indispensable for the discussion of 
many sorts of the problems regarding the 
polarization in ferroelectricity or antiferro- 
electricity, namely, spontaneous polarization, 

"Present address: National Institute for Researches 
in Inorganic Materials. 


piezoelectric effect, photoeleasticity and so 
forth. 

The purpose of this paper is to calculate a 
change of Lorentz field due to the ortho¬ 
rhombic deformation of the. cubic lattice 
accurately by taking the whole lattice sum in 
order to advance the quantitative discussion 
about the various problems of the polariza¬ 
tion. 

In this paper the method of calculation is 
explained in Section 2, and the results are 
listed in Section 3, and the application of 
the results to the theory of double refraction 
is shown in Section 4. The further discussion 
about the results is made in Section 5. 

2. CALCULATION 

We take a simple cubic dipole array which 
is obtained by placing a dipole of moment 
p in the definite direction n at every lattice 
point of a single cubic lattice. The dipoles are 
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placed at the point U+ny+nk, where /, 
m, and n are integers, i.jand k are unit vector^ 
and their magnitudes are equal to the lattice 
constant a, and each dipole is arranged in the k 
direction (conveniently called as the n direc¬ 
tion). 

The dipole field in the n direction at the 
location (f, t), is given as 

£a(g.-n,g) = I ( 1 ) 

hnn ^ Imn 

where 

rimn = (i{{l+ (m — rjf + (n - 
and 


^hnn 

Then we get the equation 


where the first term corresponds to so to 
speak Lorentz correction 5„(^, 17 , {) and the 
following three terms are the further correc¬ 
tion terms due to the orthorhombic deforma¬ 
tion, the calculation of which is the main 
project of this article. If we express the lattice 
sums of the three terms concerning A,, Aj 
and A;, as y^. y.^ and yj respectively, equation 
(3) can be simplified as 

L) = {37r-l-S„(^,i7,^) -f-y,A,-t-y^Aa 
+ Y3A3}p/fl-’. (4) 

Numerical values of y,. y-a and y-, at the lattice 
are calculated by taking the whole lattice 
summation. The results of calculation are 
listed in the next section. 


£«(f.T,,c) =y 

im 

^ {{I—+ (,m — 7})'^+ {n —a^' 

Now we consider a change of the dipole 
field due to the lattice deformation. If the 
lattice constants in the /, m and n directions 
change from a to «(l-i-A,). ud-t-Aa) and 
u(l-t-A;,) respectively. ri,„„ and cos are 
expressed as 

flmn = u{(/-^)’'(l -t-A|)--|- ( 0 (-T 7 )''‘(l -l-Aa)^ 


Therefore, if we take account of only the first 
order terms of A's on the condition that the 
A’s are much smaller than unity, the field 
in the n direction at the point (^, rj. 0 is given 
as 


3 . RESULTS 

The numerical results are listed in Table 1 . 

In the columns of y,. ya and y;, of Table I, 
the numerical results are shown for the re¬ 
presentative lattice points, and the values in 
the parentheses are those previously obtained 
by the nearest neighbour approximation [3]. 

4 . APPLICATION TO THE THEORY OF 
DOUBLE REFRACTION 

We apply our results obtained in this article 
to the actual physical phenomena. As an 
example we now correct our previous results 
of the birefringences in the BaTiOs and WO 3 
crystals [4). 

By the results in this article, therefore, we 
can rewrite the relations between the local 
fields acting on the respective ions of the 
crystal and the electric dipole moments of 


E (£ V 0 = ^ P 


+ y 3(l-0nU-0^ + (m—nf-4{n-cr} p 

imn {(I — + (m — + {n — ‘a® 

+ y 3{nt—nnU-i) + {m-r,y-Hn-0^} ^ 

+ 2 Mn-OH3O-0^ + 3{m-rif-2{n-O^ p 
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Table 1 c- _ 

_ C'Ba ~ 7 


Lattice points 

Vi 

72 

73 

(000) 

2-1S63 

(6) 

2-1363 

(6) 

-16-8793 

(-12) 

(HI) 

-10-0622 

(-128/9V3) 

-10-0622 7-5578 

(-128/9V3)( 256/95/3) 

(OH) 

-1-3792 

(0) 

-27-1726 

(-I8V2) 

3-1835 

(6\/2) 

(iOi) 

-27-1726 

(-I8V2) 

-1-5792 

(0) 

3-1835 

(6V2) 

(HO) 

11 -4225 
(I 2 V 2 ) 

11-4225 

(I 2 V 2 ) 

-9-4084 

(0) 

(OOi) 

-2-1158 

(0) 

-2-1158 

(0) 

-98-5810 

(-96) 

(OiO) 

1 -5947 
(0) 

43-0072 

(48) 

-12 0452 
(0) 

(iOO) 

43-0072 

(48) 

1 -5947 
(0) 

-12-0452 

(0) 


the electron clouds of the respective ions as 
follows.* 


£ti = —= £ + -[Wfl- + 2-1563(A, + A2) 

- 16-8793A,i}/’ti 

+ {j7r-10-0622(A,+Aj) 

+ 7-5578Aa}PBa 

+ {j7r + <?-2-1158(A, + A,) = S 

- 98-58 lOAjPo, 

+ {hr-^+ 1-5947A,+43-0072 

X A2-12-0452A3}n, 

+ {|7r-| + 43-0072A,+ 1-5947 
X A2- 12-0452A:,}P„3] 


*In the previous paper[4] the direction of the external 
field E is considered as the /-direction, whereas we take 
here as the n-direction. Therefore the subscripts 1 and 3 
of the elongation factors A's and the oxygen O's have 
been exchanged for each other. 


£+|[{j7r-10-0622(A,+A2) 

+ 7-5578A3}/»t, 

+ {f7r+2-1563(A,+A2) 

- 16-8793A3}/’Ba 

+ {j7r-p+ll-4225(A,-A2) 
-9-4084A3}/>«, 

+ {fnr + 1 - 27- 1726A, - 1 -5792 
X A3 + 3-1835A3}P„, 

+ {f7r+^-l-5792A, 
-27-1726A2 + 3-1835A3}/’„J 

£ + ^[{iw + <7-2-1158(A, + A2) 

+ 98-5810A3}/’ti 
+ {47r-/7+ I1-4225(A, + A.2) 
-9-4084A3}/’Ba 
+ {^7r + 2-1563(A, + A.2) 

- 16-8793A3}/’o. 

+ {l7r+^-l-5792A,-27-1726 

X A2 + 3-1835A3}f’«, 

+ {f7T+^-27-1726A, 
-1-5792A2 + 3-1835A3}P«J 

£ + -|+ 1-5947A, 

+ 43-0072A.2 - 12-0452A3}f’Ti 
+ {^ + ^-27-1726A, 

- l-5792A2 + 3-1835A3}PBa 

+ {i7r + |-l-5792A, 

-27-1726A2 + 3-1835A3}/’„, 

+ {^ir + 2-1563(A, + A. 2 ) 

- 16-8793A3}/‘„, 

+ {fn--/;+ll-4225(A, + A3) 
-9-4084A3}P„,] 
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— = E + -[{f7r-| + 43-0072A, 

Oq V Z 

+ 1-5947A2- 12-0452A;,}/’ti 
+ {4^ + |-1-5792A, 
-27-1726A2 + 3-1835A3}n,. 

+ {i7r + ^-27-1726A, 

- 1-5792A2 + 3-1835A3}/'„, 
4-1*77-/;+ 11-4225 (A,+A2) 
-9-4084A.,}P„, 

+ {*77+ 2-1563 (A, + A.,) 

- 16-8793A,.,}P,,,, (5) 

where E^^, E„,, Eu-, and E„^ denote the 

local fields acting on the respective ions shown 
by the subscripts, which are caused by the 
electric field E of the incident light; Py^, 
f*Ba. f’o,. f’oj and /*„, are electric dipole 
moments of the electron clouds of the respec¬ 
tive ions; an, ana- and a,„ are the electronic 
polarizabilities of the respective ions; v is 
the volume of the standard unit cell; p and 
q are the Lorentz correction factor of the 
local field, that is, p= 8-668, ^ = 30-082t6J. 
Here the direction of the external electric 
field E corresponds to the line connecting 
the Ti and 0, ions. 

By solving the set of the above simultaneous 
equations, the values of Pyt, /'bh. P«f Poi 
and Pa, can be obtained as the function of 
E, Ai, Az and A;j, while the total polarization 
P can be obtained as 

P = (/’ti + Paa + P,, + P.,: + P,,)lv* 

( 6 ) 

where the notation v* means the true volume 
of the unit cell, that is, t’( I + A,K1 + A.^) 
(I+A 3). 

Thus we can calculate the optical index n 
by the relation given as 


where e is the optical dielectric constant and 
E is the electric field of an incident light wave. 

We calculate the birefringence = «(. — na 
by taking the parameter Oo- 

Here ria, n* and ric are the optical indices 
concerning the respective axes a, b and c 
which correspond to the /, m and n directions 
respectively. The index ria for the polarized 
light, whose electric field is applied in the 
direction to the n-axis, is obtained by putting 

^3 — Aj = Aft. Az = Af 

Similarly for and we substitute 

A3 = Aft. A| = Ap, Az = Aft 

and 

A3 = Af. A, = Au, Az = Aft 

respectively. Here the observed values of the 
tetragonal phase at room temperature Ao = 
-0-0016, Aft = -0-0016 and Ac = 0-0087 are 
used [7]. 

For the sake of comparison to the previous 
results we draw Fig. 1 which shows the value 
of the birefringence 6„ = n,.~n„ vs. a„, 
where the refractive index n of the standard 
cube is regarded to keep the constant value 
2-398[8]. The relation between a,) and aaa 
is shown in Fig. 2. whereaxi keeps the constant 
value 0-186 

As for the WO3 crystal, the similar method 
mentioned above can be used in a more 
simple way, that is, the role of the Ba-site ion 
can be entirely neglected. The birefringences 
obtained for the WO3 crystal with the defor¬ 
mation ratio A„ = —0-0266, A,, = 0-00378 
and A, = 0-0235 [9] (the standard cubic lattice 
is taken to have the lattice parameter 3-737 A) 
are shown in Fig. 3. 


5. DISCUSSION 

In this paper, by the direct summation 
method we have calculated the lattice sum 
with regard to the neighbouring dipole chains 
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Fig. 1. Birefringence 8n = nc — n„ of BaTiO., vs. electronic 
polarizability of oxygen Oo- 



Fig 2. The relation between and a„a of BaTiO.-,. 
where the refractive index keeps the constant value 2-398. 


one by one with the electronic computer 
TOSBAC3I21.* 


‘Here we take for one dipole chain the summation of 
lifty lattice points up and down from the lattice point 
considered, and then substitute the further lattice sum by 
the integration. Such lattice sums arc accumulated in the 
region of the cylinder, whose radius is equal to the 
thirty lattice constants. 



F'lg. 3. Birefringences of WOj vs. Oo. where the crossed 
short bars show the observed values. 


Now we consider the relation between y,, 
y-i and y,, which were calculated in the 
previous sections. Summing up the three co¬ 
efficients y,, yz and ys of equation (4), we can 
get the following relation by simplifying the 
sum after resolving the numerator into factors, 
that is. 

3 

_ 2{n-cV-U-(y-(m—ny 

tmn ('”-■> 7 )^+ 

(8) 

It can be readily found that this sum is 
nothing but the usual lattice sum of the dipole 
field. So the relation 

i yi =-3{> + 5„(f,T,.0} (9) 

i»i 

can be obtained. 

This relation can be verified by the con¬ 
sideration as follows. Assuming a cubic 
lattice, which is obtained by expanding the 
original cubic lattice uniformly by an amount 
A in every direction, we get a unit cell whose 
volume is increased by the factor (l-FA)’ 
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from the original one. Since the dipole 
interaction is in inverse proportion to the 
volume of the unit cell, the dipole field must 
be weakened by the factor (1 + A)'*. 

If A is small, this factor can be regarded 
as 1 — 3A. In equation (4), on the other hand, 
replacing every A( by A, we can readily find 
the dipole field 




47r + S'„(f, T),^) +2 


which is also equal to 


{47r + A„(f,T,,^)}(l-3A)p/^/' (ID 

by the above consideration. The equation 
(9) can be easily verified by equation (10) 
and ( 11 ). 

By using the relation of equation (9) we can 
check our results. Then it is found that our 
results are accurate in significant five figures. 

Now in Table I when we compare the 
values calculated here with the values 
previously calculated by the nearest neigh¬ 
bour approximation [3], we see that some ones 
are close to each other while some ones are 
rather different. For example, the values 
y, at (iOO) are very close to each other, 
which means that the correction is almost 
achieved only by considering the nearest 
lattice points. Then it will be concluded 
that the nearest neighbour approximation 
gives rather good values when the effect of the 
nearest lattice point is large. But it is not 
always the case. For example in the column 
(0 0 0 ) we see that we cannot neglect the effect 
of the long range correction and that we 
cannot get the good values without such 
correction. 

Generally the theoretical and quantitative 
treatments of ferroelectricity of the perovskite 
structure have been performed on the assump¬ 
tion of the cubic symmetry. One of the 
authors[2, 3] and Lawless[5] discussed con¬ 
sidering the lattice deformation in BaTiO..,. 
The discussions were made, however, by tak¬ 
ing account of the correction of the dipole 


interaction due to lattice deformation of only 
some of the nearest neighbour lattice points. 
So the previous treatments should be more 
fully investigated. 

By applying our results in this paper we can 
now consider the correction of the long 
range part of the dipole interaction accurately. 
In such treatment the effects of the correc¬ 
tion given in this paper seem remarkable 
especially in the discussion of the bire- 
frigences (WO 3 and perovskite type). Because 
in calculating the birefrigences theoretically, 
we consider the differences between the 
refractive indices of the /, m and n directions 
respectively by taking account of the effect of 
the lattice deformation of the crystal. In this 
case these refractive indices are very close to 
each other and their differences are very small, 
so even the effect of a small correction is con¬ 
sidered as remarkable. 

As shown in Section 4. where we compare 
the present results with the previous ones in 
the BaTiO,.) crystal, the calculated birefrin¬ 
gence in this paper is optical negative, which 
corresponds to the observed one qualitatively 
Therefore it is found that the theory of the 
previous paper is improved considerably by 
the correction in this paper. The correction 
cannot, however, interprete the observed one 
quantitatively enough. It is considered that in 
order to explain the observed one more 
accurately we must take account of not only 
the effect of the lattice deformation but also 
the electro-optic effect and the anisotropy of 
electronic polarizability and so on, of which 
we are now making a study. Furthermore in 
the WO 3 crystal the electronic polarizabilities 
of the oxygen ion are given as 1-90(1-62)A^. 
1'94(1-80)A“ and l-98(2-02)A’ respectively, 
where we determine the oxygen electronic 
polarizability which satisfies the observed 
data for the birefringence n„ — n*, n„ — n,. and 
Hb—n,. (the values in the parentheses are the 
results of the previous paper [4]). In the present 
results the respective values of electronic 
polarizabilities of the oxygen ion are found to 
be nearly equal to each other, while it is not 
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the case in the previous results. Therefore in 
the case of the WO 3 crystal, we can explain 
the observed data more accurately than in the 
BaTiOg crystal on the assumption that the 
electronic polarizabilities of the constituted 
ions are isotropic. 

The numerical values calculated in this 
paper are essential to the quantitative dis¬ 
cussion of the electrical properties of materials 
accompanied by the lattice deformation, for 
example, photoelasticity, which is a change of 
refractive indices due to the lattice deforma¬ 
tion. and piezoelectricity, which is a change of 
polarization due to the lattice deformations 
and so on. 

Furthermore either in spontaneous or 
induced polarization, the polarization in 
ferroelectricity is necessarily accompanied by 
the lattice deformation, so it is essentially 


important to consider the polarization taking 
account of the lattice deformation. Strictly 
speaking the discussions in ferroelectricity, 
which do not take account of the lattice 
deformation, are not correct quantitatively. 

By applying the numerical values in this 
paper we shall advance the theoretical 
treatment of ferroelectricity later. 
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D. K. STEINMANt and G. C. SUMMERFIELDt 
Department of Nuclear Engineering. The University of Michigan, Ann Arbor, 

Mich. 48104 U.S.A. 

(Received A March 1968) 

Abstract —The incoherent, inelastic neutron cross section is derived for KH 2 PO, following the model 
discussed by Tokunaga and Matsubara. This expression should give the dominant contribution of the 
proton tunneling motion to the cross section. Matsubara has given the coherent cross section for 
KDP. However the scattering in hydrogen is primarily incoherent. 


INTRODUCTION 

In a recent paper Tokunaga[l] derived the 
coherent, neutron cross section for the proton 
tunneling motion in KHjPOi (KDP). Neutron 
scattering from hydrogen is primarily in¬ 
coherent (98 per cent). Since the dominant 
contribution in neutron scattering in this case 
is incoherent, we extend Tokunaga’s calcula¬ 
tions to include the incoherent cross section. 

Several papers[2-5] describe KDP as 
having the hydrogens occupying sites in a 
double minimum potential well on the hydro¬ 
gen bonds which connect adjacent PO 4 
groups. For a more detailed description the 
reader is refered to references [2-5], Our 
calculations indicate that the proton tunneling 
between the two possible sites on the hydro¬ 
gen bonds should be observed most easily in 
the incoherent cross section for a single 
crystal of KDP. 

CALCULATIONS 

In the model proposed in reference [ 2 ], the 
proton field operators are taken to be 

tli(r) = J, h„,<{),.,(r) ( 1 ) 

v.l 
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where 



and ‘v' labels the hydrogen bonds, / labels the 
two minima in the potential. Thetji’s are taken 
to be orthonormal wave functions, localized 
at the potential minima. (We will later choose 
these to be harmonic oscilator wave functions.) 

hlij is a fermion creation operator and the b'% 
satisfy the anticommutation relations 

b,'ry]+ = (3) 

The condition that there is one proton on each 
bond is 

b\,jb,.,j= ]. (4) 

i.j 

Using these relations the Hamiltonian is [2] 

H = -2^2 (bl„bl^j + l^,^b,u) 

I'i 

— i 2 Jr’l (brlib, \i~ brllb,~ 2 ]) 
v'y 

X (hr'ij'bf 'iy b,’2j’b, ’2i') ■ (5) 

In the molecular field approximation[4]. we 
can write H as 

H = 2 b ezjbrij) 

vl 

+ J{Z)(bUAy-b;,jb,^)] (6) 


449 



450 


D. K. STEINMAN and G. C. SUMMERFIELD 


where 

2 . (7) 

J 'r 

Equation (6) is easily transformed into 

7/ = S I 0!'j++ S X-U!,Va,v- (8) 

Vj I'i 

where 

X, = ±\/(( 2 n)=+(y<z))" (9) 

and 

a,± = — Cj (10) 


Noting that F/cto Ck) = F|„(k) due to the ortho- 
normality of the d),,. we get 

Affine 1 

V 

ir 

x{S(€) (e-^^V?Pf + e*»+) 
-(-(e-'''‘^ 6 ( 6 - 2 XJ-(-e»"+ 8 (£+ 2 X+)) 
XP(P,-} (16) 


_(J(Z )±\/(J^(Z)^-K 2 n)^) __ 

‘^ “ V{2{JHzy’ + (2iiv ±J{Z)\/(P{ZY + iiay)) 

_ _ 2 n_ 

V{2(JHzy^+(my^j(Z) V{jHzy+(2[iy)) di) 


For unpolarizcd neutrons, the cross section where 

h',, = j dVe‘‘'^‘'’|(i>,,,p 


dv ^ k' r 

dnd« 27rf,k J. , ' 

X c'"'" {i"„„r'‘(p(-K) -piK. /))•/■ 

+ l«™/,|^</Xi(-'r)po(K, t)).;-} ( 12 ) 

'^here 

p{K) - J dVi//(r)e ' Ji/;(r) (13) 

J is the spin of the target nuclei. The com¬ 
ponents of J are the Pauli matrices, and 

Po(»«) = / d^n/i’(r)e "■ Xr). (14) 

The second term on the right-hand side of 
(12) is discussed in some detail by Matsu- 
bara[lj. Consequently, we will concern our¬ 
selves exclusively with the first term, the 
incoherent part. 

Using(l) we see that 

p(»f) = 2 fir,r'(lf)i>r,-JK- (15) 

trp' 


J(Z) + \, 

2(1 

J(Z)-K, 

2(1 

^ _ 2 fi_ 

12 (x^ 2 -y<z)xd]'« 

(■/(Z)-A.) 

[ 2 (A/-y<Z)X+)]""‘ 

= 2 cosh/3X, is the partition function per 
proton [2]. 


DISCUSSION 

We can see the properties of neutron scatter¬ 
ing from the hydrogen tunneling motions more 
clearly by taking an explicit model for the 
proton wave functions. First we define d„ with 
magnitude d and direction to be the vector 
distance between the potential minima on the 
nth bond. 

We now take the d>’s to be harmonic oscil¬ 
lator ground state wave functions with 
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characteristic frequencies for motions 
along the bond and Wr for motions perpen¬ 
dicular to the bond. With this model we have 

= e(- (K • a,m a* - (K X ft„)V4 b^) 

F2,. = e (18) 

where 

a = moidlh 

~ m<t>rlh. 

These F’s give the inelastic part of (16) as 


We can see from (19) that the inelastic 
cross section vanishes for k oriented per¬ 
pendicularly to d,.. Such an orientation can 
be made to within 3° by keeping k along the 
c axis of the crystal. This effect along with 
the diffraction effect from the factor( 1 — 
cos tt. dr)’ should serve to distinguish the 
contribution of the tunneling motion from the 
other motions in the crystal. 
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TECHNICAL NOTES 


Neutron diflk*action study of the low 
temperature transition in UP"' 

{Received 3 J une 1968', in revised form 25 July 1968) 

As A RESULT of OUT increased effort to study 
the magnetic structures of actinide materials, 
we have reinvestigated UP at lower tempera¬ 
tures with neutron diffraction. Sidhu et al.[\] 
at this Laboratory, investigated antiferro¬ 
magnetism in UP by neutron diffraction to 
liquid nitrogen temperatures only. Curry [2], 
at Harwell, carried out a concurrent study to 
near liquid helium temperatures and noted an 
increase in the intensity of the magnetic re¬ 
flections at with a width of about 7K 
deg. Our original UP sample was recooled to 
liquid helium temperatures and an increase 
in the intensities of the magnetic reflections 
of this Type-I magnetic structure was like¬ 
wise noted. Measurements of the integrated 
intensity of the magnetic (110) reflection were 
made during both heating and cooling, as 
shown in Fig. 1. 



TEMPERATURE, 'K 

F'lg. 1. Neutron diffraction integrated intensity of UP 
(110) reflection vs. temperature. 

The transition, which was considerably 
sharper than that found by Curry, occurred 
over an interval of less than 2 K deg at a 
temperature of 25±10°K. Although the 
sample was rather large (7/16 in. dia. by 1-1/2 

‘Work performed under the auspices of the U.S. 
Atomic Energy Commission. 


in. length), temperature variation was held to 
less than 0-5 K deg over the length of the 
sample by means of an exchange gas cryostat. 
Temperature control was well within 0-2 K 
deg. The observation of the transition at 
25°K is in close agreement with the value 
reported by Counsell et a/.[3] who described 
an exceedingly sharp transition at 22-5°K 
from heat capacity studies. An abrupt decrease 
in magnetic susceptibility also was observed 
below 20‘’K by Gardner [4]. 

Our low-temperature investigations and 
the results from Curry, both with powdered 
samples, indicate a general increase in all of 
the magnetic reflections; however, all except 
the (110) reflection are very weak. Single 
crystals of sufficient size are needed in order 
to determine possible changes in the magnetic 
form factor due to electronic changes. A few 
single crystals that weigh 4-5 mg. have been 
produced [5]: however, the neutron diffraction 
intensities may still be too weak. 

Recent neutron diffraction results on 
U (P o ftsSl) 05) obtained by Lander, Kuznietz 
and Baskin [6], at this Laboratory, showed 
that a broader and higher temperature transi¬ 
tion is observed as a result of sulfur addition 
to the sample. 

Argonne National Luhoralory, L. HEATON 

Metallurgy Division, M. H. MUELLER 

Argonne. in. 60439. K. D. ANDERSON 
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TECHNICAL NOTES 


J. Phys. Chem. Solids Vol. 30, pp, 454-457. 


On the excess entropy of fusion of semiconduct¬ 
ing and semimetallic elements 


(Keceiued 5 July 1968) 


Entropy of fusion of semiconductors and 
semimetals are abnormally higher than that 
for most closepacked metallic elementslU 
e.g. about 6e.u for germanium or silicon, 
about 4 e.u for bismuth or gallium to be com¬ 
pared with about 2 e.u for most closepacked 
metals. It is the object of the present note to 
point out that the excess of the entropy of 
fusion of these elements over the common 
metals can be considered as entirely due to 
the configuration of the bonding electrons. 

Since in metals the cohesion between atoms 
is due to metallic bonding and that in semi¬ 
conductors due to co-valent bonding, a result 
essentially of two rather extreme behaviors 
of the bonding electrons*, we can hope to 
express in general the entropy of fusion AS,,, 
as 

A5,„ = a/-f (I ~/j/3 (I) 

where /is the fraction of valence (or bonding) 
electrons non-localised in the solid at the 
melting point i.e. behaving as free electrons 
giving rise to metallic bonding; /3-a is the 
excess entropy of fusion of a perfectly co¬ 
valent element over a purely metallic solid. 

Equation (I) implies that for these solids 
at the melting point, the electronic wave 
functions are mixed in character and can be 
considered simply as linear superposition of 
a metallic and co-valent wave function. If 


*The rare earth metals are not considered here at all, 
as they have significant amount of ionic bonds. 


equation (1) is general, it will suffice to plot it 
for a few known values of AS„, and /, both of 
which are available precisely for elemental 
semiconductors. The fraction of valence 
electrons in these elements that are free are 
those which are thermally excited into the 
conduction band from the valence band and 
is given by the standard relation [2] 


where E„ is the band gap at the melting tem¬ 
perature T,„-, R is the gas-constant. 

The data for Ge, Si and Te are shown in 
Table I and are plotted in Fig. I. 

A fourth point (rather a cluster of points) 
is used with AS,,, for alkali metals for which/ 
is taken to be 1. The resultant curve is indeed 
quite linear and thus justifies equation (1). 
We have also indicated on the curve, the 
possible positions of the semi-metals [ 10] (from 
their known entropies of fusion) as well as 
that of the semiconductor selenium. The 
interesting feature embodied in the selenium 
anomaly will be discussed. 

The excess entropy of fusion for a perfectly 
co-valent solid over a perfectly metallic one 
is (p — a) and is seen to be 5-4 e.u. from Fig. 1. 
We propose that this entropy contribution is 
purely a configurational entropy for the co¬ 
valently bounded electrons in the valence 
band. It arises from liberating these electrons 
completely on melting, from their initially 
localised positions, and thus is a process of 
randomisation and entropy gain. Considering 
a solid that has 4 N electrons per unit volume 
in the valence band, co-valently paired by 
opposite spins, the entropy gained if its melting 
is accompanied by decoupling the spins of the 
2 N pairs and freeing them in the liquid state 
completely (i.e. we assume/= 1, in the liquid 
.semiconductors at the melting point), is 
given by 
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Fig. I 


Table 1 


Element 

Melting temp. 
T.nCK) 

Band gap 
atO°K 
(eV) 

dE, 

dr 

(eVrK) 

E.<r„) 

(eV) 

f(TJ 

Entropy of 
melting 
e.u.- 

Si 

1690 

1153"” 

-2-3'“’IO * 

0-786 

7-8 X 10-2 

6-5'*’ 

Ge 

1210 

0-744'“' 

-3-7‘“'IO • 

0-33 

2-06 X 10-' 

6-0'*’ 

Te 

723 

0-33‘“> 

-l-7'“'IO-‘ 

0-206 

1-91 X 10-' 

5-8'*’ 

Alkali 

metals 

K,Li, 

Na, 





1 

1-6"” 

Se 

493-5<“’ 

l-74'“> 
at 300°K 



-0-001 



See reference [7]. 
See reference [8], 
See reference [9). 
See reference [10]. 
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where k is the Boltzmann constant; N is the 
number of atoms/unit vol. This gives 

^config = 4 X 1 -38 (Cals/°K-gr atom)= 5-52 e.u. 

(3a) 

and is in almost complete agreement with the 
excess entropy (/3-a) obtained experimentally 
from Fig. 1. 

The following important features can be 
deduced from Fig. 1. 

(a) (1—/) is the fraction of valence elec¬ 
trons available as free electrons on 
melting. For most closepacked metals 
and alkali metals in particular, this is 
seen to be zero, a fact also borne out 
by the experimentally observed con¬ 
stancy of knight shift[3) on melting of 
these metals. On the other hand for 
the semimetals, like Sb or Ga or Bi, it 
can be seen from the Fig. I that about 
50 per cent more electrons are liberated 
on melting and this could explain the 
well-known ‘anomalous’ electrical con¬ 
ductivity increase [4] on melting of 
these metals —the experimentally 
observed ratio of the electrical con¬ 
ductivity increase on melting is typically 
about 50 per cent. 

(b) The curve extrapolated to the other 
extreme for f= 0 , gives an entropy of 
fusion of 7 e.u, which can be considered 
as that of the most ideal co-valent 
element. Diamond fills the recipe, with 
a band gap larger than 5 eV (giving 
/ == 0) and an entropy of fusion of 6-8 
e.u, calculated from the data of Seitz[5]. 

(c) The fact that Ge, Si and Te have the 
excess entropy of fusion very close to 
the ideal value indicates that melting is 
associated in these elements with the 
complete liberation of the bound 
valence electrons. These semicon¬ 
ductors are indeed quite metallic in 
their liquid state, the melting being 
accompanied with large electrical con¬ 
ductivity increase. Selenium on the 


other hand occupies an anomalous 
position on the Fig. 1, with its excess 
entropy of fusion rather low. This would 
unambiguously indicate that in case of 
selenium, melting is not accompanied 
by the decoupling of the electron-spin 
pairs in its valence band, while the 
element transforms from solid to liquid. 
This would indicate that right after 
melting selenium still keeps the band 
structure. The electrical conductivity 
of liquid Se[6] is 10‘* times lower than 
that for liquid Ge or Si (1 O’"Hem"* 
for liquid Se against 2X 10''n cm"' for 
liquid Ge) substantially confirms the 
conclusion that electrons remain tightly 
bound to the atoms as co-valent pairs 
and are not free for electrical con¬ 
duction. Further the positive tempera¬ 
ture coefficient of the electrical con¬ 
ductivity of Se and the X-ray evidence 
of the [6] persistence of the chain 
structure in the liquid state would 
indicate persistence of the semicon¬ 
ducting behavior and hence the low 
excess extropy of fusion. The selenium 
anomaly actually helps to establish 
that excess entropy of fusion is indeed 
the configurational entropy of the co¬ 
valently bounded electron pairs. Look¬ 
ing from the other direction, the liquid 
semiconductors on passing through the 
freezing point, compensates the 
loss of the excess entropy by gaining 
in the cohesive energy due to co-valent 
pairing of the electrons. 
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J. Phys. Chem. Solids Vol. 30, pp. 457-459. 

Possible trivacancy contribution to ionic 
conductivity • 


(Received 13 June 1968) 

Fuller and Reilly[l], Fuller, Reilly, 
Marquardt and Wells[2], and Allnatt and 
Pantelis[3] have recently reported the results 
of measurements of the intrinsic electrical 
conductivity ct of RbCl, KCl and NaCI. 
respectively. All of these results showed an 
anomalous behavior of the log (aT) vs. T~‘ 
plot at temperatures near the melting points of 
the various crystals. It is the purpose of this 
note to discuss the suggestion [4] that the 
anomaly may be due to a trivacancy 
mechanism. 

The plots of the log (a-T) vs. T~' were found 
to have too great a positive curvature in the 
intrinsic region to be described by the usual 
conductivity equations [5], even when the 
corrections for Coulomb interactions [6] were 
used in the analyses [7]. To explain the 6 per 
cent deviation between their theoretical and 
experimental results for NaCl at 794''C Allnatt 


and Pantelis[3] suggested the presence of 
cationic Frenkel disorder. In their subsequent 
least squares analysis the interstitial Na ions 
were found to carry about 61 per cent of the 
electrical current in NaCl at794'’C. According 
to the Nernst-Einstein relation the mobile 
interstitial Na ions would also make a large 
contribution to the cation diffusion in NaCl. A 
large interstitial contribution to Na diffusion in 
NaCl has never been reported [8]. It therefore 
seems important to point out the character¬ 
istics of trivacancy contributions to con¬ 
ductivity. 

Trivacancies could exist in the crystal in 
two types, the cation type (H—F) or the anion 
type (— I —). Each type of trivacancy could 
exist in a collinear form (part a. Fig. I) or an 
elbow form (part b. Fig. 1). Our simple point 



Fig. 1. A typical series of jumps by wliich a tri vacancy 
could move through the lattice in the presence of an 
electric field E. 


ion calculations for a rigid, unpolarizable 
lattice indicate that, because the repulsive 
interaction between vacancies of similar 
charge is larger in the elbow form of tri¬ 
vacancy, the collinear trivacancy is the 
favored form by about 1.1 eV in NaCl and 
0-9 eV in KCl and RbCl. 


The equations for determining the concentration of 
trivacancies can be written as functions of temperature 
and divalent cation impurity concentration n, as follows: 

n„nr = exp(—g/liT) = /to*(T) (1) 
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= 3n„rtr“ exp(gJkT) = 3n^n„‘(T) cxp(grlkT) 
la = ita'itr cxpigJkT) =" 3n„n„HT) exp(gJkT) 

itr~^ If rtf, + ta 3- rti — rtif 

nJinAn, —n,,)) = \2expiSlkT) 

where the symbols are defined as follows. 

Pa mole fraction of isolated anion vacancies. 

Mr mole fraction of isolated cation vacancies, 
n, mole fraction of divalent impurity cations. 

Mk mole fraction of divalent Impurity cation-calion 
vacancy complexes. 

Mo mole fraction of intrinsic Schottky defects. 
t„ mole fraction of anion type trivacancies. 
t, mole fraction of cation type trivacancies, 
g free energy of Schottky defect formation, 
g„ free energy of binding for an anion type irivacancy. 
gc free energy of binding for a cation type trivacancy. 

8 free energy of binding for an impurity-vacancy 
complex. 

The factor of 12 in equation (5) results from the twelve 
equivalent orientations of the impunty-vacancy complex 
The factor of 3 appears in equations (2) and (3) as a result 
of the assumption that the trivacancies exist in the 
collinear form which has three equivalent orientations. 

Unfortunately, theoretical calculations of 
the formation and migration energies of tri¬ 
vacancies have not yet been reported; so we 
have crudely extended the theoretical calcula¬ 
tions for vacancy pairs[9] and Schottky- 
defectsflO]. We have used a rigid unpolar- 
izable lattice approximation which includes 
point ion Coulomb interactions and nearest 
neighbor repul.sion(10} to compute the work 
done to take an isolated vacancy and put it 
next to a vacancy pair. It is predicted that the 
cation type of trivacancy is favored over the 
anion type in NaCI (by 0-6 eV), KCl (by 
0-3 eV) and RbCl (by 0-2 eV). Hence, the 
ratio of the concentration of trivacancies. 
essentially all of the cation type, to the con¬ 
centration of cation vacancies is independent 
of the impurity concentration, but dependent 
on the temperature, and has the form 

CMr = A exp (BIkT) (6) 

where A and B are temperature independent 
constants. It follows that the ratio of the 


( 2 ) amount of electrical curient carried via a 
trivacancy mechanism to that carried by a 
single cation vacancy mechanism is also 
(4) independent of the impurity concentration and 
has a form similar to equation (6). Therefore, 
in the high temperature extrinsic regions of 
conductivity (i.e. «, > SrtoiT)), the presence of 
trivacancies might be detectable. 

For example, the results for the conductivity 
of KCl and KCl:SrClaf?] may be used to 
estimate the trivacancy contribution to the 
ionic conductivity of KCl:SrClz crystals. If 
the 10 per cent discrepancy between the 
theoretical and experimental results at 750°C 
for pure KCl [7] is assumed to be the result of 
a trivacancy contribution to the conductivity, 
the results from reference [7] (Table 2. 
Column 2) for the formation entropies and 
enthalpies of vacancies can be used to compute 
the trivacancy contribution to the conduc¬ 
tivity of KCl:Sr Cl^ crystals. The results of 
these computations (Table 1) show that when 
the impurity concentration is relatively large, 
i.e. n, > 5n,)(T). the anion vacancy contri¬ 
bution to the conductivity becomes negligible. 
It can also be shown that in KChSrClz 
crystals any possible interstitial cation contri¬ 
bution to the conductivity would be similarly 
reduced. Therefore, it can be concluded that a 
slight ‘knee’ in the log (crT) vs. T~‘ plot at high 
temperatures for alkali halide crystals contain¬ 
ing relatively large amounts of a divalent 
cation impurity would be evidence for the 
presence of a trivacancy contribution to the 
conductivity. Such a ‘knee’ is suggested by the 
present experimental results for KCUSrClj 
fll) and KBr;CaBr2[12]. It is hoped that 
future work will furnish evidence of a more 
definitive nature. 

A typical series of jumps by which a tri¬ 
vacancy can move through the lattice in the 
presence of an electric field is shown in Fig. 1. 
After jump (I) the collinear trivacancy (part a, 
Fig. 1) has the elbow form shown in part b of 
Fig. I. The second jump (2) requires that a 
negative ion move against the force of the 
electric field, but the potential barrier to such a 
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jump is probably quite low since both of the 
gate ions are missing from the lattice. How¬ 
ever, after jump (2) has occurred the field 
would increase the probability that the nega¬ 
tive ion would jump back across the low 

Table 1. The contributions of vacancy 
mechanisms to the electrical conductivity of 
KCI; SrCIa crystals at 750°C as a function of 
concentration 


Per cent contribution* 
Anion Cation Cationic 
Sr mole fraction vacancy vacancy trivacancy 


0 

56% 

34% 

10% 

100 ppm 

18% 

63% 

18% 

200 ppm 

6% 

73% 

21% 

500 ppm 

1 % 

76i% 

221% 

1000 ppm 

— 

77% 

23% 


•Computed using the simple theory including associa¬ 
tion results reported in reference(7J, Table 2, column 2. 
The intrinsic vacancy concentration was computed to be 
about 40 ppm at 750°C. 

barrier into its original site as ‘shown by the 
•2 labelled jump in part c of Fig. 1. The tri¬ 
vacancy would remain in a fluctuating elbow 
form, shown in parts b and c. Fig. I. Then the 
irivacancy will either return to its original 
position by a reverse of jump (1) or make a 
contribution to the conductivity by the 
occurence of jump (3). 

In summary, these considerations indicate 
that the anomalous curvature in the intrinsic 
region of conductivity for RbCI, KCI and NaCI 
may be the result of a trivacancy contribution. 
The presence of the cation type of trivacancy 
might be verified by high temperature 
conductivity measurements in alkali halide 
crystals containing large («( > 5n,,) amounts of 
a divalent cation impurity. The calculation of 
the formation and migration energies for tri¬ 
vacancies would seem to be a potentially 
fruitful theoretical endeavor. 
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Coalescence in an enclosed superconductor* 


{Received 15 April 1968) 


The enclosed superconductor arrangement 
p]. in which the specimen, a long thin rod. 
is enclosed in a cylindrical shell of another 
superconductor, allows the transition from 
the normal to the superconducting state to 
be studied under conditions which are not 
found in most geometries. On the one hand. 


*This work was supported in part by the Research 
Corporation and by the National Science Foundation. 
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..ictors was measured with a commercial 
the applied magnetic field is parallel to the and the temperature was mon- 

irface of the specimen hored with a carbon resistor. 

he ends. On the other hand, the en« ^ shows a typ^ ‘ - 


shell 


gives to the specimen an effcc i 
demagnetizing coefficient |1J, so that I e 
specimen can be put into a stable interme la e 
state. 

In the experiments reported here, an impure 
indium rod. enclosed in a tin shell, was cooled 
in the presence of a constant, axial magnetic 
field. It was observed that superconducting 
regions in the indium rod coalesced before 
the transition was complete. This coalescence 
led to the formation of a closed supercon¬ 
ducting surface which inhibited flux expulsion 
from the rod. 

Faber and Pippard[2l have given reasons 
for expecting coalescence to be unlikely, 
but they also point out the importance of 
surface condition. Further experiments with 
electropolished specimens should help to 
clarify the role of surface roughness. 

Figure 1 shows a cross-sectional view of 
the specimen and shell. The specimen was 


.COPPER TUBE 



Fig. I. A cro.ss-Nection<il view of the specimen showing 
the enclosing tm shell and the Hall probe. 


a rod with rounded ends cast and machined 
from an alloy of indium plus 0-2 per cent 
bismuth. It was 10 cm long and had a diameter 
of 1-3 cm. After machining, the rod was 
etched. The tin shell was made by melting 
pure tin into a copper tube and then machining 
a 1-9 cm hole. 

The axial field between the two super- 


dosed field vs. temperature for a cooling and 
warming cycle. Proceeding from the right 
hand side in that figure, and following the 
cooling curve, we see that the tin shell began 
its superconducting transition at point d. 
The small increase of field that occured there 
was due to flux expelled inward from the tin 
13). At point B. the transition of the indium 
rod began, and as the cooling went on more 
and more flux was expelled. At point D the 
transition of the rod was apparently complete. 
The warming curve is very similar, but there is 
a significant difference in the vicinity of 
point C. This is interpreted as showing that 
coalescence occurred during cooling, at 
least in the vicinity of C. 

That a closed superconducting surface 
existed at C is clear because comparison with 
the warming curve shows that the field there 
was less than the critical value. Other 
measurements have shown that if the cooling 
had been stopped at C. the field would not 
have increased with time, at least over a 
period of many minutes. If a closed super¬ 
conducting ring had not been present, flux 
would have moved out of the specimen until 
the enclosed field reached the critical value, 
and a stable point such as C would not have 
been possible. 

Coalescence also shows clearly in Fig. 3, 
which shows a study of temperature hystersis 
in the neighborhood of a point like C of 
Fig. 2. The dashed lines show typical cooling 
and warming curves. The solid line was 
obtained by cooling, then warming to point /t, 
and then cooling slowly. From A to B, the 
slope of the curve is not too different from that 
of the warming curve. At B, a closed super¬ 
conducting loop formed (or at least became 
stronger if it already existed), and then at 
C the system began to follow a typical 
cooling path. This suggests that this typical 
cooling path represents a definite equilibrium 
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THERMOMETER VOLTAGE 


Fig. 2, A typical cooling and warming curve for an initial applied field of 20G. Approxi¬ 
mate field and temperature calibrations are indicated. To the right of point /4. the entire 
system is normal and the field measured is just the applied field. Between A and B the 
tin shell is superconducting with a certain trapped field. From B to D. as more and more 
of the indium rod becomes superconducting, more and more flux is expelled from the 
rod. Since the tin shell keeps the total enclosed flux constant, as flux is expelled from the 
rod the field strength increases. 



THERMOMETER VOLTAGE 


Fig. 3. A portion of a temperature hysteresis loop. 
Beyond B, no more flux leaves the indium rod until the 
cooling curve meets the typical curve at C. 


curve of field versus temperature for this 
specimen. 

The occurence of coalescence is not 
restricted to the alloy rod described above. 
Very similar behavior was observed with a 
pure indium rod. Coalescence has also been 
observed repeatedly in studies of field 
enhancement in tubes of pure tin and 
indium [4]. 

It is to be noted that the coalescence leads 
to the formation of a superconducting skin, 
over at least part of the surface. Exper¬ 
imentally, this phenomenon might easily 
be confused with the ‘surface superconductiv¬ 
ity’ that has been discussed by Saint-James 
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and deGennes[5], but in this specimen and 
in the pure indium specimen the value of the 
Ginzburg-Landau parameter k is too low to 
permit surface superconductivity. 

An investigation of the role played by 
surface defects would seem to be most de¬ 
sirable. and we plan to extend the measure¬ 
ments to electropolished specimens. 
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On the irradiation of alkali metal azides 


ifieceived H)January 1968) 

Recently it has been shown[I] by a vib¬ 
rational frequency calculation and group 
theoretical considerations that upon irrad¬ 
iation of NaNa at low temperature some of 
the normally linear azide ions of the 
crystal assume the equilateral triangle £),w 
symmetry. Since the experimental observ¬ 
ations on the several alkali metal azides after 
irradiation are quite similar, it is of consider¬ 
able interest to consider the consequences 
of this symmetry and to note how it may be 
used to explain the observations. 


Experimentally it is observed [2] that upon 
irradiation of an alkali-metal azide at liquid 
nitrogen temperature, one new infrared band 
is produced and intimately associated with 
it is one new electronic absorption in the 
visible region. The infrared band is the doubly 
degenerate fundamental of the Dm ion[l] 
and is the only infrared active fundamental. 
Consideration of the electronic symmetry[3] 
shows the ground state of the ion to be A,'. 
In the excited electronic state symmetry 
properties yield (3] three accessible states 
A", A'i and E”. (These states are easily corre¬ 
lated with the one electron excitation of the 
linear ion.) The general selection rule [3] yields 
only one permitted electronic transition AJ *- 
A',. Thus the experimental observation of one 
new electronic band and one new infrared 
band can be explained by the symmetry 
for the azide ion as the ‘color center’. 

During the warm-up from liquid nitrogen 
temperature other new bands appear[2] in 
Knj and RbNj. The single i.r. band splits into 
two bands of approximately equal intensity; 
simultaneously the electronic band develops 
a side band[2], of considerably weaker 
inten.sity|2,4,5], on the long wavelength 
side. These observations may be explained 
by assuming the equilateral Dm ion to undergo 
a slight distortion which takes it into the C.^,. 
symmetry of an isoceles triangle; the dis¬ 
tortion being caused by some (unspecified) 
relaxation mechanism in the crystal during 
warm-up. The infrared splitting[2] is 12 cm”' 
in KNs and 29 cm”' in RbNj and is almost 
exactly the same magnitude as the splitting 
caused by isotopic substitution in NaNg 
which also takes the D^ ion into the C-j,. 
symmetry[l]. The similarity of the magnitude 
of the splitting suggests only a slight distor¬ 
tion when the Dm ion goes into the C 2 ,, 
symmetry for the mechanism presented here. 

In the C 2 ,. symmetry all three (3n-6) 
fundamental vibrations are i.r. active, i.e. 
the doubly degenerate active vibration of the 
Dm ion splits and the inactive fundamental 
becomes i.r. active. Experimentally only two 
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bands were observed [ 2 ]; however, a fre¬ 
quency calculation shows that the third band 
lies in a fundamental of the crystal itself 
and therefore cannot be observed. In the fre¬ 
quency calculations[l] for the NaNj, central 
forces were assumed, and the force constants 
were found to be a,, = 16'3 X 10“ dyn cm“' 
and 033 = 11 1 X 10“dyn cm“‘. With the 
available data only can be calculated for 
KN 3 and RbNj, and a,, is 14-7 and 14-5 x 10* 
dyn cm"', respectively. As a reasonable 
approximation 033 is taken to be in the same 
ratio to a,, as is found in NaN 3 . Then the 
required third band, for the Ca,, ion is 
calculated to be about 2350cm"'. This is in 
the strongly absorbing fundamental, *^ 3 , of 
the crystal [ 6 ,7] and therefore cannot be 
observed. 

In the electronic ground state the Cj,, ion 
is of..4 1 symmetry, and the two lowest excited 
states are A 2 and Bj, of which A.^ lies lower 
than Bi- Only the Bj *^A, transition is per¬ 
mitted by the general selection rule[3]. 
However, forbidden transitions may become 
active when the Bohn-Oppenheimer approx¬ 
imation is not used for the eigenfunctions, 
i.e. when interaction with a vibrational level 
is considered[3]. The forbidden transition 
A 2 *-Ai therefore can become active by 
interaction with the j'stB,) vibration of the 
ion. This transition should be of weaker 
intensity and lie on the long wavelength side 
of the permitted transition. This is in agree¬ 
ment with experimental observation that a 
weak electronic band lies on the long wave¬ 
length side of a strong electronic adsorption 
band. 

The experimental observations during 


warmup therefore may be accounted for in a 
reasonable manner by assuming a slight 
distortion in the ion. 

One might expect a wavelength shift in the 
strong electronic absorption after the pos¬ 
tulated distortion of the ion to the C 2 V 
symmetry, but no wavelength shift has been 
reported [2]. The observed bands are quite 
broad (~0-5eV) and small wavelength shifts 
in the peak maximum could very well have 
been overlooked. 

It would be of considerable interest to 
compare the strong electronic band maxima 
at liquid helium temperature before and after 
the postulated distortion. A search for any 
possible alteration, such as a shoulder, in the 
1/3 fundamental vibration of the crystal after 
the splitting of the degenerate vibration of the 
‘color center’ would be of value for. if ob¬ 
served, it could establish the Cj,. azide ion 
with a high degree of certainty as a thermally 
produced ‘color center.’ 

Martin MariellaCorp., HAROLD A. PAPAZIAN 
Denver, Colorado, 

U.S.A. 
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ERRATUM 

O. F. SCHIRMER: The Structure of the Paramagnetic Lithium Center in 
Zinc Oxide and Beryllium Oxide. J. Phys. Chem. Solids 29, 1407 (1968). 

The printer regrets that equation (2) on page 1411 should read: 

r = l3SgH + US + JPl-Sn0nUi (2) 


with S = i, / = j,.... 


The sentence containing equation (14) on page 1422 should read: 
For the p-character of the axial hybrid, for instance, 

one calculates 


1 — 3 cos^ r 
sin''* T 


(14) 


from the orthonormality of the O" hybrids. 

Equation (22) on page 1425 should read: 

F = J(3z''-p'^)(^^ + 3^^^P^(l-isin'^r)) (22) 

The sentence preceding eq. (23) on page 1425 should read: 

Thus the negative second derivative of (20) or, more detailed, of (22) is 
the field gradient eq occuring in the relation which defines the quadru- 
pole coupling constant F[30] used in (2): 

The .sentence following equation (24) on page 1426 should read: 

(k' force constant of the axial bond, k force constant of the non- 
axial bonds), if valence forces are considered only. 
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A GAS-RELEASE STUDY OF THE ANNEALING 
OF BOMBARDMENT-INDUCED DISORDER* 
(STUDIES ON BOMBARDMENT-INDUCED DISORDER-1) 

CESTMIR JECH 

Institute of Physical Chemistry, Czechoslovak Academy of Sciences. Prague 

and 

ROGER KELLY 

Institute for Materials Research, McMaster University, Hamilton. Ontario. Canada 

[Received \1 June in revised form Ih September 1968) 

Abstract —Many oxides and diamond-type materials become disordered, e g. amorphous, when bom¬ 
barded with heavy ions at doses greater than I0'<-I0'“ ions/cm®. Though the most direct evidence for 
such disorder is probably electron diffraction, much information can also be gained by studying the 
motion of the ions used to produce the disorder. We have in this way established the following tem¬ 
peratures for disorder annealing (all in "C and for a time scale of 25“C7min): 7.30 with a-AI.,0„ 445 with 
CrjOj. 535 with a-FejOa. 480 with rutile. 325 with MgO, 285 with NiO. 470 with Ge. and 720 with 
St. A significant point is that the ratios of the disorder-annealing temperatures to those for atomic- 
scale cation self-diffusion are similar for most of the materials studied. The temperature widths of 
the annealing were also measured, and it could be shown that they were, except for MgO and NiO, 
compatible with single-jump kinetics, namely 45-70'’C. It is concluded that the annealing process 
probably involves the growth of crystalline material towards the bombarded surface, such that the 
bombarding ions are s\ opt out as the disorder-crystal interface reaches the surface. This model is 
of interest in implying that the activation enthalpies of the annealing, e.g. 52 ± 3 kcal/mole with rutile, 
are similar to those for self-diffusion in the disordered phase. 


!. INTRODlItTION 

The use of inert-gas motion as a marker or 
probe for studying the annealing of radiation 
damage has been recently discussed in a 
number of papers, including work by the 
present authors and by Matzke and Whitton 
[1-3]. A particular case of such damage 
annealing concerns bombardment-induced 
disorder, of which bombardment-induced 
amorphousness is the most common example. 

A relation between inert-gas motion and the 
annealing of bombardment-induced disorder 
appears to have been initially noted with 
diamond-type materials (MacRae and Gobeli 
[4], Jacobson and Wehner[5]), though was 
first studied in detail with oxides (Matzke 
and Whitton [3]). Altogether, it has now been 

‘This paper includes material which was presented at 
the conference “The applications of ion beams to semi¬ 
conductor technology", Grenoble, 1967. 


described with some 7 substances: 3-5 
compounds[4]. Ge[5], a-Al.iO;i[3.6-8). 
MgO, rutile, and UdOh[ 3]. and quartz[9], 
while in the present work the further examples 
CrjO;), a-FejO:,. NiO and Si will be added to 
the list. 

Previous work on the relation between 
inert-gas motion and disorder annealing has 
been concerned mainly with identifying the 
existence of the annealing, the main theor¬ 
etical excursion being that of references [7, 8], 
where activation enthalpies were derived for 
a-AljOj. The calculation depended on the 
observation that the temperature width of 
the disorder annealing was similar to that of 
a process with a single rate-controlling jump. 
Single-jump kinetics was therefore assumed 
and the range of values 69-79 kcal/mole was 
obtained. 

We will in what follows give new high- 
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f ig. L lil ldt vs T curves for («-[-e...(), and rutile which 
have been lon-bombardment labeled wiih lOkeV Kr. 
t he volume ol the counting chamber was always 100 
cm^ Only the lirst part of the 12 ^lAmin/cm'^ curve for 
rutile IS shown, the curve in reality extending to 1150"C 
and accounting for the release of all but 12 percent of the 
Kr. 

4.1 «-Al;,0:i, CraO..,. a-FeaO.i and rutile (Figs. 
2 and 3) 

These four oxides show closely similar 
gas-release behaviour, the main features of 
which, for lOkeV bombardments, are the 
occurrence of either two or three peaks. As 
seen in Table 1 and with the help of equation 
(4), the lowest-temperature peaks, which are 
favoured by high doses, have widths sugges¬ 
tive of single-jump motion. With a-Al^O., 
bombarded at 40keV, the corresponding 
feature was identified by Matzke and Whitton 
[3] as representing the amorphous-crystalline 
transition on the basis of the fact that its 
temperature, 600-700°C in 5 min, was similar 
to that determined by electron diffraction for 
the annealing of bombardment-induced 



Eig. 4. df/d( vs. T curves for MgO and NiO which have 
been ion-bombardment labeled with lOkeV Kr The 
volume of the counting chamber was always 100cm“. 

amorphousness. 650-710°C in 5 min; we 
would also point out that Hass[13] has 
observed stripped anodic AlaO^ to crystallize 
at 630-700°C in 1 hr. Similar arguments can 
now be made also for rutile, it being previously 
[3] difficult due to lack of resolution in the 
gas-release spectra: thus the gas-release 
temperature is 480°C. bombardment-induced 
amorphousness heals at 425-500°C in 5 min 
[3), while evaporated TiOj on a glass substrate 
crystallizes at 450-500°C in 1 hr[14]. With 
CrjO,! and a-Fe 203 , the lowest-temperature 
gas-release peaks can be attributed to amor¬ 
phous-crystalline transitions by analogy with 
a-AljOa. since these materials have a similar 
crystal structure to a-Al 203 and bombard¬ 
ment-induced amorphousness is known to 
exikllS]. With a-FcaO,, there is the additional 
information that natural amorphousness 
heals at < 650°C in an unspecified time[16]. 
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1-ig. 5. dFliit vs. T curves for Ge and Si which have 
been ion-bombardment labeled with lOkeV Kr. The 
volume of the counting chamber was always 10 cm^ 


Intermediate-temperature peaks are well- 
defined with Cr^O., and rutile, where they are 
seen to be favoured by intermediate doses 
and to be relatively wide (Table 1). The peaks 
appear to be related to self-diffusion: with 
rutile, atomic-scale self-diffusion has been 
shown[17] to set in at 685±20°C, hence 
just at the beginning of the peak, while with 
CtjOt the temperatures at which cation and 
anion self-diffusion should begin, 530-905°C 
(Table 1 of reference [2]), roughly bracket 
the peak. Possibly one is dealing with the 
healing of polycrystallinity left from the amor¬ 
phous-crystalline transitions. See, for example 
the work of Krikorian and Sneed[18], where 
a well-defined polycrystalline-crystalline 
transition was identified in the annealing of 
amorphous Ge, and the work of Matzke 
and Whitton[3], where polycrystallinity in 
rutile consequent to th^ disappearance of 


amorphousness annealed in the interval 
750-900“C in 5 min. 

The final gas-release peaks are favored 
by low doses, and in the two cases where the 
temperatures are accessible, CrjOj and a- 
FejOs, the peaks are seen to have the widths 
for diffusion of e~^-type distributions (Table 
I), to lead to nearly complete release, and to 
agree fairly well with ultra-low dose data of 
Matzke[19]. The peaks thus have the general 
properties to be expected for normal, un¬ 
perturbed gas motion and are of no interest in 
the present context. 

4.2 MgOttmf NiO(F;i'. 4j 

MgO and NiO show sufficient similarity 
in their gas-release behaviour to be discussed 
together. The lowest-temperature peaks, 
though they are favored by high doses, have 
widths much greater than the corresponding 
features found with such oxides as a-AljOg 
(Table 1). Notwithstanding this fact, the peak 
has, in the case of MgO, been convincingly 
associated by Matzke and Whitton[3] with 
a disorder-crystalline transition of an untypical 
kind: thus single-crystal MgO becomes par¬ 
tially polycrystalline after high-dose bom¬ 
bardment but recovers somewhere below 
5()0°C in 5 min. With NiO, it is more difficult 
to reach a conclusion on the nature of the 
peak. Nevertheless, the following four 
features are suggestive of disorder annealing: 
(a) the peak is favored by high doses yet it 
is distinct from that at 4()0°C attributed else¬ 
where [17] to nickel self-diffusion, (b) there 
is some evidence for partial polycrystallinity 
setting in at very high doses[151. (c) NiO 
exhibits bombardment-enhanced solubility 
which anneals below 5()0°C in 1 min[20]. 
and (d) the ratio is, 

as will be shown in Section 4.4, similar to what 
is found with known disorder annealing. 

The peak at 965°C with MgO, which is 
most prominent at intermediate doses, was 
suggested elsewhere [2] to be related to self¬ 
diffusion and we have nothing further to add. 
The final peaks, which with MgO is just 
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Table 1. The principle gas-release processes* 


Material 

Tm 

(°C) 

AT.,, 

AT.JT„t 

(T^in’K) 

Causet 

u-AI/)., 

730 

60§ 

0060 

amorphousness 

Cr.,0, 

445 

65 

0 091 

amorphousness 


875 

undefined 


not stage IIA 


-1090 

-220 

-0161 

stage IIA 

a-FejO;, 

535 

60 

0 074 

amorphousness 


855 

- 235 

-0-208 

stage IIA 

rutile 

480 

70 

0093 

amorphousness 


775 

165 

0-1.57 

not stage IIA 

MgO 

325 

120 

0-201 

disorder 


965 

undefined 


not stage IIA 

NiO 

285 

- 190 

' 0-341 

possibly disorder 


935 

220 

0-182 

stage IIA 

Ge 

470 

45 

0-061 

probably 





amorphousness 

Si 

720 

70 

0-071 

probably 





amorphousness 


*The various peak lemperalures (T„) and temperature widths (Ar,,a) 
arc based not only on the data displayed in the figures, but also on duplicate 
runs. They have in all eases been corrected for the 24 or 12°C temperature 
error discussed in Section 2, 

tSee equation (4) for the expected temperature widths. 

Tfhe term Mage IIA' is used, as discas.scd in rcferencel21. to refer to 
normal, unperturbed gas diffusion. 

§ Based on present data plus thsise of reference (7, 8]. 


beginning at ~ I I00°C but with NiO goes to 
completion, are most prominent at low doses; 
moreover, with NiO it has the width expected 
for diffusion of an <’ “^-type distribution (Table 
1) and leads to essentially complete gas 
release. We attribute these latter peaks to 
normal, unperturbed gas motion. 

4.3 Ge nnr/Si ff/g. 5) 

Ge and Si are still in a preliminary stage of 
study, though enough is known to estimate 
the temperatures and temperature widths 
for disorder annealing. Both substances are 
characterized, for the particular doses used, 
by dominant gas-release peaks having widths 
suggestive of single-jump motion. With Ge, 
the peak lies at 470“C, and, by way of com¬ 
parison, we note that Mayer et a/. [21], 
in a study of helium scattering from Ge single 
crystals rendered amorphous by bombardment 
with 40keV In, found that channeling was 
restored at 350-450°C in 10 min, while 


Parsons and Balluffi(22j observed evaporated 
films of Ge to crystallize at 450-500'’C in 
15 min. There is thus good reason to believe 
that the gas-release peak represents the 
amorphous-crystalline transition.* 

With Si. the dominant release peak occurs 
at 720°C. It can again be inferred to represent 
an amorphous-crystalline transition on the 
basis of (a) helium scattering from P, Sb, Ga 
and As bombarded Si[21], where channeling 
was restored at 550-650°C in 10 min, (b) 
an electron-microscope study of bombard¬ 
ment-induced amorphousness[24], where 
annealing took place at ~ OSO^C in 1 hr, 
and (c) the fact that evaporated films of Si 
crystallize at ~ 700‘’C in 1 hr[25]. 


’Jacobson and Wehner[5] reported a substantially 
lower temperature for gas-release due to disorder 
annealing in Ge, namely ~ 250°C. The difference may 
lie in the fact either that they were concerned with the 
extreme outer surface (cf. Fig. 6 of(23]) or else that 
disordering was incomplete (cf. Fig. 8 af|21 ]). 
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4.4 Correlations involving disorder annealing 
Additional insite into the annealing of 
bombardment-induced disorder can be gained 
by making comparisons with melting and 
cation self-diffusion. Values of the ratio 
f'anneaitng/f'memng given in Table 2. They 
are seen to scatter rather widely, though, with 
the exception of CrjO,,, are similar for a given 
type of compound. 


for gas-release coinciding with disorder 
annealing is similar to that for a single 
rate-controlling jump (Table 1). Thus it is 
much greater than that for pure sequential 
motion yet much less than that for diffusion 
of an e"Mype distribution, (b) Disorder 
annealing correlates in general with cation 
self-diffusion, and, for a particular type of 
compound, also with melting (Table 2). (c) 


Table 1. Correlations involving disorder annealing* 


Material 

^ ^anneahmi)/ 

^ ^fnelllrw) 

CKI^K) 

^itelf-dl^uAkin 

(“K) 

(^»nneaUrui)/ 
i ^wlf-dlffunlon) 

a-ALO;) 

0-43 

1350t 

0-74 

C'raO.i 

0-27 

llObOt 

0-68 



1 825t 

0-87 

a-Fe^^O, 

0-44 

I080t 

0-75 

rutile 

0-35 

960117) 

0-78 

MgO 

019 

l04.St 

-0-57 

NiO 

0-25 

800(331 

070 

Cie 

0-61 

850(34) 

0-87 

Si 

0-59 

1185(35) 

0-84 


'5 taken from Table 1. is derived by substituting 

cation self-diffusion parameters into equation (2a), which for 7',,,= ll(X)'K 
(logarithmic term only) and = 25°C7min can be written ^HjT„ = lS-b + 
4-5« log,„(D<,/0-3). 

tDiffusion parameters summarized in reference |2|. 


Table 2 also contains a summary of cation 
self-diffusion temperatures, generally derived 
from self-diffusion parameters using equation 
(2a), together with values of the ratio 
^seif-dimision- We now find a rather good correla¬ 
tion even for different types of compounds, 
with the temperature ratios lying, except for 
MgO, between 0-68 and 0-87. Such a correla¬ 
tion should be of use for predicting annealing 
temperatures with unstudied materials; in 
addition, however, it suggests that disorder 
annealing is in some way related to self-diffu¬ 
sion. 

5. DISCUSSION 

.^.1 G eneral features of disorder annealing 
Any model for the annealing of bombard¬ 
ment-induced disorder must take into account 
the following general features: (a) Except 
with MgO and NiO, the^temperature width 


Bombardment-induced disorder would for 
very high doses be expected to take the form 
of an approximately uniform skin resting on 
crystalline material. The disorder is believed 
to develop due to the overlapping of small, 
spherical, disordered regions, as demonstrated 
by electron microscopy[24,26], and this 
suggests that for moderate doses a disordered 
layer will be bounded both by a macroscopic 
disorder-crystal interface and also by rem¬ 
nants of the original crystalline material, 
(d) The annealing of amorphous layers on 
Ge and Si was demonstrated by Mayer et al. 
[21] to begin mainly at the disorder-crystal 
interface. In addition, however, one must 
consider, as discussed by Primak[27] for 
quartz, the possibility that annealing begins 
also from any remnant crystalline regions 
present, (e) With a-AlgOs. rutile, Ge and Si, 
bombardment-induced and natural amorphous- 
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ness anneal at similar temperatures, while with 
a-FcjOj the temperatures agree to within 
roughly I00°C. 

5.2 Model based on crystal growth 

Perhaps the most straightforward mechan¬ 
ism for disorder annealing follows from the 
correlation with cation self-diffusion, namely 
that it is similar to the growth of a finite crystal 
into an undercooled liquid, the growth pro¬ 
ceeding both from the macroscopic disorder- 
crystal interface and from any remnant 
crystalline regions. This phenomenon has 
been discussed in detail by Hartshorne[28] 
and by Turnbull and Cohen[29]. who showed 
that the velocity of growth should be 

V = (/Z)/A)( 1 - exp(- MljR 7)) (5) 

where / is the fraction of crystal surface 
sites to which molecules can be attached. D 
is related to the diffusion coefficient for 
self-diffusion in the undercooled liquid. \ 
is the mean atomic spacing, and AG is the 
free energy of fusion at the temperature of 
interest. This equation expresses the condition 
that the velocity of growth is given by the 
difference between the rate of jumps leading to 
extension of the crystal and the rate of jumps 
leading to recession. In the case of bombard¬ 
ment-induced disorder, the disorder-crystal 
interface would be expected to sweep along 
the bombarding ions. e.g. inert gas. and finally 
cause their release at the surface. 

It is readily shown that, for the materials 
dealt with here. AGIRT is large and positive, 
while / is believed [29] to be in general similar 
to unity for large undercoolings. If. moreover, 
the undercooled liquid has the form of a plane 
sheet and we replace v by thickness/time, 
equation (5) yields the following condition 
for complete crystallization, thence for com¬ 
plete gas release: 

aRJt = (Z)„/X*) exp {-AHjRT) (6) 
where AH is the activation enthalpy of the 


rate-controlling jump and a is a numerical 
factor such that aR^ is the thickness of the 
disordered layer in units of mean atomic 
spacings. u is apparently near unity, being ~ 2 
with micaI20], ~ 1 with Si[24], and ~ 1 with 
o:-AljOs[30]. The condition for the beginning 
of crystallization, thence for the beginning 
of gas-release, follows by noting that, for 
remnant crystalline regions near the surface, 
equation (6) will still hold but with aR„ == 1. 
Altogether, gas-release would thus be 
described by a mixture of sequential kinetics 
(16) as is) and single-jump kinetics ([6] with 
aR„, = 1), thence by a combination of 
equations (1) and (2). 

This model has the advantage of being 
consistent with all the general features of 
disorder annealing outlined in Section 5.1, 
though the temperature width presents 
difficulty at first sight. We would propose 
that the similarity of ATm to what is ex¬ 
pected for single-jump motion is misleading. 
In fact, if the beginning of gas-release is 
described by equation (2a) and the completion 
by (la) with R = aR„, it is readily shown 
that the temperature width should be roughly 
as follows: 

ATIT„ = 0 066 log,„o/?„ 
orfor«/?„ = 22 mean atomic spacings, 

ATIT,„ 0 089. 

This is very similar to what is observed in 
Table 1 for gas-release associated with dis¬ 
order annealing, except with MgO and NiO, 
and there is thus no need to assume single¬ 
jump motion. 

Table 3 contains the implied AH's, as 
derived from the disorder annealing tempera¬ 
tures of Table 1, for those materials where 
the temperature widths suggest that the 
crystal-growth model is valid. As in similar 
calculations elsewhere [6-9] the main un¬ 
certainty probably lies not in parameters 
such as a or R„ but in the use of an idealized 
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Table 3. Activation enthalpies 
for disorder annealing (tentative 
values dependent on the assump¬ 
tion Do = 3 X 10“**' cmVsec) 


Material 

^H* 

(kcal/mole) 

a-AlaO;! 

69±4t 

Cr..O, 

49 ±3 

«-FejO,i 

56±4 

rutile 

52 ±3 

Ge 

5) ±3 

Si 

68 + 5 


* Derived with equation (la), which 
for T„ = 800°K (logarithmic term only). 

= ix 10"'cmVsec, R — aR„ ~ T1 
mean atomic spacings, and = 25“ 

C/min can be written ^HIT„ = 68-8. 

tThe value would he 75 kcal/mole, 
similar to what was reported in ref- 
erences[7,8|, if single-jump kinetics 
were assumed. The 40 keV data of 
refercncefB] yield 65 kcal/mole for 
sequential kinetics with R ~ aR„ = 

60 mean atomic spacings. 

range of values for Do, namely 3 x 
cmVsec; for, while there is good reason to 
accept an idealized Do for normal, unper¬ 
turbed gas motion, it still remains to be 
demonstrated whether Do is ideal for the 
annealing of disorder. According to Turnbull 
and Cohen[29] these AD’s should be in¬ 
terpreted as those for self-dilfusion in the 
disorder phase, though it would be necessary 
before accepting this conclusion in full to 
make a comparison with A//’s obtained in 
other types of experiments. 

5.3 Model based on a single rate-controlling 
.jump 

We have seen that the temperature width 
of gas-release due to disorder annealing is 
often similar to what would be expected for 
single-jump kinetics. Such kinetics might 
possibly arise, for example, if nucleation of 
the crystalline phase were rate controlling. 
It is, however, difficult to envisage why 
nucleation would play a role when the 
disordered regions are bordered by intact 


crystal, and in any case Matzke[9, 31] has 
shown that F vs.Vf curves for Xe release 
from amorphous SiOa do not have the shape 
expected for slow nucleation. A more plausible 
situation is that, as discussed by Childs [32] 
in connection with stored-energy release from 
UsOh, the initial jump causes heat to be lib¬ 
erated such that subsequent jumps are 
enhanced; i.e. the annealing is autocatalytic. 
A possible argument against autocatalysis 
is that we are dealing here with very thin 
disordered surface layers from which heat 
could readily escape, whereas Childs' speci¬ 
mens were disordered on a macroscopic scale. 

5.4 Model based on gas diffusion 
Still a further model for disorder annealing 
can be developed on the non-unreasonable 
assumption that the rate-controlling step 
involves gas diffusion in the disordered layer. 
The geometry for such diffusion would be 
essentially that for a linearly decreasing 
distribution in a plane sheet of thickness 
aR„, and it is readily shown that the pre¬ 
dicted temperature widths are similar to those 
observed. A possible argument against this 
model is that the annealing temperatures for 
Ge and Si are essentially the same whether 
the bombarding ion is an inert gas or a species 
such as Ga or In, while those for a-AkOa, 
rutile, Ge and Si are similar whether natural 
or bombardment-induced amorphousness is 
considered. 

6. SUMMARY 

(a) The object of this work is to use gas- 
release techniques to characterize the 
annealing of bombardment-induced disorder. 

(b) a-ALOj, CraOj. a-Fe,jO,i, rutile, Ge and 
Si all show prominent gas-release compo¬ 
nents at high doses which coincide with known 
or inferred amorphous-crystalline transitions 
and which have temperature widths of 45- 
70°C. With MgO and NiO there is evidence 
for disorder annealings which do not involve 
amorphousness and which have temperature 
widths of 120-190°C. 
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(c) The various examples of disorder anneal¬ 
ing correlate in general with cation self- 
dilfusion and, for a particular type of com¬ 
pound, also with melting. For example, the 
ratio annealing^scu-difTusion generally lies 
between 0-68 and 0-87. 

(d) Three different models for disorder 
annealing can be envisaged. If crystal growth 
into the disordered phase is rate-controlling, 
then a mixture of sequential and single-jump 
kinetics would be expected. A single jump 
would be rate-controlling if nucleation were 
slow or if the annealing were autocatalytic. 
Gas-diffusion in the disordered phase might 
also be important. 

(e) The balance of the evidence seems to be 
in favor of the model based on crystal growth. 
To the extent that this model is valid, and 
provided D„ is similar to 0 3 cmV.sec, it is 
possible to derive AH’s as in Table 3. 
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ON THE THERMODYNAMIC PROPERTIES OF THE 
SOLID ELECTROLYTE RbAg^Ig 
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Abstract —The non-random distribution of Ag^ ions on three crystallographically nonequivalent sets of 
tetrahedral sites in RbAg^l, is a consequence of both site energy differences and mutual repulsion of 
silver ions on nearest neighbor sites. A method similar to the quasichemical approximation, used in the 
theory of order-disorder transformations, has been applied to obtain the coniigurational entropy and 
excess specific heat associated with the disorder of the silver ions. Site energy differences of ~ 0'027 
and ~ 0-042 eV between the different types of silver sites and a mutual repulsion energy between 
silver ions on nearest neighbor sites of -- 0-035 eV accounts well for the expenmentally observed 
quantities. The configurational entropy is an appreciable fraction (— 10 per cent at 300°K) of the total 
entropy content. 


INTRODUCTION 

The RECENTLY discovered high conductivity 
solid electrolytes of the composition M Ag^I., 
with M = Rb, K, or NH 4 are isostructural 
[1,2]. Unlike all other known solid electro¬ 
lytes, they remain highly conducting to low 
temperatures[2], Although the compounds are 
unstable thermodynamically below 27, 36 and 
32°C, for Rb, K and HN 4 [ 3 ], with res¬ 
pect to the decomposition reaction 

M Ag^lj -♦ iMjAgla -t- lAgl (I) 

they can be retained at room temperature and 
below for indefinite periods of time in a dry 
atmosphere. 

Since the discovery of this family of solid 
electrolytes their conductivity[ 1 , 2 ] has been 
measured, the crystal structure has been 
determined [4], and the change in free energy, 
enthalpy and entropy connected with the 
decomposition reaction (I) has been measured 
[3]. Further, the self diffusion coefficient for 
Ag[5] and the specific heat of RbAg 4 l,, have 
been obtained. 

The purpose of the present paper is to 
relate the thermodynamic properties qualita¬ 
tively and, where possible, semiquantitatively 
to the crystal structure. As some of the quan¬ 
tities have been measured only for RbAg 4 l 5 


the discussion will be restricted to the latter 
compound, even though it is expected that 
much of what is said will apply to the other 
members of this family as well. 

CRYSTAL STRUCTURE 

The crystal structure of RbAg 4 l 5 has been 
solved by Geller[4]. It is cubic (a= 11-24 A) 
with four formula units per unit cell. The 
iodide ions provide .56 tetrahedra per unit cell 
which serve as sites for the silver ions. The 
four Rb ions are surrounded by distorted I" 
octahedra. In common with other high ionic 
conductivity solids, as for instance the high 
temperature modifications of Agl [7] and 
AgaHgUlS], the crystal structure provides 
more than one site per cation, here 3-5 
(=56/16) for each silver ion. The cubic 
structure of RbAg 4 l 5 exists between 209°K 
and its incongruent melting point at 505°K. 
Two low temperature modifications exist 
both of which exhibit birefringence (and hence 
are not cubic). The transitions between the 
phases is marked by peaks in the specific heat 
at 209° and 122°K[6]. No discontinuity in the 
electric conductivity is observed at the higher 
temperature transition whereas a sharp drop 
in conductivity accompanies the transition to 
the lowest temperature phase[2]. Both 
transitions appear to be connected with only 


475 



476 


H. WIEDERSICH and W. V. JOHNSTON 


minor distortions of the iodide-rubidium 
lattice because the diffraction lines of the 
cubic phase persist with little change as the 
dominant lines of the powder patterns of both 
low temperature phases{9]. The space groups 
of the low temperature modifications have not 
yet been determined. 

In the cubic phase, which will be the main 
concern here, three distinct sets of Ag^ sites 
exist, one 8-fold (c) and two 24-foId (e) sets. 
Some pertinent features of the types of sites 
are summarized in Table i. The types are 
identified by Roman numerals. As pointed 


Table 1 


Type 

Number of 
.sites per 
unit cell 

No. and type of 
nearest neighbor 
.sites 

Fractional 

occupation 

1 

K 

3 II 

O'III 

II 

24 

1 1. 1 11.2 III 

<»-,3y| 

111 

24 

2 II 

l)-229 


out previously, all Ag*^ sites are within iodide 
tetrahedra. However, only the ll-sites are 
surrounded by silver sites across all four 
tetrahedron faces as indicated in the third 
column of Table 1. For the I-and 111-sites the 
remaining face(s) of the tetrahedron are 
directed towards Rb*^ ions. The ll-sitesandat 
least one of the other types of sites must be 
involved in the Ag+ ion transport[4]. Alter¬ 
nating M- and Ill-sites form channels parallel 
to the cube directions. These channels are 
linked directly by ll-sites and indirectly by 
l-sites. However, the crystal is also pene¬ 
trated by a network of sites with the sequence 
I-ll-ll-I-lI- with the I-sites as branching 
points. 

The fractional occupations or concentra¬ 
tions (number of Ag^ ions on a given type of 
site divided by the number of sites of this 
type) measured [4J at room temperature is 
given in the last column of Table I. The values 
deviate appreciably from randomness (16/56 
= 0-286 for all types). The distances between 
adjacent silver sites are rather short (1-76 A 
average) and a coulomb repulsion between 


Ag^ ions should make simultaneous occupa¬ 
tion of nearest neighbor sites unfavorable. 
However, inspection of Table I shows that 
this repulsion cannot be the sole reason for the 
observed fractional occupations of the sites 
since then the concentrations should decrease 
in the sequence 111 I -♦ 11 as the number 
of nearest neighbor sites increases. Thus, it 
can be concluded that the energy of a silver 
ion depends on the site which it occupies. 

The non-random occupations of the sites 
implies immediately a temperature depen¬ 
dence of the fractional occupations which in 
turn lead to a temperature dependent configur¬ 
ational entropy of the Ag^ ions and to an 
excess specific heat. 

CONFIGURATIONAL ENTROPY AND ENERGY 

The configurational entropy and energy 
contributions of the silver ions will be 
evaluated on the basis of site energies and 
nearest neighbor pair interactions. The treat¬ 
ment follows essentially the quasi-chemical 
method of Fowler and Guggenheim used in 
the theory of order-disorder transformations 
(10,11]. This method has been chosen rather 
than the simpler Bragg-NVilliams approxi¬ 
mation because the latter does not provide for 
any short range order above the ordering 
temperature. The Takagi method[] I] leads to 
the same results as the quasi-chemical 
approximation. 

The outline of the procedure is as follows: 
We will obtain an expression for the free 
energy* (F) of the system as a function of the 
number of Ag*-ions («<) on the different sites 
and the number of Ag*-pairs (wj) on neighbor¬ 
ing sites using as parameters the site energies 
(e,) and the pair interaction energies (Uj). 
Minimization of the free energy should then 
yield the relations between the equilibrium 
values of the variables and the various 
energies. 


’Since the system is condensed and no high pressures 
are considered, the Gibbs and the Helmholtz free energies 
are essentially the same. 
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We consider a crystal containing a total of 
«(=«! +Mu+ «iii) silver ions. Inspection of 
Table 1 shows that with 16 Ag+ ions per unit 
cell there are Ni = 0-5 n and N„ = A',,, = I -5 « 
sites of the indicated type in the crystal. 
Table 2 summarizes relevant numbers relating 
to the pairs. Column 1 gives the types of 


and number of Ag+-Ag+ pairs. Implicit in 
equation (2) is the assumption that the lattice 
vibrations can be considered as independent 
of the distribution of Ag^ ions. 

The entropy. Sc, is given by 

Sc = k\nWc (3) 


Table 2 


Type of Number of No. of site-pairs with the occuoations; 


site-pairs 

site-pairs 

Ag-Ag 

Ag-V 

V-Ag 

v-v 

Il-I 

Wi = /V 

m. 

fill - m. 

3fii —ffii 

N —/III — 3/ij + mi 

11-11 

Mi„ = iN 


i/iii-m„ 

4fi„ - m„ 

4A(-/i|,-t-m„ 

(II-III), 

Will. = (V 

'W,,M 

W|| “ fWiHi 

Win — 'Wjiii 

A - fi„ - fi|„-f mm, 

(11-111)2 

Mail — N 


/III ~ ^1112 

Will “^1112 

N-n,,- fim -1- mill. 


site-pairs. It should be noted that all pairs 
include at least one site of type 11; further, the 
pairs which can be formed between a 11-site 
and the two neighboring Ill-sites are distinct 
and, therefore, listed separately. The number 
of site-pairs, column 2, is equal to the number 
of II-sites {N = Nu) with the exception of the 
number of pairs 11-11 which, of course, 
contains a factor i. The third column defines 
the symbols for the numbers of nearest 
neighbor silver-silver pairs which will be used 
as variables. The last three columns give the 
number of site-pairs containing vacant sites 
(V) in a disposition as indicated in the column 
headings. These entries follow from the 
quantities defined already; e.g. row 1, column 
5: n, silver ions are part of 3ni site pairs 
(II-I) of which mt are (Agi/ —Agi^)-pairs,the 
remainder can be (V„-Ag|^)-pairs only. The 
other entries are obtained in a similar fashion. 

With the assumption that the energy of the 
system can be written as the sum of the 
individual site energies and pair interaction 
energies we obtain the free energy as 

F = n,e, -I- rttie,, 4- ni„e,i, -I- m,u, + m„u„ 

+ ^iiiiWim + W|ii2«iii2 “ ^Sc (wi, nil, nm, 
W|, /Till, niiiii, /W1112) ( 2 ) 


where k is the Boltzmann constant and the 
total number of distinguishable arrangements 
of Ag+ ions which yield the specified occupa¬ 
tions, «j, and number of pairs, mj.f Of the 
total number of arrangements in which the 
silver ions can be distributed for a given set of 
/I 2 only a fraction, /, will have the prescribed 
number of pairs, mj. Hence, 


fVc=fx 


W 


N„! 


(Ni-«,)!«,! (A„-«„)!ni,! 

^ AV_ 


(A/ii,-n,ii)!n„|!' 


(4) 


As in the quasi chemical approximation, we 
assume this fraction to be proportional to the 
number of ways in which the pair occupations 
given in Table 2, columns 3-6, can be distri¬ 
buted over the number of the corresponding 
site pairs (neglecting correlations). Thus, we 
write 

/= hini, /7,|, n,„) ■ Hi ■ Hn ’ .?iiii ' ^?iii 2 (5) 

with 

Ki = 

/V! __ 

m, !(nii — m])!(3ni — m,)! W — nn — /V — fin — in, + iM|fi| + m,)! 

(5a) 


where Sc is the configurational entropy of the 
silver ions as a function of the site occupations 


tThe subscript 1 assumes the values L II. HI. and the 
subscript j the values 1. 11, III I, 1112 here and in the 
following. 
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and the corresponding expressions for the 
other g’s. The sum of the/’s overall possible 
combinations of rrij, but fixed /tj, must be unity 
from which the proportionality factor, h, is 
obtained. For sufficiently large assemblies, 
the sum can be replaced by its maximum term 
which leads to 


and converting to fractional site and pair 
concentrations, c, = and pj = mjMj, 

the entropy per formula unit (RbAg^Ij) can be 
written as 

.V(Ci, pj) = A:{4/4 (Ci) + 18/4 (c„) + 6/4 (c„i) 
-6B(c,,p,) -3B(c,„p,i) 


1=2:/ = /*= • l?,*n • (6) 


where the asterisks indicate the maxima with 
respect to the m/s. Combining equations (4-6) 
we have 

w - 

(N,-«,)!«,! 

w A'li Mill! ^iin 

w jt. jj, jk* '*/ 

Pi Pii Pm I Piii'i 

Here 

P* 

Wi* t(n„ — m*)l(3ni — m*)HN — /in — 3/ii + wj*)! 
rniHn,, — m,)!(3/ii — m,y.{N -- n„ — 3«i + md! 

(7a) 


with 


wr 


Wii ■ 3n, 
A 


(7b) 


which is the w, at which p, has its maximum. 
OT* is, of course, the number of Ag„-Ag( pairs 
which results from random distribution of 


6R(C|i|,pnii) bRlCiii.piii.i)} (8) 

The functions ,4 (c.) and B(Ci,pj) are defined 
by 

/4(c() = c,lnc,4-(1 — C()ln(l — c<) (8a) 
and 


B(Ci,Pi) =pj\t\pj+ (ci,-pj)ln(c„-pj) 

+ (c,-pj)\n(ci~pj) 

+ (1 -c„-r( + pj)ln(l -c„-Ci + pj). (8b) 

Finally, the configurational free energy per 
formula unit is 

fcic„ pj) = 2c,(', + 6( |,e„ + 6c„|P„i 
+ bpiu, + 3p„u„ 

+ 6Piiii«mi + bPiiiaMiii 2 - T'-MCmPj)- (9) 

Because there are, per formula unit, 4 Ag+ 
ions and 2, 6 and 6 sites of the types 1,11 and 
111, respectively, we have the relation 

4 = 2f I + 6f ,1 + 6r,„. (10) 

Minimization of f,. with respect to the c,'s and 
p/s subject to the condition (10) yields 


Cl fn _ C|^(l C’ii)’'(l c~n C| + Pi)^(cn Pi)(c'n PulCcn Puii)(cn pma) 

kT (I ~ c'l) Vj’i(c, — Pi)^( 1 2f|i + Pii) (I ~c'u —■ C||i + Pun) (1 ~ CiiCm + P]ii2) 

Cm ~ C|i _ _ Cm( 1 ~ C||)^(C|| ~Pi) (cu —Pn) (cu —Pun) (cu —Pi[i2) _ 

^7’ (I — Cm)ci|( 1 ~ C|(C| + Pi) (1 — 2rii + pii) (cm — Pun) (cm ^Pmz) 


(lla) 


(11b) 


rt,t Ag^ ions on the 11-sites and n, on the 1-sites, and four relations of the form 
Expressions entirely corresponding to (7a) 

and (7b) result for the rernmning factors in ±i __ (cj—Pj)(C||—p^) ^j j 

equation (7). Using Stirling's approximation kT Pj(l — Ci, —c^+pj) 



SOLID ELECTROLYTE RbAfel. 


479 


with j — I, II, III], 1112. The last two indices 
convert to 111 when subscripts of c. The 
equations (10) and (II) determine the equilib¬ 
rium values of C( and pj as function of tempera¬ 
ture in terms of the site energy differences, 
ei — eu and ei„ — eu, and the pair interaction 
energies, Uj. 

EVALUATION AND COMPARISON WITH 
EXPERIMENT 

The equations (II) could be used directly to 
obtain the two site energy differences, Ae*., 
and the four pair interaction energies, Uj, if the 
site occupations, C(, and the pair concentra¬ 
tions, Pj, were known. However, values of the 
Pj’s are not available and we will make, there¬ 
fore, some simplifying assumptions about the 
pair interaction energies. The small Ag+ ions 
are surrounded by large, highly polarizable 1“ 
ions.* As a crude approximation, the inter¬ 
action energy between pairs of Ag+ ions is 
assumed to be inversely proportional to the 
distance, rj[4], between the different site-pairs, 
i.e. the Ag+ ions are considered point charges 
in a dielectric continuum: 

Uj = a/rj. (12) 

With this assumption, the site energy differ¬ 
ences which are required to yield the 
experimental site occupations [4] at room 
temperature can be obtained as functions of a 
single pair interaction energy by the use of 
equations (10) and (11). Values for e, — e,i and 
e,ii —eii are shown as functions of Uu in Fig. 1. 
We note that except for m„ ^ 0-15 eV the site 
energies are essentially independent of the 
chosen u„. The reason for this is, of course, 
that only few nearest neighbor Ag-Ag exist at 
room temperature for u„ > 0-15 eV (the other 
pair interaction energies are slightly IcU'ger 
than M,|). 

The configurational entropy associated with 
the Ag* ions is also shown in Fig. 1. It de- 


*lf one assumes an iodide ionic radius of 2-16 A 
(obtained for 6-coordination, an Ag^ radius of only 
=■ 0-70 A results. 



Fig. 1. Site energy differences, configurational entropy, 
s,., and excess heat capacity, AC^, as function of the pair 
repulsion energy, u„. 


creases from 15-8cal/°K mole at Wn = 0 (no 
pair repulsion) to 10-1 cal/°K mole for u„ > 
015eV. This configurational entropy should 
be released during the decomposition reaction 
given in equation (I) since the reaction 
products, Agl and RbzAglj, have normal 
types of crystal structure, i.e. the ions occupy 
their respective sublattices essentially com¬ 
pletely.* Topol and Owens have derived an 
entropy release of 9 9 cal/°K mole for RbAg 4 l 6 
from the measured temperature dependence 
of the free energy of reaction 1 [3J. The close¬ 
ness of the calculated for large u„ to the 
experimental value of Aj would indicate rather 
strong pair repulsion. However, this would 
presuppose that the vibrational entropy 
contents of the reaction partners are nearly 
the same. 

The calculated results may also be compared 
with the configurational entropy obtained from 
heat capacity measurements on RbAg,!} 
starting at a temperature below the con¬ 
figurational changes. The total heat capacity 
can be divided into a vibrational and a con¬ 
figurational part. The method often used to 
approximate the vibrational part by the sum of 


*Agl shows an anomalous high heat capacity above 
» I80°K (PITZER K. S., J. Am. Chem. Soc. 63, 516 
(1941)) which may be associated with some disorder. The 
excess entropy remaining in the decomposition product 
Agl is estimated to be ~ 0-9 caI/°K per mole RbAgils. 
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the heat capacities of the components (here 
4AgI + Rbl = RbAgJ,) was inapplicable 
because of the anomalous heat capacity 
of Agl. Therefore, the vibrational heat 
capacity (at constant volume) was approxi¬ 
mated by a Debye specific heat function as 
follows. The specific heatfhj measured at 
constant pressure, C,„ was converted to the 
specific heat at constant volume, C,.. with the 
relation [101 

C,. = C^~^-‘E’TlKr. (13) 

Here /3 is the cubic expansion coefficient 
(obtained from X-ray powder diffraction 
patterns taken at several temperatures)* V the 
molar volume, and the compressibility 
(obtained from the single crystal elastic 
constants [12]). t 

In the temperature range from 20 to 100°K 
the Debye temperature, f), was determined 
formally as function of temperature from 
C,,(7). 6 reaches a maximum of 140° at 55°K 
and then diminishes, presumably on account 
of the beginning of the I22°K transition. The 
vibrational heat capacity above 55°K was 
obtained from the tabulated Debye function 
taking ten ions per formula unit and, somewhat 
arbitrarily, the maximum of Q, I40°K. This 
estimated vibrational specific heat is shown in 
Fig, 2 together with the experimental C,.. The 
difference, AC, is taken as the configurational 
heat capacity. By integration of AC/T the 
entropy associated with the excess heat 
capacity is obtained as 9-6cal/°K mole at 
300°K. This includes the entropies of the 
transitions at 122° and 209°K with T53 and 
10cal/°K mole, respectively. Of course, it is 
uncertain what fractions of the transition 


*As mentioned previously, the lines present in the 
pattern of the cubic phase persist in Che patterns of the 
other two phases and. hence, can be used to determine the 
expansion coefficient to a good approximation (see also 
(41). 

tThe values for j8 and Kr of the intermediate pht^e 
were used also for the low temperature phase because of 
insufficient data; this should not result in serious errors 
because C, — C, is small at these temperatures. 
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Fig 2. Heal capacity of RbAg,l., at constant volume. 
, and estimated vibrational contribution to the heat 
capacity, r,..D,i,y,. 

entropies are associated with the configura¬ 
tional entropy. The experimental excess 
entropy is somewhat smaller than the range of 
configurational entropies obtained as function 
of the pair repulsion energies in Fig. I. 

For any given set of site energy differences, 
Ac/t, and pair repulsion energies, «j, the equilib¬ 
rium values of the site occupations and pair 
concentrations can be determined as a function 
of temperature by solving equations (10) and 
(11). The internal energy (see equation (9)) is 
then readily obtained as a function of tempera¬ 
ture and, therefrom, the excess specific heat 
associated with the change of the silver ion 
distribution. The calculated excess specific 
heat ACf at 3()0°K is shown in Fig. 1 as a 
function of w,,. The experimental AC„ at this 
temperature is 4cal/°K mole which corre¬ 
sponds to a pair repulsion energy of either 
~ 0-035 or 0-15 eV. 

The excess specific heats, AC, for a number 
of different pair repulsion energies are shown 
in Fig. 3 as function of temperature. The 
assumption has been made that the energies 
Ae» and U) are independent of temperature and 
the phase transitions have been ignored. The 
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Fig. 3. Calculated (solid lines) and experimental (with 
points) excess heat capacity. The parameter indicates the 
assumed pair repulsion energy. in eV. 


qualitative trend of these curves with increase 
in pair repulsion energy is easily understood. 
At U|| = 0 the site energy differences are small 
and therefore, the major contribution to AC 
occurs at low temperatures and AC is de¬ 
creasing rapidly towards higher temperatures. 
With increasing w„ not only the increasing site 
energy differences (see Fig. I) but, more 
important, contributions from pair interactions 
result in a large excess specific heat at inter¬ 
mediate and higher temperatures. Finally, 
when the pair repulsion energy becomes 
large few Ag-Ag pairs form and AC at the 
higher temperatures diminishes. The experi¬ 
mental values of the specific heat agree quite 
well with the calculated curve for u,i = 0 035 
eV sufficiently above the 209°K transition. 
Even though little reliance can be placed on 
the accuracy of this value a reasonably low 
pair repulsion energy is indicated rather than 
a value ~ 0-15eV which would lead to an 
essentially constant excess specific heat over 
a large temperature range. The transition at 
209°K which is very probably a second order 
transformation is not an order-disorder reac¬ 
tion of the Ag+ ions; this follows from the 
continuity of the conductivity [2] through the 
transition. It may be a result of the interplay 


between changes in site energy differences, in 
site occupations, and the concurrent lattice 
distortion. For example, the I-sites may be 
depleted below the transition. As mentioned 
before, the Ag+ ion transport on the 11-111- 
network of sites would be little affected by the 
depletion of the I-sites.* 

The configurational entropy at 300°K corres¬ 
ponding to the pair repulsion energy «i, = 
0 035 eV is 14-4 cal/°K mole which amounts to 
= 10 per cent of the total entropy content [6]. 
It is higher than the experimental values of 
9*9 and 9-6cal/°K mole obtained from the 
decomposition reaction and the excess 
specific heat respectively. In the case of the 
decomposition reaction and the remaining 
entropy difference (4-5 cal/“K mole) may be 
the difference in vibrational entropy content 
of the reaction partners and, perhaps, some 
disorder entropy in Agl. For the other case, 
one might speculate that some of the cation 
disorder freezes in and does not show in the 
measured specific heat.t However, in view of 
the uncertainties in the values derived from 
the measurements as well as from the cal¬ 
culations the values of these entropy dif¬ 
ferences must not be taken too seriously. 

SUMMARY 

The high conductivity solid electrolyte 
RbAg^Fx exhibits a large degree of cation 
(Ag*) disorder within an essentially rigid 
iodine-rubidium framework. A method akin 
to the quasi-chemical approximation has been 
used to calculate the configurational entropy 
and excess heat capacity associated with the 
disorder of the silver ions. Site energy dif¬ 
ferences (= 0 027 and =0 ()42eV) between 
the different types of silver sites and the 
mutual repulsion between silver ions on 
nearest neighbor sites (= 0035eV) have 
been taken into account. The configurational 
entropy is an appreciable fraction (= 10 per 


'Below the transition at least some of the site types 
must be differentiated in sub-types. 

INole added in proof: We have derived a residual 
entropy of 2-3± l-4cal/°K mole for RbAg,!.., from new 
and existing thermodynamic measurements. 
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cent) of the total entropy content. The high 
heat capacity of RbAg 4 ls is a consequence of 
changes in site occupations and Ag*-Ag* pair 
concentrations. The model used for the 
calculation accounts quite well for the experi¬ 
mentally observed quantities. 

The method described could be applied not 
only to the other members of the isostructural 
compounds MAg 4 l 5 but also to other crystals 
with high disorder by taking the specific 
topology of their structures into account. 
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Abstract-Thc thermoelectric power (TEP) of dilute copper alloys containing transition metals of the 
first great period have been measured with reference to pure copper in the temperature range from 
4-2 to 273°K. In the first part the description of the experimental procedure and the results are given. In 
the second part an interpretation is made according to the Anderson model. By combining the TEP 
data with previous results on the resistivity and susceptibility of the same alloys, one is able to give 
numerical estimates of the position and width of the virtual impurity levels. 


1. INTRODUCTION 

According to the Friedel-Anderson model 
[1,2], when an iron-group atom is dissolved in 
a simple metal, the electrons which formerly 
occupied 4 s and 3 d bound states on the free 
atom are lost to the conduction band. Due to 
the uncompensated charge on the impurity 
atom, the conduction band electrons can 
undergo resonant scattering, being trapped in 
3 d-like orbits about the impurity; one talks 
about a virtual bound state or resonant level. 
This scattering mechanism considerably 
affects the transport properties and magnetic 
behaviour of these dilute alloys. 

This paper reports work done on the 
thermoelectric power (TEP) of dilute alloys of 
Ti, V, Cr, Mn, Fe, Co and Ni in copper. 
Measurements of the resistivity and sus¬ 
ceptibility of these alloys using the same 
samples have been reported earlier [4-6]. 
These results will be used here in connection 
with the discussion of the TEP. A more com¬ 
plete description of the virtual levels is 
achieved, but on the other hand some limi¬ 
tations of the Friedel-Anderson model are 
shown up. 


2. EXPERIMENTAL PROCEDURE AND RESULTS 

Detailed description of alloy preparation 
and material sources has been given elsewhere 
[3], We give here a brief description only. The 
samples were prepared using 99-9997 per cent 
copper obtained from the Unterharzer Berg- 
und Hiittenwerke. The solute elements were 
also supplied by the Unterharzer Berg- und 
Hiittenwerke. Table 1 shows the concentra¬ 
tions given in atomic percent calculated from 
the constituent weights. The constituents 
were placed in crucibles of AljOj and ZrOj 
and melted in an argon atmosphere by in¬ 
duction heating. 

Measurements of the electrical resistivity [5] 
and the magnetic susceptibility [6] have shown 
that the transition elements are dissolved to a 
large extent in the copper lattice. The authors 
did not anneal the samples to prevent preci¬ 
pitation of the constituents with a small 
solubility in copper. The samples were drawn 
into wires of 0-2 mm dia. 

The arrangement for the measurements of 
the thermal electromotive force (e.m.f.) is 
shown in Fig. 1. Five different samples, a cop¬ 
per wire and a chromel-constantan thermo- 
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Table ). The composition of the copper alloys 
Alloy at, % Used for alloying 


Cu-Ti 

0-1 

0-15 

0-2 

Cu-V 

0-06 

0-08 

0-1 

Cu-Cr 

0-04 

0-08 

0-12 

Cu-Mn 

0-5 

1 

3 

Cu-Fe 

0-05 

0-075 

0-1 

Cu-Co 

0-1 

0-15 

0-2 

Tu-Ni 

0-5 

1 

2 


Ti: 99 ^ weight-% 

V; 99-5 weight-% 

Cr; Electrolyte.-Cr 99-99 weight'% 
Mn; Electrolyt.-Mn 99-9 weight-% 
Fe; Armco-Fe 
Co; 99-95 weight-% 

Ni; reduced from Nickeloxide p. a. 



Fig. I. Low-temperature thermo-e.m.f. experimental 
arrangement The sample wires are insulated by plastic 
sleeves and drawn in the following succession from the 
left: 1-5. ditferenl alloys; 6. pure Cu; 7-8, chromel and 
cunstantan. 

couple were soldered to the face center of a 
brass cylinder of 5 mm dia. and 20 mm length. 

The chromel-constantan thermocouple, 
used to measure the temperature of the 
cOwPection described above was calibrated in 
liquid He. liquid Nj and ice water each time 
before use. Thus, the differences of the thermo- 
e.m.f. caused by changing the samples and 
soldering them were eliminated. For all 
temperature measurements the reference 


junction of the chromel-constantan thermo¬ 
couple was immersed in liquid Nj. For the 
thermo-e.m.f measurements of the copper 
alloys with respect to copper an ice water bath 
reference was used. The thermo-e.m.f values 
were amplified by d.c.-amplifiers 860-4300 of 
Hewlett and Packard and registrated by a 12 
channel point writing recorder of Hartmann 
and Braun. 

The temperature variation was achieved by 
first immersing the brass cylinder with its 
sample wires into the liquid He and into 
liquid Nj respectively and then pulling it out 
step by step to the top of the Dewar vessel. In 
this way the e.m.f and the temperature could 
be measured in the two ranges from 4-2 to 
77°K and from 77 to 273'’K in a continuous 
and reproducible way. 

Figure 2 shows the thermo-e.m.f. of the 
different alloys with respect to that of copper. 

The absolute TEP of the alloys was deter¬ 
mined from the slope of the e.m.f. vs. tempera¬ 
ture curve to which the absolute TEP values 
of pure copper as given by Gold et a/.[7] 
(specimen Cu2) were added. While in the 
temperature range above 100°K the values 
given in [7] are comparable with those of other 
authors[8,9] there are discrepancies below 
I00°K (presumably due to impurities). As the 
TEP will be discussed for temperatures 
above 100°K only, it is given in Fig. 3 in the 
appropriate temperature range. 

Previous work on dilute Cu-alloys in this 
temperature range was done by Christenson 
[10]. He measured the TEP of Cr, Mn, Fe, Co 
and Ni in Cu on samples annealed at high 
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Fig. 2. Thermo-e.m.f. of the copper alloys with respect to 
pure copper as a function of temperature. The numbers 
refer to the concentration in atomic per cent of the 
transition element dissolved in copper. 



— TEMPI‘K)—► 


Fig. 3(a). 





Fig. 3(d). 



—TEMPCK)—* 



Fig. 3. Absolute TEP of pure copper and copper alloys as 
a function of temperature. The numbers refer to the con¬ 
centration in atomic per cent of the transition elements 
dissolved in copper. 


Fig. 3(c), 
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temperatures. We believe that the disagree¬ 
ment between his and our results in the cases 
of the alloys containing Fe and Co respective¬ 
ly is due to annealing which probably caused 
precipitations. Rather good agreement 
(within 1 /iV/°K) was found in the cases of the 
Cr-, Mn- and Ni-alloys. 

More recent data on Cu-Ni by Schroeder 
et a/.[l 1] agree with ours and Christenson’s in 
the same range. 

We will not go into the rather difficult 
question to what extent other impurities 
introduced into the alloys by the transition 
element partner influence the results. We are 
sure that our samples contain less than 10 ppm 
of additional impurities having a magnetic 
moment in the alloy. This can be concluded 
from the susceptibility measurements by 
Weiss [6], Above 1()0°K their influence seems 
negligible. 

3. THEORY 

We discuss the experimental results on the 
basis of the Anderson model, the parameters 
of which can be determined by combining the 
TEP data with those on the resistivity (5J and 
the susceptibility [6] of the same alloys as 
follows: The absolute TEP of the alloys is 
derived from the total resistivity p = pcu+ 8p 

^ 7r^^B*7'aln(pcu + 8p)| 

Ccalloy 


where pcu and Qcu are the resistivity and the 
TEP of pure copper respectively, the values 
of which are taken from experiment[3,7]. 
6 p is the additional resistivity caused by the 
impurities. According to the Anderson model 
the high temperature expression for 8p is 


QcuPcu + 


■n'^kfi^T <9(6p) 

3|e| d€ 

Pcu + Sp 


where m* and n are the mass and the density 
of the s-electrons in Cu respectively, N( is 
the number of impurities, o- denotes the spin 
of the two virtual levels, the energy E„ of 
which is measured from the fermi level. U is 
the Coulomb interaction of the </-electrons on 
the impurity atom, 2D is the conduction band 
width and A the width of the virtual level. A is 
related to Anderson’s s-d mixing potential 
FB*by 

A = 7rpo<Kd*^> (3) 


Po being the density of states per spin taken as 
constant for simplicity. The derivation and 
discussion of the T dependent term in equa¬ 
tion (2) is given in [12]. It describes the in¬ 
fluence of phonons on the additional resistivity 
via .v-electron-phonon interaction. S„ is 
proportional to the displacement of the virtual 
levels with temperature (cf. equation (46) of 
[12]). In deriving equation (2) only one 
orbital has been considered. Actually one has 
to consider the contributions of the five 
orbitals of the 3<f-electrons. Assuming 
complete orbital degeneracy we find a factor 
5. For the same reason U has to be replaced 
by an effective t/err. we will come back to this 
later. 

Taking the fermi energy = 7 eV and m* 
= 1-5/noonefinds: 

8p=7-8^^-^^(I-l-C„-T) 

[pncm/At.%]. (4) 


Inserting this expression into (I) and neglect¬ 
ing a small term due to the variation of n with 
e,one has: 


Qalloy 


Gcu 

Pcu+ 8p 
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If one neglects the T dependent term in 6p for 
the calculation of fl(Sp)/de one has 

= + A") _ 

(£4" + g ''+2A“){£-*+A“){£^=+A*) 

( 6 ) 

In general x has a rather complicated T 
dependence. In deriving (5) the influence of 
potential scattering (Linde’s rule) has been 
neglected because it has been shown to be 
small relative to resonant scattering! 13j. 

The parameters x and 

y = « y ——— 

fT ' 

(for small 7 dependence) (7) 

have been calculated for difl’erent tempera¬ 
tures from the experimental values of (2cu- 
Pcii- <?aiioy from Fig. .3. In Table 2, y is 

listed for 250‘’K and .r for 100" and 250"K. We 

Table 2. Numerical values of y (equation 
(7)) and x (equation (6)), y is calculated 
from the resistivity, \ from the TEP of the 
alloys 


y UeV) ' 



(al 2.MrK) 

(al KlirKi 

(al 25(^1 

Ti 

1 .t 

o-as 

()■42 

V 

092 

(1 44 

0 47 

Cr 

0-7 

OOft 

-01 

Mn 


-0 ? 

+01 

Ee 

0-8.S 

- 2-4 

-1 

Co 

()-.S5 

-2 1 

-21 

Ni 

OI.S 

- 1-2 

-1-4 


found that in the case of the non-magnetic 
impurities (Ti. V, Co, Ni; Co is treated as 
non-magnetic though it may have a small 
moment [13]) the T dependence of x is 
negligible, while for Cr, Mn and Fe, x varies 
appreciably. The small values of x for Mn and 
Cr indicate that «= — E-, i.e. the two 
magnetic levels lie nearly symmetrical about 
the fermi level, therefore the temperature 
effects seem relatively large for Cr and Mn. 

For the non-magnetic impurities the para¬ 
meters £+ = £_= £, A and N, the occupation 
number of 3 d-electrons on the impurity can 
be determined from x and y. N is given by 
(2,13]- 

yV = — arccot-^. (8) 

TT A 

The calculated parameters at 1.50°K are given 
in Table 3. 

For Ti, Co and Ni, N and £ are qualitatively 
as expected (14], the position of the virtual 
level moving from above to below the fermi 
level. The case of V will be discussed below. 
The width A, however, depends strongly on 
the position of the level, decreasing with 
decreasing distance from the bottom of the 
conduction band in a non-linear manner. 
This may be due to the variation of the density 
of states in the conduction band and or the 
dependence of on the energy of the ^- 
electrons. Apparently it is a bad approximation 
to treat A as constant. 

We also estimated the temperature depen¬ 
dent part of the residual resistivity from the 


Table 3. The parameters of the Anderson model for the 
nonmagnetic impurities (N = N+ + N_, ij = (1 — UeffPd/lO)'*. 
Energies are taken relative to the Fermi level of copper 



£/A 

(eV) 

E 

(eV) 

N 


f/,rr 

(eV), 

y)" 

Ti 

0-75 

I'l 

0-8 

3 

4 

4-5 

0-17 

V 

M 

1-2 

1-3 

2-3 

6-5 

7-5 

005 

Co 

-1-6 

0-2 

-0-3 

8-2 




Ni 

-3-5 

0-2 

-0-7 

91 

35 

7 

0-16 
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calculated values of E and A and found 
p-'\d(dp)ldT\ »= I0~^ which is the right order 
of magnitude [5]. We compare our results on 
Ni with those of Foiles[15] and Klein and 
Heeger[14]. Foiles included potential scatter¬ 
ing and used low temperature TEP data. Our 
value of A for Ni in Cu agrees with his and is 
not far from that for Ni in Beryllium as found 
by Klein and Heeger. If one wants to cal¬ 
culate the intraatomic Coulomb interaction 
U, one needs further information. U appears 
only in E, which contains the atomic level E^ 
as well as a further unknown parameter. 

E = Ea+UN. (9) 

We determine U from the additional Pauli 
susceptibility due to the impurities[14]: 

N,p.,i^Pa 

" i-(fy+47Wio " ^ 

r) is the enhancement factor, U + 4J contains 
the intraatomic exchange energy and can be 
understood as an effective U^n replacing 
Anderson’s U. p-n is the magnetic moment of a 
J-electron (= I magneton) and pa is the 
density of <f-states at the fermi level: 


Equating (10) with the measured values of 
Xpuuu forTi, V and Nif6, 18] one can calculate 
Ucti and the enhancement factors, listed in 
Table 3. For Co the values forxpauu were not 
available. 

While Ti and Ni turn out to behave as 
expected according to the Friedel-Anderson 
model, V does not seem to fit into the picture. 
The resonant levels are expected to move 
from above to below the fermi level when 
passing from Ti to Ni, so that for V one should 
find a non-magnetic level below that of Ti. We 
find however £ti = 0‘8 eV < £„ = 1 -3 eV. We 
also find a large enhancement factor for V 
7) = 25 which means f^tfPd/10 1, so that 


according to the stability condition for Ander¬ 
son's magnetic solution, analagous to the 
Stoner criterion, UettpJiO > 1, V lies on the 
verge of forming a local moment. This 
assumption is confirmed by the fact that V has 
a local moment in the dilute Au-V alloy [17]. 
We conclude that V is a complicated case for 
which the H.F. approximation does not work 
and the parameters for V in Table 3 are not 
reliable. 

The discussion of alloys with impurities 
having local moments is complicated by the 
fact that A is strongly energy dependent. One 
should distinguish between A(£+) and 
A(£-) which is not consistent with the model. 

Assuming still a constant A, one can only 
try to find approximate values which fit into 
the values of x, y and the magnetic moment 
w(6]. m is given by [2] 

m = N+ — N- =^^arccot^ —arccot 

( 12 ) 

U^.tt can then be calculated from m and £*. As 
this has not been done explicitly before, we 
give the simple derivation. The Hamiltonian 
for the c/-electrons is [2,13]: 

O’ 

+ ( 13 ) 

<r.<r' ^ <7 

where N„ is the number operator for d-c\ec- 
trons with spina-. 

Assuming five fold orbital degeneracy, the 
energy in H-F-approximation is given by: 

E^ = Ea+UN.^ + HU-J)N„ (14) 

(in (14) the N„ are c-numbers) from which one 
has: 

E-~E^ = ^{N,-N.yMon^ U + ^- (15) 



490 


E. BREWIG et al. 


As far as Mn and Cr are concerned, x is 
relatively small, indeed for Mn, ac = 0 at about 
200'’K, indicating £_ = —£+. Then for Mn, 
taking £+ = —£_, (£i|/A = 2-l from y, one 
finds N^N+-i-N- — 5, wi = 3-6, which is 
close to the experimental value m — 3-96[6], 
and t/eir/A = 5-8 from (15). We saw no way of 
finding the parameters independently. For Cr 
the values of x and y agree with £+ = — 1 -2 A, 
£_ = 1'4 A, A = 0-34 eV. From these one cal¬ 
culates )V = 4-5; m = 2-8. The experimental 
value is m = 2-46(6]. From (15) one has 
UgfflA— 5 and U^a— 2 eV which seems rather 
small. 

It is very difficult to say anything about the 
parameters of Fe. The relatively large x 
indicates a non-symmetrical position of the 
virtual levels relative to the fermi level. We 
found no values for £, and A fitting into the 
experimental results forx.y and m = 3-8 {6]. 

One concludes from the interpretation of 
the experimental results in terms of the 
Friedel-Anderson model, that the model in 
//-£-approximation together with the simplifi¬ 
cations (po = const, A = const) gives a good 
description of the nonmagnetic impurities Ti, 
Co and Ni and of the magnetic impurities Cr, 
Mn with nearly symmetric levels about the 
fermi level. The //-£-approximation seems 
not appropriate for Cm-V. A weak point of 


the model is the assumed constancy of A 
which leads to difficulties in the analysis of 
magnetic alloys especially of C«-Fe. Temper¬ 
ature effects, presumably due to 5-electron- 
phonon interaction, are important in the case 
of magnetic alloys and should not be neglected. 
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Abstract —A simplified theory of space-charge limited ctirrents in a crystal with the ‘diffuse trap 
level' has been discussed. The equations derived have been applied to experimental current-voltage 
and current-temperature characteristics in anthracene crystals. The hole trap band having the bottom 
at — 0-76 eV approximately has been found. 

INTRODUCTION THEORY 


Steady-state space-charge limited currents 
/SCLCs/ in organic crystals have been re¬ 
ported by many authors. The current-voltage 
characteristics have usually been interpreted 
according to the equations given by Lam- 
pert [ 1 ] for the crystal with a shallow trap level, 
and by Rose [2] and MarR and Helfricht3] 
for the crystal with traps distributed expo¬ 
nentially within the whole forbidden gap. 
Although general features of the character¬ 
istics are correctly described under these 
assumptions, in some cases only qualitative 
agreement was achieved. 

In the present paper the current-voltage 
dependence has been discussed following the 
simple treatment applied by Lampert, and 
Mark and Helfrich. Unlike those authors, 
however, the crystal with a ‘diffuse trap 
level’ (trap band) has been considered. 
Hence a unified approach has been achieved 
to the both cases discussed by previous 
authors. 

The theory has been compared with the 
experimental results obtained for the system: 
anthracene-liquid redox electrode. The temp¬ 
erature dependence of SCLC has also been 
investigated. From the above measurements 
the position of the bottom of the trap band as 
well as that of the maximum of the trap 
distribution have been estimated. 


In the present paper the following assump¬ 
tions have been made: 

1. The band model is applied to describe the 
current carrier behaviour in the crystal*. 

2. One of the electrodes forms an ‘ohmic 
contact’, i.e. is capable to inject the carriers 
into the crystal at a sufficiently high rate. 

3. Diffusion of the excess current carriers 
in the crystal can be neglected (cf. 13,4]). 

4. Only electron current will be discussed 
(the similar relationships can be obtained 
also for the hole currents). 

5. The trap states of uniform spatial distribu¬ 
tion occur within the energy range (£,,, 
El). The distribution function for the 
density of traps has been approximated by 
the formula: 

where; /»(£)-trap density in the energy 
range (E. £-l-d£); // — total space density 
of traps; £/.. £ 7 .. £, —energies correspond¬ 
ing to the lower edge, maximum and the 
upper edge of the trap distribution, re¬ 
spectively; Tf-characteristic temperature 


*Tbis assumption has been made on account of the 
relatively simple mathematical description only. 
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A case but the so-called quasi steady-state 
distribution. The trap band is introduced. This 


wide. 


i.e. 

the 


of the trap 

assumed to be sufficiently 
E,-Et.> 2kT,.. The zero level ol 
energy scale corresponds to the lower edge 
of the conduction hand, the positive direc¬ 
tion of the energy axis pointing towards the 
top of the band. 

6. The Botizmann statistics have been applied 
to the free carriers in the band, whereas the 
Fermi-Dirac statistics have been applied 
to the trapped ones. 

The density of current {./) due to an exter¬ 
na] field applied to the crystal may be evaluated 
by solving the continuity equation; 


quantity is defined by the equation: 

X, /^] 

Hji.r} — j 


(6) 


j~ up[(x)F(x) 
and the Poisson’s equation; 


t2) 


where is the effective density of states in 
the conduction band, and n/x) is the free 
carrier density in the conduction band. 

In a particular case, when traps are either 
absent or completely filled, all injected carriers 
participate in the conduction process; thus 
pA-'^I ~ pAx). The solution of the equations (2) 
and (3) tends to the relationshipfS]: 


9 V-‘ 

'■ s 


(7) 


dF'(x) _ p,(x) 
dr € 


where the functions p(.r) and Fix} are defined 
by equations; 


pixl - cn(.x) 


Fix) = - 


dil/i.r) 

dx 


(4) 

(5) 


The meaning of the symbols used is as follows: 
« —mobility of the current carrier; nix) — 
particle density; p,(.r) —total charge density; 
pAx) —charge density of free carriers in the 
band; f(r)-electric field intensity; ij/tx)— 
electrostatic potential; e —dielectric permit¬ 
tivity; .V —linear variable; .v = 0 at the injecting 
electrode, x - d at the collecting one id- 
cry siai thickness); e —electron charge. 

The solution of those equations depends 
on the particular form of the function Fix). 
At low iiyection rates the crystal is free of 
space charge, and ohmic behaviour will be 
found. If the density of injected carriers ex¬ 
ceeds that of the carriers thermally generated 
in the bulk, a space charge builds-up in the 
crystal which is dependent on the trapping. 
The Boltzmann statistics can be used kt this 


When shallow traps occur in the crystal, the 
number of the free carriers as well as the 
trapped ones are mutually proportional. The 
general solution leads to the equation (see [ I J): 

9 

j = -..ee^ (8) 

the parameter (") being defined as follows: 

0 = ^___ ^ _, (9) 

Plix) . p. 

I W«)exp(-J5:)d£ 

Equation (8) is true for the voltage range, 
where the quasi steady state Fermi level lies 
below the bottom of the trap band. Thus the 
current is proportional to the square of the 
voltage as in the trap-free crystal, but its 
magnitude depends on the actual shape of the 
trap band. To eliminate the parameter © 
in (8). the integral in (9) should be evaluated. 
From equations (9) and (1) one obtains: 


// fCr 

1 

tn 

l 

i 

'2irA J,, 


-exp^ 

re. , 

' E\ 

/Et — E\ 1 , 


( It. )H' 
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Under the assumptions: E,,< E-r—lkTr, 
Tr > T, the approximate solution of (10) has 
been derived: 




H 




where / = TJT. 

The increase in the applied voltage results 
in the increase of the number of injected 
carriers and hence in moving the quasi 
steady-state Fermi level towards the conduc¬ 
tion band. At sufficiently high voltage some 
traps would be located below the Fermi level, 
i.e. would behave as deep traps. Due to the 
negligible possibility of the release of a carrier 
from these traps, they may be considered as 
completely and irreversibly filled. When the 
Fermi level is shifted sufficiently far above 
the lower edge of the trap band, the number of 
carriers captured in the deep traps exceeds 
the number of carriers in shallow ones, and 
the latter can be neglected in the discussion of 
the SCLC. When the condition: E,, + kTe< 
Ef(x) < Ej —kTc is fulfilled, the concentration 
of the carriers in deep traps amounts to: 

.r- W /Ei{x)-Er\ 

( 12 ) 


Using the equations (2), (3), (5) and (12), 
and assuming F(0) = 0. one obtains finally: 

J= N^ue'-'exp 

The above equation differs only by a con¬ 
stant factor from that derived by Muller[6] 
under the assumption of a different distribu¬ 
tion of traps within the forbidden gap, and 
becomes identical with the equation given by 
Mark and Helfrich[3] when putting £r = 0. 

The transition voltage at which the current 
departs from the quadric to the superquad¬ 


ratic region is given by combining the equa¬ 
tions (8), (1 1) and (13): 

eHd^ IEL-Er\\9., 

F,. = -^exp(-^j[g(/-l)J 

//-fl \'+'"-'//-f-l 

(-— ) • 

Further increase in the number of injected 
carriers shifts the quasi steady-state Fermi 
level above the maximum of the trap band. 
If Ef(x) > Er+kTc, the concentration of 
trapped carriers approximates to: 

n„(x)= ['"'"’/((£:)£/£:-//. (15) 

■'r, 

In this case all traps may be considered as 
completely filled and the current fulfills the 
Mott and Gurney equation (equation (7)). 



Fig. 1. Theoretical current-voltage characteristics at 
(iilTerent temperatures (T, > T,). 

EXPERIMENTAL 

Anthracene c.p. (FOCh-Gliwice) was 
purified by vacuum sublimation following by 
the repeated zone melting. The crystals were 
grown by slow sublimation in nitrogen 
atmosphere. Thin plateletts with the area of 
the {001} face up to 3 cm* and up to 150/t 
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thick were obtained in this way. 
was determined by the weighing a 
ing of the area. The crystals were stuck to 
front wail of the measuring cell with silicone 
grease. The area contacting with the electrodes 
amounted to 7 mm* approximately. As the 
hole injecting electrodes Ce'*’^ and Cr>Oj^ 
acidic solutions were used, the inert electrode 
being a Na<iS 04 solution. 

A measuring cell made of quartz or teflon 
was mounted in a thermostatic jacket heated 
by running water. The hot junction of the 
copper-constantan thermocouple was placed 
close to the crystal, without touching it how¬ 
ever. The voltage has been applied from d.c. 
stabilised supply unit and the current was 
measured by means of a vibrating reed electro¬ 
meter. 

When the voltage has been applied, the 
current changed at first rapidly then more 
slowly. After some dozen (or dozens) of 
minutes the current was nearly constant (i.e. 
did not change during 2-r3 min). The results 
given below refer to these ‘quasi steady-state’ 
currents. 

The current-voltage characteristics were 
determined for each crystal at several 
temperatures ranging from 15 to 80°C. In 
the low-voltage range the current is propor¬ 
tional to the square of the voltage, while at 
higher voltages it increases with 6-8th power 
of the voltage. This gives for the characteris¬ 
tic parameter of the trap distribution (AT,) 
the approximate value of 015 eV. 

According to equation (14) the transition 
voltage should slightly increase with tempera¬ 
ture (dy,r/dT = 7 X 10“* V deg"'). This was 
not found, however, in our experiments (see 
Fig. 2). The slight decrease of is probably 
due to the diminuation of the crystal thick¬ 
ness in successive runs in effect of the anode 
reaction. 

According to equations (8) and (11) the 
knowledge of the temperature dependence 
of SCLC in the quadratic region of the charac¬ 
teristic makes it possible to evaluate the 
energy of the bottom of the trap band (£t) 



Fig. 2. Rxperimental current-voltage characteristics at 
difTerent temperatures. Crystal thickness I. T = 

292‘K;2. T=m°K;3. 7= .115°K;4. r = 325'’K. 


if the function of m. e. A/,, on temperature is 
known. Assuming after Keplerl?] and Choj- 
nacki{8] the approximate relationship 
T * for holes in anthracene, and neglecting 
the change of e, A* and (7^ — 7) with temp¬ 
erature one obtains; 


log(jT') = A-)-^. (16) 



Fig. 3. Temperature dependence of SCLC in quadratic 
region. ). crystal thickness 48^, applied voltage 13 V, 
2. crystal thickness 23 ft, voltage 3 V. 
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From the slope B the value of has been 
evaluated to (—0-76±0-08) eV (mean value 
from 9 independent runs). 

Considering the condition: £,, < Er—lkT^ 
(see equations (10) and (11)) we suppose that 
the maximum of the trap distribution lies not 
deeper than at — 0-45 eV*. The mean value of 
the product H exp {—ErlkT^) evaluated by 
assuming N* = 4 x 1 (F^ e = 3 x 10 " F/m, 
M = 8 X 10“®mVV sec, and inserting the experi¬ 
mental values into equations (8) and (11) 
amounts to 2xl0^®m“® approximately. This 
is the upper limit of the value of H (for Et 
0). The lower one evaluated for £ 7 - = ~0‘45 
eV amounts to 10'“ m““ approximately. 

The temperature dependence of the SCLC 
in the superquadratic region is, according to 
equation (13) much more complicated. To the 
first approximation the graph logj vs. 1/T is 
linear with the slope depending on the voltage, 
crystal thickness, and the total trap density. 
Assuming —0 45 eV < Et< 0 eV one obtains 
for the trap density the limiting values: 
3 X 10'^-^ 5 X 10'" m"‘ for the crystal I and 
2 X 10'“-^ 5 X 10'^ m~“ for the crystal 2. The 
results disagree by I ^ 2 orders of magnitude 
with the estimation based on the quadratic 
region. 



Fig. 4. Temperature dependence of SCLC in super- 
quadratic region. I. crystal thickness 26/x. applied 
voltage 20 V. 2. crystal thickness 43 /a, voltage 160 V. 


‘For the hole currents the upper edge of the valence 
band has been chosen as the zero point of the energy 
scale. 


The trap densities found here are rather low 
as compared with the values given by most of 
the authors. A possible explanation for this 
discrepancy can be sought in assumption of 
the nonuniform spatial distribution of traps 
within the crystal. It seems reasonable to 
assume higher density of traps in the surface 
layer. After Nicolet[9] the apparent value of 
the trap density ignoring the effect may be 
too low by several orders of magnitude. 

The exponential dependence on the recipro¬ 
cal temperature was also found for saturation 
currents. It is due to the change of the 
injection rate with the temperature, and will 
be discussed elsewhere [ 10], 

CONCLUSIONS 

From the parameters which determine the 
shape of the trap band. i.e. Tr- Et. E,- and 
H. only two former ones can be evaluated by 
the study of the temperature dependence of 
SCLCs. Contrary to the models used by 
Lampert[l] and Mark and Helfrich[3), only 
the product H exp {—ErlkTr) may here be 
determined from experimental results, and 
not the quantities of H and Et separately.* 

We have found in anthracene crystals the 
trap band having the bottom at — 0-76eV 
approximately, and the maximum not deeper 
than at — 0-45eV. The yalue of — 0-76eV 
resembles those obtained by Kokado and 
Schneiderlll] from thermally stimulated 
current (TSC) measurements. It may be 
shown, however, that TSC method reveals 
the energy of the upper limit of trap distribu¬ 
tion, thus there are probably two sets of hole 
traps in anthracene: the first, relatively 
shallow, responsible for the shape of the 
current-voltage characteristics, and the 
other, a deeper one revealed in TSC experi¬ 
ments. 


‘According to (10) and (II) the product// exp 
(—ErlkTr) could be evaluated from the measured current 
density in the quadratic region whereas from the current 
density in the superquadratic region (equation 13)) 
HI exp I—EtHcT), i.e. /-th power of the former expres¬ 
sion. 
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PSEUDOPOTENTIAL IMPURITY THEORY AND 
COVALENT BONDING IN SEMICONDUCTORS* 

M. JAROSt and P. KOSTECRY 

Institue of Radioengineering and Electronics, Czech. Academy of Sciences. Prague 8, Czechoslovakia 

(Received 15 May \9b$; in revised form 12 Aufiusl 1968) 

Abstract — A method for constructing of the impurity potential is suggested including covalent effects. 
The approach presented is based on the Abarenkov —Heine model potential method. In contrast to 
other attempts, this method promises a quantitative estimation of the charge redistribution and 
polarisation effects due to the impurity potential. Special attention is paid to the impurity problem 
in zero-gap semiconductor. The local part of the impurity potential is given for the antimony atom 
as the impurity in gray tin crystal. 


1. INTRODUCTION 

Many considerable works to describe the 
impurity states in insulators and semiconduc¬ 
tors were already made. Shallow states, 
characterised by ionisation energy being small 
compared with the band gap were understood 
in terms of Kohn’s effective mass approx¬ 
imation (EMA[11]; deep states within frame¬ 
work of Heitler-London theory. In all the 
following text the only shallow-like states of a 
donor impurity with one excess electron are 
the subject of our discussion. Nevertheless, 
the theory of Sections 2 and 3 is in principle 
quite general and includes the case of deep 
states, as well. 

Using the EM A model, one can reduce the 
wave equation for impurity states to a hydro- 
genic equation for an envelope function. 
Hermanson and Phillips [2] have formulated 
the general criterion for the validity of the 
EMA, taking into account the form of the 
host crystal bands. They introduced the 
pseudowave equation in Wannier represen¬ 
tation, in which apart from the hydrogenic 
term l/e(r)r (efr) being static dielectric func¬ 
tion) the repulsive term is introduced as an 


*The 'vork was presented in part by one of us (M, J.) in 
the Conference on Seminetals and Narrow Gap Semi¬ 
conductors, 2-4 April 1968, University of Durham. 
Durham, England. 

iPresent address: Department of Theoretical Physics, 
University of Newcastle upon Tyne, England. 


analogy to the familiar Phillips-Kleinman 
pseudopotential formalism. Next perturbing 
terms arise from the breakdown of the dielec¬ 
tric screening and change of the mass of the 
donor-contributed electron in the vicinity of 
the impurity atom. 

Except from these ‘central cell corrections’. 
Sham {3] examined the long-range properties 
of the impurity potential by many-body tech¬ 
nique. With assumptions of the Kohn’s EMA 
model he established the change in electron 
mass operator in terms of the first and second 
order vertex parts. Using the Ward identities 
for perfect insulator, he found some long range 
terms going as 1//^, as a correction to the EMA 
hamiltonian. In tight binding model, the im¬ 
purity potential polarises the electron-ion 
pairs in the neighbourhood of a positive ion. 
The donor electron will see at large distances 
the Coulomb potential screened by these 
dipoles. Further, due to the pure exchange and 
correlation effects with the lattice electrons in 
the vicinity of the donor electron, the ex¬ 
change and the correlation part of the elec¬ 
tron impurity mass operator differs from that 
of the pure insulator; this change is repre¬ 
sented by chemical potential shifted via the 
local change in the electrostatic potential. This 
change may also be expressed by adding a 
~ l/r* term to EMA hamiltonian. 

Liu and Brust[41 have tried to solve the 
donor impurity problem in zero-gap semi- 
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conductor. They have constructed the Schrd- 
dinger equation in Wannier representation on 
assuming that the impurity potential does not 
couple different bands and two touching bands 
are coupled by central cell correction. The 
resonant energy of the impurity state can 
be written 

(I) 

where Ex is the hydrogenic eigenvalue cor¬ 
responding to the principal quantum number x 
and l<t*) is the respective eigenfunction. is 
the intra-r-barid matric element of the im¬ 
purity potential. 

While the many-body method produces 
important results beyond the EMA, as far as 
the nature of the impurity problem is con¬ 
cerned, the only EMA(one-band and one- 
electron) model gives a quantitative estimation. 
Further, there is no way to account for the 
realistic host crystal valence electron distri¬ 
bution.* The purpose of this paper is to 
suggest a method which can remove the above 
mentioned difficulties. 

Our interest is directed to the case of zero- 
gap semiconductor as a host material, having 
the gray tin as an example (71. As we will 
demonstrate in our Table 1, in proof to the 

Table I. Covalent contribution to the 
<III), {220), (311) formfactors in 

Rydbergs are given for Si, Ge and gras- 
tin (o — Sn) 



!>«<lll> 

i>»(220> 

»«<3n> 

Si 

-OOl-t 

-OOLS 

-0-003 

Gc 

-OO.l.t 

- 0 032 

-0-017 

a — Sn 

-0 082 

-0016 

-0-006 


Heine’s second order gap investigations[81, 
the amount of the covalent behaviour of gray 
tin seems to be at least the same as that of Si, 
against usual assumption. It is believed that 


'Perhaps besides of the tedious calculation in the sense 
of Callaway [5] or BennemanlhJ. 


it can be explained through the nonlocal 
potential terms [9]. Because of the fact that the 
donor electron states are quite sensitive to the 
above mentioned properties of the host crystal, 
the problem promises to be extremely inter¬ 
esting for us. Next, in zero-gap semiconductor, 
the impurity states disappear in valence band 
having the character of the resonance states. 
So, the many-body effects in the sense of 
Sham’s work will apear in a new view [ 10], 

In Section 2, we present the simple method 
for the reformulation of the Abarenkov-Heine 
(A-H) model potential approach adopting the 
Phillips new theory of the covalent bonding in 
semiconductors. Both, the A-H[12J and the 
Phillips! 13] theories are discussed carefully in 
the original papers and we assume the reader 
being acquainted with them. Nevertheless, we 
review briefly the basic ideas of same to make 
our theory easy to follow. 

In Section 3 we use the results of the fore¬ 
going Section 2 to introduce the impurity 
potential. We have applied our theory to the 
calculation of the local part of the impurity 
potential. (Table 2). We have found a 10 per 
cent change in A -i as a consequency of accoun¬ 
ting for the covalent terms in A-H theory and 
for the appropriate shift of the covalent char¬ 
ges due to the impurity potential. 

To be able to calculate nonlocal part of the 
impurity potential (/!«,/!,), it is necessary to 
follow the procedure as proposed in Section 4. 
There we have also discussed our theory in 
the sense of this section. 

2. COVALENT ABARENKOV-HEINE MOREL 
POTENTIAL METHOD 

In the sense of the OPW method, the ionic 
potential can be represented by some Model 
Potential [ 11]. Wave function is in this ap¬ 
proach (w.f. of the valence electron) made 
orthogonal to the one-electron core states. 
The Model Potential is written on following 
A-H [12] 

V,M = — ^ Ai(riE) PI... r < 

(2) 

= Ex,. 
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Table 2. Model potential constant for different cases is 
presented: (1) a — Sn in covalent model; (2) d = 0-1 shift included; 
*no change in screening is accounted 



Sn(A-H) 

Sriji) 

H) 

SbiSn,,, 

Sb:Sn,„ 

Aa*(a.u) 

1-62 

1-57 

1-80 

1-78 

1-76 


P, is the projection operator separating from 
the operated state /-spherical harmonic part, 
A,(E,r) is a general function of the valence 
electron energy. The wave function of the 
electron is given by Schrodinger equation with 
potential (2). So, model potential is nonlocal 
and energy dependent Following A-H we can 
understand as r-independent and to use 

A,(E)^A,(E); 1^3. (3) 

Using the fact, that the spherical harmonics 
form the complete set, we have 


^ M -^2 (-^(l A2)Po (Af Ai)P 1... 

r< Rm 



The local part is evidently represented by A^, 
see Fig. 1. 



Fig. 1. Simple graphical representation of the local part 
of the A-H model potential. - Solid line shows the A-H 
ionic model potential[2]. — Dashed line shows the 
hydrogenic potential - - Interupted line shows 

symbolically the impurity model potential; it is obtained 
taking in place of the (as defined in Section 3) 

and putting Z = 1. 


While (4) is the potential quite adequate for 
description of the isolated ion valence elec¬ 
tron, in a solid, the valence electrons form an 
analogy to the electron gas which screens the 
ion potential (4). In linear approximation of 
A-H 

(5) 

Going to the q-components, atomic (bare) 
formfactor is 

F(q)=(k|K,„|k+q> (6) • 

where matrix element is calculated between 
plane waves normalised to the atomic volume. 
However, due to the nonlocal character of the 
(4), the equation (6) is not quite correct. We 
have to write 

(k|l>,,r|k-Fq> = |/(q)+F(k,k-Fq). (7) 

Being restricted only to the vicinity of the 
Fermi sphere surface, |k| = [k-Fql = Kf and 
the nonlocal part in (7) can be averaged over 
the Fermi sphere, which leads to (6). Equation 
(6) expresses the scattering of the free electron 
with Fermi impulse on the potential of (4). 

The crystal potential is given as 

y(r}= 2 ^screened (q) 5(G)e«'" 

where G is the reciprocal lattice vector and 
5(G) are the structure factors, introducing the 
lattice geometry of the solid into potential. 

Now. let us write the one-electron wave 
function <l>(r) and wave equation in the pseudo¬ 
potential representation for<I>(r) is 

- ^ V* + <I)(r) = E,. 0(r). (9) 
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Potential F*, is that of equation (4), Fj, = 
F^E). The fact that the valence electron is a 
member of an electron gas is reflected by 
using F„(E)= VmiEy). 


Ey — £f Fres( (10) 

where cy is the Fermi energy and Fre,i includes 
the exchange, the correlation, orthogonality 
corrections and other electrostatic terms. 
Explicit formula of A-H [ 12] is 


Ea'<a-h, = -|M.I.E.|-|B,E.E.| 

, 0-6ZF^ ^ ^ 




(II) 


|t| is the neighbour (111) atoms distance; 
M.I.E. the mean of the first Z ionisation 
energies of the free atom; B.E.E. is the co¬ 
hesive/energy of the solid per electron; 
(Mx(^)i) is the total exchange and cor¬ 
relation potential of the free electron gas 
characterized by density r,; E^, Ey is the ex¬ 
change and correlation energy of the free 
electron gas of density 0-6 Zc^lR,t is the 
formula we have used from Kittel, Quantum 
Theory of Solids p. 1 12 (1964). (See also (15)). 

Having defined the atomic and crystal 
potentials through the A-H Model Potential, 
we have to introduce a covalent approach; it is 
based on the recent study of Phillips [ 13], 

In the sense of equation (5) the formation of 
the covalent bonds may be understood as 
local field correction; i.e. the nondiagonal part 
of the dielectric function tensor is neglected 
when accounting for the screening efFects( 14], 
This is indicated by second term in the right 
part of the following equation 

1/ tn) = (q) , ^ l^sare(q + G) 

Pscreenedtq; €(q,q) ^^ €(q,q + G) ' ^j 2 ) 


This implies that the part of the potential 
equivalent to the Fourier component F,(q) 
arises from the nonspherical charge density. 
Phillips [13] understands the formation of 
this part of the electron density as a con¬ 
sequence of the ‘constructive interference’ of 
OPW’s. The deficiency in the ‘atomic’ valence 
electron density concentrates into the covalent 
sites, located halfway between the nearest 
neighbour atoms. As a first approximation 
Phillips supposes point charges at these sites, 
2Zi,|ei, where 




1 

e(0)- 


(13) 


«(0) is the macroscopic dielectric constant 
of the material in question. Following this 
picture of the covalent charge distribution 
we write the formfactor as [ 13] 


J^barclq) =t>„(q)s„(q)-f D„(q)SA(q). (14) 


S,, are the structure factors for system of 
ionic and covalent sites. As a screening func¬ 
tion. Phillips uses the Penns one[15]. 

From (14). using the experimental values 
and Ua(q) from the A-H tables (corrected for 
screening) we can estimate t)j,(q). F(q) can 
be taken from the experiment as e.g. [16]. 
Estimated t>(,(q) have to correspond approxi¬ 
mately to the total magnitude of the covalent 
charge as given in (13) [ 13]. 

We performed this rough estimation and the 
results are in Table 1. From the ratios of 
fftlq)' |q| = (Ul)> (220), (311) we can see a 
trend in a character of the covalent charge 
density shape. From the table presented it is 
easy to see that the point charge model for 
the covalent charge is probably quite adequate 
for Si and Ge, besides less for gray tin. The 
same conclusions as ours were made by Heine 
through his structural and second order gap 
investigation [8]. As far as Si is concerned, 
Martin’s calculations [17] of the silicon lattice 
vibration spectra confirm the Phillips’ point 
charge model. 

Now, let us apply this consideration to the 
e,.-, F„„in (10). 



PSEUDOPOTENTIAL IMPURITY THEORY 


SOI 


The total magnitude of the valence electron 
charge is decreased from Z to Z( 1 — Z(,). New 
Madelung energy term will appear due to the 
system of the —2Zi,lel charges in covalent 
sites and +4Zi,\e\ in atomic sites[13]. A new 
term expressing the potential energy of the 
covalent charges tetrahedral system in the 
homogeneous valence electron gas in the 
sphere of radius will appear, as well. At 
last, these covalent charges produce the 
electrostatic potential, at zero approximation 
r-independent. These three terms mentioned 
are the last ones in the following formula, 
respectively. 

£TO;ovalenl) = - |M-I-E.|- |B.E.E.|+/Xe(r;) 


stants of the antimony as substitutional 
impurity in gray tin, we must recalculate A- 
constants according to equation (16) with 
E— E^^(a — Sn), E„ = Ei.(Sb). 

In Section 2, we have defined the difference 
between the A-H and our covalent model. 
This difference is represented by some 
difference Eficov.y 

Next change arise from the shift of the cova¬ 
lent charges due to the impurity potential. 
Remember, that in pure gray tin the covalent 
charges are supposed to be at the halfway be¬ 
tween the neighbour atoms in (111) direc¬ 
tions. When antimony atom is in a tin-atom 
site, the covalent charge is assumed to be in a 
new equilibrium site which can be most simply 
found by comparing the point ion impurity and 
host atom screened potentials 




Z(\-Z„)e^ 

Ra 

Z„Z(l-Z,)e^ 


b-m 


+ i' 


Zle^as, 


^l.aUlce 


2R 


,< [ v2/?4/ J |t| ■ 

(15) 


To find the model potential constants /!,, 
recalculated adequately to the covalent model, 
we use the linear approximation for the energy 
dependence of the At, following the Animalu’s 
analysis [18] 

>!,(£) =/!,(£„)(16) 

{SAi/8E)t',>Ep are given in [18]. The numerical 
results for gray tin are in Table 2. 

3. THE IMPURITY POTENTIAL 
Let us suppose the host atom is substituted 
by an impurity one. To find the impurity 
potential, we use the energy dependence of 
/1-constants (equation 16). So, going from the 
antimony crystal A-H model potential con¬ 
stants as given in [18] to the potential con- 


Elmpurtl.v (^ 1 ) Ejinstfr /*]) (1*7) 


Tr is the position vector of the covalent site. 


yih.,>(r) (27r)=' 


sinqrro,„.„(q) 

- r ~\—<7 

(q) ^ ^ 


fn(A.o are the Fourier transforms of the 
screened point ion potentials (see Section 2 
and [13]). The normalised shift d is defined as 


d = 



(18) 


It means that there is an appropriate local 
change in Ef (through the last term in (15)), 
which gives a new A.i again. 

The impurity model potential (it’s local part) 
is given by subtracting 

A2(Sn> ^2CS6;.Vn) /fsdmp)- 

These constants are shown in Table 1. This 
local part of potential is also indicated sym¬ 
bolically in Fig. 1. Note that except for region 
inside the sphere of radius Rm, our impurity 
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potential does not substantially differs from 
the hydrogenic 1/er potential. The only 
difference is in treating the dielectric function 
e(q). 

4. DISCUSSION 

Roughly speaking, the physical picture of 
our procedure of Sections 2 and 3 is as follow¬ 
ing; First step —model potential characterised 
by constants A,, is dipped into homo¬ 
geneous Fermi gas of density p ; Second step— 
within an elementary cell, the Fermi gas is 
divided into system of covalent (point or small 
sphere-like) charges and homogeneous Fermi 
gas of new density p'; Third A/cp—impurity 
atom is introduced and due to the existence of 
the impurity potential, the covalent charges 
are shifted from central position between 
neighbour (111) atoms. Using the Schrodin- 
ger equation (9) the constant A-i is recalculated 
according to Animalus interpolation formula 
(16). 

In Table 2 the constants in above men¬ 
tioned approximations are shown. It detects 
in fact the sensitivity of the impurity potential 
to the local change in chemical potential. This 
change is achieved due to the covalency 
effects. 

When we intend to calculation of A„.A, the 
/■-dependent terms appear in (9). The same 
happens when we go from the point or small 
sphere-like form of the covalent charge to a 
more general one. It is evident that r-depen- 
dent terms in potential make the matching 
procedure necessary for solving the equation 
(9) and thus (in fact repeating Animalu’s 


procedure) we have new A-H constants in (4) 
and new derivative (SAJdE). Among others, 
it is interesting to perform this calculation due 
to the uncertainty regarding the adequacy of 
the point-character of covalent charge distri¬ 
bution in gray tin; it was mentioned in some 
details in Section 2. 
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EXPERIMENTAL AND THEORETICAL STUDIES OF LOW- 
VOLTAGE ELECTROLUMINESCENCE OF ZnS SINGLE 

CRYSTALSt 

W. J. Bl lEK, INDRADEVt and FRED WILLIAMS 
Department of Physics, University of Delaware. Newark, Delaware 19711. U.S.A. 

{Received 27 June 1968; in revisedform 5 A unust 1968) 

Abstract —Blue electroluminescence of undoped ZnS single crystals has been detected at 1-6 V d.c. 
with a quantum efficiency of 10 " photons/eleclron. The crystals were heat-treated in molten zinc. 
Previous models considered for electroluminescence with applied voltages less than the band gap. 
including injection and recombination via p-n Junctions, are shown to be inadequate to explain our 
observations. An impact ionization-tunneling mechanism is proposed involving an n*-n junction. 
Energetic electrons are injected through a blocking contact into the higher conductivity n* region 
and at the n*-n junction impact ionize an acceptor level in the n region creating a conduction electron 
in the n* region. Radiative recombination then occurs in the n region between an ionized luminescent 


center and a second iryected electron. 

L INTRODUCTION 

Various authors [1-4] have reported electro¬ 
luminescence (EL) in ZnS at voltages corres¬ 
ponding to electron enei'gies near or below 
the band gap energy. Most of this work has 
been on thin films and crystals doped with Cl, 
Cu or Mn. We have obtained EL in undoped 
ZnS single crystals with voltages as low as 
1'6V d.c. In addition, we have obtained EL 
in Cu-doped samples with applied voltages 
as low as 2-0 V d.c. 

2. MATERIAL PREPARATION 
The crystals were grown by sublimation 
using a modification of the self-sealing tube 
method. The dopant was added during the 
growth process in the case of the ZnS:Cu 
crystals. Copper concentration for these 
crystals ranged from 10 ppm to 10+^ ppm. No 
impurities were intentionally introduced in the 
undoped crystals. Typical impurity concen¬ 
trations for the undoped crystals were less 
than 10 ppm. The crystals as grown measured 


tSupported in part by the U.S. Army Engineers 
Research & Development Laboratory. 

tPreseni address: National Physics Laboratory, 
New Delhi, India. 


about 1 cm in dia. by 2 cm in length. The 
crystals were sliced into wafers with thick¬ 
nesses varying between 0-5 and 5 mm. The 
wafers were heat-treated in Zn at 900°C 
for 10-40 hr. To insure that the wafers 
became totally immersed in liquid Zn. the 
tube was designed with a constriction in the 
center: the wafers were placed in one end and 
the Zn pellets in the other end. This tube was 
placed in the furnace and rotated end over end. 
The wafers were quenched by removing the 
tube from the 90()'’C furnace and cooling it in 
air or water. Both quenching media yielded 
similar results. 

The electrical contacts were indium amal¬ 
gam. Two contacts were applied, without 
heat-treating, to the same face of the crystal 
with a separation of 5 mm. The heat-treated 
crystals had a rough surface and the contacts 
were applied without polishing or etching. 
When polishing was attempted, EL did not 
appear below 15-20 V. 

3. EXPERIMENTAL RESUI.TS 

The emission was detected with a cooled 
RCA 7265 photomultiplier (PM) with an 
S-20 response. The PM output was measured 
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with a Keithley 417 picoammeter with a 
current suppress feature. Voltage was applied 
to the crystal from a calibrated Keithley 240 
power supply. 

Light from the undoped ZnS crystal was 
detected with the PM at 1 -6 V d.c. and could 
be seen with the dark-adapted eye at about 
l-6-l'8V. The emission from this crystal 
corresponds to the self-activated blue with a 
photon energy of 2-8 eV. The copper-doped 
crystal showed green emission at a threshold 
voltage of 2 0 V. It should be noted that due 
to the low light levels involved, the spectral 
distribution of the emission could not be 
determined below 5-6 V. However, the color 
determined by eye did not appear to change 
in going to lower voltages. Even though the 
EL was in different spectral regions for 
these differently doped crystals, their 
current-voltage characteristics, efficiencies 
and brightnesses were similar. This indicates 
that the excitation process is independent of 
impurities in the crystals. However, the 
recombination process remains dependent on 
the luminescent center present. 

The light emission occured at the cathode 
and was diffuse at very low voltages. As the 
voltage was increased, the area of the emitting 
surface decreased. At voltages above about 
15 V. the emission came from localized spots 
at the cathode. It can be concluded from both 
the temperature dependence and from the 
brightness-voltage dependence that different 
EL processes were dominant depending on 
whether the voltage was above or below about 
10 V. The high-voltage characteristics 
probably involve impact ionization in the 
Schottky barrier formed at the cathode; the 
barrier becoming thicker at higher injection 
levels. 

The crystals were ohmic from 01 to I V. 
Above I V, the current rose sharply and 
approached a dependence at voltages 
greater than about 5 V. The brightness- 
voltage curve is shown in Fig. 1. We were 
unable to fit this curve with any of the com¬ 
monly used EL equations for more than one 


or two orders of magnitude. The maximum 
discrepancy is at the lower voltages. The 
efficiency (defined by photons emitted/elec¬ 
tron passing through the crystal) at 1-6V 
was less than 10”" photons/electron. The 
efficiency rose by about two orders of mag¬ 
nitude until the applied voltage reached 
about 6V. where the B vs. / curve became 
linear. 

Although measurements were made to 
determine photovoltages, none were found. 

4. POSSIBI.E MECHANISMS BASED ON INJECTION 

Electroluminescence produced by in¬ 
jection at a p-n junction has been proposed 
as a possible mechanism in ZnS by some 
authors[I,3] and objected to by others[5]. 

We show that a simple injection via a 
p-rt junction can not explain 2-8 eV light 
emission when the applied potential is 1 -6 V 
or less. The following analysis applies to both 
a p-n homojunction of ZnS and to a p-n 
heterojunction, as for example CU. 2 S in contact 
with ZnS. Since the light emission is charac¬ 
teristic of the ZnS (either self-activated blue 
or Cu Green), the injection would be positive 
holes into the «-type ZnS. The light emission 
is given by: 


where n„ is the electron concentration in the 
n region, r is the recombination coefficient 
and «' is the ionized acceptor concentration 
in the n region. 

In a p-n junction, the applied voltage will 
split the quasi-Fermi levels. Assuming the 
acceptor levels are in thermal equilibrium 
with the valence band, a* is given by: 

a’’’ = ae-(E.-f.,i/*r 

where a is the concentration of acceptors in 
the n region, is the quasi-Fermi level for 
holes and is the energy level of the 
acceptor. 

Putting Eh = Ef—eV, the light emission 
would be 
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Fig. I. Electroluminescence brightness vs. applied voltage 
for copper-doped and undoped ZnS crystals. 


^ ikr^evikT 

where V is the applied voltage and is the 
density of states in the conduction band. 

The acceptor energy level depends on 
state of ionization because of lattice polariza¬ 
tion effects. From photo-excitation measure¬ 
ments, the transition energy for excitation of 
an electron from the ionized acceptor 
(acceptor without a positive hole) to the 
conduction band edge is 3-4 eV [6]; from 
radiative recombination, the transition 
energy for capture of a conduction electron 
by the neutral acceptor is 2-8 eV. By con¬ 
sidering the energy change accompanying the 
reversible change in state of ionization of the 


acceptor, including both electronic and lattice 
energy, it can be shown for the reasonable 
approximation that the lattice relaxation 
energies following each of the two radiative 
processes are the same, the average of the 
two values. E^ — Ej, = 31 e\, is the proper 
value for evaluating occupational probability. 
Taking r to be 10’** cm* sec ’ (from Hogen- 
straaten[7]), a = 10’* cm"* and V equal to 
1-6 V, the lowest value found experimentally, 
we predict an emission intensity of 10”* 
photon cm"* sec"'. This is about four orders of 
magnitude below what was observed experi¬ 
mentally. 

Even if the emitted light were of lower 
energy (e.g. Cu) the above equation would 
permit at most, one p-n junction in the crystal 
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since the applied voltage appears in the 
exponential. If this voltage were divided 
between two junctions, the light intensity 
would decrease by many orders of magnitude. 
With a maximum of one p-n junction in the 
crystal, it becomes difficult to explain the 
emission always occuring at the cathode even 
assuming regions of low resistivity material 
connecting the junctions. 

Attempts were made to fit the sharp rise in 
the /-Kcurve above one volt to an exponential 
equation of the form / This could 

only be done for about an order of magnitude 
and then gave an- 40. The crystals also had 
/ X at higher voltages. 

In addition, formation of the second material 
for the case of a heterojunction would be 
expected at higher dopings of copper. In all 
cases the undoped ZnS showed a threshold 
voltage equal to or lower than the copper- 
doped crystals. 

5. MECHANISM BASED ON 

IMPACl-THNNELINO AT AN n*-/i Jl'NCTION 

With only 1-6 V d.c. applied to the crystal, 
the excitation mechanism producing the 
excited luminescent centers cannot involve 
ordinary impact ionization. In addition to a 
high field region, impact ionization requires a 
total potential drop of the order of 3 V to give 
the accelerated carriers sufficient energy to 
ionize the luminescent center. 

In order to explain the observed emission 
of the blue light with the application of 1-6V 
d.c., we propose the following. The bulk of 
the crystal, after heat-treatment in molten 
zinc is strongly conductive. However, due to 
the quenching, small regions are compensated 
and are less conductive. When one of these 
regions is located near the surface, an n*-n 
junction is produced. With a blocking contact 
most of the applied potential will be across 
this contact. Electrons can be injected into the 
n* region with kinetic energies as high as 
T6eV above the bottom of the conduction 
band. Assuming these energetic electrons 
have approximately the same collision 


frequency as thermal electrons, we estimate 
a distance between collisions on the order of 
a few hundred Angstroms. Thus, with the 
n* region roughly 1/10/u. wide, the injected hot 
electron can transverse the n* region and, 
with a small but finite probability, can ionize 
a luminescent center in the n region by a 
combined impact ionization and tunneling 
mechanism creating a second conduction 
electron in the n* region. This is shown in 
Fig. 2 under an applied voltage V. The 
injected hot electron is described by the 
Bloch function ip' whose plane-wave part as 
modified by the n*-n barrier is also shown in 



Fig. 2. Band mode) of impact ionization-tunneling 
mechanism of low voltage electroluminescence. 


Fig. 2. Similarly, the impact ionization¬ 
tunneling transition between the effective 
mass function f of the luminescent center A 
in the n-region and the Bloch function ip in the 
rt*-region are shown. Radiative recombination 
can occur between another injected electron 
which has reached the conduction band of the 
n region, and the ionized center, producing 
emission characteristic of the center. 

The maximum value for the tunneling 
distance / can be estimated assuming the 
overall electroluminescent efficiency r) arises 
entirely from the tunneling probability which 
is taken as a separate factor in the impact 
ionization-tunneling transition probability 
and which is the following: 



ZnS 


where e is the most probable barrier height 
for tunneling, as shown in Fig. 2, and the 
inequality takes care of inefficiencies in other 
parts of the complete mechanism. For the 
threshold F of 1 -6 V and the photon energy of 
the emission maximum of 2-8 eV, e. must be 
less than l-2eV. With the maximum e 
combined with the observed tj of 10“‘* 
photons/electron and of 0-27 [8], we find 
/= 50 A. This is a rather abrupt junction and 
the associated space charge requires a density 
of donors of I0‘*cm“^ in the n* region. This 
is consistent with the work of Aven and 
Mead [9] who found a donor concentration in 
excess of lO'^cm’^ in ZnS crystals heat- 
treated in molten Zn. 

This mechanism at lower voltages is not 
steady state. Every excitation process 
produces two electrons in the n* region, and a 
bound positive hole in the n region. This will 
produce an increase in the required energy 
needed to ionize the center due to space 
charge effects. A rough calculation was made 
of the energy change assuming the stored 
charge to be on the surfaces of a capacitor. 
After 1 hr the levels shift by less than 10'^ eV. 
In addition, there is probably a considerable 
leakage effect in the n* region. The formation 
of the n*-n junctiop is apparently random, 
involving the heat treatment and quenching 
of the crystal. Unsuccessful attempts were 
made to determine the location of the n 
region by polishing. 

6. DISCIJ.SS10N 

Electroluminescent emission of photons 
with energies of about 2-8 eV under applied 
voltages of 1-6 V d.c. eliminated any mechan¬ 
ism involving only simple direct excitation of 
the luminescent center. Since the recombina¬ 
tion can be identified as characteristic of ZnS 
(green for copper-doped crystals, blue for 
undoped ZnS) any injection mechanism must 
involve minority carrier injection into the 
ZnS. The assumption of a simple p-n junction 
to explain the observations fails to explain 
the emission occurriag at the cathode and 
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predicts an emission intensity at least several 
orders of magnitude too low. 

We have proposed a two-step mechanism 
whereby the energy of the emitted photon 
originates in part from a hot electron ionizing 
a luminescent center by an impact-tunneling 
transition at an n*-n junction and in part from 
a second hot electron transversing the n* 
region to be radiatively captured by the 
ionized luminescent center in the n-region. 

It can also be shown that the observed 
emission does not violate the laws of thermo¬ 
dynamics. The maximum electroluminescent 
efficiency can be derived from the second law 
of thermodynamics, and is [ 1 ()]: 

L Light out 1 
W Work in ^ 1 - TIT^ 

where the radiation temperature T« can be 
determined from 


F = flux = 


Qhrif,— j 


where u is the frequency of the spectral 
maximum and Ar is the half-width. Using the 
observed values of F = 10^ photon/sec cm', 
1 / = 6 X lO'Vsec, and Ai'=I0'Vsec, yields 
Tk = 640°K and tj = 2 0. With 1-6 V applied. 
l-6eV. 


L„a, = 7, IT = 3-2eV. 


Experimentally, the emitted photon had an 
energy of 2-8 eV. In other words, from 
thermodynamics the emission of 2-8 eV 
photons at low intensity, e.g. 10'photons/sec 
cm', with the application of 1-6V d.c. could 
occur with greater efficiencies than we 
observed. 

Finally, it should be noted that the earlier 
observations of electroluminescence of zinc 
sulfide with applied voltages which are less 
than the band gap have been used as evidence 
for a minority carrier injection mechanism. 
The assumption of injection at a p-n junction 
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is inconsistent with our experimental observa¬ 
tions, and we have found that the impact 
ionization mechanism which occurs at high 
voltages can be modified to include con¬ 
current tunneling and thus account for the 
observations at applied voltages which are 
approximately one-half of the band gap. 

Acknowledgement are indebted to Professor Walter 
Franz for a helpful discussion of tunneling probabilities 
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\bstract— We have studied, experimentally and theoretically, the linear response to a small (d.c. or 
a.c.) magnetic field in the normal part of a normal-superconducting NIS binary layer. It has been 
shown that the tunneling characteristic of an NIS sandwich, measured on the N side, is sensitive to the 
values of the pair potential at points far away from the free surface of the /V material. 

Similar nonlocal effects also appear in the electromagnetic response. The greater the temperature 
compared to the critical temperature of N, the bigger these effects. Some experimental confirmations 
of these theoretical predictions have been obtained. The theory also explains: (I) why a Meissner 
effect has not been observed in Cu for the Pb/Cu systems, down to TK; (2) why. on the other hand, the 
r.f. absorption is much smaller in Cu coated with Pb than in normal Cu. 


INTRODUCTION 

We consider a metal N backed by a super¬ 
conductor S. Both materials are supposed to 
be 'dirty' and we assume the electrical contact 
between N and S to be good. At the tempera¬ 
ture of the experiment, N is normal (T > 7V,v, 
r,.v being the critical temperature of N) and5 
is superconducting {T < Tes)- In the normal 
metal, the pair potential decreases exponenti¬ 
ally as e”''-', where K is given by [1]§. 



D being the diffusion coefficient in N: 

D = ivFl 

Vf being the Fermi velocity and / the mean free 
path. 

We apply a small d.c. or a.c. magnetic field 
and we want to evaluate the response of the 
system to this perturbation. For a ‘dirty’ 
system, the relation between the resulting 

‘Partially supported by the Centre National d'Etudes 
Spatiales. 

tOn leave of absence from Philips Research Labora¬ 
tories, Eindhoven, Netherlands. 
tLaboratoire associi au C.N.R.S. 

$ln the following, we adopfte system where h = kf,= I. 


current j and the applied vector potential A 
will have the local form: 

j(r,w) =-e(r,(u) A(r.a)). (!') 

Since A is small in N, we can perform 
expansions in powers of A for the evaluation 
of Q(r.oj). A being solution, in N, of the 
equation 


we are led to a situation reminiscent of the 
gapless regime of ordinary dirty type II 
superconductors, and we might naively think 
that, as in this last case, C(r,w) will depend 
only on the value of A at the point r of 
interest [2J. 

But this is not true: A is not everywhere a 
solution of equation (2), due to the presence 
of the superconductor. A more careful treat¬ 
ment is needed then. As a result, we shall see 
that Q(r.u>) depends on the values of A not 
only around r, but also in the superconducting 
metal S. We shall first treat, in Section I, 
the zero frequency case (a» = 0) and then in 
Section 2, the slightly more complicated case 
w 0. In Section 3 we present some experi- 
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mental results obtained with very low fre¬ 
quencies, and corresponding practically to 
w = 0. 

SECTION 1: THE STATIC RESPONSE FUNCTION 
We make the following approximations (to 
be discussed at the end of this section): (I) The 
pair potential A is small everywhere, even in 
S{T -C T,..v). (2) Both materials arc supposed 
to have the same density of states at the Fermi 
level, and also the same diffusion coefficient 
D. (3) Lastly, we assume a simplified form for 
A(r) shown on Fig. I: ifOjr is an axis perpen¬ 
dicular to the interface, we take 


i^{x < 0) = const — Ab,s(T) 
and, fora: > 0, using relation (I) 


normal metal and the line drawn over the 
integrand is associated with an average over 
the impurity configurations. 

In order to do the calculation, it is conven¬ 
ient to go to the Fourier representation first 
without taking account of the presence of the 
field. So equation (4) becomes, without a 
magnetic field [5]: 


j(r) 


Ner 

4mn'I 


X 


V f 

^ j (2TT)'M2Tr)3 


(pi -P2)A(p,)A^(p2) 




47rr 


4jr7 


(5) 


A(.v) cxp(-A'.r) (2') 

where A|,( s(T) is the equilibrium value of A in 
a bulk S material at temperature T. o “ Ks/F^, 
where F.v tind Fy are the respective values, in 
S and N. of the BCS coupling constantl.31. 

The supcrcurrent resulting from the applica¬ 
tion of a small vector potential A is most easily 
evaluated using Cirecn function techniques 
HI 

./(r) (V^. -V, lf;,Jr.r') --—Afr). 

(.^) 

The notations are standard. <o= <2/i+ I In-7'. 
n being an integer, (V the electronic density. 

Since we have assumed small values of A 
everywhere, we may expand G,„(r.r') in 
powers of A and evaluate j to the lowest order 
of A. So 


where r is the collision lime, and A(p) the 
Fourier transform of A( r). 

It has been shown by Maki[5| that the in¬ 
clusion of field effects could be realized by the 
replacement 


P 


p± 


2eA 


the ± sign depending upon whether it operates 
on A or A'. Wc are interested only in the 
lowest order term in A. Thus we neglect 
terms in and. to this order, |A(r)| is not 
changed by the field. Furthermore, wc may 
choose a gauge where A is real. Finally we get 


j(r) 


A 

m nT 




/ 


(2w) 


aA(p)- 


n+h -F 


Dp'^ 

4ttT 


j(r)=^T2 tXr-^Vr) 

X J G,„®(r,l)A(])C;„"(m.r') 
X A^(iii)G„“(m.l) d'*m d’l. 


and since A depends on x only 
Ne'^-T A 


jU) = 


me nT 


(4) 


nssO 


/: 


27r 


A(p)- 


n + i + 


4nT 


(6) 


Here G„° is the Green function of the pure 
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We know that 


pf(g)g(ci) = fy(x‘)G(x-x’)dx' 

where F and G are the respective Fourier 
transforms of /and g. Thus we can write 




n + 1 + 




Dp^ 

AttT 

AU')/„U-.v')dx' (7) 


with 


1 r+” p-im 

""'■5;/-. 7777 


« F i + 


dp _ IttT e^*'"" 
Dpi F) q„ 
4 ttT 


( 8 ) 


q(n) = V({n + i)(47TT/D)): (« 0). 

Then, the final expression for j (at) becomes 


. 4nT(T . 
JU) = ^-A 


2 [r 


” AU') e 




(9) 


where ir is the normal state conductivity of the 
material. 

If we arc now interested in the penetration 
law of the magnetic field, it is convenient for 
us to introduce a local penetration depth A(.v). 
Since curl H = (47r/f )j (assuming A to have 
nonzero components along the ,v axis, which 
allows us to choose a real value for A), we get 


d^A ^ 1 


1 

AH^) 


1677^ Q- 
[)2 \.2 


?.[/: 


cLr'A(jr')^- . 

Qn 


( 10 ) 


sii 

(ration depth will be sensitive to the values of 
the pair potential not only in r, but also far 
from r. This is particularly true in our case 
where A(x.), for x' < x, is an exponentially 
increasing function of |jr' — jc|. 

In fact, if we assume the following variation 
for A 


^(x') = (11) 

(which is reasonable for x sufficiently large), 
we obtain the usual formula for A [6]: 


1 

A"(jr) 

or 







4 


{qn^-K^y 


1 

A^(x) 


4(ta:hx) 

T 



DK^\ 

4TTTr 


( 12 ) 


But, when we get closer to the interface, 
we must take account of the detailed shape of 
A, as depicted on Fig. I, and some contribu¬ 
tions to A will come from the superconducting 
region. In fact, if we take account, in (10). of 
relation (2'). we obtain 


_ jb2l! r!L\2/ 1 
A*(.v) ^ 


2 + (13) 

", \q„ K-q„j\q„^ 


where a = VJV\. 

Provided that K. as yielded by (1). be always 
smaller that the smallest of the q„. i.e. q„. the 
second term in the bracket of equation (13) 
will become negligible as one gets very far 
from the interface. In fact, we can consider 
two regions; 


—.V -rr: formula (12) is valid 

q«-F 


~x < -—: formula (13) must be used. 

</o~ A 


We see on formula (10) that the local pene- 


These conclusions are similar to those of 
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Mauro in his study of tunneling effect f7|. 

Our corrections to formula (12) will be 
important when the region where it is signifi¬ 
cant is large. This will be the case if 7 is much 
larger than the critical temperature of the bulk 
normal sample T,.n- On the contrary, when T 
is of order of 7’r^', it is correct to use formula 
(12) as we have already done in preceding 
papers [6, 8J. 

The case T s> (or, more generally, j Kv| 
small)* is of particular interest as it is associ¬ 
ated with the study of Meissner effect in some 
systems like Pb/Cu, and with the determina¬ 
tion of the transition temperature, if it exists, 
of Cu or other noble metals. So let us now 
study the case |K,y.| small. 


I Vn( xma// 

As K —» c/„. the leading term in the summa¬ 
tion of equation (1.^) is the term n = 0. If we 
consider now the region in the proximity of 
the interface (x < l/|A^ —c/„|). we can practi¬ 
cally write 


\'Ux) D'^ ( 




X V ^ 


</« «7„ + A', 


or 


with 


F„ = 


IttT 




Dci„lq„ q„ + K\ 


(14) 




‘When N cannol become superconducting at any 
temperature, i.e. if for instance the BCS coupling con¬ 
stant t'jv is small and negative. then /C is greater than q„ 
and lower than </, and the solution of the linearized gap 
equation yields 


•p--> u. 

A — Vu 

Then \l(K — q„) > ilqo and we can perform the same 
analysis as when Kv b small and positive: the only 
difference comes from the fact that a changes its sign. 


To evaluate the summation over «, we shall 
make the following approximation: we replace 
F„ by such that 


D q„^ + K'^ 

y and K"^ being determined in such a way that 
F„ = F'„ and F, = F[. In this way we find 

y = o-l-O-? 

q« « 

I'hc sum over the is then easily ex¬ 
pressed in terms of digamma functions, 
t-inally. for .v < \l\K~qu\ 

j^'^ = ^(« + 0-5)’'=,/,'(i)AMx). (15) 


We can make the following comments about 
this last formula; (I). A crucial parameter is 
the value of the local penetration depth at the 
interface (\(t = 0)). It has been shown in [6J 
that the screening properties in N depended 
mainly on the value, at the interface, of the 
I andau-Ginzburg like parameter defined as 


K(0) = 


K-' 


If /c(0) € 1. screening currents are effective 
in N. If k( 0) > 1, the magnetic field pene¬ 
trates freely into N up to the interface. At a 
given temperature, since aA(0) = Abcs(^)> 
k( 0) is proportional to /((I — l/2a). If we con¬ 
sider a series of materials N, the coupling 
constant of which increases from a small 
negative value to a small positive value, 1/a 
decreases and k increases. Thus the Landau- 
Ginzburg parameter k(0) increases con¬ 
tinuously when the material becomes more 
repulsive. Nevertheless, provided that we are 
at low enough temperatures, k( 0) may be 
lower than 1 and Meissner effect can be 
observed in such a case. Furthermore, if the 
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N layer has a thickness of order and if 
»f (0) « 0-4, one can expect the existence of a 
thermodynamical critical field relative to N, 
the breakdown field 9], even if A/ is a 
repulsive material. (2). For a given N material, 
with a critical temperature 7,.^, and for a set of 
values of T such that T > IT^s and T > Tf, 
X(0) goes Vr, which is quite different from 
the temperature dependence predicted by [12]. 
(3). The ratio of \(0), as given by (15), to its 
value given by (12), is 

a + 0-5 V\ )' 

Taking account of the fact that Vy is small, and 
remembering (1). this ratio is roughly equal to 
1/N(0)F,. Thus k( 0), as given by (15), is 
larger than its former determination (12). For 
a Pb/Cu system, for instance, (12) predicted 
K ~ 1 for T ~ TK, in the most favourable 
case. This meant that a very weak but detect¬ 
able Meissner effect could be expected. On 
the other hand, the imprjoved calculation (15) 
predicts that k( 0) will be rather about 2-5, 
which explains why no screening properties 
have been observed in such systemst. (4). 


/ 0-.5) 

7 c / 

( \ 

1' aj 

A„<,s(7)DeV 



(16) 


The only dependence of k( 0) on a will be 
through the term 1 — 0-5/a. Thus a determina¬ 
tion of ^(0)^;^’ for weakly attractive or re¬ 
pulsive systems will be possible if a precision 
better than 0-5/a in the measurements is 
reached. Practically this represents a precision 
better than 10 per cent. 


*Tr is the temperature below which the expansion in 
powers of X is no more valid in 5. From reference IIOJ. 
Tf is such that ~ 3. 

tin the case of a Pb/Cu system, when T = l°K, T is 
lower than T, and we are not in the theoretical range of 
validity of (15). Nevertheless, as we shall see in Section 4, 
the VT" law for X(0) seems to be valid down to l°K for the 
Pb/Cd system. 


Finally, we would like to discuss the various 
approximations which have been used in these 
calculations. (1). We have supposed A to be 
small everywhere, which limits the validity of 
our estimations to the region T > T^, and our 
results cannot be used for very low tempera¬ 
tures; This is particularly true for formula (15). 
When |K,vl is small, (15) predicts that\(0)0 
when T -» 0. In fact, in this case, Xv must go 
to when T -» 0. X.s being the penetration 
depth in the bulk superconductor. /3 is a 
coefficient which takes account of (a) the 
eventual lowering of A and 5 near the SjN 
interface; (b) the fact that the contribution to 
j(0) coming from N is very small. Thus, 
X(0) ^ 2X,v when T —» 0. (2). We have 
assumed the same /V(0) and the same D in 
both materials. In fact, we could have used a 
correlation function method, as developped in 
[3] and [7], to evaluate j(r). It can then be' 
shown that /«(«), as defined by (7). obeys 
diffu.sion type and sum rule equations. /„(«) 
can easily be calculated when D<, ^ Ds and 
when /Va( 0) # /V,.(0). The same result for 
X(t) is found for x = 0 and practically the 
same for x > 0. So. even if the diffusion co¬ 
efficients and the densities at the Fermi level 
are different in the two materials. (13) re¬ 
mains valid. (3). The last approximation was 
to assume a spatial variation for A as drawn on 
Fig. I. Such an approximation will remain 
valid as long as the extrapolation length as 
defined in [3] (Fig. 2) is greater than 1-5 ffT). 
^(7) being the coherence length in S*. The 
only modification for our formulae will be to 
replace Ari s( 7) by the true value A(O-) of the 


A 



U 

^BC5 



0 'x 


Fig. t. Schematic representabon of the pair potential 
inside the binary layer used in the calculation ofj{x,a>). 


•This last condition is fulfilled in N is sensibly dirtier 
than5(DK <t Dj)- 
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pair potential in S, for x = 0. (Fig. 2(a)). If this 
is not the case, the variation of A in S can be 
approximated by a straight line (Fig. 2(b). 
This implies a slight modification of the F„ in 
(14) and of the coefficients y and K'^ which 
appear in the determination of the F'„ (14'). 


•XQCt shape for A 



2x1 


A 

^BCS 

A(O-) 


(T) 


“to ' 


X 


tig. 2 Possible schematic shapes ol the pan potential to 
be used in the calculation of /(.v.oj) (2</). I)\ ^ O,; 
CM: I), > l>. 


SECTION 2: THE EEECTROMACNETIC 
RESPONSE AT FINITE FREQUENCIES 

We make the same approximation as 
previously and are only interested in the case 
T > Ti-v- We w-riie 


This expression being symmetrical in v, we 
can choose i- > 0. We have to consider the 
same integrals as in (6). Thus, as before, we 
sum expressions as the ones concerned in 
formula (1.^). Provided that the distance x 
from the interface is less than \l\qo — K\, it is 
sufficient to evaluate l(x,w„) for jr = 0. The 
value of /U.cu») for a-> 0 is obtained by 
replacing 


A(0)-* A(0)e^''-'. (17') 

Then /(0, to,)) has the form 


/(0,<«)„) 


(A(Q))^ 

(277 T)-^ 



2 

n fr 


0 


+ X (18) 

0 n ■' 


the F„ being defined as in (14'). 

As before, we replace F„ by F„,. The 
summation in (18) can be expressed using 
polygamma functions and we get 


j(r) -^(r, (o) A(r, (ij) =• — [— /Vu + 477 / 

c 

X/(r,aj)J A(r,w). 

/(r, w) can be obtained through an analytic 
continuation of the quantity /(r,tu„), where 
ti>i, = 2v 77 7', V being an integer^, 2|. /{r.tu„) 
can be expressed in terms of the Green 
functions and F^. Assuming small values 
of A we can expand in powers of A. We go 
over the Fourier representation and perform, 
as previously, the averaging procedure on 
the impurity sites. This has already been 
done by Maki [II]. The result is 


/(0.w„) 


11 

(« + 0-7)|i/i 

.■(!+ 

cuo 

2mT 



,1,1 1 1 

Cl>„ 

1 w„ 

^4777A 


2nT 



(19) 


The analytic continuation of J{0,u)n) can 
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be made by replacingcoo So finally; 

(A(0))^ 


G(0.a>) = |{-, 


Ut) + 


InT 


(a+ 0-7)* 




/IttT _ IttT _ 

\ /CO /CO — (4irTll0a)) 


Formula (20) will be valid if AucsI’^tt'T 
1, which restricts the domain of temperature 
to the vicinity of the ciitical temperatue of S. 
(20) can be expanded in the three following 
cases: (a)w/27r7 < l/5a. Then, provided that 
a > 1 


x^'CDj+o-^^l+^^V'd) (21) 





We are interested in the surface impedance 
Z relative to the normal side, the thickness 
of which being d^. We have to solve the Max- 
welf equations in N with a spatially varying 
Q{x, <o), as defined by (17') and (20). 

If SQ(x,(u) is the part of Q(x,<o) which is 


proportional to ^e will replace SQ(x,at) 
by an average value SQ such that 




f.^SQ(x,(o)Ai,(x)dx 

f‘^'Au(x)dx 

J —00 


(24) 


Ao(x) being the vector potential in the system 
for T > Trivs- 

In order of magnitude, 6(2(x,<a) is pro¬ 
portional to Alts (ch^K(x — ds)lch^Kd-i) in 
N and to A|ts 'n S. We now suppose that 
1K6 > 1, S being the skin depth in N (practi¬ 
cally, this condition means that we are not in 
the Pippard, but in the London limit), ^rmula 
(24) shows th^the contribution to 6Q com¬ 
ing from /V, BQs, is essentially due to the 
points in the vicinity of the interface; thus, 
in view of the calculation of the surface im- 
pendance relative to N, we can adopt the 
formula 


80(.>r.a>) = 6(2(0, a>)e-‘='<' (25) 

everywhere in /V. even for large values of 
x(x> \l\K-q^\). 

Then, two cases are possible. (1). ~ 

D, ■ ^Qs is proportional to e as 

soon as dv > K~'. and 5Qs, the contribution 
to SQ coming from 5, is proportional to 

A 2 p-x/e 
BCS V 

Thus, according to our hypothesis {2KS > 
1), it is essenUally the S region which con¬ 
tributes to 8Q and this remains true for 
arbitrarily large values of 
We must note that the form we have adopted 
for the pair potential is not correct for Dv ~ 
Ds- Instead of being constant in 5. A goes 
as aA(0+)(l — Kx) in S, and, in N, A = A(O^) 
e-K«r AtO"^) is determined using the results of 
reference [3]. This leads us to change the 
values of the F„ which appear in (18). Thus 

DqXqn^ <ln +k\ 


(26) 
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InT a + 2-2 

“D OlT“ ’ 

<?^ + — 

But, concerning 8Q, our last result 
valid and 


(27) 


remains 


Se.v 2K8 


(28) 


(2). Da —» 0. When Da —* 0, the radiofre- 
quency field penetrates very weakly into S, 
^Qs goes to zero and, if « 8 


80^ 

OKd.f 


(29) 


Between these two extreme cases Dy ~ 
D,y and Da -♦ 0, we must use in (24) the exact 
form ofA„(x). 

When the ratio Ds/Da increases, 8Qyl8Qs 
also increases but high values of Dv/D, 
must be reached for to be comparable 

tosav _ 

But the main result is the following: 8Q 
is always proportional to A“(0“), and not to 
This can explain qualitatively the 
results obtained by Fischer and Klein in a 
Pb/Cu system[12J. These authors observe, 
in the case Dy < Dy, an important reduction 
of the real part of Z, compared with the 
situation when the induced superconductivity 
in Cu has been destroyed by a magnetic 
field. (The thickness of the Cu layer is com¬ 
parable to the skin depth in the experiment.) 
We also note that in their case 8Qy — 8Q.y 
But we stop the discussion here since the 
lead, in [12], is very clean and, in S, the elec¬ 
tromagnetic wave obeys the relations of the 
anomalous skin depth regime [13]. 

Thus, the correction to the surface impe- 
dbi.re due to the induced superconductivity 
by proximity efifect in a normal metal will be 
proportional to A*(0~). This conclusion, 
the same as for the study of the local pene¬ 
tration depth, is somewhat negative; for 
experiments such as tunneling characteristics. 


surface impedance, Meissner effect, the 
dependence on A will mainly concern A in 
S, and not A in N. Thus the determination of 
N(0 )Fa, using such experiments, will be very 
difficult. Further, we expect formally identical 
conclusions for the ultrasonic attenuation, 
heat conductivity or the nuclear spin relaxa¬ 
tiontime T|. 

A local dependence on A (in fact the value 
of A at the free surface of N) could be reached 
using surface impedance measurements in 
the anomalous regime 8 < I, I being the mean 
free path and 2KS < 1. Nevertheless, for 
this last condition to be fulfilled, one would 
have to use very high frequencies v (v ~ 10*® 
Hz). 

Finally, let us quote the results obtained for 
Z in the limit D\ -> 0 and d,y ■s 8. 


Z = R + iX. (30) 


If R„ and X„ are the values of R and X 
for 7 2Tcyy and if we only consider the 
cases of practical interest to 2-itT, we get 


R = R,, 


1 -: 


2ttTo) 


to I 

/ 1 


A® / 1 

(27rm’'^2a) 




(277T) 
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1 CO 

< <s 1 


|5«) 2'n'T 
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(32) 


( 33 ) 



ELECTRODYNAMICAL PROPERTIES OF SUPERCONDUCTING CONTACTS 


517 




4vT(t) 

A* r . 0-4^* 


(2ttTV 

In these last formulae, 


/ 0-4\* 1 

(l+—. (34) 


A(0-)^ 

(2Kd,)^' 


(35) 


SECTION 3: EXPERIMENTAL RESULTS IN THE 
ZERO FREQUENCY CASE 

In a recent letter[8], experiments were 
reported which showed that a normal layer 
could display efficient screening currents 
well above its own critical temperature. We 
now present a more detailed discussion of 
these experiments, together with some new 
data. 

A weak magnetic field, applied parallel to 
the axis of a hollow glass cylinder on which 
the S and N layers have been deposited, 
penetrates into the N layer up to a distance 
I from the interface. / has the following 
properties; 

(a) At a given temperature, / increases with 
dv. but goes to a finite limiting value p when 

dy —* 00 . ‘ 

(j8) p is a decreasing function of H. p ^ p„ 
when H 0. 

(y) po decreases with increasing T. In the 
case of the InBi/Zn system, po —» 0 for 7 = 
7„=3-3°K(7,„~ 4-5xr,v). 

Properties (a) and (/3) were in agreement 
with theory. Moreover, the field and distance 
dependence of p agreed with the generalized 
Landau-Ginzburg theory [4,5], and it was 
possible, with the simple set of the two para¬ 
meters X(0) and to describe correctly 
the variation of p with ds and H. So, from this 
kind of experiments, we could deduce X(0) 
and K~^. The valuec of K~' were in agree¬ 
ment within 20 percent with theory but the 
experimental values of X(0) seemed to by 
systematically higher (by a factor of order 2) 
than the theoretical vSues. Later[7], it was 


claimed that this disagreement could be partly 
explained performing a more careful estima¬ 
tion on X(0) as done in the first part of this 
paper. 

Our present aims are as follows: (1) to 
study a situation in which the value of 7„ 
is not limited by 7^-, as seems to be the case 
for the InBi/Zn system; (2) to check formula 
(15), especially the remarkable temperature 
dependence of X(0); (3) to see if X(0) is a very 
sensitive function of 7p,v, and of the boundary 
conditions at the interface. 

Choice of the materials 

In view of points (1) and (2), Pb is a con¬ 
venient 5 material because of its rather high 
critical temperature. Further, Abcs Pb is 
practically constant below 4-2°K; thus the 
intrinsic temperature dependence of X(0) 
appears in a straightforward way in this 
temperature range. 

In order to study point (3), we choose Zn 
and Cd as normal metals. Thus we can com¬ 
pare two situations where (a) the normal 
layer is the same (InBi/Zn and Pb/Zn); 
(b) the superconducting layer is the same 
(Pb/Zn and Pb/Cd). 

Furthermore, we know that no reciprocal 
solubility is expected in the case of Pb/Zn 
and Pb/Cd. 

In our experiments, the Pb layer is clean 
(/ > fi,) and the Zn and Cd layers have mean 
free paths f of the order of magnitude of 
Thus the normal layer cannot be con¬ 
sidered as being really dirty. Undoubtedly, 
this represents a considerable disadvantage, 
with respect to an exact comparison with 
theory. Nevertheless, (i) theoretical results 
for the dirty case should apply at least in a 
semi-quantitative way to the case l~ qo~'\ 
(ii) if the normal layers were really dirty 
(/~ qo“V10), the screening currents would 
be much weaker at a given temperature (X(0) 
~ 1/V/ and »c(0) ~ 1//). Thus measurements 
should be carried on at much lower tempera¬ 
tures (7 < 0'5‘’K). This unfortunately was 
not possible at the moment in our laboratory. 
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(iii) It is not very convenient to have an 5 
material much dirtier than the N one since 
the extrapolation length h is small then, which 
reduces proximity effects in N. 

The experiment 

We measure essentially the dynamic sus¬ 
ceptibility xf") of our cylinder, using the 
Shawlow-Devlin device [13], We recall that 
the cylinder is placed in a coil whose im¬ 
pedance is L. If x(t') changes by an amount 
dx due for instance to an entry of flux, a 
change dt, hence a change di^ of the reson¬ 
ance frequency of an l.c. circuit will be 
detected: 



di/ oc d/, ^ dx- 


t ig t Example of a i/(H) plot given by the Shalow- 
Dclvin device. 


Such a variation of L is obtained for instance 
when we apply a static magnetic field parallel 
to the axis of the cylinder. In such conditions, 
it is shown elsewhere that 


^v(H) ~ v{H) — v(HM)) oc p(fl)—p{()) 


+ H 


DeiH) 

an 


because the flux which enters the sandwich 
goes as — H p{H). 

Thus we obtained r(//) vs. H curves, an 
example of which is given on Fig. 3. I'hc field 
was swept at a rate of about O-.*) Oe/sec and 
the v(H) vs. H curve was reached by means 
of a digital-analog converter and an T-K 
recorder. Lastly, the resonance frequency was 
low enough to neglect the imaginary part of 
0(w) compared to the real part. 

Thus we obtained for each binary layer the 
following information: the screening distance 
p as a function of H and T\ the temperature 
below which a first-order transi¬ 
tion can be observed at the breakdown field 
//(,; the temperature dependence of Hi, 
for T < 7*. 

About 10 samples of each SIN system were 
prepared, dg being kept constant and ds 
varying typically from 2000 to 20,000 A. 


These thicknesses were determined by re¬ 
sistivity measurements. 

The change of Sv was calibrated using the 
determination of Sv between zero applied 
field and the thermodynamical critical field 
of the S layer, the thickness dg of the S layer 
being known. Most of the experiments were 
carried out between 1-2° and 4-2°, well above 
the transition temperature of Zn (0-92‘’K) 
and that of Cd (0 56°K). Some experiments 
were made above 4-2°K. 

Melhodx of delermininp \(0) and K"' 

Using the above information, the lengths 
A ' and \(0) can in principle be obtained 
by various procedures: 

(a) At a given temperature, //(, is an expo¬ 
nentially decreasing function of dg and can 
be observed if k(0) < 0-44[7, 5J. 


H„ = H„ exp(-Kdg). 


The slope of the straight line Log Ht = 
f{dg) gives K~^. The intersection of this 
line with the H axis yields H(, (Fig. 4): 




<f>0 

27r\(0)A:->' 


(36.a) 
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0 05 I 

Fig. 4. Determination of K~', using the experimental 
values of //j and equation (.16a) in the case of a Pb/Cd 
binary layer. 

! n this way, we obtain \(0). 

(b) When Jv ^ the p{H) curve may be 
used[8J to find the values of A(0) and A'"'. 
Nevertheless, this requires tedious calcula¬ 
tions, so that this procedure was used only to 
get a confirmation of some results. 

(c) As shown in'reference [6], p,, is a simple 

function of\(0) and (Fig, 5): 

Po = A:-‘ Logj^-O llfi]. (.16.b) 

We used (36.b) to get X(0), the value of 
K~' being deduced by procedure (a)t. (d) 
The T’Tdv) experimental curve, together 
with K~'(T), has shown to lead to another 
determination of X(0). This procedure was 
not used here as we found it rather indirect. 
Moreover, the value of T* could be very 
sensitive to trapped flux. In particular, the 
presence of trapped flux was found to result 
in an apparent lowering of T*, and we are 
not sure that the measured values of 
are correct (7''{;,.,x = 2-5°K for the Pb/Cd 
system, and = 3-0°K for the Pb/Zn one). 
We must recall here that the determination of 

tit may be emphasized that the value of X(0) obtained 
in this way is relatively independent of determination 
(a), because p„ is measured on semi-infinite layers 
( z/a > 2p.), whereas Hi, is measured on films of finite 
thickness (£/a - X"'). * 



0 12 3 4 

Fig. -S. The distance from the interface of the flux front, in 
the limit of zero applied d.c. field, n,,. for Pb/Cd. Pb/Zn 
and InBi/Zn systems. 

T^ax could be of interest since for T = Tmax- 
K(0) = 0-44. 

The results 

For the Pb/Zn and Pb/Cd systems, the in¬ 
dependent determinations (a) and (c) give 
results in close agreement with one another. 
These results are shown on Figs. 6 and 7. 

The observed temperature dependence of 
X(0) seems to us to be a good proof of the 
validity of our estimations. This is parti¬ 
cularly clear in the case of Pb/Cd, where X 
is seen to vary as Vr within the experimental 
accuracy. 



Fig. 6. The value of the penetration depth at the interface. 
X(0). as a function of V F for a Pb/Zn system, .^s can be 
seen, the n/T law for k(0) is venfied for high tempera¬ 
tures, but a systematic deviation from the \'l law is 
observed for low temperatures (T ~ T^s). 
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Fig. 7. A(0) as a function of Vj' for a Pb/(\) system, I lie 
N/T" law IS seen to be valid Isir a latge domain o| tcmpeiii' 
lure (l°K < 7 < 4°K.|. 


In the Pb/Zn case, there seems to be a 
systematic deviation from Formula (15) at 
low temperatures. In fact, in the vicinity 
of T’ev (case of Zn) the screening distance 
Pn becomes very large and may be of the order 
of magnitude or greater than \l\K-q„\. 
So the local penetration depth X(.v) is less 
sensitive to the values of A at the interface, 
which results in an apparent decrease of 
A(.r), which is eifectively observed. 

Conclusions 

The study of the response to a small d.c. 
or a.c. magnetic field on the N part of an 
yV/A binary layer has shown that the physical 
observable quantities (Meissner effect in N. 
surface impedance on the N side) were mainly 
dependent on the values of the pair potential 
not in N, but in the superconductor S, for 
N materials with very low critical tempera¬ 
tures. Such a result was previously obtained 
in the study of the tuneling characteristic 


on the N side of an NIS binary layer, and 
seems to be applicable also in the case of the 
ultrasonic attenuation, the heat conductivity 
or the nuclear spin relaxation time. Conse¬ 
quently, it will be necessary to perform very 
precise and sensitive experiments in view of 
determining the BCS interaction NV of mater¬ 
ials whose critical temperature is unknown. 
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A MODEL FOR THE EVALUATION OF 
THERMODYNAMIC PROPERTIES FOR THE 
SOLID-SOLID AND MELTING TRANSITIONS OF 
MOLECULAR CRYSTALS 
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Escuela de Quimica, Universidad Central de Venezuela, Caracas, Venezuela 
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Abstract—The theory of fusion of molecular crystals with orientational degrees of freedom developed 
by Pople and Karaszfll is extended by taking into account the existence of more than two possible 
positions of minimum orientational energy in the crystal. Now the model has two parameters. D. the 
number of these possible positions; and, as before, v. a measure of the relative energy barriers for the 
rotation of a molecule and for its diffusion to an interstitial site. The main features derived from the 
model, when /) > 2, are (I) solid-solid and melting transitions are always of first order, (2) the values 
of V at which solid-solid transition and fusion temperatures (T, and T„) coalesce increase when D 
increases; (3) solid-solid transition entropies increase with O and, for each D. with v: (4) at constant v 
there is a decrease of T, and of T„ when D increases; (5) relative volume changes on melting become 
smaller than the relative volume changes at the solid-solid transition when v > 0-26, this change 
becomes as small as 4 per cent for O = 60 and e ■-= 0'5. The quantitative predictions of the model are 
compared with experimental results for plastic crystals. 

There is good agreement between theory and experiment. For solid-solid transitions the agreement 
IS much better than with the calculations of Pople and Karasz, as would be expected from the fact that 
in the present theory f) is a parameter, 

INTRODUCTION 

There is ample evidence of molecular re¬ 
orientations in solids, as has been clearly 
established by studies oT the crystal structure, 
thermodynamic properties, dielectric 
constants, nuclear magnetic resonance 
spectra, neutron inelastic scattering spectra, 
of a number of crystals. This possibility of 
orientational disorder was taken into account 
by Guthrie and McCullough[2] to interpret 
phase behaviour in molecular crystals exhibit¬ 
ing solid-solid transitions with high values of 
transition entropy. These authors were able 
to relate these values with the number of 
distinguishable molecular orientations in the 
disordered phase, and to give a reasonable 
description of these orientations by using 
steric and symmetry considerations. With 
this approach it is possible to predict the 
values of transition entropies for a number of 
crystals exhibiting order-disorder trrmsitions. 

A theory of fusion of jpolecular crystals that 


takes into account orientational disorder, as 
well as positional disorder, was developed by 
Pople and Karasz[1], on the basis of the 
Lennard-Jones-Devonshirel3] theory of 
positional disorder as a mechanism of melting. 
Pople and Karasz considered that molecules 
may take up two orientations on any of the 
two sites of the two lattice model used by 
Lennard-Jones and Devonshire, and that 
there is a coupling between orientational and 
positional disorder. With this statistical model 
it is possible to make quantitative predictions 
about the eflfects of orientational disorder 
on the thermodynamics of melting, as well as 
about the thermodynamics of the solid state 
transitions. The only parameter of the model 
is the quantity v, which is a measure of the 
relative energy barriers for the rotation of a 
molecule and for its diffusion to an interstitial 
site. Since in the quantitative predictions 
presented by Pople and Karasz there is no 
allowance for the fact that most molecular 
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crystals have more than two positions of 
minimum orientational energy, it is clear that 
those predictions will not give a satisfactory 
agreement with the experimental values of 
thermodynamic properties at the solid state 
transition for these crystals. Nor will the 
model be adequate to account for the large 
changes of thermodynamic properties related 
with melting of molecular crystals that do not 
present solid state transitions. 

Our purpose is to extend the model of Pople 
and Karasz by introducing as an additional 
parameter a number, D, which allows for the 
number of molecular orientations, as defined 
by Guthrie and McCullough. Using this model 
it is also possible to make quantitative pre¬ 
dictions pertaining to the thermodynamic 
features of the solid state transition and of 
melting transition, and to construct phase 
diagrams. These predictions will be compared 
with experimental data. 

FORMULATION OF THE SI ATISTICAL MODEL 

The present statistical model is a straight¬ 
forward extension of that proposed by Pople 
and Kafasz(l|. therefore we shall just give a 
brief description of the formulation of our 
model, following closely the notation of these 
authors. 

In our model each of the N molecules can 
be either on the a or the /3 sites of one of the 
two interpenetrating lattices, and can take 
any one of D orientations on either of the 
sites. If the molecules are equally distributed 
among the a and /3 sites the system of N 
molecules is positionally disordered and 
corresponds to a liquid. If this is not the case 
and the molecules have taken all possible P 
orientations, there being NID molecules in 
each orientation, the system corresponds to an 
orientationally disordered crystal. The number 
of pairs of molecules of neighbouring a and ^ 
sites is Na/S, similarly, the number of pairs 
having orientations / and j on neighbouring 
a and on neighbouring sites are NuiOtj and 
Npfij respectively. In the equilibrium con¬ 
figuration of the completely ordered solid all 


molecules are on one type of site and have the 
same orientation. If z is the number of equi¬ 
valent neighbouring /3 sites around an a site, 
and z' the number of a neighbouring sites 
around an « site, the energy required to move 
a molecule to an interstitial site is zW, and the 
energy to turn a molecule to another orienta¬ 
tion is z'W, when all other molecules are 
in the equilibrium configuration. As in the 
Pople and Karasz model, interaction between 
positional and orientational disorder is intro¬ 
duced by assuming that no energy is required 
to have two neighbouring molecules in 
different orientation when they are on 
different types of sites. The partition function 
of the totally ordered system is/'’, where/is 
the partition function of a molecule in this 
stale and is considered to depend on volume 
per molecule and temperature only. All 
these considerations lead to a partition func¬ 
tion of the form: 

/ =/vii =/.v 5 ; exp [- 

xlV’ + N^,p,lV')/kT] 

where the sum is over all orientations as well 
as over all arrangements of particles on a 
and fi sites. If we call Q the quantity equal to 
the fraction of particles on a-sites and 5, the 
quantity equal to the fraction of particles with 
orientation 1 , the total ft function may be 
written 

. Sn) 

where each term in the summation is itself a 
sum over all configuration in which there are 
NQS,, NQS 2 ,.. ., NQS„ in the a,, oj. ■ • «« 

positions, N(]~Q)S„ A( 1 -... 

—in the /3,, .positions. 

There are of course only P—l independent 
values, since 

Si = 1-2 SJ. 

/’‘I 

As usual we seek only the maximum of 
S), and use the Bragg-WilliamsI4] 
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approximation to find the values of Q, 5,, 
Si,So that maximize the expression. Thus 
Si, Si,. . So) — y(Q, Si, Si, .. .,So) 
exp{-ElkT) where E = zWNQ(l-Q) 
+ z')V'N(\-2Q + 2Q^) [S 5,(1 - S 5j)] 

, i-2 J-2 


y = 


N 

[N(2]![/V(l-0)]! 


A'g! 1 
7V(25,! n A05, j 

I - -2 


[A(l~ 

0)]! 1 

1[a(i- 0)5'.]! j; 

I A(l-0).V, j 

= 2 


Using Stilling’s theorem and maximizing with 
respect to Q, and Sjs, we see that the condi¬ 
tions for this expression to have a stationary 
value are 

log(5,/(l-5,))-Iog(D-l) 

= ~(z'IT'MT)[l-(Z)5,/(/J-l))] 

X(l-2() + 2Ln ■ (I) 

log (0/(1 -0)) = (zW/2AT) 

- {(z' IV'/kr) 5, [I - (DSJi2D - 2))] (20 - 1)} 

( 2 ) 

and5, = (1 —Si)l(D— I) for/ ^ I. 

These expressions reduce to those given by 
Pople and Karasz[l| when D = 2, as should 
be. since the model of these authors corre¬ 
sponds to a particular case of the model 
presented here. 

At very low temperature the solution of (I) 
and (2) that maximizes logfl is 5, = 1 and 
0 =1, corresponding to the completely 
ordered solid with all particles on a sites and 
having orientation ‘1’. The point 0=1/2 and 
5, = 1/D is always a solution, and at high 
enough temperatures it is the only solution. At 
these temperatures there is thus complete 
positional and orientational disorder, that is, 
the system is an isotropic liquid. For larger 
values of AT = zWjkT the values of 0 and 5, 
maximizing /V“‘logfi may differ from 1/2 and/ 
or 1/D respectively, corresponding to order 


in position and/or orientation. Assuming that 
the ratio 


p = z'WlzW 


is independent of temperature and volume, as 
is D, we can obtain the solution of expressions 
(I) and (2) as function of x for a series of 
values of v and D. The solutions that maximize 
A/‘'logfl are plotted in Fig. 1 for four sets of 
values of v and D. When v = 0-3 there is a 
temperature at which the system becomes 
orientationally disordered but keeps its 
positional order, at a higher temperature the 
positional order is also lost. For this value of 
V it is seen that as D changes from 6 to 20 the 
temperature at which orientational disorder is 
attained is significantly lower, but the tem¬ 
perature at which (2 -* i doesn’t change 
appreciably. For p = 0-7 loss of positional and 
orientational order occur at the same value of 
X, and as D is increased the value of x at which 
this disordering takes place is lowered. The 
kind of behaviour exemplified above holds 
also for other values of p and D. For each 
value of D there is a value of p above which 
orientational disorder occurs at the same value 
of X as positional disorder. This value of p is 
0-325 when D = 2 and shifts to r = 0-50 when 
D = 60. As long as r is lower than these limit¬ 
ing values the 0 and 5, curves behave as 
curves a and a' of Fig. 1. For higher values 
the behaviour is similar to that of curves b and 
h' of Fig. 1. For values of p near or greater 
than 1 (corresponding to crystals having large 
barriers for molecular reorientation) the 0 
and 5 curves can be interpreted as charac¬ 
teristic of systems with a liquid crystal phase 
above the melting point. For such high v-values 
the positional disordering occurs at a lower x 
value than the orientational disordering. We 
shall not analyse this last case in this paper. 

Evaluation of thermodynamic properties of 
phase transitions 

We may now investigate the thermo¬ 
dynamics of these systems by obtaining the 
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I ig, 1. Varialions of positional i)rder((>) and Dnenialioriiil 
order (5) with ,-1^/47 for various v and P sets. 


isotherms for sets of and D values. The 
isotherms are obtained by evaluating the 
pressure as a function of volume, temperature, 
r- and D. The pressure can be conveniently 
split in two parts [1J 

/;=//+/)" 

where p' = — {HA' I dv)T and p" = — (HA"lHv)r. 
The first pan gives the contribution due to the 
completely ordered solid, and the second gives 
the contribution due to disordering, that isj I ] 

A' ^-NkTlogf 
/f’' = -/t7’logfi«2,5,) 

The pressure and other thermodynamic 
functions associated with the partition function 
/have been tabulated by Wentorf et al.l5] on 
the basis of a 6-12 intermolecular potential 
and three shell spherically smoothed cell 
fields. We used these tabulated values, and 


when necessary we extrapolated to lower 
temperatures. To calculate the ‘Disordered' 
part of the thermodynamic function we speci¬ 
fied the volume dependence of W and If". 
Following Popie and Karasz[lJ we take W/W 
independent of volume and 

IT = Woiro/i;)^ 

1T„/€„ = 0-977 

where p,, is the standard volume if the mole¬ 
cules are placed on a f.c.c. lattice with a 
nearest neighbouring distance of and 

€„ is the energy minimum of the intermolecular 
potential. The pressure p" is now given by 

p”vo 

NkT V kT 
X {<?(»- C) + I - 

( 3 ) 
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using the conditions which were taken to 

maximize N ~'iog SI (Q,StS . . S,,)- This 

equation gives p"vJNkT as a function of 
(u/do). kTkoy V and D, so that by adding to it 
p'voINkT we obtain a complete isotherm. We 
have looked for transitions at zero pressure, as 
done by Pople and Karasz. 

In this way we have calculated a number of 
isotherms for different values of D and v. For 
each set of values of D and p there are one or 
two temperatures that give isotherms showing 
phase transitions. Figures 2(a) and (b) depict 



B 




Fig. 2. Theoretical Uansition isotherms. 


two isotherms of this type, for D — 6 and 
p = 0-3. The two transitions are of first order 
type. The two phases represented by the 
points A and C exist in equilibrium, since the 
total (algebraic) sum area under the curve 
between these points is zero. In Fig. 2(b) the 
point A corresponds to the orientationally 
ordered solid, and the point 5 indicates 
the volume at which orientational order 
disappears. Figure 2(a) shows the melting 
isotherm, which is obtained at higher tem¬ 
peratures than the solid-solid transition for 
these values of D and p. Now the point A 
corresponds to the disordered solid, C to the 
liquid and Q indicates the volume at which 
positional order disappears. In Fig. 2(c) we 
show a typical transition isotherm for the case 
where melting and orientational disorder take 
place at the same temperature. 

The reduced transition temperatures (kTjto 
and kTJcn) corresponding to these phase 
transitions are shown in Fig. 3, as a function of 
p and for some values of D. For each value 
of D there is a value of v, Pi^, above which 
melting occurs at the same temperature as 
orientational disorder, and below which a 
solid-solid transition takes place at a lower 



Fig. 3. Reduced temperatures of melting, kTJf„, and 
solid-solid transition, kT,lta. as a function of £> for 
various v values. Curves a, b. c and d correspond to 
melting curves with D values of 2.6, 12 and 20 respec¬ 
tively, Curves o', b', r’ and d' are the transition tempera¬ 
ture curves for the same D values. CurvM b", c" and 
d" are the corresponding curves when Ti and Tm concide. 
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tempCTaturc than melting. For high values 
of V, V > vu, melting occurs before orienta¬ 
tional disorder, but this case will not be dis¬ 
cussed in this paper. All the phase transitions 
are of first order when D > 2, whereas Pople 
and Karasz[l] found that forf> = 2 solid-solid 
transitions were of second order when v 
is less than about 017. This difference is 
associated with the fact that in expression 
(3) the term depending on D will always give 
a discontinuous jump to higher pressures 
when .S', becomes equal to I/D for D > 2. 

From the isotherms at transition tempera¬ 
tures we can also obtain the relative volume 
changes at the transitions. These arc plotted 
as a function of and for two values of /) in 
Fig. 4. As long as i> < t', the changes of volume 
on melting and for the solid-solid transition, 
AF„,/F, and AF,/K do not depend appreciably 


on D except that for larger values of D there is 
an asymptotic increase in allowing for 
smaller values of AF„ and larger values of 
AF,. This allows the existence of compounds 
with AF„,/K* as low as 4 per cent when D = 60 
and = V,.. Another interesting feature is that 
volume changes at the solid-solid transitions 
can become larger than ATm/K, for D > 2 and 
// > 0-28. When r- > r-,. there is a strong 
dependence between AF/f and D, but AT/F 
remains practically constant for vi, < v < v/^. 
The changes of entropy on transitions, AA, 
and AA,„, can be obtained in a similar way, and 
are plotted as a function of v and for two values 
of A in Fig. .*>. It is seen that A5„, decreases 
from the Lennard-Jones-Devonshire value of 
I -77 /? at u-0 to values of the order of 0-8 /< 
for /> > 20 and f about 0-5. The values of AS, 
increase with /) and p. When v, < p < vm the 



F'lg 4. Relative volume change on melting, Ar'm/F,, and 
for the solid-solid transition, AIVF^i, as a function of 
V and for various P values. Curves m, I and (m,f) 
correspond to volume changes on melting, solid-solid 
transition and coincidence of the two, respectively, when 
0 = 6. Curves m', I' and (m'. f') coiTe.spond to the same 
quantities when P ~ 20. 
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Fig. 5. Entropy of melting, Ai„,, and of the solid-solid 
transition, A.S’,, as a function of v and for various D values. 
Curves t, m and (»i.r) correspond to D = 6, giving A.V„ 
A,S',„, and AA when there is no solid-solid transition, 
respectively. Curves m' and (m', (') give values for the 
same properties when D = 20. 

values of A5 depend almost exclusively on D, 
becoming equal to about 4-5 K for D = 6 and 
about 6M forD = 20 . 

THEORETICAL PHASE DIAGRAMS 

In order to obtain the predicted phase 
diagrams for the condensed system we applied 
the 'equal area principle’( 6 ) to the sigmoid 
portions of the isotherms in order to find the 
equilibrium pressures for the melting and 
solid-solid transitions. There is a phase 
diagram for each set of values of D and v. 
Using reduced pressure and temperature 
coordinates we have constructed several of 
these phase diagrams. Figures 6 (a-c) illus¬ 
trate typical behaviour. 

For v = 0 there is of course no solid-solid 
transition, and we obtain a two phase diagram. 
For p > 0 and up to we find two solid 
phases in equilibrium at all pressures, two such 
diagrams are shown in Fig. 6 (a). It is seen that 
the shape of the two phase boundaries does 
not depend markedly on D, but they shift to 
higher values of the reduced temperature 
when D increases. In fig. 6 (b) we show the 


phase diagrams for D = 6 , p = 0-40 and D = 
20, V = 0-45. These two phase diagrams 
correspond to the cases where at zero reduced 
pressure there is just one phase boundary and 
at f* > 0 there is again a separation between 
solid-solid and melting transition, the 
behaviour for F > 0 being similar to that shown 
in Fig. 6 (a). Keeping D constant and in¬ 
creasing p the solid-liquid boundary shifts to 
lower reduced temperatures whilst the solid- 
solid phase boundary shifts to higher reduced 
temperatures. There is a value of p, equal to 
p, , at which the phase boundaries coalesce at 
PlPo = 0. As I' continues to increase the phase 
diagrams show just one phase boundary up to 
a pressure P,/ > 0 , after which there appear 
again two boundaries. This kind of behaviour 
is exemplified in curve 6 (c). For D = 2, Pople 
and Karaszin found that for j/=2/3 the - 
melting and orientational transition remain 
merged at all pressures; we find that the values 
of p at which this behaviour occurs depends 
on D. 

In the above discussion we have assumed 
that p remains independent of pressure. With 
this restriction the theory does not predict the 
possibility of the two transitions merging at 
higher pressures when they occur at different 
temperatures at zero pressure. This case 
could exist if p were to increase with pressure. 
That is, when the barrier to reorientation 
increases more than the barrier to diffusion for 
an increase in pressure. 

COMPARISON WITH EXPERIMENTAL DATA 

In order to compare theoretical predictions 
with experimental results we need to assign 
values of p and D to each compound that is 
being analized. The parameter p cannot be 
obtained directly from experiment nor 
estimated theoretically from our present 
k nowledge of I n termolecular forces. Therefore, 
in what follows we shall relate the thermo¬ 
dynamic properties of the different compounds 
with the ratio of transition temperature to 
melting temperature, T,IT„. Since this ratio 
is derived directly from experiment and is a 
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Figs. 6 (a-c). Theoretical phase diagrams for various 
values of V and D. 
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function of v for each value of D (the depen¬ 
dence was shown in Fig. 3) we have plotted 
theoretical values for the properties as a 
function of T,ITm and D. 

For compounds having a orientationally 
disordered solid phase the solid-solid transi¬ 
tion entropy, A5(, is strongly dependent on D 
in our model. Therefore the D values can be 
established from these transition entropies. 
The D values that give good agreement 
between theoretical and experimental transi¬ 
tion entropies should correspond to a reason¬ 
able number of possible distinguishable 
orientations in the disordered phase, as shown 
by Guthrie and McCullough [2]. In Fig. 7 we 


ition have been estimated as follows: (a) CF 4 , 
CClt, C(SCHg)4 and adamantane (ADAM) 
are molecules with point group symmetry. 
We take D = 6 corresponding to the £>24 set of 
orientations, Du being the subgroup with 
highest symmetry compatible with the geom¬ 
etry of these molecules, (b) The hexafluoride 
molecules, MF*. have octahedral symmetry, 
and can have their symmetry elements aligned 
with corresponding elements of the site Og in 
the sets and C 3 . There are six distinguish¬ 
able orientations in set £> 4 ^ and eight in set C 3 . 
we have taken D = 6-1 -8 =14 for these 
molecules, (c) Bicyclo[2,2,2] octane (BCO) 
and 1-4-Diazabicyclo [2,2,2] octane (DABCO), 



Fig. 7. Comparison of theoretical curves and experimental values of transition entropies 
at T,. Theoretical curves a, h, c. d, e and/correspond to D values of 6 , 12.1 6 , 21 . 24 and 
60 respectively. See also Table I. 


have shown theoretical A5( curves as a 
function of T,IT„ and D, together with experi¬ 
mental values for some plastic crystals [7]. In 
Table I theoretical AS, values and the corre¬ 
sponding D values, compatible with steric and 
symmetry criteria, are given and compared 
with experimental data. 

The values of D we have chosen for calcu¬ 
lating thermodynamic properties at the trans¬ 


can be considered as having Dj* symmetry 
and with this symmetry we can take D = 20, 
as evaluated by Wen-Kuei Wong[ 8 ]. (d) I- 
Azabicyclo[2,2,2] octane (ABCO), probably 
has C 3 ,, symmetry, so that we can use D = 16. 
as evaluated by Wen-Kuei Wong[ 8 ]. (e) 3- 
Oxabicyclo [3,2,2] nonano (OXBN) and 
Bicycio[2,2,2] octane-2 (BC02), probably 
have CgB symmetry and approximate Da* 
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Table I. Observed and calculated transition entropies (AS,) 


Name of compound 
or formula 

T, 

(K) 

T„ 

(K) 

Tdr„ 

0 

RInD 

(e.u) 

A.5(e.u) 

theory 

A5(e.u) 

exp 

References 

ecu 

225-5 

250-3 

0-90 

6 

3-52 

5-23 

4-79 

(0) 

CF, 

76-3 

89-5 

0-85 

6 

3-52 

4-81 

4-63 

(a) 

CBr, 

46-87 

.53-2 

0-88 

6 

3-52 

5-11 

4-98 

(h) 

C(SCH;,), 

296* 






5-0 



318 

338 

()-94 

6 

3-52 

5-66 

5-7 

(r) 

Adamantane (A DA M) 

208-6 

.543 

0-38 

6 

3-52 

3-84 

3-87 

(d) 

WF, 

264-7 

275-2 

0 96 

14 

5-25 

7-97 

7-81 

(O 

ReFp 

269-8 

291-7 

0-93 

14 

5-25 

7-47 

7-49 

te) 

OsF, 

274-5 

.306-4 

0-90 

14 

5-25 

7-06 

7-29 

(p) 

IrF, 

272-0 

317-1 

0-86 

14 

5-25 

6-70 

7-08 

(p) 

PIE» 

276-5 

334-8 

0-83 

14 

5-25 

6-.50 

6-77 

(p) 

MoF, 

263-6 

290-6 

0 91 

14 

5-25 

7-24 

7-72 

if) 

I-Azabicycio 









2,2,2 octane (ABCO) 

198 

433 

0-46 

16 

5-.50 

5-80 

6-34 

(at 

Bicyclo 2,2,2 octane (BCO) 

164 

447 

0-37 

20 

5-95 

6-30 

6-66 

mi 

1-4 Diazabicycio 









2,2.2 octane (DABCO) 

351 

433 

0-81 

20 

5-95 

7-25 

7-19 

10) 

Bicyclo 2,2,2 oclene-2 (Be02) 

III* 









176 

389 

0-44 

60 

8-14 

8-67 

8-44 

(ut 

3-Oxabicyclo 3,2,2 nonane 









(OXBN) 

208 

448 

0-47 

60 

8-)4 

8-70 

8-22 

If/) 

Bicyclo 2,2,1 heptane (BCM) 

131 

.360 

0-36 

.36 

7-13 

7-43 

7-59 

(ot 

Bicyclo 2,2,1 









heptcne-2 (BCH2) 

129 

320 

0-40 

72 

8-54 

8-97 

8-98 

( 0 ) 

Bicyclo 2,2,1 









hepladiene-2-.5(BCH22) 

202 

2.54 

0-80 

72 

8-.54 

10-14 

10.57 

(0) 

3-Azabicyclo 









3,2,2 nonane (AZBN) 

298 

467 

0-64 

144 

9-89 

10-75 

11-63 

(0) 


‘Asterisks indicate transitions to a non-plastic phase. 

EUCKEN A .Anu.Chem.SS, I6,3(l‘)42). 

Quoted by STAVELE Y 1.. A. K.,y. E/iv.v. Cliem Solid'. 18.8.3 (1961) 

PERDOK W. G , Itch’. Chim. Ada 30, 1782 (1947). 

WES'I'RUM E. r..J. Phy.t. Chem. Solids 18, 83 (1961). 

WESTRUM E. y.,J. Chon. Phvs. ei Biol. 63,46 (1966). 

Quoted by WEINSTOCK B.J.Bhyt. Chem Solid.i 18,86(1961). 

WESTRUM E. F.. Niilii. Bur. Slioid. Mater. Res.Symp. (1967). I o be publisheil. 


symmetry. We take D = 60 as proposed by 
Wen-Kuei WongfSJ. (f) Bicyclo[2,2JJ hep¬ 
tane (BCH), can be considered as having C-n. 
symmetry and approximate C;u. symmetry. We 
estimate D = 36, there being twelve possible 
orientations for the subgroup C 2 , on a 0 „ type 
site; and twenty four additional orientations if 
we consider that there are eight orientations 
for a molecule with strictly C 3 ,, symmetry and 
that fact that, since BCH has not true C.n, 
symmetry, rotations through 120° and 240° 


about the pseudo 3-fold axis results in addi¬ 
tional distinguishable orientations. That is 
D = 12-E 3 X 8 = 36. (g) Bicyclo[2,2,l] hep- 
tene-2, (BCH2), and Bicyclo[2,2,l] hepta- 
diene-2-5, (BCH22), are molecules with less 
than Cap symmetry and can be considered as 
having approximate C^. and approximate € 3 ^ 
symmetry. If these molecules had the same 
symmetry and geometry as BCH we would 
have used D = 36, but since BCH2 and BCH22 
do not have a true 2 -fold axis there can be 
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twice as many distinguishable orientations. 
Thus, we take D = 36 X 2 = 72. (h) 3-Aza- 
bicyclo[3,2,2J nonane, can also be considered 
as a molecule with approximate Cj,. and Car 
symmetry, but can take twice as many dis¬ 
tinguishable orientations as BCH2 and 
BCH22, because the nitrogen atom is not on 
the pseudo 2-fold axis. Thus, we take D = 
12x2= 144. 

As can be seen in Fig. 7 and in Table 1 there 
is very good agreement between experimental 
and calculated AS, values. The values of 
transition entropies calculated with the relation 
used by Guthrie and McCullough [2] 

ASt = R In D (4) 

correspond to our theoretical values for T,IT,„ 
= 0, and give worse agreement with experiment 
than those calculated with our theory for the 
real values of T,lTm- In particular, for the 
hexafluoride molecules we obtain good 
agreement considering that D = 14, whereas 
using just the expression (4) it would be neces¬ 
sary to assume thatD > 24 for molecules that 
have a symmetry number of 24. 


Experimental values of relative volume 
changes at the solid-solid transition, AyjVcu^ 
and theoretical values of vs. TjTm 

are presented in Fig. 8 and in Table 2. The 
agreement is also quite good, taking into 
account that the experimental values of AVJ 
Vrti can have large errors. 

Another measurable quantity is the relative 
volume expansion of the disordered high- 
temperature phase between T, and Tm. In 
Fig. 9 we have shown the theoretical values 
for this quantity as a plot of p vs. TjTm, valid 
for all values of D. From this quantity and the 
experimental values of T, and 7^, the value of 
the mean expansion coefficient between T,and 
T„ can be obtained. This value for Adaman- 
tane is 3-4xl0'‘'/°K and the approximate 
experimental value obtained from a X-ray 
diffraction study of cell expansion[9] is 4-4 x 
10-V°K. 

Theoretical and experimental values of 
entropies of melting, AS„, and relative volume 
change on melting, AVjVr have been plotted 
as a function of TJTn and these plots are 
shown in Fig. 10 and 11 respectively. In Fig. 
12 we give a similar plot of entropies vs. 



Fig. 8. Comparison of theoretical curves and experi¬ 
mental values of relative volume changes at T,. Curves 
a and b correspond to D values of 6 and 20 respectively. 
See also Table 2. 
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Table 2. Experimental and theoretical 
mlues of AV, IVctt 


Compound 

T,/T„ 

(dF,/F,„) 100 

exp. theory 

References 

BCO 

0-37 

5-7 

4-7 

tu) 

ABCO 

O-tti 

90 

6-3 

to) 

DA BCO 

0-81 

11-5 

15-5 

tM> 

AZBN 

0-64 

10-9 

11-4 

<dt 

ADAM 

0-38 

2-3 

3-7 

(r) 


"" HRUESCH P.,.Si><-clrochiin in 22. H61 (1966). 

AMZEL I . M.. Oisnerlation. lJnivtr\ily of hnenos 
Aires (1966). 

Reference 19], 

relative volume changes on melting. The 
experimental values of AS„ are, in general. 
higher than the theoretical predictions. The 
agreement for the volume changes is quite 
good, the theoretical values calculated for 
D > 2 being nearer to the experimental 
values than for D = 2 as calculated by Pople 
and Karaszll). 

COMPARISON WITH EXPERIMENTAL PHASE 
DIAGRAMS 

Theoretical and experimental phase dia- 
gramsofADAM(IO],CCh[II],andCBr,fll| 
are plotted in Figs. 13-15. The theoretical 
diagrams were constructed using D values 
estimated in the analysis of transition entro¬ 
pies and V values that correspond to the 
experimental ratio T,IT„ and the appropriate 
D. In order to plot the experimental data we 
applied the usual conversion of this data to 
reduced temperature, kTle,,, and pressure, 
PvfJNeo, units. The experimental curves were 
made to coincide with the theoretical curves 
at P — Q and the reduced volume v„ is about 
15 per cent smaller than the volume of the 
high temperature phase near the melting point. 

In spite of the fact that dikTUoVdiPvJNeo) is 
a sensitive function of v, we have assumed that 
V is independent of pressure since otherwise 
the calculations would have become too com¬ 
plicated and dependant on another undeter¬ 
minable parameter. Even with such a simple 


model the agreement between experimem and 
theory is quite good, except for the ntehing 
curve of ADAM. For the latter we beheve 
that the experimental data is erroneous. This 
conclusion is based on: (a) the slope of the 
experimental melting curve of ADAM is of 
about 150 bars/deg; (b) the value of AS„ for 
ADAM, a plastic crystal, should be less than 
5 e.u.; and therefore (c) the volume change on 
melting have to be of about I A*, implying a 
quite unrealistically small relative volume 
change of less than 1 per cent. 

RELATION WITH NUCLEAR MAGNETIC 
RESONANCE STUDIES 

Nuclear magnetic resonance studies can 
yield experimental values for the energies of 
the reorienlatior) and of the seJf-diffu.sjon 
barriers (£reor and Ea,„) of molecules in the 
solid. The ratio between these two quantities, 
r = EreorlPaim should be related with the 
parameter v of our model, and a comparison 
of r and V would give additional evidence on 
the validity of the model. Smith [12] has made 
such a comparison between the F values he 
reports for C(CH 3 ) 4 . SilCHa)^ and GetCHs)^, 



Fig. 9. Theoretical values of the relative volume change 
of the disordered phase form T, to r„. 
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Fig. 10. Comparison of relative volume change on melting 
with solid Iransition/melting temperature ratio. Theore¬ 
tical curves a and b correspond to D values of 6 and 
20 respectively For substances showing two solid 
transitions, a star denotes ihe upper transition. 


O'17, M6 and 1-6 respectively, and the cor¬ 
responding V values obtained from the model 
of Pople and Karasz. In his analysis of the 


relation between the F and the v values of the 
A'lCHa)^ compounds, Smith finds a good 
correlation using p values obtained from the 



Fig. 11. Comparison of melting entropy with solid 
transition/melting temperature ratio. Theoretical curves 
a and b correspond to D values of 6 and 20 respectively. 
For substances showing two solid transitions, a star 
denotes the upper transition. 
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f IK- 1 2 (.'omparison of melting entropy A.V„ with relative 
volume change on melting. Theoretical curve is approxi¬ 
mately valid for P values from h to 150. 


ADAM 



Fig. 13. Compari.son of theoretical (-) with experi¬ 
mental (-) phase diagram for Adamantane. Phase II 

is ordered solid, I is disordered solid, and L is liquid. 
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KT/t,-» 

Fig. 14, Comparison of theoretical (-) with experimental (-) phase dia¬ 

gram for Br,C'. Phase II is ordered solid. I is disordered solid. Ill is a high pressure 
phase that cannot be predicted by our model. L is liquid. 


model of Pople and Karasz. However, with 
that model the value of j^for CCCH,)^ is <016, 
implying that the solid-solid transition is of 
second order, in contradiction with calori¬ 
metric studies [13] that give A5, = 4-4e.u. 
With our model we take D = 6 for ClCHj)^, 
since it is of Ta symmetry, and for T,IT,„ — 
0-535 this value of D gives A5( (theoretical) = 
4-0 e.u. (see Fig. 7), in good agreement with 
the experimental value. For these values of D 
and TtlT„ we obtain v = 0-25, as can be seen 
in Fig. 3. For Si (CH 3)4 and Ge (CHa)^ melting 
occurs before transition, corresponding to 
V > 0-42 in our model. Values of Ereor in the 
high temperature phase (£J^,) have also been 
measured for ADAM [14] and d-CAMPHOR 

[15] ; values of in the low temperature 
phase (Ej^r) have been measured for DABCO 

[16] , NF3[17], and PJ18]. For DABCO and 


NFs the value of EJ^^ corresponds to non- 
isotropic reorientation between undistinguish- 
able orientations. Values of Enn were 
measured in the high temperature phase for all 
the above mentioned compounds. In order to 
estimate an upper limit for F in the cases for 
which £' has not been measured we assume 

reor 

that £[^j. > E'^f, whatever the motion in¬ 
volved in the measure of Ej^^- This assump¬ 
tion seems reasonable considering the cell 
expansion on transition, and is in agreement 
with the measurements made for ADAM[14] 
and for 18]. To estimate v we take D = 16 
for NF 3 , since NF 3 has Cs^ symmetry; for P 4 
we take D = 6 since it has symmetry; and a 
somewhat arbitrarily chosen value of D = 72 
for d-CAMPHOR, since it might be con¬ 
sidered to have similar symmetry to that of 
BCH2. For NF 3 the choice of D = 16 is 
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KT/j,-.. 

Fig, 15. Comparison of theoretical ( - - with experimental (-) phase dia¬ 

gram for Br<C. Phase II is ordered solid. I is disordered solid. III is a high pressure 
phase that cannot be predicted by our model, L is liquid. 


justified further by the fact that this value of D 
gives A5t = 6-7 e.u. in good agreement with 
the experimental value[19] of 6-4e.u. Thus, 
for Ge(CH 3 ) 4 , SUCH:,),, DABCO. NF 3 , d- 
CAMPHOR, P 4 , CfCHjK, and ADAM the 
correlation between the v values (>0-42, 
>0-42, 0-41, 0 40, 0-30, 0-28, 0-25 and 019) 
and the corresponding T values ( 1 - 6 , 1 - 2 , 
<0-43, <0-50, 0-20, <0-33, 017 and 0-99) is 
qualitatively correct, since should be a 
monotonic function of F. These results are 
summarized in Table 3. 

Darmon and Brotf20] have analysed 
N.M.R. data demonstrating that thermo¬ 
dynamics is almost insensitive to the re¬ 
arrangement dynamics of the orientational 
disorder. By simple calculations they show 
that only a very small fraction of the mole¬ 
cules is in a state of jump between allowed 


orientations. In the same report these authors 
propose a classification that accounts for the 
different observable temperature relations 
between N.M.R. line width narrowing and 
transition temperature. This classification is 
based on the limiting assumption that in the 
ordered phase only thermodynamically in¬ 
distinguishable orientations are allowed, and 
that in the high temperature phase there can 
also be reorientation between distinguishable 
reorientations. Most of the examples taken 
from the literature fall within the proposed 
classification, since few cases have been 
observed with a line width narrowing involv¬ 
ing reorientation between distinguishable 
orientations in the low temperature phase. In 
relation to our model it might be noted that the 
following facts mentioned by Darmon and 
Brot are compatible with the thermodynamic 
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Table 3. Relation of v with NMR studies 


Compound 

T,IT„ 

D 

V 

^tmor 

(Kcal/mole) 

(Kcal/mole) 

r 

Reference 

GefCHa), 

> 1 

6 

> 0-42 

9-8 

6 

1-6 

[12] 

Si(CH3)4 

> 1 

6 

> 0-42 

7-2 

6-2 

1-2 

[12] 

DABCO 

0-81 

20 

0-41 

< 7 0* 

16-2 

< 0-43 

[16] 

NF, 

0-85 

16 

0-40 

< 0-98* 

1-9 

< 0-50 

[17] 

(/-CAMPHOR 

0-52 

72 

0-30 

2-8 

14-6 

0-20 

[15] 


0-61 

6 

0-28 

< 4-0* 

121 

< 0-33 

[18] 

CtCHa)^ 

0-54 

6 

0-25 

1-0 

60 

017 

[12] 

ADAM 

0-38 

6 

019 

3-1 

34 

009 

[14] 


*This numencal value of has been obtained for the low temperature phase and sets a upper 
limit to E\ror- See text. 


definition of our model; (a) each molecule 
spends most of its time in allowed orientations, 
(b) in the low temperature phase there is 
practically complete orientational order (the 
allowed orientation are indistinguishable), that 
is 5, == 1, c) in the high temperature phase 
there is complete orientational disorder (there 
are D allowed distinguishable orientations 
with equal probability of occupation), that is 
S| = I/O. The fact that most of the compounds 
studied so far by N.M.R. do not show in the 
low temperature phase a measurable reorien¬ 
tation rate for jumps between distinguishable 
orientations is not necess’drily in contradiction 
with the fact that with our model we find that 
S, < 1 in the low temperature phase (as 
expected from the postulated cooperative 
establishment of the disorder). All that these 
N.M.R. observations tell us is that in most 
cases the correlation time (Tr) for random 
reorientations between indistinguishable 
orientations, Tc(indist), can become short 
enough to produce a N.M.R. line width nar¬ 
rowing in the low temperature phase, and that 
Tf for reorientations between distinguishable 
orientations, T(.(dist), becomes short enough 
only in the high temperature phase. Since it is 
reasonable to assume that in the low tempera¬ 
ture phase the barrier to reorientation be¬ 
tween some indistinguishable orientations is 
in general smaller than for reorientation be¬ 
tween distinguishable orientations, it is to be 
expected that Tc(disty> T<.(indist) in the low 


temperature phase. Finally, we think that it 
would be interesting to study the temperature 
dependence of the N.M.R. line width of a 
series of unsymmetric molecules to see wether 
a narrowing is observed in the ordered phase.- 
With such compounds there are no indis¬ 
tinguishable orientations and, in principle, 
there might be a line width narrowing in the 
low temperature phase provided the barrier to 
reorientation is low enough and the parameter 
p is high, so that the phase transition takes 
place at a higher temperature than the pos¬ 
sible line width transition. Furthermore, in the 
N.M.R. studies of P4[18] and of camphor[15] 
the line width narrowing observed below the 
thermodynamic transition involves reorien¬ 
tations between distinguishable orientations, 
indicating that even to interpret N.M.R. 
results the extreme assumption of: "5, always 
equals 1 in the low temperature phase”, is not 
strictly valid. 
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SOME MAGNETIC PROPERTIES OF Mn DISSOLVED 
IN Cu, Ag AND Au 

C. M. HL'RD 

National Research Council of Canada, Ottawa, Canada 
(Received \bjuly 1968) 

Abstract—The atomic magnetic susceptibility of Mn dissolved in Cu, Ag and Au has been determined 
in the approximate range I0-300°K for a-phase polycrystalline alloys with solute concentrations 
ranging from 19-284 atomic ppm. The results can be well described by a Curic-Weiss law from which 
the mean values of the effective Bohr magneton values are 4-93 ±0-25,4-73 ±0-26 and 5’38 ±0-27 for 
Mn in Cu, Ag and Au respectively, and the mean values of the paramagnetic Curie temperature are 
respectively —14°, 0° and —7°K. The data have been fitted to an expression by Scalapino for the 
solute susceptibility from which have been obtained estimates of the Kondo temperature. 


1. INTRODUCTION 

In the theory of the localised magnetic 
moment of an isolated transition metal ion 
dissolved in a diamagnetic metallic host there 
has been much recent activity focussed upon 
the consequences of the spin exchange inter¬ 
action between the conduction electrons of the 
solvent and the d electrons of the solute. It is 
sufficient here to consider only the general 
features of this theory as they relate to the 
results presented in Section 3; a more de¬ 
tailed coverage can be found in various recent 
reviews [I-3], although in fact many of the 
details of the theory are currently under 
active discussion by the theorists. In terms 
of the model due to Friedel[4] and to Ander¬ 
son [5], a decoupled virtual d state localised 
in the conduction band of the solvent can, by 
exchange interaction, spin polarise the neigh¬ 
bouring conduction electrons of the solvent. 
One consequence of this interaction was 
discovered by Kondo [6] who showed that 
the scattering cross section of the exchange 
interaction diverges at low temperatures 
causing the electrical resistivity to increase 
logarithmically with decreasing temperature 
and thus providing a possible explanation of 
the resistance minimum phenomenon ob¬ 
served in certain dilute alloys. It is generally 


agreed from extensions to Kondo's work (see,- 
for example, the reviews cited above) that in 
alloy systems exhibiting a resistance minimum 
phenomenon, and below a certain critical 
temperature (commonly known as the 
Kondo temperature), there may be a new 
electronic state formed from the system 
consisting of the localised moment together 
with its neighbouring spin-polarised electrons. 
It has been suggested that below this 
system should coalesce to a new quasi-bound 
electronic state of lower total energy than the 
uncompensated magnetic moment—somewhat 
analogous to the formation of a Cooper pair 
in the theory of superconductivity. Some 
experimental consequences of such a state 
have recently been reviewed [1] and there has 
been supporting evidence for its existence 
from various experiments, for example: 
nuclear orientation [7,8], electron transport 
effects [9] and magnetic susceptibility [10]. 

There is, however, a fundamental experi¬ 
mental difficulty which arises in the study of 
the above aspect of localised moments, and 
this is the problem of eliminating the effect of 
solute-solute interaction from the measure¬ 
ments. The solute state may encompass a 
region in space far greater than its own unit 
cell, either through the effect of long-range 


.■ 5.19 
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Friedel oscillations in the density of the 
screening conduction electrons or from long- 
range effects of the exchange polarisation 
itself. Therefore studies of extremely dilute, 
randomly disordered alloys are required if 
the effects of solute-solute interaction are to 
be negligible—as they must be for the experi¬ 
mental results to be applicable to the theory. It 
will be seen from following paragraphs that 
most of the existing data for the magnetic 
properties of the systems under consideration 
are somewhat unsuitable for application to the 
theory of isolated moments because they 
relate to alloys of relatively high solute con¬ 
centration (jf) where there is empirical 
evidence of the effect of solute-solute inter¬ 
action. Thus a study of the magnetic proper¬ 
ties of extremely dilute alloys could be 
beneficial to the theory of localised moments, 
and indeed even if only a standard Curie- 
Weiss (C-W) treatment of the data is planned, 
it seems desirable to study only extremely 
dilute alloys since in those systems where 


both long-range and short-range solute- 
solute interactions coexist (as is thought to be 
the case for Mn dissolved in the group IB 
metals) the standard interpretation of the C-W 
law is probably only valid [11] in the limit 
jr = 0. 

This paper describes measurements of the 
total magnetic susceptibility of a-phase poly- 
crystalline samples of the Cu-Mn, Ag-Mn 
and Au-Mn systems in the approximate 
range 6-300°K and with an Mn concentration 
up to 0 0284 at. %. Such alloys are extremely 
dilute by comparison with most of those 
studied previously in similar work (cf Table 1), 
and in an earlier paper [12] we have described 
the apparatus and techniques which permit a 
systematic and controlled study of such dilute 
alloys. The results of the present work are 
applied in Section 4 to two aspects of the 
theory. Firstly, the values of the effective Bohr 
magneton number (j3) and the paramagnetic 
Curie temperature (d) derived from a standard 
C-W treatment of the data are applied to the 


Table 1. Summary of previous similar measurements 


Solute 

Concentration 
Range 
(at. %) 

remperature 

Range 

(“K) 


(°K) 

Reference 

003-11 

4-2-373 

Cu-Mn 
4-95-5-19"" 

Oto 100 

[15] 

005-1-8 

-2-300 


3 to 16'"’ 

[16] 

10-70 

80-1,000 

-5-0"" 

-50 to -400"'’ 

[17] 

0-2.5-.5-3 

1-2-368 

4-35-4.54 

-3-4 to 20 

[18] 

0-81-IK 

273-473 

4-52-4-83 

21 to 35 

[19] 

1.3 

93-300 

482.^-85 

Oto 11 

[20] 

0 02-1-8 

0-1-4-2 

4-66-5-16 


[21] 

7-5-19-8 

20-700 

Ag-Mn 

4-67-5-77 


[24] 

4-2 

4-2-373 


13 

[15] 

0-25-5-3 

1-2-368 

5-65-6-03 

-13 to 19 

[18] 

4-44-38-1 

100-.500 

5-12-5-39 

27 to 30 

[22] 

2-17 

300-700 

500-5-66 

0-5 to 32 

[23] 

9-73. 14-7 

20-700 

Au-Mn 

4-78-5-22 


[24] 

1-8 

4-400 

5-6 

15 

(6) 

10 , 2 0 

6-37 

5-8-66 , 

2-9 

[25] 


'“’Estimated from the author's data. 

""Work by Cohen ei at. cited in reference |25J. 
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semi-empirical form of Friedel’s model [13] in 
the calculation of the residual resistivity of 
the solute for comparison with experiment, 
and secondly the data are fitted to Scalapino’s 
quantum mechanical expression [14] for the 
solute susceptibility which derives from 
Anderson’s model of the solute ion [5]. This 
fitting leads to estimates of the Kondo temper¬ 
ature and of the effective antiferromagnetic 
coupling constant between the spin of the 
solute ion and the conduction electrons. 

2. SURVEY OF PREVIOUS SIMILAR 
MEASUREMENTS 

Previous similar work published since 1954 
is summarised in Table 1 from which it is seen 
that the emphasis has been upon alloys of 
relatively high solute concentration with 
particular interest in the solute-solute 
interaction which results in an apparent 
antiferromagnetic transition below room 
temperature in alloys for which x =« 1 at. %. 
Such a transition has been observed for Mn in 
Cu[15], Ag[15] and Au [25], while almost all 
the theoretical work has been directed to¬ 
wards the Cu-Mn system (cf. [26]). It is 
known that the antiferromagnetic transition 
temperature in such alloys is lowered by a 
reduction in solute concentration, and a 
rough extrapolation from previous work [15] 
suggests that for alloys as dilute as those 
studied here the antiferromagnetic transition 
(if it exists at all at such dilution) will be 
outside the temperature range of the measure¬ 
ments (i.e. < ~6°K). 

It is useful to briefly summarise from the 
results of Table 1 what is known about the 
magnetic properties of Mn dissolved in the 
group 1 B metals. It seems well established 
that for sufficiently high temperatures the 
susceptibility of Mn in the above solvents 
obeys a C-W law, and in most cases the avail¬ 
able values of ^ and 0 show a dependence 
upon X. This is taken as direct empirical evi¬ 
dence of the influence of the solute-solute 
interaction in the alloys studied. Indeed there 
is some evidence fri^ direct magnetisation 


measurements at very low temperatures [21] 
and from NMR results[27] of solute-solute 
interaction in Cu-Mn alloys with solute 
concentrations as low as ~ 200 ppm. It has 
been suggested [21,27] that this apparent 
solute interaction arises basically from a 
nonuniform distribution of the solute in the 
alloy [28], and the above evidence serves as a 
reminder that the metallurgical state of the 
sample is an important (and often relatively 
unknown) parameter in all such measurements 
as those reported here. The sign of fl is gener¬ 
ally reported positive for Mn in each group 1 B 
solvent, although there is the evidence re¬ 
ferred to above of an antifeiromagnetic 
transition in each system. It is generally 
concluded from this information [11] that both 
a short-range ferromagnetic and a longer 
range antiferromagnetic interaction coexist in 
these systems at moderate solute concen¬ 
trations. In a-phase Au-Mn at least, there is 
evidence of a ferromagnetic transition [25]. 
The values of (3 for infinite dilution for Mn 
in Cu, Ag and Au obtained from previous 
work[29] are approximately 4-9, 5-9 and 5-9 
respectively. After the usual numerous as¬ 
sumptions, including that the angular momen¬ 
tum of the ion is completely quenched, that 
the Lande splitting factor is 2 and that there 
is negligible contribution to the effective 
solute spin from local polarisation of the 
conduction electrons, these values lead to the 
electronic configuration of Mn in Cu, Ag and 
Au of 3d^4s\ 3d^4s^ and 3d^4s^ respectively. 

It is known from the data of Table 1 that of 
the 1st row transition elements Mn has the 
largest localised moment when dissolved in a 
group 1 B metal. In terms of the usutd model 
[4,5] this implies that the split virtual d levels 
are more separated for Mn dissolved in a 
noble metal than for any other 1st row 
transition solute, and that the polarisation of 
the conduction electrons will be relatively 
slight [30] because of the correspondingly 
small s-d interaction (which must be negative 
since the alloy systems exhibit the resistance 
minimum phenomenon) resulting from the 
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. / ,hi>ref34l The samples were prepared 

virtual d level being relatively far below the e se Au of 6M grade[35] and 

_. I_I ?_ _ Tnu;« ic «lin- from '-U, ^5 ^ J __ 

the solute material was of 4 N grade[36]. 
The samples were chill cast in an apparatus 
and by techniques which have both previ- 
described in some detail [12J. 


Fermi level in energy. This picture is sup 
ported by the magnitude of Tk which is 
generally put forward for these systems, it 
being smallest for Mn among the 1st row 
transition elements [ 1.7J. and by the specific 
electrical resistance of these elements in Cu 
of which, it is claimed[31], Ti, V and Mn 
follow a form of Linde’s rule. The latter 
behaviour is taken to indicate [31] a very 
small interaction between the split d levels and 
the electrons at the Fermi level. The usual 
pictorial representation of the Friedel model 
for the 1st row transition elements in Cu and 
Au due to Daniel[13] is consistent with the 
above remarks and is frequently adopted [31]. 

There is, however, some experimental 
evidence which can be interpreted as being 
inconsistent with Daniel’s representation. 
Firstly, optical absorption measurements [32] 
for Cu-Mn indicate a very small (— 0-25 eV) 
energy splitting between the d states, which is 
entirely contrary to the above evidence and 
to Daniel's model. Secondly, it is possible 
from measurements of the de Haas-van 
Alphen eflect in very dilute alloys to obtain 
estimates of the number of electrons con¬ 
tributed by the solute to the conduction band. 
If it is assumed that all the localised electrons 
are in d states, then estimates of the number of 
electrons in each split d band can be made 
directly from the known magnetic properties 
of the solute. Coleridge and Templeton [33] 
have made such measurements for Ni, Co. 
Fe, Mn, and Cr in Cu, and in some of these 
systems (including Cu-Mn) the calculated 
number of electrons in each d band is not 
consistent with Daniel’s model [13], Although 
the dHvA results are interesting in their own 
right, it should be noted that they do not 
directly provide a valid criticism of Daniel’s 
model since that model does not assume that 
the localised charge can exist only in d levels. 

3. EXPERIMENTAL PROCEDURE AND RESULTS 
The measurements were made with a 
Faraday apparatus which has been described 


ously been descnbed in 
Prior to measurement the Cu-Mn alloys 
were vacuum annealed at 5(X)°C for 24 hr 
and slow-cooled to room temperature, while 
the Ag-Mn and Au-Mn alloys were vacuum 
annealed at 700'’C for at least 40 hr before 
rapid quenching into a mixture of iced brine. 
The chemical analyses were carried out by the 
Analysis Section in this Division using the 
method of atomic absorption. 

The alloy susceptibility measurements 
were made relative to the total mass suscepti¬ 
bility of pure Cu at 295°K as previously des¬ 
cribed [12], and the susceptibility of the alloy 
was determined for two values of the applied 
field (approximately 7 K and 20 K G) at each 
temperature. Significant field dependence 
of the susceptibility was observed only for 
the most concentrated alloy in each series 
and only at temperatures < ~16°K. For 
these field-dependent results the value of the 
total susceptibility of the alloy was obtained 
by the usual method of extrapolation to in¬ 
finite applied field and it is given in Tables 
2-4 together with the mean of field-indepen¬ 
dent determinations. The precision of any 
datum in Tables 2-4 is estimated to be 
±0-6x lO'** c.g.s. e.m.u/g at any temperature. 

The atomic susceptibility of the solute 
(x.i) was determined from the relation for 
dilute alloys 


= 100.4(x-x‘)/j: 


( 1 ) 


where the quantities have previously been 
defined[12]. Values of I/xa and their statis¬ 
tical weights were calculated at each tempera¬ 
ture of measurement from (1) and the known 
values of x* for the solvent metals [12]. x* for 
Ag as a function of temperature (7’)[12] can 
be conveniently represented by the poly¬ 
nomial (in units of 10"*c.g.s.e.m.u./g): 
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-X'Ag= 182-59-0-2486 X lO ^r-0114 

X lO-'P. (2) 

The weight of each datum was obtained using 
a precision for both x and of ±0-6x 10"* 
c.g.s. e.m.u./g at any temperature. The values 
of Hxa plotted against T are shown in Figs. 
1-3,' where the length of a scatter bar is in¬ 
versely proportional to the calculated weight 
of the datum. 

We would like to take this opportunity to 


correct an inadvertant error in a previous 
letter on this subject [37]. This reported an 
apparent anomaly in the temperature de¬ 
pendence of the solute susceptibility of very 
dilute Cu-Fe alloys in the range 6-17°K which 
was not observed in similar measurements 
of Au-Fe alloys[12]. During the course of 
the measurements described in the present 
paper it was discovered that this appparent 
anomaly was caused by an instrumental 
effect associated with the presence of an 


Table 2. Mass susceptibility of Cu-Mn alloys: 
—X X W'lc.g.s. e.m.u./g) 


Tempcralure Solute concentration in atomic ppm 


(°K) 

19 

36 

106 

147 

216 

10 




-2-572 


17 



-0-792 


-3-856 

20 

0582 

0-329 




28 

0-656 

0-416 

-0-400 

-0-799 

-1-949 

48 

0-726 

0-594 

0-000 

-0-279 

-0-920 

63 

0-763 

0-655 

0-134 

-0-109 

-0-506 

84 

0-775 

0-688 

0-268 

0-041 

-0-291 

103 

0-794 

0-715 

0-379 

0-1% 

-0-078 

128 

0-808 

0-7.40 

0-480 

0-347 

0-150 

163 

0-818 

0-775 

0-5.55 

0-447 

0-273 

197 

0-824 

0-789 

0-601 

0-520 

0-361 

237 

0-825 

0-7% 

0-641 

0-.56I 

0-438 

293 

0-826 

0-794 

0-674 

0-608 

0-508 


Table 3. Mass susceptibility of Ag-Mn 
alloys: —X X 10’ {c.g.s.e.ni.u.lg) 


Temperature 

(“K) 

Solute concentration in atomic ppm 

25 

50 

100 

213 

10 

1-092 

_ 

_ 

-5-289 

It 

— 

0-385 

— 

— 

17 

1-514 

1-142 

0-506 

-1-791 

28 

I-6II 

1-420 

0-910 

O-OlO 

50 

— 

1-598 

1-289 

0-670 

60 

1-823 

1-622 

1-390 

0-846 

83 

1-751 

1-661 

1-470 

1-047 

102 

1-765 

1-692 

1-537 

1-194 

129 

— 

1-723 

1-599 

1-310 

162 

1-781 

1-740 

1-640 

1-420 

193 

1-788 

1-749 

1-662 

1-490 

227 

— 

1-756 

— 

— 

233 

292 

1-784 


1-690 

1-704 

1-.533 

1-.579 


S 


Table 4. Mass susceptibility of Au-Mn 
alloys:—xX lO’fc.g.5. e.m.u./g) 


Temperature 

CK) 

Solute concentration 
in atomic ppm 

106 

231 

284 

10 

-0-489 



14 

0-419 


-1-829 

17 


-0-401 


27 

0-853 

0-219 

-0-147 

48 

1-070 

0-665 

0-486 

57 

1-120 

0-800 

0-.560 

84 

1-195 

0-951 

0-797 

102 

1-2.39 

1-042 

0-925 

128 

1-279 

1-120 

1-020 

161 

1-313 

1-192 

1-106 

195 

1-330 

1-229 

1-170 

227 

1-344 

1-2.58 

1-210 

292 

1-362 

1 -295 

1-248 
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exchange gas which interferred only with 
measurements upon the samples of relatively 
low density and at temperatures below about 
17°K. Under these conditions the values of 
1/x^ obtained were erroneously small. The 
only published data to be disregarded because 
of this error are those for Cu-Fe obtained 
[12] below ~ 15°K, together with the main 
thesis of our previous letter[37]. 

In the present and following paragraphs we 
shall give the values of certain parameters 
derived from the data in Tables 1-3. and in 
Section 4 these results are discussed in the 
light of previous data. The best values of the 
constants /I and B in the expression 

l/x, = /l + fl7’ (3) 

were determined for each sample by the 
method of weighted least squares. The results 
are summarised in Table 5, and the best 
linear lit to the data is shown in Figs. 1-3. 


The corresponding values of and cal¬ 
culated from the usual formulae ((4) of [12J) 
are also given in Table 5. 

Scalapino’s expression [14] for the gram 
atomic solute susceptibility (xa®**") can be 
conveniently written as 


1/x/'•'" = 



t] 


(4) 


where t= T/T^ and = No, fi, ^ and 
k are respectively Avogadro’s number, the 
Bohr magneton, the effective Bohr magneton 
number of the ion, and Boltzmann’s constant. 
In the temperature region covered by the 
present experimental results the factor 
T/(logT — 1) has the temperature dependence 
shown in Fig. 4. for t < ~ 10 the effect of the 
singularity in (4) is felt, and it is usual to there¬ 
fore regard (4) as being unphysical in this 
region. In the following we shall refer speci¬ 
fically to the regions t > — lOandT < ~300°K. 


Table 5. Summary of experimental results 


System 

Solute 

concentration 
(atomic ppm) 

(r* 

1 I 

le.m.u./g. atom! 

Approximate 
range of 
data 
(“K) 

Paramagnetic 

Curie 

temperature 

(°K) 

Effective 

Bohr 

magneton 

values 

Cu-Mn 

216 

O'14 

10-3(K) 

-7±2 

4'90*0-24 

Cu-Mn 

147 

0-22 

10-,300 

-21 ±4 

5-36* 0-30 

Cu-Mn 

106 

006 

I7-.300 

-I8±2 

5-36 *0-24 

Cu-Mn 

.16 

0-07 

20-300 

-Il±2 

4-99 ±0-24 

Cu-Mn 

19 

0-25 

20-300 

-13*2 

5 06 ±0-25 




Mean values = -14 ±3 

4'93*0-25 

Ag-Mn 

213 

0-45 

10-300 

-2*2 

5'02*0-35 

Ag-Mn 

100 

005 

17-.300 

-5*2 

5 08*0-23 

Ag-Mn 

50 

014 

11-230 

3*2 

4-49* 0-26 

Ag-Mn 

25 

004 

10-194 

3*2 

4-34±0-21 




Mean values = 0±2 

4-73 *0-26 

Au-Mn 

284 

0-95 

14-300 

-8*2 

5-57 *0-27 

Au-Mn 

231 

004 

17-300 

—6±2 

5-31 ±0-24 

Au-Mn 

106 

007 

10-300 

0*2 

5-27 ±0-30 




Mean values = —7*2 

5-38 *0-27 


Weighted standard deviation of the data from equation (3) over the temperature range of column 4. 
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Fig. 3. 

Figs. 1-3. The product of inverse atomic susceptibility 
of the solute and its concentration (in atomic parts per 
10^) plotted against temperature. The solute concentra¬ 
tion is indicated in atomic ppm and some typical values 
of the precision of the data are shown. 

Figure 4 shows that r/OogT—1) has independent of temperature for sufficiently 

approximately a linear dependence upon T, large Tk- From a comparison of (4) with 

becoming increasingly independent of T for the usual C-W law, it follows that under 

increasing 7*. It follows that l/x5®'' wiH this assumption 7* can be estimated directly 

show a linear temperature dependence, from the paramagnetic Curie temperature 

and it would be possible (in a very rough 0 by[l] T^ = dlA, or even by[38] 7^ = 0- 

approximation) to t[|sume T/(log t — 1) is It would seem from Fig. 4 that for 7* < ~ 15°K 
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Pig. 4. Factor Wdogr—1) from Scalapino’s formula 
(4) plotted against temperature for different T».; t = T/f*. 


the above method is not satisfactory because 
of the increasing temperature dependence 
of T/(logT—1). A better estimate of '/g in 
(4) can be obtained by allowing 7\ and /3 
in (4) to be adjustable parameters with values 
chosen such that the weighted standard 
deviation; 

nr = (S"'i (X ("''"“X )‘/(iV- 1 ))"'■' t5) 

' I ' 

is a minimum. In (5) x i"'" is the observed 
gram atomic susceptibility of the solute, and 
a’, and N are respectively the weight of the 
ith datum and the total number of data. One 
would expect that the optimum value of 
needed to minimise a will be the same as 
that resulting from the standard C-W treat¬ 
ment of the data since both (4) and the C-W 
law show an essentially linear dependence of 
MXa upon T with a gradient of 
It must be emphasised that the value of Tg 
so obtained is simply a fitting parameter of the 
experimental data to (4); whether this should 
be interpreted as a Kondo temperature 
depends upon the applicability of (4) to the 
alloy system in question, and upon whether 


ihtK is ot/iO' Urn 

" " (.bound sale does exm m the system, 
mhsve referred in Section 1 loiHe evidence 
thni Me in the IB metals can form such a 
State). The results of this fitting are given in 
Table 6, which also includes the results for 
the similar data for the Cu-Fe and Au-Fe 
systems previously obtained [12] with the 
same apparatus, and are shown graphically 
in Fig. 5 for the cases where Mn is the solute. 

The solid lines in Fig. 5 are the values of 
l/X/i‘‘'“' obtained from (4) and the Tg and y3 
values of T.'ible 6. 


Table 6. Results of liei^hted least squares fit 
to equation (4) 


Solvent 

Solute 

/3* 


IT 

R 

Cu 

Fe 

3'79 

?-8 

0’79 

69 

Cu 

Mn 

5'27 

11 

0-37 

56 

Au 

Fe 

?-80 

10 

0-70 

54 

Au 

Mn 

.S’97 

0-88 

0-59 

34 

Ag 

Mn 

5'44 

0-50 

0’20 

42 


"‘Optimised values of parameters obtained by weighted 
least squares fit of data to (4) in °K). tr is weighted 
standard deviation of fit (cf (5)) in 10“ xg. atom/e.g.s. 
e.m.u. N IS total number of data used in the fitting. 


4. CONCLUSIONS 

We find (Table 5) 0 to be negative for Mn 
dissolved in Cu and Au and to be close to 
zero for Mn dissolved in Ag. This is in dis¬ 
agreement with the bulk of the previous work 
(Table 1), which is for more concentrated 
alloys and which usually reports 6 as positive 
in each system, but more in line with what 
is expected from the simple C-W theory for 
an alloy system known to show an anti¬ 
ferromagnetic transition. This supports our 
presumption that, because of the dilution of 
the alloys studied, our results are more 
representative of systems having relatively 
small solute-solute interactions than those 
previously available. The mean value of |3 
obtained for Mn in Cu and Au is in good 
agreement with the values previously obtained 
(Table 1) for alloys of infinite dilution, but 
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Fig. 5. Inverse atomic susceptibility v. temperature. The 
solid lines are the best weighted least squares lit to the 
data of Scalapino’s expression (4). Values of the appro- 
pritate fitting parameters are given in Table 6. 




548 


C. M. HURD 


this is not the case for Mn in Ag; here most 
previous values of p are significantly larger 
than that obtained here. At the present time 
we can offer no explanation of this fact. The 
P values of Table 5, taken under the assump¬ 
tion that the orbital momentum of the ion is 
completely quenched and that the Lande g 
factor is 2, lead to values for the number of 
electrons in the ion which contribute to its 
magnetic moment of 4 02±0-25, 3-84±0-25 
and 4-47 ±0-27 for Mn in Cu, Ag and Au 
respectively, with corresponding values of 
S (the resultant spin quantum number of the 
ion) of213,2-(W and 2-37. 

It is possible from these data to make an 
estimate (which, in view of the approximations 
involved, will admittedly be very crude) of the 
solute structure in the solvent. We have in the 
above paragraph an experimental value for the 
difference (Zm) in the number of electrons 
localised in the split d levels. We have also 
the estimate of this simple model [13] of the 
total excess charge localised about the ion 
(Z/); we take Z, = 6 for Mn in the noble 
metals, which for Mn in Cu at least is sup¬ 
ported by experimental evidence from d/f vA 
measurements[33]. We wish to assign an 
appropriate amount of charge to the s, p 
and (/levels which is consistent with 

^ i/f 

+ = Z, (6) 

where the subscript refers to the type of state 
in which the n electrons are localised. As a 


check upon the plausibility of the assign¬ 
ment we compare the calculated electrical 
resistance per atomic percent of solute (Ap) 
with the experimental value. We assume that 
the j and p states have similar relative struc¬ 
tures in the IB metals to those of the poly¬ 
valent solutes to the right of the solvent in 
the periodic table[13]. From a recent simple 
model[39] we have the following approximate 
relationships for the polyvalent structures 

0 < « 1 • 1 then tji = ivu 

M < ^ 2-1 then =-nVn O) 

> 2-1 then 1)1 — tjo 

where tj is the phase shift of the usual partial 
wave analysis. Ap is then calculated from the 
usual Friedel formula for split d bands 
[13] together with (7), and the results are 
presented in Table 7. The error limits are 
those arising solely from the experimental 
accuracy of Z„, given in Table 5 and do not 
include the effect of inaccuracy in Z,. In the 
case of Mn in Au it is necessary to assign a 
small charge to s and p states to bring 
within acceptable limits (i.e. < 5), and this 
assumption also reduces Ap to within the 
range of experimental values. The serious 
discrepancy between the observed and cal¬ 
culated Ap values for Ag-Mn is accountable, 
at least in part, to the fact referred to earlier 
that we find a somewhat smaller value of 
P for this system than most previous workers. 
In view of this evidence, our results for the 
Ag-Mn system come under some suspicion, 


Table 1. Proposed solute structures o/Mn dissolved in 1 B metals 


Ap 

(p,ncm/at.%) 


Solvent 



n, 


Calculated 

Experimental 

Cu 

6-0 

4'9I±0I3 

0'89±0I 

0-2 

2-5 +0-9 

2-76'“' 

Ag 

6-0 

4-92 ±0-13 

t 08 ±0-2 

0 

4-68+M 

1.6'“’ 

Au 

60 

3I8±014 

0-71+0-2 

01 

2-23 ±0-6 

2-23-2-37'" 


'“’Reference [3t], 
'“’Reference [40]. 
'"Reference [25]. 
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although at present we can offer no other 
reasons why they should be more suspect 
than the other data. 

The Tk values obtained from the fitting to 
Scalapino’s formula and given in Table 6 
show qualitatively the behaviour anticipated 
from the remarks of Section 2 and other 
estimates [1], but quantitative comparison 
with other estimates is not encouraging; 
for example, for Cu-Fe is fairly well 
established [9,27] to be ~ 16°K, and a pre¬ 
vious value of Tk for Cu-Mn is[7] ~ 0 06°K. 
In addition, for some of the systems the value 
of /3 produced by the fitting is only in order 
of magnitude agreement with that obtained 
from the standard C-W treatment. 

An antiferromagnetic coupling constant 
(J) between the solute’s spin and the con¬ 
duction electrons can be defined by 

kTK^We\p[]lNiO)J] ( 8 ) 

where A(0) is the unperturbed single-particle 
conduction electron density of states, and W 
is the effective bandwidth of the solvent. 
Table 8 shows the values of 7 calculated from 


Table 8. Calculated effective coupling 
constant J 


Solvent 

Solute 

^(0) 

(eV)-' 

-J 

(eV) 

Cu 

Fe 

0-29 

0-34 

Cu 

Mn 

0-29 

0-29 

Au 

Fe 

0-29 

0-31 

Au 

Mn 

0-29 

0-30 

Ag 

Mn 

0-27 

0-31 


(8) and the Fjf values of Table 6 together with 
the assumption that fV = kTy, where T, is 
the Fermi temperature. The values of the 
density of states per atom of Table 8 (column 
3) were calculated directly from some recent 
values [41] of the electronic specific heat of 
the solvents. 
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OXIDATION OF SILICON WITH SPECIAL 
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Abstract-Thermal oxidation of silicon was investigated under a variety of conditions. The oxidation 
follows a combination of linear and parabolic rate lows; the rate constants obey the Arrhenius relation¬ 
ship. Linder very clean conditions (dry 0^, r.f. heating) the rate constants differ substantially from the 
values obtained by oxidation in resistance heated furnaces. In comparison with oxidation in dry Oj, 
oxidation in water vapor is characterized by larger pre-exponential terms and activation energies in the 
linear regime, but both are smaller in the parabolic regime. Sodium, that was deliberately introduced 
during oxidation, increa.sed the parabolic and linear pre-exponential factors and activation energies 
It is proposed that oxide growth takes place via an interstitialcy diffusion mechanism in which both 
ionic and molecular oxygen participate. The surface reaction in the linear growth regime and the 
diffusion mechanism, as well as the concentration of the diff using species in the parabolic regime, are 
greatly affected by sodium (or similar impurities) and water vapor in the oxidizing ambient. MOS 
capacitance measurements of Na-doped oxides showed that most of the sodium is inactive from the 
viewpoint of both surface slate density and ion migration under high field at elevated temperature. 


INTRODUCTION 

In THE COURSE of ouf studie.s on the proper¬ 
ties of the Si-Si0.j interface we have observed 
that the kinetics of thermal oxidation of 
silicon in dry oxygen is inflifenced by the oxi¬ 
dation method. Specifically, we found that 
the rate constants associated with oxidation 
by r.f. heating in a carefully cleaned gas- 
cooled reactor tube were considerably 
different from those characteristic of oxidation 
in resistance-heated silica or alumina tubes 
[IJ. We thought that besides the well-known 
effects of water, sodium might play a role in 
the oxidation mechanism. The purpose of this 
work was to establish the oxidation kinetics 
under very clean conditions, that is, when 
impurities in the oxidation ambient had been 
minimized. Furthermore, we wanted to obtain 
more information on the role of sodium and 
the combined effect of sodium and water 
than has been already published [2]. Eval¬ 
uation of these results and comparison with 
other works on the thermal oxidation of sili¬ 
con, as well as with various transport pro¬ 
cesses m noncrystalljpe SiOj, led us to a 


tentative model for the thermal oxidation of 
silicon. In this model the specific defect 
structure of noncrystalline Si 02 and the role 
of impurities, mostly sodium and hydroxyl, 
are considered. 

EXPERIMENTAL 

Experiments on the thermal oxidation of 
silicon normally employ resistance-heated 
silica tubes. These tubes are subject to 
contamination from the furnace and surround¬ 
ing ambient. Moreover, at high temperature, 
900-1300°C, water vapor and/or hydrogen 
can very easily diffuse through the silica tube 
since the solubility and diffusion constants of 
these species are quite high. Indeed, Christie 
[3] has found appreciable amounts of water 
in the gas efflux from conventional fused silica 
furnace tubes. Nakayama and Collinsf4j 
measured non-negligible oxidation rates when 
silicon was heated in dry argon in a resistance- 
heated silica tube, indicating the presence of 
0-22 Torr. water vapor at 850°C and 0-35 Torr. 
at 10(X)°C. 

In order to minimize the effect of hydrogen 
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and/or water vapor we have performed most 
of our experiments in a carefully cleaned 
double wall silica tube with nitrogen cooling. 
The specimen was supported on a SiC-coated 
graphite pedestal and heated with an r.f. 
generator. This arrangement not only mini¬ 
mized diffusion through the reactor tube, 
but also other contamination effects, since 
the pedestal and specimen were the hottest 
parts of the system. The oxidation was 
preceded by a 10 min hydrogen treatment at 
1200°C which removed the thin oxide film 
that forms on silicon in room ambient together 
with possible adsorbed impurities. The 
oxidation was performed in dry oxygen with 
an estimated water content of less than 
01 ppm. 

Two sets of experiments were performed 
under these conditions; one set without any 
doping, another one with sodium doping. 
The sodium was introduced by decomposing 
NaNO^ on the pre-oxidized pedestal, thereby 
forming a NajO-SiOa glass layer. The sodium 
content of the oxide film, as determined by 
atomic absorption spectrometry, was of the 
order of 10“"Na atoms per cm'*. The high 
sodium content of these films was also 
revealed in their refractive index values: 
1-50-1-60, whereas for fused silica the value 
is 1-46. 

We attempted to investigate the combined 
effect of water vapor and sodium in the r.f, 
heated system but the results were not re¬ 
producible, probably due to the poor control 
of doping. This effect was studied with a 
resistance-heated alumina tube furnace used 
in our previous work[5]. Water vapor was 
introduced by bubbling helium through 
distilled water. Assuming saturation, the 
water vapor pressure was about 24Torr. 
Sodium was introduced from sodium oxide 
kept in a boat at the oxidation temperature. 
Under these conditions the oxidation was 
under better control than in the r.f. system 
but the spread in the results was still large. 
This indicated strong impurity effects. In 
order to assess the effect of sodium a series 


of oxidation experiments were done in water 
vapor under identical conditions but without 
sodium doping. No pre-oxidation hydrogen 
treatment was applied for oxidation in the 
alumina tube furnace. 

In each series the oxidation was performed 
at four temperatures between 900 and 1300°C. 
At each temperature 4 to 16 specimens were 
oxidized covering a wide thickness range 
(see Table 1). Chemically polished p-type 
(111) Si wafers of lOficm resistivity were used. 
The oxide thickness was determined by ellip- 
sometry using a computer evaluation method 
[6}. It was also measured by multiple beam 
interferometry [7]: the results obtained by the 
two methods agreed within the experimental 
errors. The relative errors of thickness vary 
from 0-9 to 2-6 per cent. The reproducibility 
of the oxidation under various conditions was 
also determined; the relative standard 
deviation varies from 3-3 to 5-8 per cent. 
Details of error and reproducibility calcul¬ 
ations are given in the Appendix. 

The properties of the Si-SiOz interface 
obtained by r.f.-oxidation with sodium doping 
were investigated by the MOS capacitance 
method [8]. For the fabrication of MOS 
capacitors aluminum electrodes were de¬ 
posited on the oxide in high vacuum. 

EVALUATION METHODS AND RESULTS 

Before presenting the experimental results 
we will briefly outline the evaluation method. 
Oxidation of a metal or semiconductor is, 
in general, controlled by an interface reaction 
or transport through the oxide film. In the 
first case the oxidation follows a linear 
rate law. In the second case various growth 
laws can be observed, depending on temper¬ 
ature, oxide thickness, etc; at reasonably high 
temperatures and for not too thin films the 
parabolic rate law is the most frequently 
observed. 

Linear-parabolic rate law 

The combination of linear and parabolic 
rates results in the equation[9]; 
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■—^ = A+B(x-Xo) (•) 

X X(t 


where jcq is the thickness of oxide film present 
at the beginning of the oxidation (usually 
less than about 40 A), and A and B are 
constants. The oxidation rate is given as 


d/ A + lBix-XoY ' ' 

At the beginning of the oxidation, that is, 
for x = Xo • 


^ — J. = 

dt A 


(3) 


This is the linear rate law and a is linear rate 
constant. This relationship is approximately 
valid for small thickness values, that is, for 
(x —Xo) < Al2B. On the other hand, for large 
thickness, that is, for (x—Xo)>Al2B, the 
following relationship holds 

dt “ 2B{x-x„\ 2Bx 
This corresponds to the parabolic rate law: 

x^ = -g t - kt; (5) 

If the oxidation was preceded by a hydrogen 
treatment, the initial oxide thickness, Xo, was 
taken as zero, otherwise as 35 A (determined 
by ellipsometry). 

The experimental results have been evalu¬ 
ated in the following way. For a given 
oxidation method and temperature the con¬ 
stants A and B of Equation (1) were deter¬ 
mined from a set of f/(x —Xo) and (x—x#) 
values by the method of least squares. The 
results are summarized in Table 1. This Table 
also gives error terms, correlation coefficients 
and significance levels. (A brief outline of the 
statistical method used in obtaining the least 
square fit is given in the Appendix.) The 
significance level is used to judge the fit 
between r/(x-Xo) and (x—Xo) as given by 
equation (1). If its value is less than or equal to 

10“®, lO”'*, and 5 x 10“^ then the linear 

m 


relationship between r/(x—Xo) can be statis¬ 
tically qualified as highly significant, signifi¬ 
cant, and probably significant, in this order. 
We thus see from Table 1 that, except for 
two cases, equation (1) holds at least as 
probably significant, but in most cases as 
highly significant or better. The last statement 
is especially true for oxidation under very 
clean conditions (Group (I)). Introduction 
of sodium during oxide growth or changing 
the oxidizing ambient from oxygen to water 
vapor led to increased scatter in the measure¬ 
ments. This is revealed in the lower values of 
the correlation coefficient, and larger values of 
the significance level, error terms, and spread 
in the error terms. The larger values of signifi¬ 
cance level in Groups (2) to (5), as compared 
with Group (1), can be only partially at¬ 
tributed to the small number of measurements; 
contamination effects definitely contribute 
to larger scatter.* 

In addition to our earlier work[5], various 
forms of linear and parabolic rate laws have 
been used in connection with thermal oxida¬ 
tion of silicon [4,10-13]. 

We have assumed that the rate constants 
fulfill the usual Arrhenius relation, i.e. 


a = flocxp {-QjkT 

(6) 

k = ko exp (-QjkT) 

(7) 


where (?„ and are the activation energies of 
the linear and parabolic rate constants, 
respectively. The pre-exponential constants 
and activation energies were determined by 
the method of least squares from the values of 
In a and In k, and the corresponding 1/7. The 


•Our main objective was to determine the oxidation 
kinetics under minimum contamination, hence the largest 
number of measurements were performed in connection 
with Group (1), Oxidation with deliberate sodium and 
sodium-water contamination was primarily investigated 
in order to confirm suspected trends in a semi-(;uantitative 
.sense. For this purpose a smaller number of experiments 
seemed to be sufficient. For a more exact evaluation of 
impurity effects better control of doping and a larger 
number of experiments would be needed. 
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obtained values of Q„, ko and are tab¬ 
ulated in Table 2. This Table also gives error 
terms, correlation coefficients and significance 
levels. Except for the linear rate constant in 
the case of oxidation in sodium-doped water 
vapor ambient, the Arrhenius relationships 
can be considered at least as significant. Be¬ 
cause of error considerations (see Appendix) 
and fluctuations due to contamination effects, 
the kinetic parameters of Table 2 (except for 
r.f. oxidation in dry Oj) and those reported in 
the literature must be compared cautiously. 

Influence of sodium and water on the 
oxidation kinetics 

From Table 2 the effects of sodium and/or 
water vapor can be assessed as follows. 
Sodium doping results in increased values of 
kn and Qi,, especially for oxidation in water 
vapor. Furthermore, sodium increases the 
linear rate constant for both dry oxygen and 
water vapor oxidations. In the first case this is 
a result of increased Uo even though Q„ in¬ 
creases. I n the case of water vapor oxidation 
the determination of a„ and (?„ is somewhat 


uncertain. From a comparison of oxidation in 
oxygen and water vapor we can deduce that 
water vapor increases Oo and Qa, and de¬ 
creases ko and Qii. 

These results can be put in their proper 
perspective if we compare them with other 
works on the oxidation of silicon and with 
various transport processes in noncrystalline 
Si02. In Table 3 results of some peilinent 
works on the oxidation of silicon are sum- 
arized. Inspection of Tables 2 and 3 shows 
that ever for apparently similar conditions 
large variations in the kinetic parameters 
occur. Even if we consider the fact that deter¬ 
minations of the constants of Table 3 may not 
be very accurate, these large variations 
cannot be attributed to errors. 

Especially striking is the fact that the rate 
constants for oxidation in Oj under very clean 
conditions with r.f. heating differ considerably 
from those characteristic of oxidation in 
resistance-heated tubes. Evidently, impurity 
effects play an important role. Let us consider 
first the effect of water. A comparison of 
oxidation in oxygen and water vapor reveals 


Table 2. Kinetical constants and other parameters as determined from the 


data of Table 1 


Parameter 


Oxidation method (as given in T able 1) 


1 

2 

3 

4 

5 

n 

4 

4 

4 

3 

2 

r 

0-969 

0-959 

0-994 

1-000 


Signif, level 

10' 

10' 

2-5 X 10' 

< 10 ' 


On (min) 

8-8 X 10 ' 

7-Ox 10* 

I-4X 10 ‘ 

4-3X 10 ‘ 


flo (cm s ') 

1-7X 10 ' 

l-I X 10 ' 

1-7X 10 ' 

8-3 X 10 ' 

4-2 X 10' 

ao(max) 

3-2X 10 ■■ 

1-8 X to ’ 

2-Ox 10’ 

I-6X 10' 


(?»(eV) 

1-12 

1-25 

1-88 

1-91 

1-3 

60,./e„(%) 

6-7 

4-6 

1-2 

3-7 



n 

4 

4 

4 

3 

3 

r 

1-000 

0 968 

1-000 

1-000 

1-000 

Signif. level 

< 10 ' 

10' 

< 10' 

< I0-' 

< 10-' 

*o(min) 

6-8 X 10“'» 

8-8 X 10 "> 

I -Ox 10 ' 

2-9X lO'" 

4-2 X 10 * 

kn (cm's ') 

1-2 X 10 • 

5-9X 10 ' 

1-1 X lO " 

4-3 X 10’' 

4-4 X 10 * 

*0 (max) 

2-Ox 10 “ 

4-0 X 10“* 

1-2X 10'" 

8-2 X 10’' 

4-7 X 10 •' 

Qt(eV) 

1-20 

1-32 

1-22 

0-54 

2-29 

SQi,IQk(%) 

5-3 

1-7 

1-2 

8-4 

0-3 




556 


A. G. REVESZ and R. J. EVANS 


that water vapor exerts a gradual influence 
rather than resulting in a drastically different 
mechanism. This gradual influence of water 
vapor is also indicated by the activation 
energies of parabolic rate constants forH^O- 
O 2 mixtures as determined by Nakayama and 
Collins[4]; in the range of 4-6 to 150Torr. 
water vapor and 0-500 Torn oxygen partial 
pressures the values vary from 0-4 to 1 -4 eV. 
The data of Table 3 confirm the above men¬ 
tioned trend that Uq and Qa increase with 
increasing water content of the oxidizing 
ambient. This indicates that water diffuses 
through the tube if it is hot. The extent of this 
water contamination is less when double wall 
silica tube is used, but it is still noticeable; it 
can be minimized by r.f. heating, or heating 
by passing current through the silicon. Neg¬ 


lecting low pressure oxidation, the data of 
Tables 2 and 3 indicate that with increasing 
water content in the oxidizing ambient and 
(2fc decrease. 

From the values of k„ and characteristic 
of ‘dry’ oxygen oxidation (p = 760 Torr.) the 
following approximate order of increasing 
sodium contamination can be established: 
(I) r.f. heating: (2) resistance heating using 
alumina tube; (3) resistance heating using 
silica tube; (4) r.f. heating, sodium doping. 

From this comparison of our results 
with those of others we conclude that the 
kinetics of thermal oxidation of silicon is 
very greatly influenced by impurities, especi¬ 
ally sodium and water. Varying levels of 
such contaminations can exist in resistance- 
heated tubes. 


Table 3. Some typical kinetical constants determined by others 


Reference 

Oxidation 

ambient 

Pressure 
(Torr) 

Temperature 

range, 

(T) 

(cm s ’) 

(?, 

(eV) 

kn 

(cm“s' ) 

< >r 

l.awllO] 

O, 

5x lO ” 

730-1030 

4.7 X lo-""' 
3-6 X 10 

0-90"' 

O-Sd'”' 

6'2X 10* 

T.57 

Burkhardt and 
Gregorll31 

0, 

20 -- p < 400 

900-1150 

28 X 10""" 

2-I0'”' 

2 X 10-' 

l•35 

O 2 

760 

950-1100 

1-5 X 10 

l•.50"’ 

1 X lO-’” 

100 

Deal and G rove[ 11 ] O j 

760 

700-1200 

2 4 X 10 

2.03'“ 

3-7 X lO-’*"’ 

1 

Nakayama and 
Collins [4] 

Ar-H.,0 

46 

850-1217 

8-4 X 10-’"'” 
1 , 7 m 

1- 90 

2- 2 

11 X lO-’” 

21 xlO- 

109 

116 

Deal and 

Grove (111 

Oj-HjO 

P<,. = 4I5 

Pm.u = 345"' 

920-1200 

208 

,, 33 ( 10 . 

1-96 

1-91 

5-6 X 10-’'’ 

3-7 X lO-’" 

0-72 

0-67 

Pliskin[t2] 

HjO 

760 

917-1202 

7-8 X 10^"" 

2-60 

5-6 X 10-’'’ 

0-70 


"’Calculated from his Fig. 1 by determining A/i/t in the neighborhood of zero An, 

“’Calculated from his values of n„ and the parabolic rate constant u.sing a = X,/Kj at x = 0 . 

‘“Calculated from their Table 2 using Ki = 2jco and a = kjk, at jt = 0, 

‘"Determined from the intercepts of a: vs,;curves in their Fig, 6 . 

"’Determined from their Table 2 by the method of lea.st squares. The values of Qt differ somewhat from that given in 
the paper, l -24eV, probably due to their incorrect fitting of the log B vs. \I T curve. The pre-exponential constants Ooand 
ka were not given in the paper. 

"’Deal and Grove bubbled O 2 through 95°C water. The equilibrium vapor pressure is 634 Torr. Since the Oj-HjO 
gas mixture flows into an open tube, the total pressure can be taken approximately 760 Torr. Hence the partial pressure 
of water vapor is 634/634-f 760 x 760 = 345 Torr. (instead of 640 Torr. as given in their paper) and that of oxygen is 415 
Torr. 

'“Determined from their Table I by the method of least squares. 

"“Determined from their Fig. 4. 

'"’Determined from his Table 2 for ( 111 ) orientation using a = k,lk,. 


THERMAL OXIDATION OF SILICON 


557 


THEORY 

From the results presented in this paper, as 
well as from the comparison of these results 
with other works, it is clear that thermal oxi¬ 
dation of silicon is not a simple process. 
Nevertheless, from the results reported in this 
paper and by others, and from a comparison 
with other transport processes in noncrystal¬ 
line Si 02 a tentative model can be constructed. 

The high temperature oxidation of silicon 
can be generally represented by a combination 
of linear and parabolic rate laws. The transi¬ 
tion from the linear to the parabolic regime 
extends to a few thousand Angstroms, as 
demonstrated in Fig. 1. This behavior of 



Fig. I. Transition from linear to parabolic oxide growth. 
The ratio x^h is shown as a function of oxide thickness, 
X-, I is the oxidation time. The slope of the curve extra¬ 
polated to zero thickness gives the linear growth rate at 
X = 0. With increasing oxide thickness x*/( approaches a 
constant value characteristic of the parabolic regime of 
growth. The oxidation was done in dry Oj at I250°C 
in a resistance heated alumina tube. 

silicon is somewhat unique because generally 
metals that show a strong tendency towards 
linear oxidation are those which have a ratio 
of oxide to metal molecular volume either less 
than one or larger than about 2-5 [14]. When 
this ratio is less than one, the oxide is not 
protective and, hence, transport is not the 
rate controlling step. If this ratio is larger 
than one, the oxide film has a great tendency 
to crack; this results in a parabolic growth 
followed by a linear one. The SiOj to Si molar 
volume ratio is 2-2, ^jus the oxide film is 


expected to be protective, but due to in¬ 
creasing stress during growth it may develop 
cracks. In the thickness range that we are 
concerned with, that is below 1 /izm, this does 
not generally occur. However, SiOj films are 
non-crystalline and may contain structural 
micro-heterogeneities, especially channels [8], 
along which transport of diffusion species 
might occur preferentially. It was shown by 
Ing el a/. [15] that the room temperature 
permeability of thermally grown SiOz films 
can be considerably higher than that of fused 
silica. They attributed this to the presence of 
channels whose diameter is less than 50 A. 
Thus, it is possible that relatively fast trans¬ 
port through channels occurs during the 
transition from linear to parabolic growth. 

In our discussion we shall only deal with 
the limiting cases, that is, linear growth in the 
beginning of the oxidation and parabolic 
growth for relatively thick oxide film. 

LINEAR REGIME OF OXIDATION 

In the beginning of oxidation, especially 
when no initial oxide is present, the process is 
most probably determined by an interface 
reaction which gives rise to a linear rate law. 
Since chemisorption up to a monolayer gener¬ 
ally takes place very fast, the rate determining 
step is either the creation of the defect 
responsible for the growth at one of the two 
interfaces, or the oxidation reaction. As we 
shall discuss below, it is very probable that 
the migrating species is oxygen in ionic or 
molecular interstitial form. Thus, the possible 
interface reactions are 

Ozixas) 02|arts,) (Oz.llsiOi (8) 

at the SiOj-Oj interface, and 

Si-t-(02,()sioi SiOj (9) 

at the oxide-silicon interface. (In these and the 
following reactions the subscript i designates 
interstitial and the subscript outside a paren¬ 
thesis indicates location.) 
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In addition to the reactions already stated 
the following reactions take place in the 
presence of water vapor: 

HjOiads.j + s Si — O — Si = = Si — 

OH HO—Si = (10) 

or 

H20(art8.) (HjOJsiOi (II) 

at the oxide-gas interface, and 

Si-t-2(OH)s,o. -> Si02 + (H 2 .;)s.o, (12) 
or 

Si -I- 2(H20,)s,o> - SiO, + 2(H,,),s,„, (13) 

at the oxide-silicon interface. The hydrogen 
(or proton) produced by these reactions may 
diffuse to the oxide-gas interface where it 
facilitates the entry of oxygen. This catalytic 
role of water in the oxidation of silicon was 
pointed out by Nakayama and Collins[4]. 

The linear rate constants depend on the 
silicon orientation. This effect was studied in 
detail by Pliskint!21 for atmospheric steam 
and by Ligenza[16] for high pressure steam 
oxidation. Some qualitative results are also 
available for oxidation in oxygen[l7J. In all 
cases the order of increasing oxidation rates 
in the range 500-12000°C is as follows: (100), 

(110) and (111). These observations show that 
the rate controlling step occurs at the oxide- 
silicon interface. Ligenza attributed this orien¬ 
tation dependence to steric effects, i.e. how 
the directional silicon bonds can form an 
activated complex with the reacting water 
molecule. The strain energy of various Ge-O 
complexes formed at the germanium surface 
also increases in the order (100), (110), 

(111) [18J. From studies of interface effects 
we have concluded that the silicon-oxide 
interface has a greater tendency to order if it 
is formed on (100) than on (111) surface [19). 
Thus, the greater the disorder at the Si-SiOj 
interface the faster the oxide grows (in the 
linear regime) and the larger is the density of 
interface states. 

The large variations in oo and as shown 
in Tables 2 and 3 indicate that this inter¬ 


face reaction is not a simple one. As we 
discussed above, with increasing water con¬ 
tent in the oxidizing ambient both Oq and Qa 
increase. The first effect is probably due to the 
greater ease by which reaction (10) proceeds 
as compared with (8). This effect is well- 
known from the chemistry of silicate glasses 
|20]. The increase in may be caused by 
steric factors involved in the reaction at the 
oxide-silicon interface. Formation of an 
activated complex could be easier with oxy¬ 
gen than with water. Since Deal and Grove 
111] did not find a great difference in Qa for 
oxidation in dry and wet oxygen (note, how¬ 
ever, that «„ is appreciably different but it was 
not considered), they have concluded that 
the surface controlled mechanism is similar 
for both oxidants, and that the activation 
energy is the energy needed to break the Si-Si 
bonds. This conclusion is evidently at var¬ 
iance with the results given in Tables 2 and 3. 

The role of sodium can be explained as 
follows. If water vapor is the oxidizing gas 
then its reaction with the oxide can be greatly 
enhanced by the following autocatalytic 
process known from the corrosion of silicate 
glasses [21]: 

s:-Si—0'Na+ + H^O sSi—OH + Na+ 

-i-OH-. (14a) 

=Si—O—Si=-i- OH- =Si—OH 

-f-=Si—O', (14b) 

=Si—O- -I- HjO =Si—OH -f- OH'. 

(14c) 

Without the presence of hydroxyl, that is, 
in dry oxygen, less enhancement by sodium 
is expected. However, even in this case the 
incorporation of sodium facilitates the entry 
of oxygen since it is known that oxygen (or, 
better, 0-) alone does not react easily with 
SiO2[20]. Thus, the reaction can be written 
as 

=Si—O—Si=-l-0 +Na+ -^> =Si—ONa^. 

(15) 

The reaction at the oxide-silicon interface: 
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=Si—0-Na+ + Si =Si—O—Si=+Na 

(16) 

results in neutral sodium that might diffuse 
to the oxide-gas interface. There it can lead to 
the formation of 0“ and Na+ ions. Thus, 
similarly to water, relatively small amounts of 
sodium may have a catalytic effect on the 
oxidation. It is possible that sodium which 
can be found even in r.f.-grown oxides is 
responsible for this effect. * 

PARABOLIC REGIME OF OXIDATION 

It is a well established fact by now that 
thermal oxidation of silicon proceeds by 
diffusion of oxygen through the oxide film. 
This and the observed pressure dependence 
of the parabolic rate constant were used to 
argue that the main migrating species is inter¬ 
stitial oxygen molecule or ion [23], or hydroxyl 
when oxidation occurs in water vapor.t 
Diffusion of silicon vacancies, which would 
give rise to similar pressure dependence, can 
be neglected since the formation of these 
defects in the strongly covalent SiOj is very 
difficult energetically [24]. Oxygen diffusion 
through vacancies would lead to an approx¬ 
imately pressure-independent rate constant 
[25j. This, however, does not mean that these 
defects, especially oxygen vacancies in the 
vicinity of the oxide-silicon interface, cannot 
be present. Since the oxidation rate could be 
influenced by electric current [26], the 
migrating species must be, at least partially, 
in ionic form. 

Since many details of the growth process, 
such as the exact influence of pressure, 
ionic and electronic conduction as a function 
of temperature, etc. are unknown at the 

♦Carlson el a/.[22] reported I0'“ Na atoms/cm’ 
uniformly distributed in oxide grown in water-cooled 
silica tube by r.f. heating. The sodium content of our r.f.- 
grown oxides was estimated by neutron activation analy¬ 
sis as about 5 x lO'Vcm^. The nature of sodium in this 
oxide will be subsequently discussed. 

tThe non-bridging oxygen or hydroxyl group in 
SiO: can be considered as a peculiar form of interstitial 
anions. For a discussion of defects in SiO, see Stevels 
andKats[24J. 


present, we can obtain some insight only by 
comparing oxidation with other transport 
processes in noncrystalline silica. Such a 
comparison is based on the essential simil¬ 
arity between oxide Aims and fused silica as 
revealed in structural, optical, etc. properties. 
However, we have to keep in mind that the 
nature of the Si-0 bond and the microhetero- 
geneous structure of the oxide films depend on 
the oxidation conditions [8,27]. Furthermore, 
the use of concepts, which were introduced 
for crystalline solids, is a priori not justified 
for a non-crystalline solid where the transition 
from inhomogeneities in the electron distri¬ 
bution to gross morphological defects may be 
gradual. Therefore, it can be expected that 
parameters, such as activation energy, that 
have well-defined values for crystalline solids, 
will be characterized by a range in value. 

Parabolic oxidation in oxygen 
As two extreme cases let us discuss now 
the parabolic rate constants for oxidation in 
oxygen and water vapor. First consider 
oxygen. Two types of transport processes 
in fused silica are pertinent to this problem: 
permeation and self-diflFusion of oxygen. 
Motzfeldt[28] pointed out that the permeation 
and oxidation in the parabolic regime are 
closely related. Also, both processes depend 
linearly on pressure and can be influenced by 
an externally imposed electric current [26,29]. 
It is proposed here that, similarly to self¬ 
diffusion of oxygen in fused silica [30], per¬ 
meation and oxide growth take place via an 
interstitialcy diffusion mechanism; the total 
flux is the sum of molecular and ionic fluxes. 
The oxygen interstitial molecules are in a 
constant exchange process with the oxide 
resulting in atomic oxygen interstitials which 
can dissociate into negative ions and holes. 
Assuming that at a given temperature the 
concentration of holes originating from this 
process is much larger than the intrinsic 
hole concentration, and that the diffusion 
coefficient is much larger for holes than for 
ions, following Kroeger[25] the ratio of the 
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concentrations of ionic to molecular oxygen 
at lOOCC can be estimated as about 4 x 10®. 
Because of this high ratio the ionic flux pre¬ 
dominates, but it is the molecular form which 
reacts with silicon at the oxide-silicon 
interface. 

This model of oxide growth, based on mole¬ 
cular and ionic diffusion of oxygen, does not 
require the presence of ions as postulated 
by Deal and Grove[ll]. It is not very likely 
that these ions would be present because no 
paramagnetic centers have been observed in 
grown SiOj unless it was irradiated or treated 
in hydrogen at elevated temperature [31J 
even though O 2 ' is known to be para¬ 
magnetic [32]. 

Impurities in fused silica affect the diffu¬ 
sion of oxygen. Thus, Sucov[33] observed 
that the pre-exponential term of the diffu¬ 
sion constant rapidly increases if other 
oxides, for instance, Na^O, are incorporated 
into SiOa, whereas the activation energy 
hardly changes. Since the activation energies 
were found to be very similar for various 
glasses, a large pre-exponential term means 
that at a given temperature more oxygen is 
participating in the diffusion process. Williams 
[34] found that the diffusion coefficient at 
1100°C increases with increasing water 
content of the silica, * 

The role of sodium in the parabolic regime 
of oxide growth can be tentatively explained 
in the following way. Similarly to Sucov’s[33] 
argument, incorporation of sodium results in 
an increased density of nonbridging oxygen 
and hence in a large value of k„. Our observ- 


‘Jorgen.sen and Norton[29| con.sidered the po.ssibility 
that oxygen is transported through hydroxyl ions. But, 
since the diffusion constant, as calculated from the ionic 
current, was three orders of magnitude smaller than that 
determined by a direct method, they discarded this hypo¬ 
thesis. For the water content of the silica they used I per 
cent in their calculation. However, if a smaller value 
would have been taken, the diffusion coefficient would be 
larger. This might be very well the case considering the 
fact that hydroxyl in SiO^ can exist in metastable and 
permanent forms[35]. ft is thus not unlikely that only a 
fraction of the total hydroxyl participates in the diffusion 
(see subsequent discussion). 


ation, that the activation energy, Q*, is larger 
when sodium is present, indicates that the 
diffusion of oxygen is now hindered. It is 
well known from the field of glasses that the 
activation energy of diffusion increases with 
the concentration of network modifying ions 

[36] . 

Parabolic oxidation in water vapor 

If water vapor is present in the oxidizing 
ambient then the mechanism of parabolic 
oxide growth becomes complicated by several 
factors[35, 37]; (1) Interaction between H-^O 
and SiOa leads to a large variety of reaction 
products, for instance, OH groups attached 
to Si that can be in permanent or metastable 
form, interstitial (dissolved) H 2 O molecules 
in SiO^, and interstitial H^. Depending on tem¬ 
perature, impurities, pressure of water vapor, 
etc., the concentration of these species, as 
determined by various equilibria, might vary 
considerably. (2) With increasing temperature 
adsorption of H 2 O on SiOj occurs increas¬ 
ingly as OH rather than HjO. (3) The trans¬ 
port mechanism is very complex. One of the 
reasons for this is the nature of the diffusion 
species. The solubility of ‘water’ in silica 
varies as the square root of the water vapor- 
pressure indicating that water is present at 
hydroxyl. On the other hand, there are indica¬ 
tions that at higher pressures the diffusing 
species is water molecule. The situation is 
further complicated by the fact that diffusion 
of Hz may result from the conversion of 
metastable hydroxyls. 

Another difficulty related to the diffusion 
of ‘water’ in silica is that the diffusion coeffi¬ 
cient increases with increasing concentration 
of HzO in SiOz and that the activation energy 
varies from 0-44 to 0-88 eV [38]. 

The role of impurities, that might influ¬ 
ence the interaction between HzO and 
SiOz as well as the transport mechanism, is 
not quite clear. It is known, however, that (I) 
the permeability of hydrogen decreases with 
increasing amounts of glass modifying oxides 

[37] , (2) under the influence of an applied d.c. 



THERMAL OXIDATION OF SILICON 


561 


voltage alkali impurity atoms are replaced by 
protons that originate from water vapor in the 
ambient [39], (3) removal of ‘water’ from Si02 
by electrolysis requires the presence of alum¬ 
inum as a silicon-substitutional impurity[39] 
and (4) sodium in thermally grown SiOa in¬ 
fluences the hydration of the oxide as revealed 
in the dielectric dissipation due to dipoles in 
the bulk [40]. 

From this discussion it is evident that a 
straightforward comparison between thermal 
oxidation of silicon in water vapor and 
diffusion of ‘water’ in noncrystalline silica 
cannot be made at present. This statement is 
substantiated by the discrepancy of the pres¬ 
sure-dependence of solubility of ‘water’ in 
silica and parabolic rate constant for oxidation 
in water vapor. The solubility is proportional 
to the square root of pressure, whereas the 
rate constant is linearly proportional to it. 
Also observe that the activation energy of the 
parabolic growth depends on the partial 
pressure of water vapor.* 

We see from Tables 2 and 3 that with 
increasing water pressure Qk decreases and 
/to increases. This is probably due to the 
increased density of broken Si-O-Si bridges. 
In the case of high pressure steam oxidation 
the parabolic regime disappears [16]; this may 
be due to the fact that the migration of water 
in molecular form is extremely easy compared 
to the rate of reaction with silicon. Apparently, 
sodium facilitates the incorporation of 
hydroxyl into the oxide leading to larger 
k„, but it increases the energy barrier of the 
diffusion. 


*Deai and Grovctll] determined the solubility of 
'water’ in SiOj grown thermally in an Oj-HjO mixture 
at 1000“C. This value compared favorably with the 
solubility given by Moulson and Roberts (41), However, 
this agreement can be only considered as fortuitous, since 
the solubility given by Moulson and Roberts varies with 
the square root of the water vapor pressure, whereas the 
parabolic rate constant varies linearly. Also, the simil¬ 
arity of the activation energies is not generally valid, 
since, depending on pressure and impurity content, the 
activation energy of parabolic growth may have a value 
anywhere from about 0'4 to 2-3 eV. 


Nature of sodium in the oxide 

It has already been indicated that sodium 
incorporated into the oxide during its growth 
is largely in the so-called bound or inactive 
form(l]. That is to say, it essentially does not 
contribute to the migration of positive charges 
under high field (about lO^V/cm) at 200-300° 
C. This fact has been further substantiated by 
several observations related to the electric 
behavior of the Si-SiO^ interface. From MOS 
capacitance measurements on samples pro¬ 
duced by r.f.-oxidation with sodium-doping 
we have determined the effective density of 
surface states at zero silicon surface potential, 
yVo, and the density of states within the silicon 
forbidden band, dNidE. The following values 
are typical for the as-grown condition: Nf, — 
7-6X lO'^cm-^' and dNIdE: 2-8 xlO'^ (eV)-> 
cm^. After annealing in helium at 1100°C for 
15 min dNidE became virtually zero and yV* 
was 8x10" cm“^. According to Kooi[42] high 
sodium content in the SiOj films results in 
high values of No- However, the N„ value for 
the annealed specimen is only twice as large 
as that given by Kooi despite the fact that the 
Na concentration was about 10“ atoms/cm^, 
whereas in Kooi’s case it was 2 x lO'*® atoms/ 
cm-'. This means that, although sodium con¬ 
tamination during oxidation may contribute 
to the surface states, it is not primarily re¬ 
sponsible for them. 

The stability test of sodium doped oxides 
also demonstrated that most of the sodium is 
in an electrically inactive form. After applying 
-hlOV bias to the electrode on the oxide 
(760 A thick) at 250°C for 5 min the C-V 
curve became very distorted as shown by the 
new value of dNidE, roughly 2-5 x 10*’(eV)-' 
cm"^-. As a matter of fact, the change in Ng can 
be approximately attributed to the distortion 
of the C-Kcurve rather than to the appear¬ 
ance of a positive charge in the oxide that does 
not interact with the silicon space-charge 
region (this is often called the oxide-charge). 
This behavior is quite different than observed 
for clean oxides, where, after application of 
the bias, the C-V curve shifts slightly (on 



562 


A. G. REVESZ and R. J. EVANS 


the order of 0-1 V for 1000 A oxide) toward 
more negative electrode voltages. It is also 
different from the behavior of those samples 
that were contaminated with sodium at 
the surface before electrode deposition; in 
this case the C-l^ curve shifted considerably 
toward more negative electrode voltages, but 
without any change in dN/dE[43]. After 
applying — 10 V at 250°C for 5 min the C-E 
curve shifted in the positive direction without 
distortion, corresponding to a change in 
A/oof 3 X 10" cm”“. This behavior is somewhat 
similar to that observed for MOS structures 
in which the SiOj was replaced by an alkali 
glass [44]. These observations demonstrate 
that from the standpoints of both interface 
states and ion migration most of the sodium in¬ 
corporated into the oxide during growth is in an 
inactive form, but some sodium may con¬ 
tribute to the interface states after applying 
positive bias to the metal electrode. 

SUMMARY AND CONCl.USIONS 
Thermal oxidation of silicon under a variety 
of conditions follows a combination of linear 
and parabolic rate laws. The linear and par¬ 
abolic rate constants, that describe the oxi¬ 
dation for very small and very large oxide 
thicknesses, respectively, obey the Arrhenius 
relationship. Under very clean conditions the 
linear (a) and parabolic (A) rate constants for 
oxidation in dry oxygen differ substantially 
from those values obtained by oxidation in 
resistance heated furnaces. Oxidation in water 
vapor is characterized by larger values of ei„ 
and Qa as well as by smaller values of and 
Qs. Sodium doping results in increased values 
of Ko and Q/^, especially in the presence of 
water vapor; it also leads to larger values 
of flo and Q„ for oxidation in dry oxygen, 
and increases the linear oxidation rate for 
oxidation in water vapor. A comparison 
of our results with those obtained by others, 
who generally employed resistance-heated 
silica tube furnaces, reveals that oxida¬ 
tion of silicon in these furnaces proceeds 
by sodium and/or water in varying degree. 


The oxidation kinetics is greatly affected, or 
even determined, by water and sodium (or 
similar) impurities in the oxidizing ambient. 

The observations reported in this paper and 
by others can be tentatively explained by the 
following model. At the beginning of oxidation 
surface reaction is the rate-determining step. 
This gives rise to linear rate. Since Aq is larger 
for water than for oxygen, the density of 
Si-OH groups in the oxide is probably larger 
than that of interstitial oxygen. In the pre¬ 
sence of sodium the entrance of OH is facili¬ 
tated through autocatalytic reactions. The 
increase in ()„ when water and/or sodium is 
present is probably due to steric hindrance in 
the formation of Si-O bonds at the oxide- 
silicon interface. The transition from linear 
to parabolic rate generally extends to 1000- 
2(M)0 A. This unusually large thickness range 
may be due to the relatively easy migration of 
oxygen along microheterogeneities (channels) 
in the oxide. 

Parabolic growth in dry 0,i shows a remark¬ 
able similarity to oxygen permeation through 
fused silica. It is proposed here that per¬ 
meation and oxide growth take place via an 
interstitialcy diffusion mechanism; the total 
flux is the sum of molecular and ionic fluxes. 
Incorporation of sodium results in an in¬ 
creased density of broken Si-O-Si bridges, 
hence the increase in ki„ but the presence of 
sodium hinders the motion of oxygen, hence 
the increase in (p^. If water vapor is present, 
a large variety of interactions between H 2 O 
and SiO .2 can occur leading to Si-OH, inter¬ 
stitial H 2 and H-^O, etc. Also, the transport 
mechanism is quite complex. Qualitatively, 
with increasing water pressure kg increases 
and Q^. decreases due to the increased density 
of broken Si-O-Si bridges. In the presence of 
sodium the incorporation of OH is easier, 
hence the increase in ko\ but its motion is 
hindered, hence the increase in Q,,. 

MOS capacitance measurements of 
Na-doped oxides showed that most of the, 
sodium is inactive from the viewpoint of both 
surface state density and ion migration at 
elevated temperature under high field. 
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APPENDIX 

Errors, reproducibility and least square fit 
Errors and reproducibility. The random errois of 
thickness were determined by repealing the ellipsometn'c 
or interferometric measurement of a given specimen 5 
to 8 times. This was done for several specimens prepared 
under various conditions. Then the standard error. bX. 
was calculated. The reproducibility of the oxidation under 
some selected conditions was determined by oxidizing 
5 to 15 specimens individually under identical conditions. 
For each specimen the thickness and its error were 
determined. The average thickness, X. average error, 
bX. and average relative error. dbXlx, have been calcu¬ 
lated for each set. Also, the standard deviation of the 
sample. IT. was determined. The reproducibility is char¬ 
acterized by irlbX These data are summarized in Table 4 
For several sets of specimens the thickness was 
determined by both ellipsometry and multiple beam 
interferometry. Since the two methods resulted in 
identical values of A and B (see equation (I)) within the 
experimental errors and reproducibility, the possibility 
of systematic errors has been discarded. 

Method of least squares. For determining the A and 
B constants of equation (1) as well as the pre-exponential 
factor and activation energy of the rate constants (equa¬ 
tions ( 6 ) and (7)) we have used the method of least 
squares. The a intercept and slope of the general 
relationship 


a + fiy 


(A-1) 
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Tahte 4. Errors and reproducibility 


Oxidation 

conditions 

Thickness 

measurement 

n 

X 

(A) 

hx 

(A) 

SXIX 

{%) 

a 

(A) 

xrlSX 

Oj, AljOi-tube 
1145'>f' 

Interferometry 

7 

1964 

520 

2-6 

93 

1-7 

Oj, AljOi-tube. 
900-0 

Interferometry 

15 

2074 

26-3 

1-2 

112 

5 

Oj.r.f. 1250°C 

Ellipsometry 

6 

738 

8-2 

11 

23-8 

3-0 

Oj.r.f. 1250-C 

Ellipsometry 

6 

1068 

100 

09 

43-3 

4.4 

Oj-Na, r.f 900°C 

Ellipsometry 

5 

163 

6-4 

4-0 

6-7 

1 


were determined by computer using well-known equa¬ 
tions |45]. 

The errors of « and p, Sa and 5/3, were also deter¬ 
mined (461. The error 5« corresponds to SA in equation 
(I) and to Slnoi, or Sink,, as obtained from equations (6) 
and (7). The error 5(9 corresponds to 5fl in equation 
(I) and to 5(7,, or SQ,, in equations (6) and (7) From 
equation (3) the error of a. ha. can be calculated as 

ha = ^ (A-2) 

and from equation (5) the error of k. 6k, as 

6A' - IA-3) 

These last two error terms, in a relative foini, are listed 
in 1 able 1 From the error terms SIno,, and 5lnk„ the upper 
and lower limits of a„ and k„ have been determined. 

The probability that a linear relationship between c 
and ,v IS due to chance rather than a physical cause was 
checked by calculating the significance level. The lower 
Its value for a given set of r and v, the smaller the prob¬ 
ability that the linear relationship, as determined by the 


method of least square, is due to chance. From Student's 
(-values and correlation coefficients the significance 
level was determined by using appropriate tables [47). 

In the method of the least square fit, as described above, 
it is assumed that the precision of the y values is constant. 
This a.ssumption is very often made, but usually tacitly 
and without sufficient justification. It is also implied in 
the commonly used graphical curve fitting procedure. 
Frequently, the relative rather than the absolute errors 
can be considered as constant. In such a case the equa¬ 
tions u.sed in determining the a intercept and ft slope are 
somewhat different [45]. 

Inspection of Table I shows that it is a better approxi¬ 
mation to consider the relative, rather than the absolute, 
errors of a and k as constant. Using a constant relative 
error instead of absolute one (as in the case with our 
computer program) the kinetic parameters have been 
redetermined from Group (I). These values differ 
considerably from the originally determined parameters 
(see Table 5). Since the relative errors generally vary 
within a group, in the strict sense individually weighted 
a and k values should have been used for setting up 
Table II. However, since the number of points is rela¬ 
tively small. 3 to 4. this calculation method did not seem 
to us to be warranted. 


Table 5. C<?>n/>ari.\<>n oj kinelital canstams obtained Jor r.f. oxidation in 
dry O 2 under rerv clean conditions by two evalucilion methods 


Evaluation method 

^0 

(cm s') 

Q: 

(eV) 

k„ 

(cm“s"') 

Qr 

(eV) 

Absolute enors taken 
as constant 

ITx 10-* 

112 

1-2 X 10-“ 

1-20 

Relative errors taken 
as constant 

2-8 X lO ’ 

0-93 

1-3 X 10-'“ 

102 
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Abstract—The resistivity of a very stable high purity specimen of (Zr0.j)„Bo(YjO,.,)„ has been 
measured between 400° and I000°C. It is found that the dependence of the resistivity p on temperature 
is precisely described by 

where the /4's and li's are empirically determined constants. 

Two hypotheses which yield such a temperature dependence are discussed. The first involves 
vacancy trapping by the yitria ions. The second involves the resistance of an yitria-rich layer near the 
grain boundaries. 


1. INTRODUCTION 

Ionic conduction in zirconia-based solid 
electrolytes has been investigated by 
numerous workers[l-3]. Usually, the data 
are plotted as log <r (or logo-T") vs. I/T and 
a single straight line is fitted to this data. In 
most cases a more elaborate treatment of the 
data would be unjustified in view of the ex¬ 
perimental uncertainties. 

During several years’ work on both zir- 
conia-calcia[4] and zirconia-yttria we have 
observed a distinct curvature in the con¬ 
ductivity plots toward a lower activation 
energy at the higher temperatures. The same 
effect has been observed by Strickler[5] and 
Casselton[6]. This effect is most pronounced 
in specimens prepared from high purity 
materials and having compositions near the 
lower end of the cubic range of solid solution. 

The purpose of this work is (I) to obtain 
accurate resistivity data on a siable't. high 


•This work was supported by U.S. Naval Ship Systems 
Command under Contract Nobs-94295. 

tWe were unable to obtain highly stable resistivity 
measurements with (ZrOj)„.«)(CaO )„.,4 due to inter¬ 
ference from the hysteresis phenomenon [7-9] which 
occurs in the zirconia-calcia system. 


purity specimen of (ZrOsjij.MfYjOsVjo. and 
(2) to compare the data quantitatively with 
some possible mechanisms for the above- 
mentioned curvature. 

2. EXPERIMENTAL PROCEDURE 
(A) Specimen preparation 

The preparation of the (ZrO^),,. »o(Y.)Os)o.|n 
was accomplished by a decomposition reac¬ 
tion. Zirconium-oxychloride and yttrium 
oxide powderst were mixed in proper pro¬ 
portion and heated in a covered recrystallized 
aluminia crucible at 1450°C for 4 hr. The 
resulting soft white powder was pressed into 
disks (1 mm thick x 12-7 mm dia.) at 100.000 
psi. The final sintering was done in an arc 
image furnace at a temperature of at least 
2000°C for 30 min. Apparent specimen den¬ 
sities. determined by weight and geometric 
dimensions, were 85 per cent of the theoretical 
value. Examination of a polished and etched 
specimen under a metallographic microscope 
revealed a porosity consistent with the above 
figure, and a mean grain size of approximately 

tYg0.i. 99-99 per cent; Lindsay Rare Earth Chemicals. 
ZrOClj ■ xH.gO. 99-97 per cent; Titanium Alloy Manu¬ 
facturing Co. 
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10/t. No traces of second phase inclusions 
were observed. 

X-ray diffraction powder photographs (11-4 
cm Debye-Scherrer camera) were obtained 
of the specimen material after the I450“C 
reaction and also after the 20()0°C sintering. 
Sharpness of the lines indicated complete 
reaction and apparent single phase cubic 
material at both stages of preparation. The 
lattice parameter. 5-143 A is in good agree¬ 
ment with the values obtained by other 
workersl 1,3]. 

(fl) Resistivity measurements 

The high purity (ZrOi)o,m(YT),)o in 
disk form, was sliced into bars approximately 
10 mm in length and 1 mm x I mm in cross- 
Section. Four platinum paste electrodes were 
baked on the bar and 0 008 in. Pt leads 
attached by wrapping. The specimen was 
suspended by its leads in the hot zone of a 
furnace. Resistivities were then determined by 
a four terminal technique employing an 
electrometer for the measurement of poten¬ 
tials across the sample and across the current 
resistor. Currents employed ranged from I to 
100^1 A. and the potential across the specimen 
was always less than 1 V. The specimen 
temperature, as monitored by a Pt-Pt 10 
per cent Rh thermocouple adjacent to the 
specimen, was constant to within ±()-2°C 
during a measurement. The atmosphere of 
the furnace was air. 

Resistivity measurements were taken at 
100 deg intervals from 500° to 1000°C 


and back down during the first day. After an 
overnight hold at 400'’C. measurements 
were taken from 400° to 1000°C and back 
down on the second day; thus two values 
were obtained at 400° and at 1000°C and four 
values at each of the other intermediate 
temperatures. 

3. RESULTS 

The experimental results are given in Fig. 1 
and Table I. The scatter of piT was approxi- 
materly 0-5 per cent at 400°C and 1000°C, 
and 0-3 per cent or less at the other tempera¬ 
tures. The stability of this specimen may be 
appreciated when one notes that p/T varied 
over a range of 2000. 

An expression of the form 

^ = ( 1 ) 

was fitted to the data. For the sake of sim¬ 
plicity. the constants were chosen so that 
exact agreement would be obtained at the 
end points (400° and 1000°C) and optimum 
agreement elsewhere. A comparison of 
(p/7’)exwr. and (p/r),.aic. is given in Table I. 
The error in the fit was about the same as the 
experimental error, i.e. about ±0-3 per cent. 
For the constants, we obtained 

A, = 9-056X lO'^n cm deg"' 

/fj = 4-572x lO ^Ucmdeg"’ 

£, = 0-682 eV 
£.,= l-l68eV 


Table I. Summary of resistivity data 


Temp. 

(■’C) 

Number of 

measurements 

(11 cm) 

(p/T)<„i,. 

(H cm) 

Diff. 

(%) 

400 

2 

2-666X 10 

2-666 X I0» 


500 

4 

2-134 

2-137 

+ 0-14 

600 

4 

3-314 X 10 ■ 

3-309x 10 ' 

-0-15 

700 

4 

8-218 X 10-* 

8-206-(-10 2 

-015 

800 

4 

2-851 X 10^ 

2-842 X 10"^ 

-0-31 

900 

4 

1-243 X to * 

1-247X 10-* 

4-0-30 

1000 

2 

6-4.S4X 10 “ 

6-454 X 10 



•Constants were chosen to give exact agreement at these values. 
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Fig. I. Resistivity-temperature behavior for high purity 
(/.rOj),HHi(Y.iOi)„ 1 ( 1 - Circles are ex.perimental points; 
the solid line i^ equation (I) fitted to these points; the 
dotted lines are the two terms of equation (1) plotted 
individually. 

4.D1SCDSSION OF THEORY AND RESIILTS 
Before discussing specific mechanisms 
which would give rise to two terms in the 
expression for resistivity as in equation (I), 
let us consider the theory for a single phase 
material with non-interacting vacancies. 

It has been established that in (ZrOjVso 
(Y.jOa)„.|o. electrical conduction occurs by an 
oxygen ion vacancy mechanism [1, 10]. The 
appropriate expression for the resistivity p 
in this case can be shown to be 

where 

_ uk 

^ SceV e-'’"' ■ 

Here. T is the absolute temperature, a is the 
lattice parameter, k is Boltzmann's constant. 


c is the fractional concentration of vacancies 
in the oxygen ion sublattice, e is the electronic 
charge, v is the vibration frequency of an 
oxygen ion adjacent to a vacancy (~ 10 '^ 
sec~‘). S is the activation entropy for vacancy 
motion, and E is the activation enthalpy for 
vacancy motion. The constant A may be 
calculated, subject to some uncertainty in the 
entropy factor For the alkali halides, this 
factor commonly lies between I and 10. We 
shall assume a value of unity for our present 
purposes, but will consider the effect of a larger 
value later in this discussion. 

From equation (4) we calculate a value of 
/f=7-6xl0 ®fi cm deg ' for a perfectly 
dense specimen of (ZrOojo.BolYaOajo.i,,. and 
for our specimen, which is 85 per cent of 
theoretical density, we have 

^ = 90x 10-«ncmdeg-'. (5) 


Let us now consider two specific mechan¬ 
isms which lead to expressions for pi T having 
the form of Equation (I). 

(A) yacancy trapping hypolheiis 
Consider a solid containing a fractional con¬ 
centration of vacancies cn- of vacancy traps 
(•,. and of free vacancies r,.. Then the concen¬ 
tration of trapped vacancies is r,) —c,.. and 
the concentration of empty traps is c,— 
{ca—c,.). We may describe the trapping pro¬ 
cess by the reaction 


free vacancy-F empty trap trapped vacancy. 

( 6 ) 

Applying the ideal mass action law. one 
obtains 


c,,-c,. 


cAc,-c„ + Cf) 


= K — ze^'*-'^ = ze' 


•nikf^xikT 


(7) 


where K is the equilibrium constant, z is 
the number of distinct orientations of the 
trap-vacancy complex. ( is the Gibbs free 
energy of trapping. 17 is the entropy of 
trapping and x is the enthalpy of trapping. 
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In order to simplify this expression we 
need an estimate of the relative concentra¬ 
tions of traps c, and vacancies Co- We can 
state at once that c, & Co; if the number of 
traps were smaller than the total number of 
vacancies, we would observe an inflection 
point in the logp/T vs. l/T plot, because then 
only part of the vacancies could be trapped, 
even at the lowest temperatures. A likely 
candidate for the trapping center is the Y+'‘ 
ion; its charge and size relative to the 
ions should give rise to both an electrostatic 
and strain field which could attract oxygen 
ion vacancies. The concentration of Y^' 
ions is twice that of the oxygen ion vacancies; 
therefore to a good approximation we can 
replace the factor t, — + in equation (7) 

with its average value of The fraction / 
of vacancies which are free is then found from 
equation (7) to be 

/= (i-^jc„ce (8) 

r II 

In the simple expression for resistivity, 
equation (3). the effects of vacancy trapping 
may be taken into account by replacing A 
with /</'■*. Then we obtain 

^ = At' = Ae‘"'‘’'+ (Mr e-”'*) 

This is identical in form with equation (I) 
so that we may equate coefficients: 


(4) At 1000‘’C, 70 per cent of the vacancies 
are free, but at 400‘’C only about 4 per 
cent are free. (Calculated with equa¬ 
tion ( 8 )). 

Some comments are appropriate here. The 
activation enthalpy for vacancy motion is 
quite low compared to values in the literature 
[1,2]. which are about 0-96 eV.* The trapping 
enthalpy appears reasonable, compared to 
those occurring in the alkali halides[ll], at 
least. A more severe problem arises with the 
entropy value, -rj/k. however. In the alkali 
halides, for example, it is expected to be near 
zero{ll]. Despite this disagreement, it 
does not seem probable that the trapping 
hypothesis can be ruled out on this basis 
alone. One might, in fact, expect deviations 
from our theory due to the high defect con¬ 
centrations with which we are dealing. 

(B) Grain boundary layer hypothesis 
Consider a solid, composed of two phases 
differing in their resistivity and so distributed 
that the resistive effects are additive; for 
example, a bulk resistivity and a grain 
boundary resistivity. Then one may write 

p = a'p' + a"p" ( 11 ) 

where the a's represent fractional thick- 
nessest of the phases present, i.e. a' + a" = 1 . 
If each p has the form of equation (3) we have 

j = a'A’ eK'"'’'-b a"A" e®""'^. (12) 


/f =/f, 

E=E, 

X = Ca-C, 

= AJAi - 


( 10 ) 


On the basis of equations ( 10 ) and (2) 
we arrive at the following conclusions; 

(1) The activation enthalpy for vacancy 
motion is 0-682 eV. 

(2) The trapping enthalpy between an yttria 
ion and an oxygen ion vacancy is 
0-486 eV. 

(3) The trapping entropy 17 /k is approxi¬ 
mately 4-4. 


This has the same form as equation (1) so 
that we may equate coefficients: 


*When data are compared between various workers 
one should note whether o-= Ce"*™'’ is used or a-T 
— C'e The relationship between the two is. to a good 
approximation, as follows: 

C s Cef 
E' a E + kT 


where 


‘t ( 7 * hiKhm 




For the data discussed here Af s 01 eV and eT a 3-1 
I O’deg. 


t If the grain diameter is D and the grain boundary layer 
thickness is d, then a' = DI(D + d) and a" == dUD + d). 
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a'/4'=/4, 
a"A" = A., 

B'-E. 

E" = Ea 

We shall assume at this point that the 
vacancy concentrations in both bulk and 
grain boundary material are comparable so 
that we may use our previously calculated 
value of A as follows: 

/t'~/t''~ ^ = 9.0x 10-«ncmdeg^>. (14) 

On the basis of equations (2). (13) and (14) 
we conclude that 

a' ~ 1, E' = 0-682 eV 
a"-- 0-005, E"= 1-168 eV 

These values suggest that the bulk of the 
specimen has an activation energy for 
conduction of about -0-68 eV, but that a 
small amount of material having a higher 
activation epergy, about l-17eV, is distri¬ 
buted throughout the specimen in thin layer 
form.* If it is assumed that this material is 
located at the grain boundaries, a rough 
calculation indicates that its thickness would 
be about 500 A, and its volume about 1-5 per 
cent of the specimen. 

The simple additive resistivity model 
employed here breaks down if the entropy 
factor in equation (4) is assumed to be 
appreciably larger than unity; a’s which are 
greater than unity are then required, which, 
by their definition, is not possible. 

We should now consider more specifically 
what the hypothetical grain boundary layer 
might be. By the assumption of equation (14). 
its vacancy concentration should be com¬ 
parable to that of the bulk, and by experiment, 
it should have a higher activation energy for 
conduction than the bulk material. These 


* A thin layer-type distribution is required foi the 
resistivities to be additive.^ 



requirements are met most simply by postu¬ 
lating that the outer layer of each grain is still 
cubic zirconia-yttria but with a higher 
proportion of yttria than the bulk. The 
apparent activation energy of this layer. 
l-17eV. corresponds roughly to (ZrOz),,.*., 
(Y.20 ;,)o.,.s. according to the data of Dixon 
et al.[2], and is still well within the cubic 
range. Due to its similarity to the bulk 
material, its distribution as a thin layer, and 
the small total amount present, such a ‘second 
phase’ would be very difficult to detect by 
most standard techniques. 

A very similar type of layer has been 
postulated by Jorgenson and Anderson[12] 
in the solid solution (Y 20 ;,)o.j,(ThO.,)o.,. 
From their microhardness, grain growth, and 
surface activity experiments, they inferred 
that a thoria-rich layer existed at the grain 
boundaries. 

On the basis of our present information the 
two mechanisms above appear equally likely. 
Conductivity data on single crystal speci¬ 
mens would be very helpful in deciding the 
matter. 


S. SUMMARY 

(1) Between 400°and 1000°C. the resistivity 
of a high purity (ZrOzlowf YzOalo-.o specimen 
may be described by the expression 

(2) If a vacancy trapping mechanism is 
assumed to explain this temperature depen¬ 
dence. one concludes that (a) the activation 
enthalpy for free vacancy motion is 0-68 eV. 
and (b) the yttria ions act as traps for the 
vacancies; the trapping enthalpy if 0-49 eV 
and the trapping entropy rj/k is 4-4. 

(3) If a grain boundary layer mechanism is 
assumed to explain the temperature depen¬ 
dence one concludes that (a) the activation 
enthalpy for conduction in the bulk of the 
grains is 0-68 eV. and (b) a grain boundary 
layer exists which is on the order of 500 A in 
thickness and which contains a higher 
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proportion of yttria than the bulk material. 
The activation enthalpy for conduction in this 
layer is about 117 eV. 
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Abstract—The Br-81 and 1-127 chemical shifts of the alkali halides and of TIBr were studied as a 
function of temperature. The room temperature results are in close agreement with previous workers, 
and more information is deduced. A consistent explanation can be obtained by assuming Kondo- 
Yamashita’s (K-Y) overlap model with due consideration of next-nearest-neighbor (NNN) inter¬ 
actions between halide ions. The possibility of a slight covalent effect in the heavy metal end of the 
alkali halides is discussed. The effect of covalency is manifested by TIBr. whose measurements can be 
successfully explained by the covalent model of Yosida-Moriya (Y-M). A correct way of averaging 
the effect of thermal vibronic motion on chemical shift in the K-Y overlap model is formulated, and a 
general formula is derived for the temperature variation of chemical shift. For the alkali halides, the 
thermal dilation of the lattice together with the thermal-vibration-induced enhancement of overlap 
account for the downfield shift with increasing temperature. The results are analyzed quantitatively, 
and a physically meaningful factor F has been calculated to indicate the selective degree of importance 
of NN interactions. As for TIBr, similar explanations for the observed results are deduced in the light 
of the Y-M covalent model. NNN is important to account for the difference in sign of the chemical 
shifts at the transition temperature from solid to molten slates of TIBr as observed. 


• INTRODUCTION 

In the early I950’s, Gutowsky and 
McGarvey[ll and Kanda[2] had undertaken 
the study of anion chemical shifts in some 
solid alkali halides. They suggested that the 
origin of the observed chemical shifts arises 
in covalent bonding between cation and anion 
in the crystal. In 1956, Yosidaand Moriya[3] 
derived a theoretical model to explain the 
empirical chemical shift values. Their model 
was based on the principle that chemical shift 
arises from the transfer of an electron from the 
anion to the cation in the crystal. Mathe¬ 
matically, the chemical shift of an anion and 
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cation, respectively, can be represented as 
follows: 




( 1 ) 


where Z is the number of nearest neighbors; 
Z\ is a parameter which describes the total 
covalent character in the molecule; AE' is the 
difference in energy between the ionic state 
and the charge-transferred state without 
bonding; fis is the Bohr magneton, is 

the average of I /r* over the outermost p states 
of the halogen atom\ {\lr^)si is the corres¬ 
ponding average over the outermost p states 
of the metal atom ; and Op is the fraction of p 
character in the mixed s-p state. However, 
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the covalent picture has failed to agree with 
the observed values of the quadrupolar 
relaxation times. Moreover, it predicts that 
both the chemical shift and the reciprocal of 
the spin-lattice relaxation time (1/7,) should 
be much smaller for alkali ions than those for 
the halogen ions with similar electronic 
configurations. This is because the electronic 
state forming the covalent bond is mainly of 
atomic p-type in the neighborhood of the 
halogen nucleus, whereas it is mainly of 
atomic .s-type around the alkali nucleus. 
However, an .v-electronic state makes no 
contribution to either the spin-lattice relaxa¬ 
tion time or to the chemical shift. Itoh and 
Yamagata[4] have studied salts like RbBrand 
KCl but did not observe this predicted 
behavior. This shows the inadequacy of the 
covalent picture, at least for the alkali halides. 

Kondo and Yamashital5] have advanced 
another theory in which the effect of the 
overlapping of neighboring ions is considered. 
This idea is motivated by Ldwdin’sfb] 
calculation of the cohesive energy of the 
simple ionic crystals. The chemical shift for 
the metal ion ff,/. and that for the halogen ion. 
6//, that follow from the Kondo-Yamashita 
theory are; 

16, 1 .,/l\ 

W,,-’ 

16 I /l\ 

where is the sum of the squares of the 
overlap integrals between outermost orbitals 
on a pair of nearest-neighbor (NN) ions; 
(A£),v,.h is a suitable average over the excited 
states of an ion: (l/r'’)„ is the average of 
l/r’ over the outermost p-states of a halof’en 
ion', (1/r*)^,. is the corresponding average 
over the outermost p-states of a metal ion. 
Hereafter, equations 1 and 2 will be referred 
to as the Y-M and K-Y equations, respec¬ 
tively. 

The K-Y theory can explain reasonably 
well the experimental results for the spin- 


lattice relaxation time and the chemical shift 
for the ionic crystals. The analysis of Das and 
Karplust?] on the field gradient of KCl has 
also borne out the importance of overlap 
effect in alkali halides. However, more recent 
experimental results on alkali halides (for 
example. Yamagata[8] and Baron[9]) indicate 
that there are discrepancies between experi¬ 
ment and the original K-Y theory. Effects of 
overlap with next nearest neighbor (NNN) 
(Yamagata, and Baron) and ionic polarization 
effects are invoked to explain this deviation 
of the chemical shift and the relaxation time 
from the original K-Y theory, with qualitative 
and semiquantitative success in different 
cases. Hafemeister and Flygare[10] have 
undertaken the calculation of the pressure 
dependence of NMR chemical shifts assuming 
the K-Y model and concluded that NNN 
halogen-halogen interactions contribute 
significantly to the chemical shift. It is 
evident therefore, that Kondo-Yamashita’s 
model when suitably modified with respect to 
NNN interaction and electrostatic inter¬ 
actions can account for the NMR studies of 
the alkali halides to a great extent. Yet it 
should be remarked here that despite this 
semiquantitative agreement, there still exist 
systematic discrepancies from the experi¬ 
mental data of previous workers. Our present 
work will shed light on this problem, as will 
be discussed in detail in the following sections. 

Nuclear magnetic resonance in the thallium 
halides has been studied by Rowland and 
Bromberg[II] and later by Hafner and 
Nachtriebn2] and by Saito[I3]. In a thallium 
ion. the outermost orbitals contributing to a 
paramagnetic shift are the 5 p and 5 d orbitals. 
The K-Y equation for the chemical shift is 
given for a p-orbital. The corresponding 
expression for a ^/-orbital can easily be 
derived by using the same overlap model, as 
done by Saito. He observed that the experi¬ 
mental values deviate markedly from the 
prediction of the overlap model even when 
generalized to include the d-orbitals. Rowland 
and Bromberg correlated the thallium 
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chemical shifts with electronegativities but 
did not develop this concept in detail. The 
present work on bromine-81 resonance in 
thallium bromide, taken together with the 
thallium-205 results on the same salt, will 
help to clarify the question of overlap and 
covalency in the thallium halides in both the 
solid and molten states. 

EXPERIMENTAL METHODS 
The chemical shift is measured as 



where H, and //, are the magnetic fields for which 
resonance of the nuclei is observed at a particular 
frequency, v. in the sample and reference, respectively. 
In the present experiments the reference sample used for 
bromine-81 resonance was a saturated aqueous solution 
of NaBr, and that for iodine-127 resonance was a sample 
of solid Kl. Most of the alkali halides used were Baker 
Analyzed Reagent Grade. The thallium bromide and salts 
of rubidium bromide and cesium bromide were from the 
K & K Company. The .salts were not further purified nor 
were they analyzed for impurity contents since impurity 
effects on chemical shifts are. known to be negligible. All 
substances were dried in an oven over night at I80°C 
before they were packed tightly into the sample tubes for 
sealing. The sample tubes were made of Vycor tubing. 

14 mm O.D. with a deep reentrant well for the thermo¬ 
couple for temperature measurement. The tubes were 
sealed off at a constriction near the bulb which was filled 
with the appropriate salt. Each sample was evacuated on 
a vacuum line for about 20 min before sealing so as to 
assure complete dryness of the salt. The length of the 
final sealed-off sample cells was 25 mm for the bromides, 
and 37 mm for the iodides. The volume of the salt used 
was about 0-7 to 0-8 cm^ in the solid state. 

The single-coil method together with twin-T bridge 
arrangements were used for the detection of the absorp¬ 
tion resonance signal. The magnetic field was scanned 
over a range of 50 G in a period of 10 min. At I3-'W7K5 
Mc/sec (hereafter referred to as 14 Mc/sec) the bromine- 
81 resonance is observed when the magnetic field was 
set at 12-195 kG. I'or iodine-127 resonance the magnetic 
field was 14107 kG, while the frequency was kept con¬ 
stant at 12 00166 Mc/sec, T wo quartz crystals at 14 Mc/sec 
and at 12 Mc/sec were used for the bromine and iodine 
measurements, respectively, so as to maintain the fre¬ 
quency stable to within a hundredth of a kc/s. 

The furnace is made up of 30 vertical loops of 0 010 in. 
dia, platinum wire set into grooves which were milled 
into a thin-walled l.ava cylinder. The cooling clement 

15 a brass water-cooled jacket of 40 mm o.d. surrounding 
the furnace and the rf coil (99-9 per cent pure silver 
wire, gauge number 20). The current to the furnace is 
supplied by a bank of storage batteries providing voltages 
varying from 12 to 96 \J»It requires a current of about 


3-4 A to reach a temperature of about 500°C. in the sample. 
The temperature of the sample was measured potentio- 
metrically by means of a calibrated platinum-platinum 4- 
13 per cent rhodium thermocouple, using an ice-water 
bath as reference Junction. The experimental chemical 
shifts (corrected for furnace current effect) as a function 
of temperature are shown in Figs. I -3. 

ALKALI HALIDES 

The chemical shifts as a function of tem¬ 
perature of the alkali halides are plotted in 
Figs 1 and 2. In all these cases there is a 
linear dependence of the chemical shift on 
temperature, and the negative signs of the 
slopes indicate that the salts become more 
paramagnetic with increasing temperature. 

Room temperature chemical shifts of alkali 
halides 

A careful examination of the chemical shifts 
at room temperature reveals the interesting 
fact that if the anion chemical shifts in the 
alkali halides are plotted as an increasing 
function of the T-axis against the atomic 
numbers of the metal ions for the same halogen 
partners on the A"-axis, there exists a minimum 
in the chemical shift of the halogen ion when 
the atomic number of the metal ion is increased 
from lithium to cesium. This minimum occurs 
at sodium for the bromides, and at potassium 
for the iodides. A plot, of the metal ion versus 
chemical shift is shown in Fig. 4. Beyond the 
minimum, there appears a systematic down- 
field trend in the chemical shift of the halogen 
ion with increasing atomic number of the 
metal ion in the alkali halides. Such a trend 
can be easily accounted for as the following; 
Hafemeister and Flygare[14] have calculated 
the outer .v- and p-electron overlap integrals 
in all the alkali halides. The K-Y equation 
predicts that the chemical shift is proportional 
to the sum of the squares of the overlap 
integrals. Calculation of these integrals and 
substituting them into the K-Y equation leads 
to values of the anion chemical shifts on the 
overlap model which are indeed larger for 
substances with the heavier metal partner in 
both the bromide and the iodide seriesi The 
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Fig. 1. Bromine-81 chemical shifts in alkali bromides. 
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Fig. 2. Iodine-127 chemical shifts in alkali iodides. 
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Fig. ,1. Bromine-81 chemical shifts in TIBr. 



Fig. 4. Experimental results at room temperature of the 
chemical shifts of the halogen nuclei versus alkali metal 
ions. 


anomalous increase in the chemical shift of 
LiBr, Lil, and Nal from the present experi¬ 
ments cannot be explained by the overlap 
effect in the original version of the K-Y 
theory, which would otherwise show the 
least shifts in the lighter alkali halides, con¬ 
trary to the experimental results. Thus, an 
additional mechanism must be present to 
account for this anomaly. Yamagata[ 8 ] ob¬ 
served the same trend in his study of the anion 
chemical shift of the alkali halides at room 
temperature with respect to a dilute aqueous 
solution as reference. He proposed that the 


main contribution for such anomalies is due 
to the overlap effect with NNN interactions 
included, while rejecting the explanations 
of the covalent and electrostatic effects. A 
comparison of the present results with 
Yamagata’s values referred to the same 
reference is shown in Fig. 5. The agreement 
is perfect. 



Fig. 5. Comparison of the present values of alkali 
bromides and iodides with Yamagata's at 25°C. 


Born-Mayer formulated the overlap repul¬ 
sion energy as proportional to the sum of 
the squares of the overlap integrals, and it has 
been shown classically by Born and Huang| 15] 
that the ratio. 


7 = 


Overlap energy of second neighbors 
Overlap energy of first neighbors 


=/(■»?), 


depends on the radius ratio of 17 = r+/r_, as 
plotted in Fig. 6 . The curve shows that for 



Fig. 6 . J vs. 17 plot from Born and Huang. 
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salts of K, Rb and Cs the contributions due 
to second neighbors are much less than those 
due to nearest neighbors. However, in the 
salts of the lighter metal ions, especially those 
of lithium, the NNN halogen-halogen overlap 
effect makes an important contribution to the 
lattice energy. It is interesting to propose 
that the anomalous downfield chemical shifts 
of the anion resonances in Lil, LiBrand Nal, 
may also be due to the overlap of NNN halo¬ 
gen ions. The overlap of metal-metal ions, 
however, would not contribute much to the 
chemical shift because of their small sizes. 
This idea has been well confirmed from theore¬ 
tical calculations by Hafemeister and Flygare 
[14]. Based on this model explanation, the 
anomalous downfield shift of the anion reson¬ 
ance in Lil should be larger than for LiBr, 
since 17 is smaller for each alkali iodide than 
for the corresponding bromide. 1 his behavior 
is indeed observed in our experiment as can 
be seen in Fig. 4. 

Hafemeister and Flygare|l()| have cal¬ 
culated the theoretical chemical shifts of the 
alkali halides with the inclusion of NN and 
NNN. A plot of these theoretical chemical 
shifts 8 s<,],d —5 ki vs. ionic radii of the alkali 
ions is shown in Fig. 7. Comparing this figure 
with that of Fig. 5, we can see that the NNN 
interaction contributes significantly for the 
light metal partner of the halogen shifts of 
the alkali halides. From the calculated chemi¬ 
cal shifts of Rbl and Csl with the inclusion of 



Fig. 7. Calculated chemical shifts vs. metal radii of 
alkali iodides. 


the NNN anions we see that such values are 
small when compared with that of Lil. But 
the experimental values of Rbl and Csl are 
large when measured relative to solid K 1 
as reference. Hence, with the inclusion of 
NNN interactions, it is not possible to explain 
the large experimental chemical shifts 
observed in Rbl and Csl relative to solid KI. 
Thus, the NNN anion interaction cannot be 
the only mechanism for the complete explana¬ 
tion of the experimental data. We suggest 
here that a very slight partial covalent bonding 
effect must be invoked to give a satisfactory 
agreement of the data as represented graphi¬ 
cally in Fig. 5. especially for the rubidium 
and cesium halides.’^ Gutowsky and Mc- 
Garvey measured the chemical shift of Rb 
and Cs resonance in their respective halides. 
For each cation they observed the para¬ 
magnetic chemical shift to be larger for iodides 
than for bromides, and they suggested that 
the origin of the shift lies in covalent bonding 
between cation and anion in the crystal. The 
larger shifts in the iodides than in the bromides 
are also observed in the present experiments. 
Kanda has also argued that the origin of the 
field gradient in the metal halides of the low 
ionicity is due to the covalent bonding in the 
crystals. 

From the iodine plot in Figure 5, we obtain 
the experimental ratio of KexDt= (Scsi — Ski)/ 
(8bi.i~8ki) = 5-4. We now use the overlap 
integral 5t tabulated by Hafemeister and 
Flygare] 14] to evaluate the chemical shifts 
of iodine-127 values for KI, Rbl and Csl, 
using the Ikenberry and Das[17] modifica¬ 
tion of the K-Y theory. The result of this 
calculation which only includes the NN 
overlap contributions, yields Kovip=( 6 c 8 i — 


*We agree with Wiknerer n/.[I6] that for cesium halides 
the chemical shift formula should be modified to include 
bonding d orbitals to account for the observed large 
shifts. 

tjt should be noted that all overlap calculations are 
merely a first order approximation, in that electron 
correlations and polarization are neglected. Their in¬ 
clusion would increase the chemical shift calculations. 



HIGH TEMPERATURE NMR STUDIES 


577 


5Ki)/(6Rbi—5 ki) = l-9.t The discrepancy 
between Kjxpt and Kovip demonstrates the 
fact that the NN overlapping-ion model of 
K-Y cannot account for the large observed 
downfield shifts in rubidium and cesium hal¬ 
ides. While it is true that the Ikenberry- 
Das model neglects NNN interactions, and 
it has also been shown that they play a large 
role in the chemical shifts of large anions 
associated with small cations, the NNN 
overlap is expected to be of minor importance 
for the heavy metal alkali halides. The basis 
for this assertion is the Born-Huang J vs. 
7} plot, which shows the minor contribution 
of NNN interactions to the lattice energy 
when T) > 0-6, and hence, the NNN interac¬ 
tion is not expected to be very sensitive when 
one goes from potassium to cesium. It must 
be recalled at this point that all the cesium 
halides have the CsCl structure, while all 
the rest of the alkali halides have the NaCI 
structure, with 6NN and 12 NNN. Rbl.for 
example, has twice as many NNN as does 
Csl. Inclusion of NNN overlap would 
decrease Kovip and increase its discrepancy 
with Kexpf Baron has also shown that a com¬ 
bination of overlap and covalent effects 
would give a better agreement between 
experimental results and theories. The above 
arguments further support, our suggestion 
that in addition to the modified K-Y theory 
with NNN included, there also exists a small 
but distinct partial covalent bonding in ionic 
crystals. We expect that this contribution of 
covalent bonding is negligible compared with 
the overlap effect in determining the chemical 
shifts when we consider the light metal end of 
the halide series, and it should increase 
monotonically when we go to the heavy metal 
side. Qualitatively the three effects of NN 
overlap, NNN overlap and the degree of 
partial covalent character have the behavior 
as shown in Fig. 8 when one varies the metal 
ion in any halide series. The chemical shift 


tThe number of nearest neighbors has been taken into 
consideration for the two different cubic structures. 



Fig. 8. A schematic plot showing the dominating effects 
of the chemical shifts as one goes from I.i to Cs. 

is obtained as the interplay of these three 
major contributions. The above discussion 
also applies to the bromide series. 

Temperature variation of 8 for alkali halides 
The discussion in the last section is re¬ 
stricted to the various properties related 
to chemical shifts of alkali halides at room 
temperature. It is of considerable interest 
to study how the chemical shift varies when 
the crystal lattice is perturbed. One way of 
altering the interionic distances in crystal 
lattices is by varying the temperature. This 
method definitely would introduce effects 
that do not occur in a hydrostatic pressure 
experiment as that performed by Baron, and 
it may complicate the comparison of theory 
and experiment. However, Baron’s studies 
and Hafemeister and Flygare’s work permit 
us to isolate unambiguously various effects in 
a temperature variation experiment and thus, 
furnish us with further information about the 
chemical shift as related to various para¬ 
meters of the crystal lattice. It has been 
suggested by Watkins and Pound [18] and 
by Watkins[19] that the experimental results 
on the relaxation time of the crystals can be 
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explained if they assume that the most domi¬ 
nant mechanism in the relaxation is the 
deformation of the electron shell surrounding 
the nucleus when the ions are displaced from 
the equilibrium positions by thermal vibra¬ 
tions. In the K-Y theory, if we neglect this 
deformation of ions, i.e. assume a rigid ion 
approximation, the concomitant overlap 
integrals would now be modified as a function 
of the interionic distance. In effect, due to 
thermal vibrations a non-cubic field appears 
at the nucleus, as is obvious from the picture 
that now the six NN are no longer at equal 
distance from that nucleus. Thus, it would 
be of great interest to study the thermal 
vibration of the chemical shift in the alkali 
halides. 

Due to thermal vibrations, the mean over¬ 
lap integrals {\) depend on the temperature 
through both the explicit dependence on 
interionic distance, r, and the amplitude of 
vibration, ii. In general, the individual overlap 
integrals. S, have the functional dependence 

.9=/fe'"' (,'5) 


where A and p are assignable constants. The 
relations 


{uy) - (ii,/) = (iir'-} 


=■ 


18 


( 6 ) 




from Leibfried[20] hold for the temperature 
region of our interest, where M is the reduced 
mass; (»„ is the Debye frequency; k is the 
Boltzmann’s constant; and T is the tempera¬ 
ture. Equation (6) is derived jn the harmonic 
approximation and without taking intoaccount 
the many-body nature of lattice dynamics, 
and thus, it would not account for the actual 
situation when this approximation breaks 
down, or when the influence of NNN is very 
important. In particular, when discussing the 
alkali halides we have seen in the previous 
section that the NNN interactions are pro¬ 


minent. Thus, in the limit of light metal ions, 
we would not expect equation (6) to be a good 
approximation of a harmonic oscillator. We 
shall derive a general formula of the variation 
of the thermal vibrational induced overlap 
with temperature. Let A have the form 

A = = (7) 

where x is a displacement from the inter- 
nuclear di.stance, r. Assuming that x is 
small, we can expand the exponential form in 
x/p. and by using the relations such that 

u/ = KT 

dr _ravoi 
dT~~i 

where K -■ 6klMcoi,^, and ayoi >s the coeffi¬ 
cient of volume expansion, we obtain: 


d<A) 

_ A 

■2av„ir K 

dT 

P 

- 3 p. 


Equation (8) demonstrates that the ther¬ 
mal vibrational contribution to d^/dT" is 
opposite in sign to the dilatation effect of the 
crystal lattice due to expansion; it may be 
possible that the former can dominate the 
sign of the whole expression, thus explaining 
the downfield shift when temperature is 
increased, as is observed experimentally. 
It is clear that we do not expect that our 
range of temperature, which is equivalent 
to a maximum variation of about l/40eV 
in energy, would change the atomic para¬ 
meters appreciably to account with the 
existing models for the downfield shift with 
increasing temperature. No other model 
thus far proposed accounts for the negative 
temperature coefficient of the chemical 
shift, and we shall take the thermal vibrational 
effect as the main cause for the downfield 
shift as temperature increases. We shall 
discuss our results further based on this 
picture. One way of analyzing the experi- 
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mental results is to compute dS/dT* from 
equation (8) and from the Ikenberry and Das 
extension of the K-Y theory. The values used 
are tabulated in Table 1. 

Ikenberry and Das[17] extended K-Y’s 
work by inclusion of pi-bonding terms and 
the nonlocal terms. They expressed the NN 
contribution to 6 for f.c.c. structure as 

where a is the fine structure constant. For 
our problem we have leplaced all S by (S) 
as was explained above. The variation of the 
chemical shift with temperature has the form. 


dr 


I 6 a^ 




+ K5,7>r^-hK5Xl“>p-2(5-)(5->] 


The second term on the right hand side in¬ 
volves the nonlocal terms, and we shall 


neglect it because of its smallness. It then 
follows from equation (8): 


d8, 


NaCl 


16 


dr (AE} 
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pla 
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-iOTSy"(p^i + P^)'} • (11) 


Care should be exercised that the dS^^^JdT 
for CsCI structure is 8/6 of equation (11). 
We have introduced a phenomenological 
factor F. whose physical significance and 
interpretations shall be discussed in the follow¬ 
ing section. We shall also include the effect 
of NNN, whose contributions (dSNan/dr)'*'’’^ 
and (t/Scsi-i/dr )’^^'* for NaCI- and Cs(il-struc- 
tures have expressions which can be obtained 
by multiplying by factors of 2 and 6/8, which is 
the ratio of NNN/NN into (dSNaci/dr)''-'^ 
and (dS(- 3 (-,/dr)''^. respectively. 

The parameters and the overlap integrals 
are taken from Hafemeisler and Flygare 
[10,14] for the alkali halides, and the value of 
d8/dr is calculated with both NN and NNN 
taken into consideration for the dilatation 


Table I. N umerical parameters of alkali halides 


Compound 

I/MX IO-“ 
(l/g) 


XX 10*" 
/erg. scc*\ 

\ g. deg / 

'■(lOiiii, X 10'* 

(cm/deg) 

«v»l X 10* 

(deg“‘)t 

LiBr 

9-43 

389 0 

3-05 

1-29 

1-40 

NaBr 

3-36 

239-9 

2-82 

1-19 

1-19 

KBr 

2'30 

227-5 

2-14 

1-25 

1-10 

RbBr 

1-46 

114-0 

5-42 

1-19 

1-04 

CsBr 

1-21 

69-2 

12-1 

1-73 

1-39 

Lil 

9-14 

287-3 

5-33 

1-67 

1-67 

Nal 

309 

202-0 

3-64 

1-46 

1-35 

Kl 

202 

193-3 

2-60 

1-47 

1-25 

Rbl 

M8 

100-2 

5-68 

1-45 

1-19 

Csl 

0-93 

54-5 

15-1 

1-92 

1-46 


•Values calculated from M. Blackman, see reference[26], 
tValues ft^ M. Tosi. see reference [27], 
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part. But as was discussed before, since the 
many-body lattice dynamics when the NNN 
effect is very important (thus implying the 
breakdown of Leibfried's approximation) is 
not known, we have introduced F as a pheno¬ 
menological parameter to account for this. 
dS/dr is then calculated numerically, and F 
is adjusted to fit the experimental data. The 
F values so obtained are listed in Table 2. 


Table 2. The phenomenological 
factor 


Compound 

F 

Compound 

F 

LiBr 

9V9 

Lit 

2-37 

NaBr 

8'29 

Nat 

6 50 

KBr 

7-25 

Kl 

6 34 

RbBr 

2'47 

Rbl 

329 

CsBr 

0-88 

Csl 

1 33 


As seen from the table, the F values for 
CsBr and Csl are close to one. Hence at 
least for these compounds the thermal vibra¬ 
tional induced overlap picture accounts well 
for the data. Except for Li I, there is in both 
the bromide and iodide series a systematic 
trend of decreasing values of F as we go from 
light to heavy metal ions. This relatively 
large value of F in light metal halides is ex¬ 
pected as the NNN interaction plays a rela¬ 
tively more important role as compared with 
the heavier metal halides. Due to the arbitrary 
method of averaging that we adopt here and 
the approximations of l.eibfried with a Debye 
spectrum to the actual lattice spectrum, the 
actual value of F could have been changed. 
It is possible that the approximation of 
Leibfried breaks down when applied to the 
system in which the detailed knowledge of 
the lattice modes is necessary, as for example, 
in the case when NNN interactions are parti¬ 
cularly important. We believe that the quantity 
F has a physical meaning, and that it reflects 
the relative importance of NN and NNN 
interactions. If the trends of the chemical 
shifts of alkali bromides are the resultant of 
the competing NN alkali-bromide overlaps 


with the NNN bromide-bromide overlaps, 
then F clearly correlates strongly with a 
measure of the ratio of their importance, cf. 
J vs. 17 curve. Fig. 6 . We expect that if experi¬ 
ments were performed to study the metal 
nucleus chemical shift variations with 
temperature, we would obtain a better under¬ 
standing of the situation since NNN alkali- 
alkali overlaps are relatively less important; 
the F values could be compared, given that 
the K-Y theory adequately describes the 
chemical shift of the alkali halides, and the 
thermal vibrational effect plus the dilatation 
of the lattice account for its temperature 
variation. We would expect a much smaller 
range of f values. Theoretical treatment of 
the lattice dynamics and its influence on the 
chemical shift in the case of light metal, 
heavy halogen alkali halides would definitely 
be of great use, when compared with experi¬ 
ment. for arriving at a better physical picture. 
Calculations of the mean square amplitudes 
of the ions in alkali halides may be done in a 
manner similar to Flinn el a/.l21] for copper 
in which they adopted an NN and NNN inter¬ 
action central force model for copper and 
evaluated the eigenvalues and eigenvectors 
of the dynamical matrix. 

THAI.I.IUM BROMIDE 

Thallium-205 chemical shift studies have 
been done on TlCl, TlBr and Til. It would 
be of great interest to study the halogen 
chemical shifts of the thallium halides and to 
compare the results with the metal ion values. 
Unfortunately the chlorine resonance fre¬ 
quency occurs too low to be studied by the 
present probe design. No iodine-127 resonance 
signal of Til could be observed in either the 
solid or molten states. Hence, only the TIBr 
system could be studied. 

Figure 3 shows the experimental chemical 
shifts of TIBr as a function of temperature. 
Linear downfield shifts are observed in both 
the solid and molten states. But at the melting 
point, there is an upfield shift on passing 
from the crystalline state to the liquid state. 
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Hafner and Nachtrieb observed downfleld 
shifts in both the solid and molten states, 
and a downfield shift at the melting point, 
just opposite in direction to the bromine case. 
The difference in sign of the chemical shift 
on fusion demonstrates that there are addi¬ 
tional mechanisms present which contribute 
significantly to the chemical shift of TlBr 
on melting. Two important effects from the 
experimental results are to be discussed: (1) 
The temperature variation of the chemical 
shift, and (2) the change in the chemical 
shift at transition temperature of TlBr from 
solid state to molten phase. 

Linear downfield shift in Tl Br 

It is tempting to explain the linear downfield 
shift in the solid and molten states of TlBr 
as temperature is increased by the same argu¬ 
ment as that of the alkali halides. If this were 
so, then the formulas previously developed 
are similarly applicable to TlBr. The radius 
ratio for TlBr is 0'75, which according to 
Fig. 6 lies very close to RbBr. CsBr, and 
Csl. One would “not expect the relative im¬ 
portance of NNN to NN interactions of TlBr 
to be very different from RbBr or CsBr. The 
measured values (d8/dT)n = — 0-6 X 10^“ 
(Hafner and Nachtrieb) and (d8/dT)Br = 
— 0-98X 10~" (present work) for the thallium 
and bromine nuclei, respectively. We expect 
the slope for the metal nucleus to be smaller 
than that of the halogen nucleus because 
NNN halide-halide contributes significantly 
at the halide site, while NNN alkali-alkali 
interactions contribute negligibly at the metal 
site. This expectation is indeed consistent 
with the measured slopes. However, we shall 
see immediately the K-Y overlapping-ion 
model is doubtful for the thallium halides 
which are of lower ionicity than the alkali 
halides. Hence, a covalent model would be 
more applicable to explain the experimental 
chemical shifts in thallium halides. 

Saito has measured the room temperature 
chemical shifts of thallium halides and com¬ 
pared with the predicted values from the 


overlap model. The values expected from an 
overlap model are too small compared with 
the experimental value for the thallium 
nucleus, but large for the bromine nucleus. 
When K-Y's theory is applied to the ground 
state thallous ion, whose outermost orbitals 
contributing to a paramagnetic shift are the 
5 p and 5 d orbitals, we find that their over¬ 
lap integrals with the halogen ion are very 
small because in a thallous ion, all the occu¬ 
pied p and d orbitals in the ground state are 
core orbitals. On the other hand, the overlap 
of the outermost p-electron of a halogen ion 
with the 6i orbital of its nearest thallous 
ion predicts a value for the halogen shift 
which is large compared with the experi¬ 
mental results. The experimental values for 
the shifts as measured by Saito are confirmed 
by Hafner and Nachtrieb’s measurement for 
thallium-205 with S = —1103x10"^ which 
we obtained by extrapolating their values 
to room temperature and our present data for 
bromine-81 with 6 = — 5 73 x 10“‘'. We are 
thus led to conclude that an electron is 
partially transferred from the halogen ion to 
a nearest thallium ion to form a covalent 
bond. In a manner similar to Saito. we find 
the covalent character per ion for TlBr is 
2-74 per cent to fit the thallium-205 chemical 
shift value. This degree of covalent character 
indicates that the bromine-81 shift would 
be —5-82x10*^ (compared with the experi¬ 
mental value of — 5-73 x 10~^). Thus the model 
of partial covalent bonding between thallium 
and bromine ions with 2-74 per cent covalent 
character per ion can explain our present data 
with great success. 

Due to the inadequacy of the K-Y overlap 
model in this case, the possibility that cause 
for the linear downfield shift of TlBr with 
increasing temperature is the thermal vibra¬ 
tional enhancement of overlap may be ruled 
out. However, we can still understand this 
temperature variation behavior in the covalent 
bonding model for TlBr. Consider the halogen 
atom is in a state of covalent bonding. Thermal 
vibration will induce a change in interionic 
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distance and hence, alter the degree of co¬ 
valency for each of the thallium neighbors of 
the halogen atom. This mechanism is the 
analogue of the thermal vibrational induced 
variation of the overlap integrals in the K-Y 
model. It also leads to the explanation of the 
observed downfield shift with temperature in 
TlBr. This mechanism can also cause an 
electric field gradient at the halogen nucleus 
that gives rise to quadrupolar relaxation as 
pointed out by Kanda. Quantitative analysis 
of the problem in this case will also involve 
the same problem of the lack of the correct 
method of thermal averaging and detailed 
knowledge of the lattice dynamics. Neverthe¬ 
less, this should provide another testing 
ground for the covalent model theory if the 
variation of covalent character with interionic 
distance can be calculated. 

Discontinuity at the melting; point 

The change in sign ASt at the melting 
point of TIBr between thallium-205 and bro¬ 
mine-81 measurements can be explained 
qualitatively in the light of the covalent 
model of Y-M. Here we shall introduce 
the concept of NNN interactions, NNN effect 
is important in the covalent model because 
the degree of covalency in a molecule would 
be affected by the exponential tail of the wave 
functions of its second neighbors. An attempt 
is made in the following sections to use the 
Y-VI covalent model with inclusion of NNN 
effects for the sign-reversal in TIBr. 

TIBr has the CsCl structure in the solid 
state at room temperature. The exact struc¬ 
ture of TIBr at the melting point is not 
known. Bernal[22] and Furukawa(23] have 
proposed that molten alkali halides have 
typical ionic liquid structure which is homo¬ 
geneous and coherent in nature. Johnson, 
Agron and Bredig[24] from their molar 
volume studies of cesium halides at their 
melting points concluded that the coordina¬ 
tion number decreases from eight to six on 
melting. Based on the above information it 
is reasonable to construct a model for TIBr 


which may undergo a structural change on 
fusion. Let us assume short range order 
exists such that in the molten state ions are 
regularly arranged and that we can place all 
the atoms into uniformly arrayed cubical 
ceils. This simplified model of the molten TIBr 
has the rock salt structure. At the transition 
point, the radius r which is the NN distance 
in the melt is assumed to be the sum of the 
cationic and anionic radii for the molten TIBr. 
The shortening of the internuclear distance 
at melting for alkali halides has been observed 
(see for example. Levy and Danford[25]). 
Thus the assumption for < rs„iia is quite 
reasonable. 

Y-M has assumed that the degree of co¬ 
valency per ion pair to be proportional 
to the square of the overlap integral after 
charge transfer, and \ is proportional to the 
repulsive energy. In order to include the NNN 
effects, we can extend the overlap integrals 
to include second neighbors. The degree of 
covalency due to second neighbors can be 
approximated by the Born-Mayer theory. We 
can write down the total covalent character 
in a crystal as: 

^ == ^NN + ^NNN’ (12) 

We have to note that is the same for both 
metal and halide ions, while Annn would be 
different between metal ions and halide ions 
because the metal-metal interaction is much 
smaller than the halogen-halogen interaction 
due to size differences. The Born repulsive 
energy due to NN and NNN contributions 
are formulated as; 

Ed = C+-AZ -r)/p+iC++AZ’ Ct2r,-kr)lp 

(13) 

where A is a universal constant; C++, C+-, 
C__ are Pauling overlap constants; Z is 
the number of NN;Z' is the number of NNN; 
r+ and r_ are the basic radii; p is a repulsive 
parameter; and k is the distance ratio of NNN 
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to NN. By introducing a parameter ^ such 
that ^ = r. — r+, we can express \ in view 
of the Born-Mayer theory in a more con¬ 
venient form as: 

X = (14) 

where 

(15) 

where the subscripts M and H are referred to 
as metal and halogen, respectively. At the 
melting point of TlBr, the change in chemical 
shift is: 

ASr = Smell ~ Ss„ii,| — 8 , 1 , S,. (16) 

Two cases have to be considered; (1) chemical 
shift of metal ion in both the solid and molten 
phases, and (2) chemical shift of halogen ion 
in the solid and molten phases. By assuming 
that A£', <l/r’), and in the Y-M equa¬ 
tions to have the same values respectively in 
the solid state and in the melt, we obtain for 
the metal ion, 

A8,. = -||6vr-^<4t)[Z,„\„,-ZA]- (17) 

By substituting the values tabulated in Table 
3 into the above equation, we have for the 
metal ion case, 

A6j =/:,[-015-t-0169e-"3xio-f] (,g) 

By similar calculations for the halogen ion, 
we have 

A8r=^/f2[-0-15+0-101 e»=”' •«“«] (19) 

Equations (18) and (19) describe the transi¬ 
tion chemical shifts of thallium-205 and of 
bromine-81, respectively, in TlBr. The K, 
and Ki are positive quqjitities such that 


Table 3. Structural constants 


Constants 

Solid TlBr 

Molten TlBr 

a. 

1-25 

1-25 

C^- 

1-00 

1-00 


0-75 

0-75 

k 

1-1547 

1-4142 

Z 

8 

6 

Z' 

6 

12 

fj 

3-536A 

3-42A 

0 

0-3 X 10“ cm 

0-3 X 10“ cm 


.. 

The first term in equations (18) and (19) 
is obtained by considering contributions from 
NN. while the second term in both equations 
desetibes the NNN effect. The NN and NNN 
effects are opposite in sign. From the experi¬ 
mental results we see; that the downfield 
shift of thallium-205 at the melting point can 
be explained from equation (18) that NN 
interaction is more important than the NNN 
effect. In a similar manner, the iipfield shift 
of bromine-81 at the melting point of TlBr 
can be explained from equation) 19) that NNN 
effect is important. 

It is now to be reemphasized about the 
importance of NNN interactions in the 
covalent model. Its significance can be recog¬ 
nized in view of the fact that the bromine ion 
is much larger than the thallium ion. And it is 
this NNN effect which contributes mainly 
to the sign flip at the melting point of TlBr. 
Based on the results from thallium-205 
and bromine-81 experiments, more can be 
said about other thallium halides by consider¬ 
ing the size factor and all other effects 
mentioned. Similar types of downfield shift 
may be predicted for Tl-'^Ci and Tl-"''!. Less 
pronounced TlCl^’ and more pronounced 
Tll'=''^ upfield shifts at melting are predicted 
due to the different degrees of halogen- 
halogen interactions. 
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THE PREPARATION AND SEMICONDUCTING 
PROPERTIES OF HEXAGONAL Zn^-^Mn^Asa 
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Abstract-A new semiconducting compound, Zn, j.Mnj.As., (2-1 & .r s 2 -5), has been prepared. X-ray 
analysis indicates that the compound has a hexagonal unit cell and contains one formula unit per unit 
cell. The following properties of the compound have been studied as a function of temperature: 


electrical resistivity, Hall coefficient and Seebeck 
has been estimated by an optical method to be 0-8 
properties of Zna-j-Moj-As.^ in the range 21 « .r s 
semiconductor with the majority carriers moving in 

INTRODUCTION 

There are few .semiconducting arsenides 
where the number of cations per formula unit 
is greater than the number of arsenic atomsfl]. 
We report here the preparation and some of 
the properties of a new semiconducting com¬ 
pound. 7m:,. ^MUj-Asa, where x is between 2-1 
and 2-5. In this range. X-ray analysis indicates 
that the compound has a hexagonal unit cell, 
in contrast to the tetragonal cells of Zn^ASi 
and Mn:iAsj[2]. 

PREPARATION 

The specimens studied were prepared by 
melting finely divided zinc, manganese, and 
arsenic in stoichiometric amounts, in heavy- 
walled cylindrical quartz crucibles. The 
elements were used as received from the 
supplier (United Mineral and Chemical 
Corporation), who gave the following values 
for purity: Zn (99-9998%). Mn (99-99%). and 
As (99-9995%). The inside surface of the 
crucible was abraded by aluminum oxide 
particles and then given a coating of carbon by 
pyrolysis of acetone. After loading the ele¬ 
ments into the crucible, it was evacuated to a 
pressure of less than 1 x 10“'' Torr. and enough 
argon was condensed into the crucible to give, 
at 1000°C, a pressure of 20 atm over the melt. 
The crucible was sealed, placed in a vertical 


coefficient. The width of the forbidden energy gap 
eV. The values determined for the semiconducting 
2-5 are consistent with those expected for ap-type 
a broad band. 

position, and heated until its contents were 
completely molten. The crucible was then 
lowered slowly through a steep temperature 
gradient and cooled to room temperature. By 
following this procedure, the occurrence of 
explosions was minimized and polycrystalline 
ingots free from voids could be prepared. 

PROPERTIES 

Ingots were made with values of a of 0-1. 
0-35, 0-75. 1-0. 1-5. 2-1. 2-2 and 2-5. X-ray 
power-diffraction patterns were obtained for 
specimens of these ingots. For compositions 
with values of a in the range 2-1 « a « 2-5. the 
powder patterns showed that a single phase 
existed with lattice parameters varying with a. 
For compositions with values of a in the range 
0-1 X « 1-5. two or more phases were 
found. At A= 1-5. the powder pattern of the 
major phase was similar to that for the single 
phase found in the range 2-1 « a « 2-5. For 
the other multiphase compositions, the pattern 
of the major phase is similar to that of Zns As,. 

The lines for compositions in the range 
2-1 A =s 2-5 could be graphically indexed, 
via a Bunn chart, to fit a hexagonal cell. This 
was confirmed by rotation and Weissenberg 
patterns obtained using thin cleavage flakes. 
The symmetry of the Weissenberg patterns 
indicated also that the hexagonal unit cell 


SS.*! 



586 


Ci. A. CASTELLION. I.. A. SIEGEL and H. BURKHARD 


belongs to the trigonal system. From the single 
crystal measurements, it was found that for 
X = 2-5, a = 4112 A and c = 6-54 A, while for 
;t = 21 . a = 4-104 A and t = 6-56A. The 
density of the j: = 2-1 sample is approximately 
5-6g/cm^ indicating that there is one formula 
unit 0 fZn 3 _j.Mnj.As 2 per unit cell. 

The quality of the single crystal patterns 
was poor, primarily because of fragmentation 
around the edges of the cleavage flakes, and 
the precision of the c values quoted above is 
accordingly low. The powder patterns were 
also not suitable for precise lattice parameter 
evaluation, since even light grinding intro¬ 
duced enough distortion to cause marked 
broadening of the back-reflection lines. 

The same ingots in the range 21 ^ .v =; 2-5 
that had been analyzed by X-ray techniques 
were also analyzed chemically by atomic 
absorption spectroscopy. The results of the 
chemical analysis were within I -0 at. % of the 
values calculated from the stoichiometric 
formula. 

The melting point of Zni,.<,Mn 2 .iAs, was 
924°C and that of Zno.r.Mn.i r,As .2 was 916“C. A 
powdered sample of Zn,,.^Ma^ ..-..As.^ was 
analyzed by a differential thermal analysis 
procedure described previouslyl3|. On heat¬ 
ing the sample above room temperature, the 
only transition observed was a sharp one at 
the melting point. 

The electrical resistivity ip) and Hall 
coefficient (/?,/) were determined on lamellar 
specimens of Zno.sMna.sAsj, Znc.HMni.jAsj. 
and Zn„.i,Mn. 2 .i Asj cut from the polycrystal¬ 
line ingots. In these determinations of p and 
R„, the van der Pauw method[4] and the 
potential comparator circuit of Dauphinee 
and Mooser[5] were used. The Hall co¬ 
efficient was measured at 2-75 kG and 5-50 kG 
and, at a given temperature, was identical 
for both fields. The temperature dependence 
of p and R,f for specimens of Zn 3 _j.Mnj.As .2 is 
shown in Figs. 1(A) and 1(B). The Hall 
moj^ty (flu) can be defined by the equation. 
p,„0Rf,/p. In Fig. 2 the Hall mobility, 
cai^^pK^ .using this equation and data from 



cicnl vs. 1/7' (t ) Sfcbeck coefficient vs. I//’, t he num¬ 
bers correspond to the values I'or.r in 7.n;, jMnj Asj. 



Rj2Asj 
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Figs. 1(A) and 1(B), is plotted as a function of 
temperature. 

The variation of Seebeck coefficient (S) 
with temperature for Zno. 8 Mn 2 . 2 As 2 and 
Zno. 5 Mn 2 . 5 As 2 is shown in Fig. 1(C). A 
standard experimental arrangement[ 6 ] and 
bar-shaped specimens cut from the same in¬ 
gots as the lamellar specimens were used. 
Electrical resistivities measured at the same 
time on the bar-shaped specimens agreed 
with the p vs. l/T curves shown in Fig. 1(A). 
The Seebeck coefficient of Zno. 9 Mn 2 . 1 As 2 was 
determined only at room temperature and was 
+ 475/iV/°C. 

It was found that a temperature of 360°K 
could not be exceeded during the measure¬ 
ment of p, Rfi- and S without irreversible 
changes in these properties taking place. 
These changes occurred in air, in an atmos¬ 
phere of nitrogen, or in vacuum. Similar 
irreversible changes are found to occur at 
these temperatures in other arsenides in 
which the number of cations is greater than 
the number of anions[3]. Heating the 
Zn;,_j.Mn 2 .As 2 specimens above 360‘’K 
appears to increase the number of acceptor 
levels. 

Optical energy gaps were obtained for 
Zn,,.5Mn2.5As2 and Zn„. 8 Mn 2 . 2 As 2 by trans¬ 
mission measurements using a Cary 14 
spectrophotometer. From a plot of log 
absorbance vs. wavelength, we estimate the 
width of the forbidden energy gap for 
Zno. 5 Mn 2 . 5 As 2 to be 0-76 eV and that for 
Zrio.gMnj 2 AS 2 to be 0-75 eV. 

DISCUSSION 

X-ray and chemical analyses of ingots of 
Zn 3 _j.Mn 2 .As 2 show the existence of a new 
arsenide having a hexagonal unit cell (trigonal 
system) and containing one formula unit per 
unit cell. This structure exists in the range 
2-1 2-5, and its symmetry contrasts 

with the tetragonal cells of Zn 3 As 2 and 
MnaAsj. 

No attempt was made to determine the 
crystal structure of this material. Presumably, 


the structure would involve some disorder 
between zinc and manganese and would be 
consistent with the pronounced cleavage 
perpendicular to the c-axis. 

The multiphase character we found for 
ingots in the composition range 01 « x < 1-5 
is in disagreement with the results of Kasaya, 
Komatsubara and Hirahara[7] who studied 
the magnetoresistance of Zn 3 _jMnj.As 2 
compositions in the range 0-5 « x « 2 0. 
They state that compound formation accord¬ 
ing to the expected formula takes place in this 
range and that these compounds have essen¬ 
tially the same crystal structure as Zn 3 As 2 . 
No details are given in their paper as to how 
the structure was determined or how the 
compounds were prepared, and we have no 
explanation for the difference between our 
results and theirs on the structure of 
Zn 3 _j.Mnj.As 2 compositions in this range. 

Inspection of the plots of p. S, /?«. and p.„ 
vs. temperature (Figs. l(A-C) and Fig. 2) 
indicates that in the range of compositions 
studied Zn 3 _j.Mnj.As 2 behaves like a p-type 
semiconductor. At low temperatures the p vs. 
l/r plot shows an impurity-dominated region 
with an approach to a linear asymptote. At 
higher temperatures a transition temperature 
range is seen in which the temperature co¬ 
efficient of p changes sign because of the 
filling of the acceptor levels to saturation and 
the dependence of the hole mobility upon 
temperature. 

The irreversible changes in the transport 
properties when the specimens are heated 
above 360°K confine our measurements to the 
impurity-dominated and transition tempera¬ 
ture ranges. It is, therefore, not possible to 
extend the p or the R„ measurements to 
higher temperatures so as to obtain an esti¬ 
mate of the width of the forbidden energy gap 
for comparison with the value of -- 0-8 eV 
obtained from optical measurements. 

Plots of the log of the carrier concentration 
(p) vs. I/T in the impurity-dominated tempera¬ 
ture range were made for Zno.»Mn 2 ,As. and 
Zno. 8 Mn 2 . 2 As 2 using the data given in Fig. i(B) 
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and the equation, p = llR„e where e is the 
electronic charge. From the slope of these 
plots, activation energies of 0 04 and 0-06 eV 
are calculated for the acceptors in Znu.» 
Mn 2 .,As .2 and Zno.HMna.^Asz respectively. 
In the transition temperature range, the ac¬ 
ceptor levels are filled to saturation at a 
concentration of 3 X 10'^ carriers/cc for 
Znfl. 9 Mnj.,As 2 and 2 x 10'^ carriers/cc for 
Zn(,.BMn2.2 As2. 

A density of states effective mass (m*) for 
the holes in ZnosMno.jAsj was calculated 
from measurements of the Seebeck coefficient 
combined with those of the Hall coefficient. 
First the position of the reduced Fermi level 
(r)) was calculated using the relationship; 


S = 



( 1 ) 


where A. is Boltzman's constant and X is the 
exponent of the kinetic energy (e) of the 
carriers in the scattering law; relaxation time 
X e^. In view of the experimentally observed 
dependence of mobility with temperature for 
Zno.HMnj.jAsa (p T a value of A of 
— i which corresponds to acoustic-mode 
scattering of the carriers (p ^ T“'') was 
assumed in making the calculation. 

We can now estimate the effective mass 
using the carrier concentration as determined 
from the Hall coefficient and the relationship; 


= 2 (. 


2Trm*k7W' 


expi? 


( 2 ) 


where h is Planck’s constant. The hole 


effective mass estimated in this manner for 
Zno.gMn 2 . 2 As 2 at 143°K is 0-4 mo The value 
obtained for the m* of the carriers in 
Zno.gMn 2 . 2 As 2 is comparable to those reported 
for the positive holes in other ternary semi¬ 
conducting arsenides [1]. The mobilities 
measured are low for a semiconductor with 
this small and effective mass. It seems 
probable, therefore, that much higher mobil¬ 
ities will be observed in single crystal speci¬ 
mens of this arsenide. 

The values determined for the semicon¬ 
ducting properties of Zn 3 _j.Mnj.As 2 in the 
range 21 =s x « 2-5 are consistent with those 
expected for a p-type extrinsic semiconductor 
with holes moving in a fairly broad band. 
Measurement of the magnetic properties as a 
function of temperature and composition, 
coupled with a complete determination of the 
crystal structure, should permit some con¬ 
clusions to be drawn as to the nature of the 
bonding between the various atoms in the 
compound and their valence. 
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Abstract-The pressure derivatives of the adiabatic elastic constants of lead have been measured at 
296° and 195°K using an ultrasonic pulse-echo technique. The values found are: 

dC;, dC' dC„ 
dP liP dP 
296°K 7-69 0-301 2-06 
I95°K 7-51 0-280 1-97 

where the notation Cj, = (C,, -l-Cij-i-2C«)/2 andC' = (C,, —C,2)/2 has been used. The low tempera¬ 
ture limiting value of the Griineisen parameter has been calculated and is compared with the value 


obtained from thermodynamic data. 1 he ultrasonic 
INTRODUCTION 

The PURPOSE of this paper is to present the 
measurements of the pressure derivatives of 
the adiabatic elastic constants of lead and to 
compare the thermodynamic Griineisen para¬ 
meter with the Griineisen parameter cal¬ 
culated from the pressure data. The main 
contribution to the pressure variation of the 
elastic constants is an anharmonic property of 
the lattice and lead is an interesting material 
from this standpoint since it has a relatively 
low Debye temperature. Also at low tempera¬ 
tures lead becomes superconducting and the 
measurements by White [13] of the thermal 
expansion coefficient lead to different values 
of the Griineisen parameter in the normal and 
superconducting states. 

SAMPLE PREPARATION 

The crystal used in this study was one of a 
series grown by a modification of the Bridgman 
technique. They were grown under vacuum 
in 5/8" dia. pyrex brand test tubes which had 

m. 


equalion of state is discussed. 

been internally coaled with aqua dag or india 
ink. A tight fitting graphite insert in which a 
nucleating tip had been machined was placed 
in the bottom of each test tube. These crucibles 
were loaded with 99-98 per cent pure lead, 
heated to 400°C, and then cooled at about 
ISC'/hr until the samples had solidified. A 
gradient of 3-5 C°/in maintained along the 
length of the crucible during the cooling was 
sufficient to produce single crystals in better 
than 75 per cent of the attempts made. 

To determine whether a boule was single, 
it was etched in a solution of about two 
parts glacial acetic acid and one part 30 
per cent hydrogen peroxide which brought 
out blaze planes and any grain boundries 
present. If a boule appeared single, its two 
ends were removed with a fine toothed jewlers 
saw, the resulting specimen waxed into a 
lapping block, and the ends lapped flat and 
parallel on an etchant soaked cloth stretched 
across a glass plate. Then a number of back 
reflection Laue X-rays were taken across each 


.<>89 
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of the two end faces. The orientations of the 
crystals shown to be single by this process 
were random, but the one chosen for use in 
this investigation grew with a [110] direction 
only 8° away from the axis of the boule. 

Final preparation consisted of cutting an 8° 
wedge from this specimen with a string saw 
charged with a 50-50 mixture of hydrogen 
peroxide and acetic acid and again lapping the 
two ends flat and parallel. The resulting 
specimen was in the shape of a slightly oblique 
circular cylinder about 1-5 cm in dia. and 
1-2379 cm long at 23‘'C. The acoustic surfaces 
were parallel to better than one part in 5000 
and oriented to better than 1 deg of the desired 
[110] direction. 


MEASUREMKNIS 

The ultrasonic pulse-echo system used to 
determine the zero pressure transit times of 
lOMc/s acoustic pul.ses has been described 
in previous papers from this laboratory [1,2]. 
The room temperature transit times were 
found by the usual echo to echo lime measure¬ 
ments and these results were spot checked by 
buffer measurements. The 195°K (Freon II 
and dry ice temperature bath) transit times 
were also determined by echo to echo time 
measurements, spot checked by buffer 
measurements, and were further checked by 
determining the difl'erence in transit times 
between room temperature and 195°K while 
following a given cycle during the cooling 
process. In all cases the material used for the 
crystal-transducer seal or buffer-transducer 
and buffer-crystal seal was Nonaq stopcock 
grease. 

The pressure system was originally 
developed by Daniels [3] and modified 
by Bartels and Schuele[4] in order to reach 
pressure at 195°K. The pressure fluid used 
throughout was a 50-50 mixture of normal 
pentane and isopentane. The general method 
used in measuring the hydrostatic pressure 
derivatives of the elastic constants has also 
been described in previous papers from this 
laboratory [2,5J. Basically, at room tempera¬ 


ture, an echo was displayed on an oscilloscope 
at an arrival time /„ and the data recorded 
was the change in the arrival time, A/„, of 
this echo and the corresponding change of 
resistance, AR„, of a manganin coil pressure 
gage as the pressure was changed. Then with¬ 
out changing anything in the transducer- 
specimen system, the pressure vessel which 
contained the sample was placed in the 
temperature bath of Freon 11 and dry ice; 
and when the system had come to thermal 
equilibrium, the procedure was repeated. A 
typical data plot is shown in Fig. 1. The 
pressure range over which the measurements 
were made was about 3500 bars. 



Iig. I. Typical data plot showing the change in arrival 
time, a.'„, of the 4th echo for the C;, longitudinal wave in 
Pb vs. the change in resistance of the pressure gage coil, 
Zeio pressure transit times for this wave are 
10 679/isec and 10-416 jisec at 296° and I9,S°K. The pres¬ 
sure gage constant is T408Kbar/tt. The curves for 
the two temperatures are displaced for the sake of clarity. 


RESULTS 


The basic data used in the reduction of the 
experimental data are given in Table I. The 
isothermal bulk modulus. Bp, was found from 
the measured adiabatic bulk modulus, and 
the relation 


g. 9a^TVB, 

Bt Cp 


( 1 ) 


where a is the linear coefficient of thermal 
expansion, T is the absolute temperature, V 
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Table 1. Basic data for Pb used in this work. In computing the 
density an A vogadro’s number of6 02305 X 1 (P® has been used 


Data 

2 %“K 

I95'’K 

Crystal length (cm) 

1-2379 

1-2343 

Lattice constant'“’(A) 

4-9504 

4-9361 

Molecular weight (g mole'') 

207-21 

207-21 

X-ray density.p, (g cm"“) 

11-344 

11-442 

Linear coefiicient of thermal expansion'*” (I0“*deg* 

■) 29-1 

27-6 

(to/aT')).'*” (I0”*deg' ”) 

-1 

~2 

Specific heat, C,(Cal mole 'deg"') 

6-410 

6-171 

{ACi.lilTjp"'' (10 " Cal molc“'deg ") 

2-0 

2-4 

Isothermal bulk modulus, B,. (10"dyncm“*) 

4-189 

4-436 


'"'American Instiliile of Physics Handbook, p. 9-7. (McGraw-Hill New 
York 1963). 

'“‘NIX F. C. and M ACN AIR D.. Phvs. Rev. 61,74 (1941). 

'-^'MEADS P. F., FORSYTHE W. R. and GIAUQUE W. F., J. Am. 
chem.Soc.63. 1902 (1941). 


is the molar volume, and Cp is the molar heat 
capacity. 

For a cubic crystal with a [110] orientation, 
three independent acoustic waves can be 
excited. There is one longitudinal wave 
governed by the stiffness C',,= (C,i+C ,2 + 
2Cn)j2 and (wo transverse waves governed 
)y the stiffnesses C' — (Cn-C,2)/2 and C,,. 
xperimental quantities are related to these 
"nesses by 

4L'- 

C, = pvi^ = p-j- (2) 

h 

where p is the density of the crystal and 
v,(=2Llli) is the velocity of a particular 
acoustic wave pulse traveling twice the 
length, L, of the crystal in the time tj. The 
results of the zero pressure elastic constant 
measurements and the calculated adiabatic 
bulk modulus, B, = (C,, + 2C;2)/3, at 296° and 
195°K can be found in Table 2. These values 
have been corrected for the misorientation of 


Table 2. Adiabatic elastic stiffnesses of Pb 
in units o/ 10 ” dyn cm~'‘ 


Temperature 

Ci, 

C 

C 

B. 

2%‘'K 

6-096 

1 -4977 

0-3676 

4-476 

I95'’K 

6-426 

1 -6588 

0-4165 

4-629 


the acoustic wave direction from [ 110 ] 
according to the procedure of Neighbours [ 6 ]; 
but for the worse case, the C wave, the 
correction amounted to only 0-1 per cent for 
the less than one degree misorientation of the 
crystal. Waldorf and Alers[7] have previously 
determined the elastic constants of lead from 
4-2° to 300°K using an ultrasonic pulse echo 
method. Our results differ from the inter¬ 
polated values of Waldorf and Alers by 0-3 
per cent or less except for the 296°K value of 
C where the difference is about 1 per cent. 
We feel that the precision of our measure¬ 
ments is on the order of 0-5 per cent. 

For convenience we have included at this 
point in Table 3 the computed isothermal 
elastic stiffnesses and the adiabatic and iso¬ 
thermal compliances of Pb at 2%° and 195‘’K. 
These constants have been obtained from the 
measured adiabatic stiffnesses using the usual 
elastic and thermodynamic relations. The 
auxiliary thermodynamic information which 
is necessary for such calculations is given 
in Table 1. 

The expression relating pressure data such 
as shown in Fig. 1 to the change with pressure 
of the elastic constants is 

dlnC 1 ,dlnr 
dP ~3 Bt ^ dP 


( 3 ) 
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Tal,le i. W elas.t "f««' 

hatic and isothermal elastic compliances S, for Pb. Units 
W' dvn cnr-^for C and lO'" c//P dyn-'Jor S 


r„ ^ 


3VA°K 

,'idiahatic 

isothermal 

4-966 

4-679 

4 2.11 
3-944 

1-4977 

1-4977 

0-9316 

0-9333 

-0-4286 

-0-4269 

0-6677 

0-6677 

IV.s-'K 







aclKibatiC 

5-184 

4-351 

1-6.588 

0-8243 

-0-3762 

0-6028 

isothermal 

4-991 

4-158 

1-6588 

0-82.54 

-0-3751 

0-6028 


which comes from taking the logarithmic 
derivative of equation (2) with respect to 
pressure. The 1/35/ term is the correction 
for the change in the length and density of 
the crystal with pressure. The d In tIdP term, 
the fractional rate of change of transit time 
with pressure, is derived from the slope of 
a At„ vs. AR,, plot such as Fig. I. Changes 
in resistances arc converted to changes in 
pressure by means of the pressure gage 
constant, A; i.e. dP = Ad/?,,. The resulting 
dtJdP is divided by the zero pressure transit 
time for the echo under consideration to yield 
the desired d In tjdP. The desired pressure 
derivative is that measured at zero pressure. 
If the At,, vs. AR„ plot is linear, one simply 
takes the slope of the line; but if curvature is 
present in the data, the procedure is to either 
linearize the data or somehow extract what is 
equivalent to the initial or zero pressure 
valuel4,8]. Some non-linearity was present 
in the lead pressure data. Careful examina¬ 
tion shows, however, that to the precision of 
the data, the non-linearity doesn’t become 
apparent until the pressure exceeds about 
1800 bars. We have, therefore, chosen to deal 
with the situation by restricting the pressure 
to this range where the data is essentially 
linear and to use the least squares slope of the 
restricted pressure range data. The justifica¬ 
tion and results of such a procedure can be 
seen in Fig, 2. Here the A/„ vs. ARg data for 
the 4th and 8th echo of the C[^ wave at 2%'’K 
are shown along with the least squares line 


derived from the data restricted to 1800 bars. 
It can be seen that the data taken at low 
pressures fits the least squares line quite 
well, but that taken at higher pressures fall 
systematically above the least squares line. 
In all cases the slopes of the least squares line 



Fig. 2. The change in arrival time, Af„, of the 4th and 8th 
echo for the C|, longitudinal wave in the 1-2379 cm Pb 
crystal vs. the changes in resistance of the pressure gage 
coil, A/?„, at 296°K. Pressure gage constant is 1-408 
Kbars/11. The straight lines shown are the least squares 
fit to the data restricted to a pressure range of 1800 bars. 
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for data taken over the full pressure range 
were 1 to 2 per cent less in absolute magnitude 
than those for the restricted pressure range 
data. Slopes found by restricting the data to 
even smaller pressure ranges, however, were 
not significantly different than those found 
from the zero to 1800 bar data. 

The results of the pressure measurements 
expressed in several forms are given in Table 
4. The first column of numbers, the d In t/dP's, 
have been arrived at in the manner described 
above, while d In CIdP is calculated from 
d In tIdP using equation (3). The third column 


is in Just this case, however, that even a small 
absolute change will lead to a rather large 
percentage change because of the small values 
of the quantities involved. 

The largest changes in going from 2%° to 
195°K are for the quantities din CidP and 
for these the changes are largest for the two 
shear constants, C' and C 44 , which change by 
18-2 and 13-4 percent respectively in this 
101°K temperature interval. Bartels and 
Schuele [4] have also found that the quantity 
dInC/dP shows the greatest temperature 
dependence for the alkali halides NaCI and 


Table 4. Results of the pressure measurements for Pb ex¬ 
pressed in several forms. Here t is the acoustic wave transit 
time in the crystal and r is a crystal distance. Units of din tjdP 
and d\n CidP are \0~'^ cm^dyn^' 



(° K ) 

din lIdP 

din CidP 

din C/dIn/- 

AddP 

C'u 

296 

-5-91 

12-62 

-15-86 

7-69 


195 

-5'47 

11-69 

-15-56 

7-51 

c 

.296 

-3-70 

8-20 

- 10-30 

0-301 


195 

-2-98 

6-71 

-8-93 

0-280 

c ,4 

296 

-6-47 

13-73 

- 17-25 

2-06 


195 

-5-57 

11-88 

-15-81 

1-97 

B, 

296 


12-36 

-15-53 

5-53 


195 


11-77 

-15-66 

5-45 

Cn 

2% 


ll-% 

- 15-03 

5-94 


195 


11-23 

- 14-94 

5-82 

Ci2 

296 


12-60 

- 15-83 

5-33 


195 


12-09 

-16-09 

5-26 


results from the relation d In C/d In r = 
— SBj dlnC/dP, and the fourth column from 
dCIdP = C din CidP. No orientation correc¬ 
tions have been applied to the pressure data. 
From measurement considerations and 
repeatability experiments we feel that a 
precision in the sense of a standard deviation 
of about ±0-1 X 10~‘“ is set on the values of 
din tIdP. 

Examination of Table 4 reveals that dCidP 
decreases in going to lower temperature for 
all the constants, but the magnitudes of the 
decreases are small. The largest percentage 
change is for the C wave which changes by 
seven percent in goin^from 2%° to 195°K. It 


KCl. They have pointed out that since the 
temperature dependence of dCIdP is small, 
the temperature dependence of din CidP 
must come chiefly from the temperature 
dependence of the elastic constants them¬ 
selves. 

The temperature dependence of the quantity 
din C/dInr is mixed. For the two shear con¬ 
stants the change with temperature of this 
quantity is greater than for dCidP but less 
than for din CidP. For the other constants 
listed in Table 4, however, the percentage 
change with temperature in din C/dInr is even 
smaller than for dC/dP and for the constants 
Bg and C ,2 is reversed in sign. This arises 
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from the fact that the temperature dependence 
of dlnC/dlnr is determined mainly by the 
temperature dependence of the ratio BrIC. 

The observed temperature coefficient at 
constant pressure is related to the pressure 
variations of the elastic constants by the 
thermodynamic relation 


dlnC\ 

dlnC’' 


dT ) 

p" dT , 

),■ “ dlnr ), 


where a is the coefficient of linear expansion 
and (din C/dlnr) 7 - is given in Table 4. The 
constant volume temperature coefficient 
which exhibits all the explicit temperature 
dependence of (din C/d7')/. is of theoretical 
interest and can be evaluated from the above 
equation. 

The individual terms in equation (1) are listed 
in Table 5 where (din C/dT),. was obtained 
from the differences in the elastic constants at 
2%° and 195°K as given in Table 2. Since the 
change of the constants with temperature is 
linear in this temperature range (71, (din 
C/d'D/. differs at the two temperatures only 
because of the change in the elastic constants 
themselves. The dilatation term (din C/dln r)r 
which is an implicit function of temperature 
through the temperature dependence of the 
volume has previously been discussed in 
connection with the results of Table 4. 

The constant volume temperature coefficient 
(din C/dT)i is negative for the shear constants 
and positive for the adiabatic bulk modulus, 
and in all cases is smaller in magnitude than 


Table 5. Constitution of the temperature 
coefficients of the elastic constants of 
Pb. Units are \0~* deg~' 




(din C/dr )f. 

= (dlnC/dr)i -f a(dln C/dlnr)j. 

c 

2%‘'K 

- 10-6 

-5-6 

-50 


I95'’K 

-9-6 

-5-2 

-4-4 

c 

2%°K 

-- 13-2 

-10-2 

-30 


I95“K 

-11-6 

-91 

-2-5 

B. 

2%'‘K 

-3-4 

+ 1-1 

-4-5 


195'’K 

-3-3 

+ 1-0 

-4-3 


(din C/d Hp- In these respects the results for 
Pb are similar to the metals Cu, Ag and 
Au[19] and to the alkali halides LiF and NaF 
[8] and NaCl[4]. It is interesting to note 
that the predominate contribution to the 
observed C temperature coefficient at con¬ 
stant pressure arises from the constant 
volume temperature coefficient. Here the 
dilatation term is small because of the small 
effect of pressure on this constant. 

Table 6 lists the pressure derivatives of 
the adiabatic and isothermal elastic constants 
for lead at 296° and 195°K. The pressure 


Table 6. The pressure derivatives of the adia¬ 
batic and isothermal elastic constants of Pb 



dlildP 

dCuIdP 

dC.a/dP 

dCJdP 

296°K 

adiabatic 

5-53 

5-94 

5-33 

206 

i.solhermal 

5-72 

612 

5-52 

2 06 


adiabatic 

545 

5-82 

5-26 

1-97 

Lsothermal 

5-61 

5-98 

5-42 

I-97 

derivative 

of the 

isothermal 

bulk 

modulus 


was obtained from the experimental {dBJdP)r 
according to the method given by Rotter and 
Smith] 10]. Other thermodynamic quantities 
needed in this calculation are given in Table 1 
and Table 5. The adiabatic shear constants 
C ^4 and C for cubic materials are identical 
to the corresponding isothermal shear con¬ 
stants at any given temperature; and, as 
pointed out by Bartels and Schuele[4], these 
three quantities are sufficient to determine 
the complete set of isothermal dC/dP’s, In 
general the differences between the pressure 
derivatives of the adiabatic and isothermal 
constants for lead are small with the isothermal 
values being equal to or slightly greater than 
the corresponding adiabatic values. 

GRUNEISEN PARAMETERS 
Introduction 

The first approximation to anharmonic 
contributions to the lattice vibrations is 
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usually carried out within the framework of 
the quasi harmonic model[11]. In this model 
one assumes the adiabatic approximation and 
expands the crystal potential in terms of the 
displacements of the ion cores from equili¬ 
brium keeping terms to second order in these 
displacements. This results in the thermal 
vibrations consisting of a set of harmonic 
oscillators whose frequencies, &),, are volume 
dependent only. 

The free energy, F, of the crystal consists 
of four contributions; the static potential 
energy and the zero point energy which are 
volume dependent only and the vibrational 
energy and the conduction electron energy 
which are functions of both the volume and 
the temperature. The constant volume 
temperature derivative of the free energy is 
the negative of the entropy. One obtains the 
following thermodynamic relation by assum¬ 
ing that the entropy of the lattice vibrations 
and conduction electrons are additive. 


dVdT 


fiBr 



tional molar heat capacities and V is the 
molar volume. 

The quasi harmonic model yields a rela¬ 
tion for the vibrational contribution to the 
Griineisen parameter in terms of the mode 
gammas which are defined by 

dlruijf 

dInK' 

The contribution -y, to the thermodynamic 
Griineisen parameter is a weighted average 
of the -/i, the weighting being the Einstein 
heat capacity of the mode. 

Microscopic parameters 
The sound velocity is a measure of the 
initial slope of the vibrational dispersion 
curve. Since the relationship between 
frequency and wave number for the low 
frequency modes is linear, a measure of 
the sound velocity with pressure or volume 
enables one to calculate the low frequency 
mode gammas. In terms of the pressure 
derivatives of the elastic constants this 
familiar relation [2] is 


where 5,, and 5/ are respectively the electronic 
and vibrational contributions to the entropy 
and /3 is the volume coefficient of thermal 
expansion. Division of the above expression 
by the constant volume heat capacity per 
unit volume, CJV, yields the thermodynamic 
Griineisen parameter 


where 


y(: = 


^BrV 

Cy 


C G 

Cl' 


y,- 

and 


_F/^\ 

cAsI^/r’ 


the electronic Griineisen 
parameter 




the vibrational Griineisen 
parameter 


and C, and C, are th# electronic and vibra- 



Bf 

2C; 



where C, is the appropriate elastic constant 
for the (th mode. Mode gammas for the 
three principal directions in the crystal 
are listed in Table 7. In going from 2%° to 
I95°K the mode gammas associated with 
the longitudinal waves show a slight change 
while those associated with the transverse 
modes exhibit a 10 to 15 per cent decrease. 
In magnitude this corresponds to a decrease 
of between 0-23 to 0-29 which is larger by 
about a factor of two than that shown by 
NaCl and KC1[4]. This may be expected 
since lead has a much lower Debye tempera¬ 
ture (e„= 105°K)[12]. 


Macroscopic parameters 

In terms of the mode gammas, the vibra¬ 
tional contribution to the Griineisen parameter 



5% 


R. A. MILLER and D. E. SCHUELE 


Table 7. Mode gammas for the three principle crystal 
directions and the average high and low temperature 
vibrational Griineisen parameters for lead 






Volume 

Gamma 

Mode 

2%“K 

I9S°K 

extrapolation OTC 

(c;.) 

[110]long 

2-48 

2-56 


(C) 

[110] trans. 

1 55 

1-32 


(C„) 

[110] trans. 

2-71 

2-42 


(C,,) 

[100] long 

2-34 

2-32 


(G«) 

[100] trans. 

2-71 

2-42 


(G) 

[Ill] long 

2-51 

2-45 


(G) 

[111] trans. 

2-34 

2 08 


yi. 

average low 
temp. 

2-21 

1-98 

1-63 

yii 

average high 
temp. 

2-44 



F 


18-266 

18-110 

17-873 (cm’/mole) 


is given by 

•l.v 

1 ('lyi 

1=1 

y'=Ts — 

So 

i-l 

where the c/s are the Einstein heat capacities. 
At high temperatures (T $> 0„) all modes are 
fully excited and y, has a limiting value which 
is the arithmetic average of the mode gammas. 
At low temperatures, where only low 
frequency modes are excited, Debye theory 
applies and the Griineisen parameter has a 
limiting value given by an average over the 
acoustic modes and the weighting factors 
become the inverse sound velocities cubed. 
These calculated values denoted by y„ and 
y, given in Table 7 are the results of a com¬ 
puter program [4] designed to carry out these 
averages. The low temperature average is 
seen to be smaller for the 195°K data as com¬ 
pared to the 296°K data which is due mainly 
to the change of the mode gammas but also 
somewhat to the change in the weighting as a 
result of the elastic constant changes. 

Thermodynamic Griineisen parameter 
The thermodynamic Griineisen parameter 
has been calculated using the thermal ex¬ 


pansion data of White[13], Channing and 
Weintraub[14] and Rubin et a/.[15]; the heat 
capacity data of Meads et u/. [16], Neighbours 
et a/.[17] and Phillips[12]: the bulk modulus 
data of Waldorf and Alers[7] and the molar 
volume obtained from the room temperature 
X-ray density and the fractional length change 
as given by Nix and MacNair[18]. The results 
are shown in Fig. 3 along with the low tem¬ 
perature limiting values. The data used over 
the sensitive range from 3° to 20°K is listed 
in Table 8. The figure shows that the thermody¬ 
namic parameter is essentially constant at a 
value of 2-65 from 300° down to about 20°K. 
Below 10°K there is a gradual fall oflF with tem¬ 
perature. This characteristic fall off is also 
found in copper, silver and gold [19]. The 



Fig. 3. The thermodynamic Griineisen parameter ya vs. 
temperature and the limiting values corresponding to 
7’ = 0°K. 
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Table 8. Thermodynamic Griineisen parameteryc as a function 
of temperature from 3° to 20° K 


Temperature 

(”K) 

a 


yr. 

3 

00052'“>X10-‘(K‘*)-' 

0-0584'‘-’7/K“mole 

2-3 

4 

0-011'“’ 

0-141'“’ 

2-04 

5 

0.024''” 

0-307'“’ 

2-05 

6 

0-048”” 

0-58?“’ 

2-14 

7 

0-090'“’ 

0-998'“’ 

2-36 

8 

0-144'“’ 

1-52'“’ 

2-48 

9 

0-212'“’ 

2-15'“’ 

2-58 

10 

0-288'“’ 

2-88'“’ 

2-62 


O^O?*” 


2-74 

II 

0-380'“’ 

3-70''’ 

2-68 


0-360”” 


2-54 

12 

0-420”” 

4-64'“’ 

2-37 

13 

0-490”” 

5-55'“’ 

2-31 

14 

0-572”” 

6-32'“’ 

2-37 

15 

0-663”” 

7.23'“’ 

2-74 

17 

0-850”” 

8-8?'" 

2-50 

20 

1-137”” 

11-01”" 

2-69 


The molar volume and bulk modulus at OTC are 17-87 cm’/mole and 4-879 x 
10" dyn/cm^ respectively. 

'“’White G. K.. Phil. Mag. 7,271 (1962). 

'"’Channing D. A. and Weintraub S.. Can. J. Phys. 43.955 (1965). 

"’Neighbor J. E.. Cochran J. F. and Shiffman C. A.. Phys. Rev. 155. 384 
(1^67). 

‘'"Meads P. F.. Forsythe W. R. and Giauque W. F.. J.Am. chem. Soc. 63. 
1902(1941). 

"Taken from a graph by drawing a smooth curve between the data of 
references (c) and (d) above. 

low temperature limiting values of the lattice, 

■y,®, and electronic, yf, contributions for lead 
in the normal state and the limiting value y, 
in the superconducting state were calculated 
using the analytic form for the thermal ex¬ 
pansion coefficient as given by White [13] for 
temperatures less than 4'’K and the cor¬ 
responding analytic form for the heat capacity 
as given by Phillips [12]. 

Comparison of thermodynamic and macro¬ 
scopic Griineisen parameters 
The limiting value of the thermodynamic 
Griineisen parameter for the normal state 
from White’s data[20] is y,® = 2-51 ±0-2 for 
the vibrational contribution and y^ = 1 -7 
±0-5 for the electronic contribution. The 
superconducting state has a limiting value 
of y, = 1 -98. In ordei^to compare y,® and y. 


withy/, as determined from ultrasonic measure¬ 
ments one needs the values of the yi's at 
O^K and the corresponding zero pressure 
volume none of which have been measured. 
As an alternative the y/, determined from data 
at the two temperatures has been volume ex¬ 
trapolated to absolute zero according to the 
scheme described by Bartels and Schuele[4]. 
This extrapolated value yt(Ko) is 1-63. 
Such a linear extrapolation has met with 
success for NaCl and KCl, however, for lead 
one must bear in mind that room temperature 
is three times the Debye temperature. The 
agreement between the various values at first 
appears quite poor. White has obtained 
quite different values in the normal and super¬ 
conducting states and the single extnqmlated 
value of yi determined from elasticity data 
lies below the corresponding thermodynamic 
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values. In conjunction with this, however, 
we must note that there are no pressure data 
for the elastic constants in the superconducting 
state. 

Careful examination of the thermodynamic 
data seems to show the need for more accurate 
thermal expansion data below 2°K. White 
has obtained the coefficients in the expression 
o = aT+bT^ for the normal state from 
expansivity data taken between 1-3° and 4°K. 
However, he states that his analysis of the 
data should be limited to the temperature 
range of the specific heat 7' ' region. Since his 
measurements, van der Hoeven and Kessom 
[21] have measured the specific heat of lead 
between 0-4° and 4-2° and found that the T' 
region extends to only about 2°K or 6ul50. The 
heal capacity data of Phillips [12] also con¬ 
firms that the T' region lies below 2°K. Thus 
it appears that the available expansion data 
does not go to low enough temperatures. 

A possible consequence of fitting expansion 
data outside the region is too large a value 
of the cubic coefficient, h. and thus too large 
a limiting value of the lattice contribution to 
the thermodynamic Grlineisen parameter. 
We base this on the rise in the Grlineisen para¬ 
meter above 4°K. Such a rise indicates that 
the thermal expansion rises faster than the 
specific heat in this temperature range. But 
such a rise should be due entirely to the 
vibrational contribution since the lattice 
specific heat equals the electronic specific- 
heat at approximately 1-3° and at 4°K the 
electronic specific heat is only about 8 percent 
of the total. Thus if the T® region for the 
vibrational contribution to the thermal ex¬ 
pansion also extends to only 2''K, then it 
would appear that the coefficients obtained by 
White are probably high. Preliminary data 
of Andres [22] in which the data was fit to 
P up to 3°K gives a limiting value of -y,® 
= 21 ±0-4 and tends to support this con¬ 
clusion. 

The specific heat P region for the super¬ 
conducting state extends to about 1-5°K 
[12,21] and White’s data yields a value of 


y, = 1 -98 while the data of Anores gives y, 
= 1-8 ±0-3. There is no calculated value 
based on elasticity data since pressure 
measurements in the superconducting state 
have not been made. However, an argument 
can be made for the equality of y, and y,“. 
Alers and Waldorf[23] have measured the 
change in the elastic constants in going from 
the normal to the superconducting state with 
the result that they changed by only a few 
ppm. The Debye temperature can be cal¬ 
culated from the elastic constants and these 
measurements would indicate that 0o(normal) 
= 9i, (super). This implies then that the normal 
state lattice specific heat in the T' region 
should equal the superconducting state 
specific heat in the P region and Phillips [12] 
has found this to be the case. Now one can 
show that in the P region the vibrational 
gamma is given by 

_ dlng/j 
dlnK' 

Thus if the vibrational heat capacities in the 
two states remain equal as the volume is 
changed then it follows thaty,®= y,,. 

A favorable comparison between y,i and 
y„ could only be considered fortuitous because 
of the assumptions which go into the cal¬ 
culation of y„. However, for the case of lead 
the agreement is fair with yi,= 2-44 and y,, 
= 2-65. This result could imply that the 
high frequency mode gammas have as an 
average a value slightly greater value than 
y„. Recently, Lechner and Quittner[24] 
have measured the phonon frequency shift 
as a function of pressure at four points on the 
Brillouin zone boundary and two interior 
points. From their shifts they have calculated 
the mode gammas corresponding to their six 
points. Choosing those four points which lie 
on the zone boundary and counting the trans¬ 
verse modes twice, we determined a simple 
average of their high frequency mode gammas 
to be 2-5 ±0-6. Comparison of the low fre¬ 
quency mode gammas in the [100] and [111] 
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directions with corresponding high frequency 
mode gammas shows that the mode gammas 
are highly frequency dependent over a given 
branch. 


Ultrasonic equation of state 
Anderson [25] has shown that ultrasonic 
data taken at relatively low pressures may be 
used to estimate the pressure volume isotherm 
to pressures of the order of the bulk modulus. 
He assumed the bulk modulus has a linear 
pressure dependence which results in the 
Murnaghan equation of state 


V 



p_ 

'Bo 


b;,^+i 


where B„ is the isothermal bulk modulus and 
Bq its pressure derivative. In the paper by 
Anderson, Fig. 11 shows excellent agreement 
between F/Fo as measured by Bridgman [26] 
and McQueen and Marsh [27] and the above 
expression. To obtain Anderson used an 
approximate relation between the Griineisen 
parameter and B'^ due to Dugdale and Mac- 
Donald[28|. This expression. 


B',= 2y+l 

resulted in a value for B,', of 6-30 compared to 
5-72 from the present measurements. While 
this may seem to be quite a difference, the 
Murnaghan equation is fairly insensitive to 
change in B'„ for pressures lower than Bo- 
Use of Anderson’s parameters, B,, = 416 Kbar 
and B' = 6-30, in the above expression results 
in a value of F/I/„ = 0-822 for B = 160 Kbar 
while the parameters from the present 
measurements. Bo == 419 Kbar and Bo =5-74 
result in a value of K/Fo = 0-817. This diff¬ 
erence is insignificant in comparison with the 
experimentally determined isotherm. 

It is worthwhile pointing out that because of 
this insensitivity one could just as well use 
the adiabatic pressure derivative when one is 
interested in the equation of state. The dif¬ 
ference in the preseat measurements being 


5-72 compared with 5-53. This eliminates the 
involved thermodynamic reduction in going 
from one pressure derivative to the other. 

Bridgman[29] displayed the results of his 
pressure measurements in the form 

^^^^ = -aP + hP^. 

' 0 

The parameters a and b are related to the 
isothermal bulk modulus and its pressure 
derivative through the following relations 



and 



dBr 

IF 


-I-1 




The major discrepancy between Bridgman’s 
work and ultrasonic data has been with the h 
coefficient. 

For lead there is reasonable agreement, 
with Bridgman’s value being 19-52x10''“^ 
(dyn/cm^)"^ while the ultrasonic data gives 
19-I4X IO-2<(dyn/cm2)-^ 
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APPENDIX 

The temperature derivatives of the Cl,, C and Cm 
elastic constants from room temperature to 300°C were 
also determined, each on a different crystal specimen. 
Transducers were attached to the crystals with ^cobond 
76 epoxy mix. The crystals were placed in a gradient 
free region of a furnace, the temperature raised in 5C° 
steps at about 1 'SC° min, and then the system was allowed 
to come to thermal equilibrium at the elevated tem¬ 
perature. The procedure was to follow a given cycle in 
an echo and to record the change in transit time of this 
echo at each equilibrium value of the temperature. The 
temperature was determined by a thermocouple placed 
adjacent to the specimen in the furnace. The precision of 
these measurements was about two percent, but since 
the crystals used in this investigation were only oriented 
to within three degrees of a [110] direction, and since no 
orientation correcuons were applied to the data, the ac¬ 
curacy was less. In spite of these limitations, the changes 
in the moduli appeared linear with temperature and the 
high temperature temperature derivatives were essentially 
those found more precisely here from 195° to 296°K 
and previously by Waldorf and Alers [7], 
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Resume—On determine la constante dielectrique complexe de monocristaux de MgF, et de CaF, a 
partir de mesures de pouvoirs reflecteurs sous plusieurs incidences. Les spectres obtenus montrent 
la presence d'excitons, de transitions interbandes et de plasmons. On met en Evidence I'importance 
de la presence d'une bande d dans la bande de conduction pour le CaFj ainsi que les d6placements 
des plasmons vers le bord des bandes d'absorption principales. 


INTRODUCTION 

Les fluorures de calcium et de magnesium 
sont des cristaux ioniques a large bande 
interdite et par consequent sont utilises 
comme materiaux optiques dans I’ultra- 
violet lointain. II faut atteindre une energie 
de I’ordre de lOeV environ pour que les 
electrons de valence pommencent k etre 
excites. L’^tude du spectre d’excitation elec- 
tronique entre 10 et 50 eV qui fait I’objet de 
cet article permet de mettre en evidence 
trois sortes d’excitalions elementaires des 
solides: les excitons, les transitions inter¬ 
bandes et les plasmons. La mesure du pou- 
voir reflecteur en fonction de I’energie permet 
d’acceder a la constante dielectrique com¬ 
plexe elm) qui decrit ces excitations. Nous 
avons deja public des resultats experimentaux 
concemant le CaF 2 [l] et le MgF2[2J. Les 
experiences sont reprises ici de facon plus 
detaillee ce qui nous permet de donner une 
description plus complete des proprietes de 
ces solides. 


METHODES EXPERIMENTALES ET DETERMINA¬ 
TION DES CONSTANTES OPTIQUES 

Selon la region spectrale, nous utilisons 
deux appareillages difFerents; entie 10 et 
13,6eV, un reflectometre[l] est place a 
la fente de sortie d’un monochromateur du 
type ‘Seya-Namioka’ ^nstruit au laboratoire 


[3], La source utilisee est une lampe a 
decharge dans I’hydrogene, sans fenetre. 
Entre 12,7 et 48 eV, nous utilisons un mono¬ 
chromateur a incidence tangentielle[4]. La- 
source de lumiere est du type Morlais-Robin 
[5] dans laquelle est introduit de I’argon sous 
faible pression (10"' mm Hg environ). 

Pour chaque longueur d’onde, nous 
mesurons le pouvoir reflecteur de la sub¬ 
stance £tudi6e aux incidences de 20, 45, 60 
et 70®. Le plan d'incidence choisi est incline 
a fl = 45® par rapport a la vcrlicale pour sup- 
primer les effets de la polarisation de la 
lumiere emergente a la fente de sortie des 
monochromateurs [ 1,3]; Cette lumiere est 
partiellement polarisee lineairement: elle 
est equivalente[6] a celle formee de deux 
composantes perpendiculaires sans relation 
de phase entre elles. Tune verticale, I’autre 
horizontale d'intensites respectives ly et 
l„. Si r, (d>) et Tp (d>) sont les pouvoirs reflec¬ 
teurs pour des lumieres polarisees lineaire¬ 
ment perpendiculairement et parall^lement au 
plan d’incidence, ce dernier faisant un angle 
B avec ly, le pouvoir reflecteur observe est 
donne par 



OWcos^fl sin^ 
'•p(d))/Vsin''d cos®flA/i/ 


soit pour e ~ 45®; 

= iUv + <^) + rp(d>)). 
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Ceci correspond au pouvoir reflecteur d’une 
lumiere naturelle d'intensite l — Ii+Iii> 
c’est-k-dire de meme intensite que la lumiere 
partieliement polarisee utiJisee. 

A partir des mesures de pouvoirs reflec- 
teurs pour chaque incidence, nous ddter- 
minons Jes constantes optiques n et ^ a I'aide 
d'abaques et de tables etablies a partir des 
equations de Fresnel. L’erreur commise sur 
les mesures depend de la stabilite dans le 
temps des raies spectrales. En general, 
celle-ci est de 2 a 3%. Cependant, pour une 
dizaine de raies elle est comprise entre 5 et 
7%. li en resulte une incertitude sur les 
constantes optiques de 2% environ qui 
devient bien superieure (10 a 20%) lorsque 
I’indice d’absorption k est faible (inferieur 
a 0,1). 

A partir des constantes optiques n et A, 
nous determinons la constante dielectrique 
complexe e = €i +/ e, = (« + /A)^, la function 
perte d’energie des electrons dans les solides 
W — — ' et le coefficient d'absorption 

a — 4ttA/A. 

REStlLTATS EXPERIMENTAtlX 

Les mesures ont ete effectuees avec des 
monocristaux; le fluorure de calcium, dive, 
provient des etablissements Harshaw 
(U.S.A.), ie fluorure de magnesium, poli, 
des Etablissements Sorem (France). Ce 
dernier cristal avait son axe optique oriente 
a S.'S” environ des faces; par suite de la bire¬ 
fringence, les pouvoirs reflecteurs dependent 
de I'orientation du plan d'incidence; nos 
mesures correspondent a un plan d’incidence 
oriente a 45° du plan de projection de Taxe 
sur les faces, Ces premieres mesures de 
pouvoir reflecteur permettent d’obtenir les 
structures de et — Im (e"'); une etude plus 
detaillEe de la birEfringence et des constantes 
optiques est actuellement en cours selon une 
methode deja utilisee pour le spath[3]. Les 
Fig. 1 et 2 representent le pouvoir rEflecteur 
du CaF^ a I’incidence de 20° et du MgFj 
aux incidences de 20° et 70°. Cette demiere 
courbe en ‘pic’ entre 14 et 20 eV est tres 



Fig. I. Pouvoir reflecteur a I'incidence de 20° pour CaFj. 



Fig. 2. Pouvoir reflectueur aux incidences de 20° 
et de 70° ( Rw) pour le MgFj. 


caracteristique de MgF 2 . Ces mesures sont 
en accord, en ce qui concerne la position 
Energetique des principales discontinuitEs, 
avec nos mesures prEcEdentes (CaFjfl] et 
MgF 2 [ 2 ]) et avec celles d’autres auteurs 
(CaF2[7, 8] MgF2[9]) Jusqu'a 13 eV. Cepen¬ 
dant nos nouvelles conditions expErimentales 
nous ont permis d’obtenir une structure plus 
dEtaillEe: nous avons utilisE 130 raies spec- 
traies environ au lieu d’une vingtaine pre- 
cEdemment. 

Les constantes diElectriques pour les 2 sub¬ 
stances sont donnEes Fig. 3 et 4; les coeffi¬ 
cients d’absorption a = Airklk Fig. 5 et 6 et 
les fonctions pertes Fig. 7 et 8. 

DISCUSSION 

Le caicul des bandes d’Energie de ces deux 
solides n’a pas encore EtE eifectue. D’autre 
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part, aucun spectre de densite d’^tats dans 
la bande de conduction n’a encore ete deter¬ 
mine, ni par mesures d’absorption X, ni par 



Fig. -V Constante dielectrique du CaFa:€, partie rfelle, 
panic imaginaire. 



Fig, 4. Constante dielectrique du MgF 2 :«, panic recllc, 
c, panic imaginaire. 



Fig. 5. Coefficient d’absorption du CaF,;o = 47rUX. 



Fig. 6. Coefficient d’absorption du MgFj:« = ^-nklk. 



mesures photoelectriques. 11 ne nous est done 
pas possible d’attribuer a chaque discontinuite 
du spectre de ej, la transition electronique 
correspondante dans la zone de Brillouin 
comme cela a ete fait pour certains isolants 
[10,111. Nous essayerons simplement 
d’interpi-aer certains groupes de transitions 
en nous basant d’une part sur les spectres 
deja connus de KC1(121, de KF[13] et de 
NaCl[12] et d’autre part sur les positions 
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energetiques des niveaux des atomes libres 
determinees par spectroscopic A'[14]. 

(1) CaFj 

On sait que, dans les fluorures. la bande de 
valence est constituee par les etats 2 p de I’ion 
floor. Comme celui-ci esl un element leger, 
I’interaction spin-orbite correspond a une 
distance energetigque maximum [10,15] de 
0 05 eV. C’est pourquoi, meme a basse tem¬ 
perature le dedoublement des transitions 
correspondantes n’a pas ete observe[16). 
Les niveaux les plus bas de la bande de con¬ 
duction sont constitues par les etats 3 d du 
Ca^"^, ceux-ci ayant une energie inf^rieure 
aux etats 4 s pour I’ion du Ca-^ libre[17]. 
Le bas de la bande se trouve vraisemblable- 
ment au point F oti il est dedouble selon les 
niveaux r. 25 . et Fu. 

Le premier pic de reflexion a 11,1 eV (Fig. 
1) est dfl a un exciton parabolique F carac- 
terise par I’alure resonante de €(w). Si, 
entre 10 et 1 l, 6 eV, on I'assimile a une seule 
absorption de Lorentz, la courbe de €2 nous 
permet alors de calculer la force d’oscillateur 
par molecule [18] que nous trouvons egale 
a 1,1. La premiere transition interbande est 
caracterisee par une discontinuite MolFis -* 
F. 25 O a 1 1,4 eV. L’energie de liaison de I’ex- 
citon serait done de 0,3 eV. La seconde dis¬ 
continuite Mo a 12,5eV peut correspondre 
a la transition F,,-» F, 2 . La distance Fj*- — 
F ,2 serait done de 1,1 eV. On remarque a 
13,1 et 13,4eV des discontinuites M;, puis 
Mo sans doute dues a des transitions etats 
p des F“ -» 6 tats s ou d de la bande de con¬ 
duction en differents points de la zone de 
Brillouin. Le pic de reflexion a 14 eV (corres- 
pondant a une allure resonante de e, et e^) 
pourrait etre attribue soit a un exciton de 
vecteur d’onde non nul, soit a un exciton F. 
Un phdnomene semblable a ete discute pour 
le KCl par Oyama et Miyakawa[19] et ceux- 
ci concluent en faveur de la demiere hypo- 
these. La discontinuite suivante serait 
alors due a la transition dipolaire Fjs -* F, 


d’ou il resulte une distance Fj — Fj*- de 3 eV 
environ, en accord avec la distance de 2,7 eV 
evalu^e dans Fatome deux fois ionise [17]. 
A partir de 17 eV environ, on constate une 
baisse simultan^ du pouvoir reflecteur et 
de a correspondant a un pic de la function 
perte. Ces caracteristiques, jointes ^ Failure 
de la constante di^Iectrique conduisent a 
fixer a 17,3eV F 6 nergie du plasmon des 
electrons de valence. D’autre part, cette 
energie marque une coupure dans I’absorption 
comme dans le cas d’un gaz d’electrons libres. 
Ceci signifie que la force d'oscillateur des 
dectrons de la bande de valence est done 
presque entierement epuisee et qu'au dela de 
Fenergie de plasma les transitions dues a ces 
electrons auront une faible probabilite d’ou 
un faible pouvoir reflecteur. 

Les maxima de pouvoir reflecteur k 25 et 
27 eV pourraient etre dus soit a des transitions 
quadrupolaires etats 2 j F" etats 3d de 
Ca3* soit plutot a des transitions dipolaires 
2 s F" vers des bandes ^ symetrie p (4 p de 
Ca^+). On remarque a 31 eV environ le debut 
de Fexcitation des electrons 3 p du Ca*"^ ’ 
(transitions 3 p Ca“^ -* F 25 ') puis a 34 eV la 
transition 3 p Ca*^ -♦ Fj si on admet que la 
distance F„ F 25 . vaut 3 eV. Le creux de re¬ 
flexion pour les electrons 3 p du Ca''“* vers 
34 eV serait done du a la meme antiresonance 
que le creux de reflexion a 14,7 eV pour les 
electrons 2 p du F'. Enfin, comme dans Fatome 
fibre les niveaux 3 .v du calcium sont situes a 
43,7eV[14]. on peut alors penser que les 
pics de reflexion a partir de 45 eV sont dus 
a Fexcitation de ces electrons. Ceci nous 
conduit a proposer comme schema de bandes 
au centre de la zone de Brillouin, celui donne 
par la Fig. 9. Enfin, le pic trfes important de 
la fonction perte, situ 6 a 36,4 e V ne correspond 
a aucune absorption optique transversale; il 
est done du a une oscillation de plasma. On 
peut remarquer que cette resonance est 
quasi m 6 tallique; en effet, comme dans les 
metaux, €1 croit a partir de valeurs negatives, 
€2 est faible et — Im^~' pr 6 sente un pic impor¬ 
tant. Les pertes caracteristiques d’energie des 
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(2) MgFj 

Le fluorure de magnesium a une structure 
electronique plus simple que celle du fluorure 
de calcium: en particulier, on ne trouve pas 
de bande d au voisinage de la premiere bande 
s dans la bande de conduction, ce qui se 
traduit par un spectre de reflexion plus simple. 
Apres le maximum excitonique deja signale 
[9,21]. a ll,7eV, commencent vers 12,2eV 
les transitions interbandes. Comme la bande 
de valence est due aux etats p du F~, son 
maximum se trouve au point F. D’autre part, 
la bande de conduction la plus basse est 
formee par les etats 3 s de Mg^^; le minimum 
est done aussi au point r[22]. On peut en 
conclure que la largeur de la bande interdite 
est 12,2 eV correspondant a la premiere 
transition r ,5 -♦ F,. Au-dessus de cette 
energie on constate une absorption reguliere 
relativement continue jusqu'a la frequence de 
coupure due a I'oscillation collective situee 
a 24,5 eV (Figs. 4 et 8). Vers 29 eV on voit 
un pic d’absorption relativement important 
que Ton peut supposer du a I’excitation des 
electrons 2 s des ions fluor, excitation que 
nous avons situee a 25 eV dans le fluorure 
de calcium. Ce deplacement vers les grandes 
energies pour le fluorure de magnesium peut 
etre du a deux causes: d'abord a Fabsence de 
‘bande d’ de basse Energie dans la bande de 
conduction, ensuite au fait que les electrons 
2 5 du F” sont plus profonds dans le MgFj 
que dans le CaFj puisque Fenergie de Made- 
lung est un peu moins grande pour ce dernier 
corps. Les electrons 2p du magnesium sont 
excites vers 50eV environ[14]. Un diag- 
ramme des niveaux d’6nergie possible pour 
MgFi est donne Fig. 10. 

Enfin, nous comparons (Tableau 2) egale- 


Tableau 1. Pics de perte caracteristique d'energie des Hectrons[20] et maxima de iafonction 

perte—\me~' pour le CaF, 


Pics des pertes 

d’6nergieeneV 11,9 15,3 17,8 20.9 26,3 29,5 31,1 34,3 36,6 38,7 40,6 45,7 

Maxima de la 

fonction-Ime-' 11,3 13,3 14,6 16,5 17,3 19.3 22 26 28 29,5 31,1 32 33,3 34,3 36,4 38 39,5 42 45 




606 


G. STEPHAN et ai. 


Tableau 2. Pics de pertes caractMstiques d’ener^ie des electrons [23] et maxima de la fonction 

perte — Ime'* pour le MgFj 


Pics des pertes 

d’energie en eV 13 15 16,8 18,6 20,9 23 24,5 26 29 31 38,5 

Maxima de la 

fonction-Ime^' 12 13 14,5 15,6 16,9 18,5 19,5 20 20,8 22,5 23,2 24.5 26 30 32 36 38 42,5 


ment les maxitnums de la fonction perte aux 
pertes d’energie caract^ristiques determinees 
par C. Gout [231. L’accord est bon aussi 
bien en ce qui concerne les positions ener- 
gdtiques des maxima que pour les intensites 
relatives de ceux-ci. Le spectre dc — Ime ' 



pour MgF. (Fig. 8) est essentiellement 
caracterisee par son allure en ’pic’ entre 
12 et 30 eV qui correspond a celle de la 
courbe (Fig. 2). L’excitation longi- 

tudinale de plasma est responsable de ce 
phenomene. 

CONCLUSION.S 

La comparaison entre les spectres des 
deux isolants etudies ici montre I’importance 
de I’introduction des bandes d sur les spectres 
electroniques: les bandes d’absorption dues 
aux electrons p sont alors dedoublees. Une 
conclusion identique peut etre faite a partir 


des spectres de NaF[25,26] et KF[13,24]; 
en effet dans ce dernier cas, on observe 
un dedoublement a 12,5 et 20,5 eV du a 
la bande 3 r/ du K+ (cependant ici les niveaux 
3 d sont plus eleves que les niveaux 4 s). 

Nous avons egalement calcule les fonc- 
tions 

2 g 

Ceffcw) = 1+ - — do) et 

TT Jo to 

€,.ff represente la contribution electronique 
a la constante dielectrique statique et 
le nombre d'dectrons participant a I’inter- 
action dectromagnetique. Ces fonctions .sont' 
representees Figs. II et 12 pour CaFj et 
MgF. respectivement. La comparaison des 



deux courbes de montre que 3,7 et 5 
electrons environ par molecule sont excites 
a la longueur d’onde de coupure soit a 17,3 e V 
pour le CaFa et 24,5 eV pour le MgFj. Cette 
difference montre qu’une force d’oscillateur 
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superieure est gardee pour les grandes 
energies dans le premier cas: celle-ci est vrai- 
semblablement utilis6e tors de I'oscillation 
de plasma vers 36 eV. Les valeurs de pour 
MgFj trouvees par Arakawa et a/. [27] sont 
legerement superieures aux notres; ceci 
semble du a un etat de surface different des 
echantillons etudies plutot qu’a des effets 
d’impuretes. L’excitation des electrons 3 p 
du Ca“+ a 31 eV est marque par la rapide aug¬ 
mentation de Neff a cette energie. Les courbes 
de €eff tendent vers une valeur limite qui 
devrait etre egale au carre de I’indice n dans 
la region normale du spectre, soil 1,99 
pour CaFj et 1,90 pour MgFj. Les valeurs 
de palier atteintes ici sont respectivement de 
2,17 et 1,86. Remarquons que pour CaFj 
la valeur est legerement superieure a n- 
comme cela a deja ete signale pour d'autres 
substances. 

Enfin, en ce qui concerne les oscillations de 
plasma, HorieL29] a donne certaines con¬ 
ditions suffisantes d’existence de ce pheno- 
mene dans les isolants et Miyakawa(30] 
demontre la presence d’un plasmon sur le 
bord des principales absorptions du cote 
des grandes energies. Horie[29] pour les 
isolants, Wilson [31] et Pines [32] pour les 
metaux, montrent egalement que la presence 
des transitions interbandes peut deplacer 
I’energie du plasmon par rapport a sa valeur 
pour des electrons libres. Les plasmons sont 
d’ailleurs mis en evidence par la comparaison 
des spectres d’absorption optique et des 
pertes d’energie des electrons, les premiers 
donnent les absorptions transversales, les 
seconds les absorptions transversales et 
longitudinales. 

Pour le CaFj, I’energie de plasmon en 
comptant les 12 electrons de valence supposes 
libres, serait de hv = 20,2 eV; experimentale- 
ment on trouve hv^^p= 17,3 eV; ce deplace¬ 
ment vers les basses energies serait du, 
principalement a I’influence des bandes d’ab¬ 
sorption situees vers 25, 30 et 35 eV. Pour 
MgFj au contraire, le plasmon est deplace 
vers les grandes 6nergies de hv = 22 eV a 


hvexp = 24,5 eV. Effectivement, dans ce cas, 
I'absorption est moins importante au-dessus 
de 25 eV et le deplacement est principale¬ 
ment du aux transitions d’energie inferieures. 
Comme nous I’avons deja signale [2], la 
position du plasmon peut alors etre donnee 
par laformule de Horie hv„p = (A^-Ft/iv,)-)■'“ 
oil A est la largeur de la bande interdite. La 
valeur obtenue de 24,8 eV est tres proche de 
notre valeur experimentale. Enfin on con¬ 
state a 36,4 eV dans le spectre de — Iml^' 
de CaFj un important pic correspondant a 
une oscillation de plasma, ce qui est en accord 
avec la theorie de Miyakawa[30]. 
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THE DENSITY OF STATES OF SOME 
SIMPLE EXCITATIONS IN SOLIDS 

RAINER J.JELITTO 

Institut fUr Theoretische Physik der Universitat Kiel, Germany 
(Received 4 March 1966) 

Abstract—The density of states of the spectrum 

£:(k) =£,-£, 2 
(A) 

which occurs for different types of elementary excitations in solids, when only next neighbour inter¬ 
actions are taken into account (with A being the next neighbour lattice vectors), were computed and 
are investigated and tabulated for the cubic space groups. Its singularities are discussed with regard to 
a paper of van Hove [5]. As is detailed in the paper, using the standard approximation of these func¬ 
tions for the calculation of thermodynamic observables proves to be justified only for very low 
temperatures. In order to facilitate their application for calculations in case of higher temperatures, 
the exact densities of states are approximated by elementary functions with a relative error of less 
than I per 1000. 

There ARE several simple types of elementary and £(k)=£ + d£ in one zone of the k- 
excitations in crystalline solids, obeying even space. 

different statistics, which, when only next In terms of the density of sutes the free 
neighbour interactions are taken into account, energies for Boltzmann-, Fermi-Dirac and 
have in common excitation spectra like Bose-Einstein statistics are given by 


£(k) = £„-£, 2 (1) 

(a| 

where the sum extends over all next neighbour 
lattice vectors A. For instance as Bloch 
electrons in the tight binding approximation, 
being fermions,as spinwaves in the Heisenberg 
exchange picture, commonly treated as 
bosons, have energy eigenvalues of the type 
(1), which represents the full symmetry of 
the point group. 

Therefore one of the most important charac¬ 
teristics, by which the thermodynamic pro¬ 
perties of the crystal are determined, the 
density of states function, is the same for all 
these excitations. According to 

g(E)=^Jd^k (2) 

this function is given by the number of eigen¬ 
values lying between the shells of £(k) = £ 


F„ = -^log(|e-«^-g(£)d£) (3a) 

— X 

+ » 

£(„^P±^|log[l+e-«^-'‘']g(£) d£, 

(3b.c) 

respectively, and many thermodynamic func¬ 
tions more may be written as integrals of the 
form 

<J)(/3)=//()3.£)j?(£)d£. (4) 

— X 

For cubic crystals the shape of g(E) is well- 
known already for a very long time, at least 
for simple and body-centered lattices [1]. But 
for evaluating the partition function etc., it 
usually is approximated very roughly by 
square roots. In that way e.g. Bloch’s famous 
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T'i!^ -law for the variation of the magnetiZS- 
tion of ferromagnets with the temperature is 
derived [2]. 

To proceed so, is as a rule fully justified 
whenever the excitations are treated as a gas 
of free independent particles. The errors 
involved in this method arising from physical 
interactions of these excitations, as in the 
case of ideal gases, increase considerably 
with the density of excitations present and 
this density increases exponentially with 
temperature. Therefore all results obtained 
in that way are expected to be true only in the 
limit of very low temperatures. In this ca.se 
the exponential factor in (3) decreases very 
rapidly with the energy so that predominantly 
small energies contribute to the integral, and 
the approximation by roots is useful ju.st in 
this limit. 

These arguments are no longer valid, as 
soon as the interactions of the particles are 
taken into account in some way. Modern 
quantum statistics provides various methods, 
such as variational principles, Green’s 
functions technics, the method of quasi¬ 
unitary transformations with the concept of 
quasi-particles related to it, for doing this in 
a more or less explicit manner. Whenever one 
of these tools is applied, the behaviour of the 
thermodynamic observables is expected to 
be described correctly up to higher tem¬ 
peratures.* But to evaluate them accurately 
enough the real shape of the density of states 
has to be taken into account instead of the 
approximations mentioned above. For this 


reason the exact evaluation of the density of 
states newly is of considerable interest for 
taking full advantage of the possibilities in¬ 
volved in new quantum statistical tools. 

On the other hand, except for the simplest 
limiting cases, the thermodynamic properties 
may no longer be evaluated exactly but only 
by numerical calculations using high-speed 
computers. 

The purpose of this paper is to give a 
detailed investigation of the density of states 
functions resulting from the spectrum (1) for 
the cubic space groups. Two of the three 
integrals in (2) may be carried out exactly 
leaving simple integrals, which were cal¬ 
culated numerically and are tabulated in this 
paper. In some cases there is an apparent 
contradiction to a general theorem given by 
van Hove[5J which is discussed. 

For computational purposes the densities 
of states are approximated in terms of elemen¬ 
tary functions, being available very fast in 
digital computers with an accuracy that should 
be sufficient for all practical calculations. 

As a very simple example (havingno greatel* 
physical significanc'c) the magnetization of 
ferromagnets vs. temperature following from 
the linear spinwave theory and the exact 
density of slates function is compared with the 
curve following from Bloch’s P'Mheorem, 

1 . GENERAL PKOPERTIF,S OK THE DENSITY OF 
STATES 

For the cubic space groups the relation (1) 
leads to the wellknown spectra 


'The thermodynamic t)b,servables usually obey 
integral equations in this case, or at least transcendental 
equations involving integrals. As to the theory of ferro¬ 
magnetism, the first attempts in this direction were made 
by Tjablikov[31and Englert [4) with the result of 


E(k) = E„ — 2E, (cos^j-f cos^^ + cos^j) 

(la) 

for the simple cubic lattice. 



‘= ( 27 r) 


• coth 


I x(t) 
{Mill 

[M(0) 


IkT) 


iE 


for the variation of the relative specific magnetization 
with temperature. 


£(k) = £■«- 4£, {cos(kj.l2) ■ cos{kJ2) 

-1- cos(^j,/2) ■ cos{kJ2) -f cos(kJ2) 
■cos(kJ2)) (lb) 

for the face-centered lattice and 
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£(k) = £()— 8 £, • cos(<:j./ 2 ) • cos(kJ 2 ) 


for the f.c.c. and 


■cosikjl) (Ic) 

in case of the body-centered lattice. 

There is some information concerning the 
analytic properties of g(E), which easily can 
be derived from the range of values and the 
extremal properties of the function £(k). The 
formula (2) given for g(E) may be trans¬ 
formed into the following relations: 

lV£(k)|- 

g(,E) = J 8 (£-£(k))d^k, ( 2 a,b) 

fl 

where S is the surface of constant energy £, 
lying in one zone of the k-space. Whereas 
( 2 b) is the form, that we shall use as a starting 
point for the calculations of g(E) in the next 
section, ( 2 a) is very convenient for general 
considerations. 

At first we notice that^(£) clearly vanishes 
outside the range of values of £(k), that is 
outside the intervals 


£„- 6 £, 

« £(k) « E 0 + 6 E, 

(5a) 

£n-12£, 

« £(k) ^ £ 0 - 1 -4£, 

(5b) 

£„ — 8 £, 

£(k) ^ £„ + 8 £, 

(5c) 


for the S.C., f.c.c. and b.c.c. lattice, res¬ 
pectively. Furthermore according to (2a) 
g(E) must be regular everywhere with excep¬ 
tion of the so-called van Hove singularities 
arising for those values of £, for which £(k) 
becomes extremal on the surface S(E). These 
values are easily seen to be 


£ = £(,± 6 £, 
£= £„± 2 £, 

for the S.C., 

£ = £„- 12 £, 
£ = £o 
£ = £o-l-4£, 


( 6 a) 


£ = £„± 8 £, 

£ = £o 


(6c) 


for the b.c.c. lattice, so that the boundaries 
of the intervals (5) are always van Hove 
singularities. But there is an important 
topological difference between two groups 
of extremal values, giving rise to different 
types of singularities of g{E). Whereas for 
equations ( 6 a), the first and second equations 
of ( 6 b) and the first of ( 6 c) the function £(k) 
becomes extremal in isolated points of the 
surfaces 5(£), V£(k) vanishes on one¬ 
dimensional manifolds on these surfaces for 
£ = £o+ 4£, in ( 6 b) and £ = £„ in ( 6 c). 


2. CALCULATION OF gtE) FOR THE SIMPLE 
CUBIC LATTICE 

After the transformation 

2 £, 

the density of states function for the s.c. 
lattice is given by the integral 

i?(£) = 2 |^J 5(£+cos kj. + cosk„ + 

H 

+ cos Aj) d“k, (7) 

where the domain of integration is a cube with 
the sides 277, lying symmetrically to the 
origin of coordinates. Henceforward we shall 
omit the factor 1 / 2 |£,| for simplicity. 

Setting /, = cos k, and observing the 
symmetry this integral is transformed into 


-FI +1 -FI 


g(E) f f 


S(E -F /] -F /•> ~F 4) d/i dL d /3 
[(1-/,-)(l-/2=^)( 1-/3*)] 


-1 -1 -1 


( 6 b) 


(8) 
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The integration over l^, say, is easily per¬ 
formed and leads to 


g(E)=» 

■^{l-(£+/. + /jn]-''=‘d/,d/j (9) 


(9) is suitably written as 
g(£) = 8 7 d/,(l-/,^) 

-J 

for 1 ^ £ < 3 and 


/ d/,/(/„/,) 


(12a) 


with the domain Jf' given by the section of a 
square of the sides 2, which lies symmetrically 
to the origin, and the band defined by the 
inequality 

|£ + /, + 4 |«l. (10) 

There are three possibilities for this section; 

(a) for |£| > 3 it is empty, so that g(£) =0 
in correspondence with the relation (5a), 

(b) for 1 « |£| « 3 it is a triangle and (c) for 
|£| <1 it is a band, like that sketched in 
Fig. 1. 

By the substitution £-»—£. /| -♦ —/J and 
4 -♦ —neither the integrand in equation (9). 
nor the domain of integration are modified, 
so that g(E) is an even function and we may 
restrict our calculations to the range of 
0 « £ < 3 henceforward. 

Setting 


~f: i 

j?(£) = «{/ J d4/(/„4) 

-1 -\-E~li 

+ /(T3^ / (12b) 

-E ' -1 

for 0 « £ < 1. The integration over 4 may 
be performed explicitly and leads to complete 
elliptic integrals [6] of the first kind, namely 
to £'[(£ +/,)/2] in (12a) and to K'[~(E+l,) 
12 ] and £'[(£ +/,)/2], respectively, in (12b), 
where K'ix) is the first complete elliptic 
integral of the comprementary modul 


K’{x)=-K(x') = KiVl-x^). (13) 

In this way, g(E) is reduced to simple 
integrals*: 


/(4.4) = [(1-4^) {l-(£ + /, + 4)^}]-''^ 

(ID 



Fig. 1. Oomain of integration of (9) for | £ | < t 
(hatched). 


i-K 

g(£)=8 J (l-/D-‘''^£'(^^d/ (14a) 


for-)-1 =s £ < 3 and 


g{E) = 8 


d/ 


J (l-/D-‘'^£'(-^)( 

-1 

1 

+1 (!4b) 

for 0 £ < 1. These integrals must be 


'These formulae were obtained and evaluated formerly 
by T. A. Hoffmann[7] in a paper concerning ,4-B-type 
alloys. 
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evaluated numerically.* The function 
g(E) is plotted in Fig. 2 and compared with 
its approximation by square-roots, which 
proves to be sufficient for very small values of 
E only. 

The density of states function is continuous 
everywhere. The van Hove singularities show 
themselves as discontinuities in the slope, 
which becomes infinite at the points given by 
equation (6a). In the vicinity of these sin¬ 
gularities 8 (E) is approximated very well by 

g(£) =g(£,)+a,V(l£-£j) (15) 

on that side, for which the infinity occurs. 
For E, = 3 this is the square-root approxima¬ 
tion by 

g(3 —e) = 4\/2 TT Ve (16) 

mentioned above, which is easily derived by 
an expansion of the cos-functions in (7) 
to the second order and integration over a 
sphere. 

3. THE DENSITY OF STATES FUNCTION FOR 
BODY-CENTERED LATTICES 

For the sake of simplicity we now at first 
calculate g(E) for body-centered lattices. 


‘There is another very elegant representation of«(£) 
in the case of the s.c. lattice, also starting from equation 
(7). By means of a Fourier-transformation and using the 
relation 

W 

J„(x) e'"**'dr 

0 

for the Bessel-functions, g(£) isfoundtobe 

g(£) =-!- [ cos (£r) V(()dt 
7T J 
0 

for all values of £. Koster and Slater [8] and Wolfram and 
Callaway [9] have started from this formula for computa¬ 
tions of the density of states function. But there some 
problems of accuracy ari«» in connection with the fact, 
that g(£) is given by an improper integral. The computa¬ 
tions must be performed from 0 to T and it is difflcult 
to estimate the error induced by neglecting the contribu¬ 
tion from T to So the proper integrals (14) are more 
convenient for numerical calculations. 



Fig. 2. The density of slates for the s.c. lattice. The 
dashed curve is the standard approximation by square- 
roots (see equation (16)). The lowering of the plateau 
for I £ I <1 is indicated by the parallel horizontal 
lines. 


After the transformation 

E-E„ 

8 £, 

we have to evaluate the integral 

2 fT 2n 2ir 

^(£)=^J / /6(£ + cos(U2) 

0 0 0 

■ cos(k„/2) • cos(ki/2))d“k, (17) 

where the domain of integration is a cube with 
the sides 27rt. Omitting the factor 1/8 |£,| 


tOriginally the integration has to be performed over 
the first Brillouin-zone. But it may be restricted at once to 
the part with k, 9 0 because of the symmetry of £(k). 
Moreover £(k) is invariant under the transformations 
k, -► 2ir-k„ k, -► 2TT~k„ *, -► k, and the octant of the 
Brillouin-zone is reproduced by such a transformation. 
Therefore the domain of integration may be chosen as the 
cube from 0 to 2ir, as is done in equation (17). 
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and substituting /, = cos{kJ2) we immediately 
get 

-f 1 +1 +1 


- 1 -I -1 

5(£ + /,/,/,)d/,d4d/., 


(18) 


By virtue of the relation for 8 -functions 
8 (ax) = 8 (x) the integration over /„ say, 

leads to the function 

/J) dl. 




I 


(1 


_ I [ 8(£//,44-/,)d/, 

1441 i (i-4^)‘« 

^||(44)^-t'-|-‘'-for|£/44l« I 

1 0 otherwise. 

Therefore in 

- (6 y y /^-(4.4.£)d/,d4 

I -1 

= 16/ [(I-/,=)( I-4^1 

J 

x{{IJ,y^~E^]-’'^dl,dl., ( 20 ) 



This is done as 


fi(E) ==64 


/ 


/,(/,. £)d/, 

(l-/,2)>/2 


defining/,!/,. £) by 


( 21 ) 


/,(/,.£)= / [(1-4)^ 

Kill 

x{(/,4)^-£n]'''*d/,. (22) 

l,{l,,E) again may be written in elliptic 
integrals and, taking advantage of the relation 


the integration must be performed over the 
section of the square with sides 2 and the 


domain given by the inequality 


(.4 


l.This 


range is illustrated in Fig. 3 for a certain 
|£| < I. For |£| s 1 the domain of integra¬ 
tion vanishes and so does g{£) in correspon¬ 
dence with equation (5c). 

As in case of the s.c. lattice, g{£) is an even 
function, because the integrand and the domain 
of integration are invariant under the trans¬ 
formation £ —» —£. Moreover they are 
invariant under and 4 ~ 4- 

independently, so that the integration may 
be restricted to one quadrant of the square. 


gives 



/<(/,.£) 


K'(Ell,) 

4 


(23) 


(24) 


In that way we are finally left with the single 
integral 

g(£) =64 f - - , (25) 

E 

which must be evaluated numerically. 
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For £= 1 — g{E) is approximated by After the transformation 


g(l-e) = 32V'27rVe, (26) 

as may be evaluated directly from (17), 
when £(k) is expanded in k^. At the point 
of the van Hove singularity £ = 0 the function 
g(E) becomes infinite. Because K'{k) is a 
majorant to log {41k), 

I?(0) =64 j ^^dA- 
0 

(27) 

0 

holds, and the latter integral diverges. 

g(E) is illustrated in Fig. 4, where also 
the approximation (26) is plotted. 

4. g(E) FOR FACE-CENTERED LATTICES 
In case of the f.c.c. lattice things are 
more complicated than for the other cubic 
lattices. 



Fig. 4. The density of states for the b.c.c. lattice. The 
approximation (26) i^ plotted in dashed lines. 


£-£. , _ 


we at first get 

2fr 2ir 2ir 

j j J ^ cos(Aj./2) • cos(AJ2) 
0 0 0 

+ cos(Aj./2) • cos(Aj./2) 

+ cos(A„/2) • cos(Aj/2))d^. (28) 

The domain of integration again can be chosen 
to be a cube with the sides 27r*. Equation (28) 
is transformed into 

-fl +1 +1 

-i ~] -1 

S(£4 /i4-i-/|/3 + /jj/a) d/) d/g dl,^ 
[(l-/,-^)(l-/2^)(l-/s^)]'« 


by the substitution of /, = cos(A,/2); and the 
integration over /., leads to 


IM-k.E) = I 


S(£+/i/ 2 + /,/;)+ 4/3) d/3 

(I-/32)-« 


for 


E-h/,/^ 

/, + 4 


0 


otherwise 


1 


(30) 

The factor 1/4|£,| again is omitted from equa¬ 
tion (29) forward. So the domain if' of the 
double integral 


*The arguments for choosing this domain are similar 
to those given for the b.c.c. lattice. The integrand is 
invariant under the transformation k, -> 2n — k, in 
this case and the part of the Brillouin-zone with it, 0 is 
reproduced by it. Therefore the integral over the cube has 
a quarter of the value that the integral over the Brillouin- 
zone has. 
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g(£) = 32 // t(I - /.*) (1 -){(/. + />)* 
-(£ + /,4)^}]-‘'»cl/,d/a, (31) 


we are left with, is that part of the range 
■ • ! ^ « 1, lying inside the square with 

•t + *2 

sides 2 symmetrical to the origin of co¬ 
ordinates. Again this domain vanishes in 
correspondence to relation {5 b), i.e. for 
£ > 1 and £ < —3 and so doesi>(£). 

The borders of the domain of integration 



are monotonely falling curves for all £e(—3, I) 
and for different values of £ three different 
types of domains must be distinguished. These 
types are illustrated in the Figs. 5(a-c), with 
the statement of the ranges of £, which they 
are valid for. 

There is a symmetry of the integrand and 
the domain of integration under the trans¬ 
formation 4 -»so that the 

integration may be restricted to the part right 
of the line 4 = -V But there is no more 
symmetry with respect to £ -» — £ and there¬ 
fore g(E) is not a symmetrical function for the 
f.c.c. lattice. 

Defining 

/,(/„£)= / [(1-4'^){(4+ 4)" 

-(£ + /,4)'^}]-''^ d4. (33) 


where £(£) is the lower boundary of the 
domain of integration, the density of states 
becomes 


g(E)=64 j 


/,(/..£) d/, 

(l_/^2)i/2 • 


(34) 


As is well known, the sequence of the zeros 
of the denominator is crucial for the result of 
integrals like (33). As these zeros are given 



Fig. 5. Domain of integration of (31) (hatched) (a) for 
-3 < £' « -l,(b)for-l < £ « 0.(c)for0 < £ « 1, 



DENSITY OF STATES IN SOLIDS 


617 


by the borders of the domain of integration, i.e. I/ 2 I = 1 and the functions (32), this succession 
changes, whenever two of these curves intersect. So the interval [—1, +1] of /, is divided into 
several parts by these points of intersection, as can be seen in the Figs. 5, and there will be 
different results for /,(/,, E) in different intervals. 

For — 3 « E « — 1 only one of these intervals comes into the play (see Fig. 5(a)). /,(/i, E) is 
found to be 

/.(/„E) = (/,^-E)-‘«X'(^ • JJTT^) <55a) 


in this case. 

For—1 < E 0 two regions must be distinguished (see Fig. 5(b)) 


/.(/>,£) = 




(35b) 


for ^ < /, « 1 


and for 0 < E ss I the /|-interval must be divided into 4 parts according to Fig. 5(c), providing 
for/,(/,, E) the results 




1-E 


X'(^{/^-£)'«) for -(^) « /. ^ 


(/,"-£) 2 '(/,2-£)>'*) 


E+ 1 


(35c) 


2 (/, 

With (34) and (35) we finally get for the density of states 

l-E 


r t'+l , 
for < /, 1. 


j?(£) = 64 I 




g(E) = 64 


1 

/ 

(¥) 


K' ^^(V-£)-'« 

[(/,^-£)(l-/.*)]''^ 

[(/,»-£)(!-/,^)]'«"" ' l-£ 


d/, for -3 « £ « -1, 


d/,+: 


J 


(!-/,“)■« 


(36a) 


d/, (36b) 


for—1 < £ « 0 
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and 


fi(E) = 64 


+ 2 


r '^1 


,ri-£ 


ih^-E) 


1/2 




f I 2 J , 4 f 

J [(/,"-£)(!-//)]*« ' l-E J 

4 l\ VF 


m 

sTE 


(1-/,*)>'==" 


d/, 


K 





(1-/.^) 

f/l + £ 

ll 2 , 


,]■« 


^d/, 


forO < £ ^ I. 


(36c) 


In these formulae we have taken advantage 
of some simple symmetries of the integrands. 

The integrals in equation (36) again must 
be computed numerically. The result is plotted 
in Fig. 6. 

In accordance with direct calculations from 
equation (28) ^{E) begins like 

g(£) = 167rV7 (37) 

for £ = € —3. For £ = — 1 (that is the point, 
where (36a) and (36b) interfere) there is no 


van Hove singularity and g(£) is a smooth 
function in this point, but in £ = 0 such a 
singularity exists. As in case of the s.c. lattice 
g{E) is continuous in this point, but has an 
infinite slope. At £ = I there is another van 
Hove singularity that one being a pole of g(E). 
For /?(1) is infinite, because 

A'(1)=128A-(0) J-j-^ (38) 

0 

diverges. 


g(E) 



Fig. 6. The density of states for the f.c.c. lattice. The 
approximation (37) is plotted in dashed lines. 


S. THE SINUtl-ARITlES OF THE DENSITY 
OF STATES 

As we have seen, there are two types of 
singularities, which may occur in the density 
of states function. The first one, realised at 
£ = 0 for the b.c.c. lattice and at £ = 1 in 
case of the f.c.c lattice, is a logarithmic peak. 
For the second type, occuring for all singular 
points of the s.c. lattice, for £ = ±1 in the 
b.c.c. and for £ = —3 and £ = 0 for the f.c.c 
lattice. g(E) is a continuous and finite func¬ 
tion, but has an infinity in its slope. 

It is worth mentioning that there is ap¬ 
parently a contradiction to a theorem of van 
Hove (5] or at least to a wide-spread opinion 
as to its contents. This theorem states that 
the density of states for three dimensional 
periodic lattices always should have at least 
four singular points with singularities only 
of the second type mentioned above. But for 
its derivation van Hove confined himself to 
the case of spectra, which possess zeros of 
V£(k) only in isolated points in the k-space. 
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Indeed for singular points, where this assump¬ 
tion is fulfilled, his theorem holds in our cal¬ 
culations. But for £ = 0 for the b.c.c. and 
E = \ for the fc.c. lattice we, have seen in 
section I that V£(k) vanishes on onedimen¬ 
sional manifolds in the k-space and so his 
condition is not met. For these values of E 
the function g(E) may have logarithmic 
infinities, as van Hove remarks, and indeed, 
in those cases we have been concerned with it 
has. 

6. RESULTS OF NUMERICAL CALCULATIONS 
AND APPROXIMATION FUNCTIONS 

The formulae (14), (25) and (36) for the 
density of states were evaluated on a digital 
computer* with an accuracy of more than 1 
per lOOOOt. Special care was taken of some 


characteristic points as £ = 1 and £ = 0 for 
the s.c. lattice and £ = 0 for the f.c.c. lattice. 

The results of these computations are 
tabulated in the second column of the Tables 
1-3 for the three lattice types. 

With regard to the fact that integrals like 
those given by equation (4) must be evaluated 
for obtaining thermodynamic functions, it 
seems desirable to give simple approximation 
functions for the density of states, which are 
very fast available in computers. 

In reference to the kind of singularities 
that g{E) and its slope possess in the critical 
points, such approximation functions were 
formulated and adapted to the density of 
states with a relative error of less than I per 
1000. 

This accuracy is achieved by 


H(E) = 


V(3-|£|)[(80-3702- 16 3846(3 - |£|) -I-0-78978(3- l£| )2) 


-l-(-44-2639-f-3-66394(3-|£|)-0-17248(3-|£|)’“)V(|£|-l)] for I < |£| « 3 

(39a) 


70-7801-I-1-0053 P for 


0 


for 


\E\ < 1 
|F| > 3 


for the s.c. lattice. 




for the b.c.c. lattice and 


2V(T^) 


|£| 

(16-6791+3-6364l£|-l-2-4880 - |£|2) for |£| < I 
0 for |£| > 1 


S(E)^ 


4V(3-t-£) [(-85-9325 -(- 101 -103(3 + £) - 16-2885(3 + EV) 

+ (56-8683-47-1215(3 + £) + 2-9045(3 + £)2)V'£] for -3 < £ < 0 
4[(122-595- 19-4100£+ 1-76011£^) + (-^-8100 + 7-18628£) ln(l-£)] 

for 0 « £ « 1 

0 for —3 « £, E > 1 

for the f.c.c. lattice. 


(39b) 


(39c) 


*X 1, Rechenzentrum der Universitat Kiel. 
tFor details of the compulhtions see the appendix. 


These functions are tabulated in the third 
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Table I. g(E) for the s.c. lattice. g(—E) = g(E) 


E 

fiiE) 

exact 

approx. 

Diff. 

Rel. error 
(X 1000) 

3 0000 

0 

0 

0 

_ 

2-9900 

-1-1-7816 

+1-7816 

-0-5058,1,-05 

-0-0028 

2-9800 

-1-2-5259 

+2-5259 

-0-1823,0-04 

-0-0072 

2-9700 

-1-3-1014 

+3 1014 

-0-2541,0-04 

-0-0082 

2-9600 

-1-3-5902 

+3-5903 

-0-3291,0-04 

-0-0092 

2-9500 

-M-0242 

44-0242 

-0-4937,0-04 

-0-0123 

2-9000 

-1-5-7643 

+5-7644 

-0-9868,0 - 04 

-0-0171 

2-8500 

-1-7-1521 

+7-1523 

-0-1322,0-03 

-0-0185 

2-8000 

-1-8-3683 

+8-3685 

-0-1542,0-03 

-0-0184 

2-7500 

-I-9-4825 

+9-4826 

-0-1546,0-03 

-0-0163 

2-7000 

-1-10-5302 

+10-5304 

-0-1790,0-03 

-0-0170 

2-6500 

-1-1 1-5330 

+ 11-5331 

-0-6282,0-04 

-0-0054 

2-6000 

-1-12-5047 

+12-5047 

-0-4871,0 - 04 

-0-0039 

2-5500 

-1-13-4554 

+13-4554 

-0-3028,0-04 

-0-0023 

2-5000 

-1-14-3926 

+14-3926 

-0-2491,0-04 

-0-0017 

2-4500 

-1-15-3223 

+15-3223 

+0-3363,0-04 

+0-0022 

2-4000 

-1-16-2493 

+16-2492 

+0-6035,0-04 

+0-0037 

2-3500 

-1-17-1778 

+17-1777 

+0-7866,0-04 

+0-0046 

2-3000 

-I-18-1114 

+ 18-1114 

-0-8078,0 - 05 

-0-0004 

2-2500 

+ 19 0528 

+ 19-0537 

+0-2221,0 - 04 

+0-0012 

2-2000 

-f20-0076 

+20-0077 

-0-1094,,,-03 

-0-0055 

2-1500 

420-9764 

+20-9766 

-0-1769,0-03 

-0-0084 

2-1000 

4-21-9630 

+21-%33 

-0-3270,0-03 

-0-0149 

2-0500 

4-22-9706 

+22-9710 

-0-4490,0-03 

-0-0195 

2-0000 

4-24-0024 

+24-0029 

-0-5400,0-03 

-0-0225 

1 -9500 

4-25-0617 

+25-0624 

-0-6718,0-03 

-0-0268 

1-9000 

+26-1521 

+26-1530 

-0-8619,0-03 

-0-0330 

1-8500 

+ii-nv 

+27-2787 

-0-9540,0-03 

-0-0350 

1-8000 

+28-4428 

+28-4438 

-0-1014,0-02 

-0-0356 

1-7500 

+29-6524 

+29-6533 

-0-9437,0-03 

-0-0318 

1-7000 

+30-9120 

+30-9128 

-0-8320,0-03 

-0-0269 

1-6500 

+32-2282 

+32-2287 

-0-5412,0-03 

-0-0168 

1-6000 

+33-6085 

+33-6087 

-0-1630,0-03 

-0-0048 

1 -5500 

+35-0621 

+35-0617 

+0-4342,0-03 

+0-0124 

1-5000 

+36-6000 

+36-5988 

+0-1216,0-02 

+ 0-0332 

1-4500 

+38-2360 

+38-2337 

+0-2267,0 - 02 

+0-0593 

1-4000 

+39 9876 

+39-9840 

+0-3616,0-02 

+0-0904 

1-3500 

+41-8777 

+41-8725 

+0-5234,0 -02 

+0-1250 

1-3000 

+43-9374 

+43-9304 

+0-6993,0 - 02 

+0-1592 

1-2500 

+46-2112 

+46-2024 

+0-8790,0-02 

+0-1902 

1-2000 

+48-7670 

+48-7564 

+0-1059,0 - 01 

+0-2171 

1-1500 

+51-7176 

+51-7059 

+0-1165,0-01 

+0-2253 

1-1000 

+55-2820 

+55-2707 

+0-1126,0-01 

+0-2037 

1-0500 

-H60-0209 

4-60-0136 

+0-7336,0-02 

+0-1222 

1-0400 

-f61-2437 

+61-2379 

+0-5786,0-02 

+0-0945 

1-0300 

-H62-6382 

+62-6343 

+0-3872,0-02 

+0-0618 

1-0200 

-H64-3008 

4-64-2991 

+0-1655,0-02 

+0-0257 

1-0100 

4-66-47% 

•%6-4807 

-0-1045,0-02 

-0-0157 

1-0000 

+71-7854 

+71-7854 

+0-3907,0-06 

+0-0000 

0-9000 

+71-5866 

+71-5944 

-0-7793,0-02 

-0-1089 

0-8000 

+71-4120 

+71-4235 

-0-1149,0-01 

-0-1609 

0-7000 

+71-2604 

+71-2727 

-0-1230,0-0] 

-0-1726 

0-6000 

+71-1308 

+71-1420 

-0-1121,0-01 

-0-1576 

0-5000 

+71-0223 

+71-0314 

-0-9125,0-02 

-0-1285 

0-4000 

+70-9345 

+70-9409 

-0-6448,0 - 02 

-0-0909 

0-3000 

+70-8667 

+70-8706 

-0-3877,0-02 

-0-0547 

0-2000 

+70-8185 

+70-8203 

-0-1812,0-02 

-0-0256 

0-1000 

+70-7897 

+70-7902 

-0-4530,0-03 

-0-0064 

0-0000 

+70-7809 

+70-7801 

+0-8000,0 - 03 

+0-0113 
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Table 2. g(E) for the b.c.c. lattice. g(—E) = g(E) 


E 

exact 

approx. 

Diff. 

Rel. error 
(X 1000) 

1 0000 

0 

0 

0 

_ 

0-9990 

-h4-4992 

+4-4992 

+0-1001,„-04 

+0-0022 

0-9940 

+11-0624 

+11-0626 

-0-2026,03 

-0-0183 

0-9890 

+15-0352 

+15-0359 

-0-6153,0-03 

-0-0409 

0-9840 

+18-2021 

+18-2032 

-0-1164,0-02 

-0-0639 

0-9790 

+20-9326 

+20-9344 

-0-1816,0-02 

-0-0867 

0-9700 

+25-1924 

+25-1954 

-0-3001,0 - 02 

-0-1191 

0-9600 

+29-3150 

+29-3197 

-0-4694,0 - 02 

-0-1601 

0-9500 

+33-0314 

+33-0377 

-0-6319,0-02 

-0-1913 

0-9400 

+36-4692 

+36-4774 

-0-8185,0-02 

-0-2244 

0-9300 

+39-7044 

+39-7144 

-0-1001,0-01 

-0-2521 

0-9200 

+42-7864 

+42-7980 

-0-1163,0-01 

-0-2718 

0-9100 

+45-7490 

+45-7624 

-0-1342,0-01 

-0-2932 

0-9000 

+48-6174 

+48-6325 

-0-1509,0-01 

-0-3104 

0-8500 

+62-0846 

+62-1068 

-0-2224,0-01 

-0-3583 

0-8000 

+74-9000 

+74-9262 

-0-2620,0-01 

-0-3499 

0-7500 

+87-6892 

+87-7158 

-0-2665,0-01 

-0-3039 

0-7000 

+ 100-8432 

+100-8667 

-0-2353,0-01 

-0-2333 

0-6500 

+ 114-6762 

+114-6938 

-0-1760,0 - 01 

-0-1535 

0-6000 

+129-4910 

+129-5014 

-0-1040,0- 01 

-0-0803 

0-5500 

+145-6196 

+145-6234 

-0-3770,0-02 

-0-0259 

0-5000 

+163-4598 

+163-4594 

+0-3626,0-03 

+0-0022 

0-4500 

+ 183-5182 

+183-5197 

-0-1542,0-02 

-0-0084 

0-4000 

+206-4780 

+206-4903 

-0-1229.0-01 

-0-0595 

0-3500 • 

+233-3040 

+233-3404 

-0-3641,0-01 

-0-1561 

0-3000 

+265-4400 

+265-5152 

-0-7516,0-01 

-0-2831 

0-2500 

+305-1800 

+305-3124 

-0-1324,0 + 00 

-0-4338 

0-2000 

+356-5020 

+356-7084 

-0-2064,0 + 00 

-0-5789 

0-1500 

+427-1880 

+427-4655 

-0-2775,0 + 00 

-0-6495 

0-1000 

+535-6560 

+535-9481 

-0-2921,0 + 00 

-0-5454 

0-0900 

+565-5520 

+565-8279 

-0-2759,0 + 00 

-0-4878 

0-0800 

+599-8120 

+600-0594 

-0-2474,0 + 00 

-0-4124 

0-0700 

+039-7260 

+639-9278 

-0-2018,0 + 00 

-0-3155 

0-0600 

+687-2220 

+687-3.560 

-0-1340,0 + 00 

-0-1950 

0-0500 

+745-3600 

+745-3972 

-0-3724,0 - 01 

-0-0500 

0-0450 

+779-9280 

+779-9015 

+0-2653,0-01 

+0-0340 

0-0400 

+819-4140 

+819-3107 

+0-1033,0 + 00 

+0-1261 

0-0350 

+865-2560 

+865-0594 

+0-1966,0 + 00 

+0-2272 

0-0300 

+919-5940 

+919-2895 

+0-3045,0+00 

+0-3311 

0-0250 

+985-8300 

+985-3951 

+0-4349,0 + 00 

+0-4412 

0-0200 

+1069-7920 

+ 1069-2077 

+0-5843,0+00 

+0-5461 

0-0150 

+ 1182-7460 

+ 1181-9976 

+0-7484,0 + 00 

+0-6328 

0-0100 

+ 1350-9420 

+ 1350-0646 

+0-8774,0 + 00 

+0-6495 

0-0050 

+1662 8480 

+1662-1817 

+0-6663,0 + 00 

+0-4007 

0-0000 

Infinite 

Infinite 

- 

- 


column of Tables 1-3, whereas the difference 
and relative error of this approximation are 
given in the fourth and fifth columns. 

After all the accuracy of the calculations 
was checked by integration over the ^(El- 
functions from -00 to - 1 - 00 , where the exact 
integrals are known. The results of this test are 
given in Table 4. ^ 


7. THE CONTRIBUTIONS OF THE SINGULARITIES 
OF g(E) TO INTEGRALS, LIKE EQUATION (4) 

There are no further difficulties in the 
numerical evaluation of integrals like 

f{fi,E)g{E)dE (4) 

— 00 

for the s.c. lattice. 
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Table 3 . g{E)forthe f.c.c. lattice 


E 

g{E) 

exact 

KiE) 

approx. 

Diff. 

Rel. error 
(X 1000) 

-3 0000 

0 

0 

0 


-2-9950 

+3-5588 

+3-5586 

+0-1258,,,-03 

+0-0353 

-2-9900 

+5-0392 

+5-0388 

+0-3352,„-03 

+0-0665 

-2-9850 

+6-1794 

+6-1789 

+0-5388,„ - 03 

+0-0872 

-2-9800 

+7-1443 

+7 1435 

+0 8059,„-03 

+0-1128 

-2-9750 

+7-9976 

H 7-9%5 

+0 1101,02 

+0-1377 

-2 9700 

+8-7720 

+8 7706 

+0 1449,0-02 

+0-1652 

-2 9600 

+10-1546 

+ 10-1525 

+0-2127,0-02 

+0-2095 

-2 9500 

+ 11-3820 

+ 11 3791 

+0-2859,0-02 

+0-2512 

-2-9400 

+ 12-5000 

+l2-4%3 

+0-3643,0 - 02 

+0-2915 

-2 9300 

+13-5359 

+ 13-5314 

+0-4475,0 - 02 

+0-3306 

-2-9200 

+ 14-5074 

+ 14-5021 

+0-5277,0-02 

+0-3638 

-2-9100 

4 15-4268 

+ 15-4206 

+0-6129,0-02 

+0 3973 

-2 9000 

+16-3(129 

+16-2960 

+0-6945|„~02 

+0-4260 

-2-8000 

+23-6626 

+23 6486 

+0-1401,0-01 

+0-5921 

-2-7000 

+29-7641 

+29-7469 

+0-1717,0-01 

+0-5770 

-2-6000 

+35-3238 

+35-3082 

+0-1557,0- 01 

+0-4408 

-2-5000 

+40-6228 

+40-6129 

+0-9867,0-02 

+0-2429 

-2 4000 

+45-8104 

+45-8100 

+0-4099,0-03 

+0-0089 

-2 3000 

4 50-9836 

+50-9940 

-0-1041,0-01 

-0 2041 

-2-2000 

+56-2120 

+56-2336 

-0 2157,0-01 

-0-3838 

-2-1000 

+61-5528 

+61-5841 

-0-3128,0-01 

-0-5082 

-2-0000 

+67-0560 

+67-0946 

-0-3856,0-01 

-0-5750 

-1-9000 

+72-7708 

+72-8118 

-0-4099,0 - 01 

-0-5633 

-1 8000 

+78-7444 

+78-7832 

-0-3881,0-01 

-0-4928 

-1-7000 

+85-0284 

+85-0592 

-0-3083,0-01 

-0-3626 

-1-6000 

+91-6780 

+91-6954 

-0-1737,0-01 

-0-1895 

-1-5000 

+98-7552 

+98-7545 

+0-7318,0-03 

+0-0074 

-1-4000 

+ 106-3320 

+ 106-3091 

+0-2286,0-01 

+0-2150 

-1-3000 

+114-4912 

+114-4448 

+0-4638,0-01 

+0-4051 

-|-2(HK) 

+123-3320 

+ 123-2635 

+0-6846,0 - 01 

-+0-5551 

-1-1000 

+132-9760 

+132 8890 

+0-8696,0-01 

+0-6539 

-1-0000 

+143 5708 

+ 143-4737 

+0-9714,0-01 

+0-6766 

-0-9000 

+155-3040 

+ 155 2082 

-+0-9579,0-01 

+0-6168 

-0-8000 

+168-4168 

+168 3366 

-+0-8023,0-01 

+0-4764 

- 0-7000 

+ 183-2260 

+183-1782 

+0-4779,0 - 01 

+0-2608 

-0-6000 

+200-1660 

+200-1651 

+0-9293,0 - 03 

+0-0046 

-0 5000 

+219-8508 

+219-9061 

-0-5527,0-01 

-0-2514 

-0-4000 

+ 243-2056 

+243-3109 

-0-1053,0 + 00 

-0-4329 

-0-3000 

+271-7380 

+271-8600 

-0-1220,0+00 

-0-4490 

-0-2000 

+308-2600 

+308-3227 

-0-6268,0-01 

-0-2033 

-0-1000 

+359-6044 

+359-4865 

+0-1179,0 + 00 

+0-3280 

-0-0900 

+366-1992 

+366-0575 

+0-1417,0+00 

+0-3868 

-0-0800 

+373-2152 

+373-0495 

+0-1657,0+00 

+0-4440 

-0-0700 

+380-7284 

+380-5395 

+ 0-1889,0+00 

-+0-4960 

-0-0600 

+388-8440 

+388-6331 

+0-2109,0 + 00 

+0-5425 

-0-0500 

+397-7108 

+397-4808 

+0-2300,0 + 00 

+0-5783 

-0-0400 

+407-5560 

+407-3126 

+0-2434,0 +00 

+0-5973 

-0-0300 

+418-7600 

+418-5127 

+0-2473,0 + 00 

-+0-5905 

-0-0250 

+425-0800 

+424-8321 

+0-2479,0 + 00 

+0-5832 

-0-0200 

+432-0640 

+431-8255 

+0-2385,0 + 00 

+0-5519 

-0-0150 

+439-9840 

+439-7609 

+0-2231,0 + 00 

+0-5070 

-0-0100 

+449-3560 

+449-1588 

+0-1972,0 + 00 

+0-4389 

-0-0050 

+461-5080 

+461-3581 

+0-1499,0 + 00 

+0-3248 

-0-0000 

+490-3800 

+490-3782 

+0-1775,0-02 

+0-0036 

+0-0200 

+492-4400 

+492-4395 

+0-4651,0-03 

+0-0009 

+4)-0400 

+494-5560 

+494-4557 

+0-3383,0-03 

-+0-0007 
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Table 3. (cont.) 


E 

exact 

fiiE) 

approx. 

Diff. 

Rel. error 
(X 1000) 

+00600 

+496-7320 

+496-7308 

+0-1224,0-02 

+0-0025 

+0-0800 

+498-9680 

+498-%74 

+0-5667,0-03 

+0-0011 

+01000 

+501-2680 

+501-2684 

-0-3632,0-03 

-0-0007 

+0-2000 

+513-8480 

+513-8470 

+0-9899,0-03 

+0-0019 

-H)-3000 

+528-5760 

+528-5763 

-0-2573,0-03 

-0-0005 

+0-4000 

+546-1400 

+546-1374 

+0-2642,0-02 

+0-0048 

+0-5000 

+567-6040 

+567-5975 

40-6489,0 - 02 

+0-0114 

+0-6000 

+594-7760 

+594-7632 

+0-1282,0-01 

+0-0216 

-H)-7000 

+631-0760 

+631-0561 

+0-1994,0-01 

+0-0316 

+0-8000 

+684-2520 

+684-2387 

+0-1326,0-01 

+0-0194 

+0-9000 

+779-3280 

+779-3528 

-0-2483,0-01 

-0-0319 

+0-9250 

+819-9400 

+819-9932 

-0-5324,0-01 

-0-0649 

+0-9500 

+878-0440 

+878-1240 

-0-8000,o-0l 

-0-0911 

+0-9600 

+910-3720 

+910-4595 

-0-8748,0-01 

-0-0%l 

+0-9700 

+952-3400 

4952-4365 

+0-9645,0-01 

-0-1013 

+0-9750 

+979-0880 

+979-1822 

-0-9422,0-01 

-0-0%2 

-+0-9800 

+ 1011-9560 

+1012-0429 

-0-8691,0- 01 

-0-0859 

+0-9850 

+ 1054-5080 

+1054-5803 

-0-7237,0-01 

-0-0686 

+0-9900 

+ 1114-7600 

+1114-7950 

-0-3503,0-01 

-0-0314 

+0-9950 

+ 1218-2921 

+ 1218-22% 

+0-6257,0-01 

+0-0514 

+1-0000 

Infinite 

Infinite 

- 

- 


But for the b.c.c. and f.c.c. lattices the 
contribution arising from the singularities of 
g(E) needs to be taken into account separately. 

This can be easily done by developing 
fip,E) into a power series at the point £p of 
the singularity and writing 


<i) A(o) = y — 


(40) 


where M”(A) is the momentum of g{E), 
defined by 

£„ + A 

yW''(A)= / iE-E,)”g(E)<iE. (41) 


For the b.c.c. lattice g{E) is symmetrical to 
E= Ep and therefore all odd momenta vanish, 
but this is not true for the f.c.c. lattice. But at 


any rate 


MHA) 

M”'(A) 


o(A"-’'') 


(42) 


holds. Provided that f(p,E) is a slowly 
varying function at £ = Ep, the summation 
may be restricted to the first few terms. 

For the b.c.c. lattice the momenta are 
conveniently derived directly from equation 
(18). Integrating over E and observing 
symmetries one is led to 


M=="'(A) = 128 




(/,/,/,)«' d/,d/.,d/. 


")( 1 -/., 2 )( 1 -/•/)]■'* 
(43) 


with ^ given by the domain where as 
0 « « I as /j/j/s s A hold. 

The first integration is easily performed, 
leaving 


M°(A) = 128 arcsinA+y j arcsin dr 


1TI2 

nl2 

! 

f dy arcsin H 

J Vsmxsiny/J 


(44a) 


arcsin A A 


(—) 
\%mx/ 
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and 


W^(A) = (arcsin A — aV(1 — A^)) 

■nil 1 

+ (f)( f sin^^ arcsin ck - a j dx) 


arcRin A 
tr /2 


+ ( [ sin''‘jr dr [ sin^y -arcsin —) dy 

\ J J Vsinjfsmy/ 

arcsin A i' A \ 

arcHinl-1 

\Mn </ 



(44b) 


These formulae were computed for A = lO*-* 
with the results 

A/°(10-’) = 36-855; M“(10-“) = 1 X JO'^ 

so that may be neglected for all practical 
purposes*. In case of f.c.c. lattices the 
calculation of the momenta 


Table 4. Control of the numerical 
accuracy by integration over g(E). 
Gcx. S'ves the theoretical value, Gnum. 
was obtained by numerical integration 
over the exact functions, as tabulated 
in the second columns of Tables 1-3, 
and Ggp. by integration over the 
approximation functions (39) 


I 

A/'‘(A)= / (£-1 )",?(£) d£ (45) 

l-A 

directly from the definition of g{E} inequation 
(29) is difficult because of the complicated 
topological structure of the domain of 
integration. 

Here we have taken advantage of the fact 
that (45) may be calculated exactly when the 
density of states is replaced by its approxi¬ 
mation function (39c); for A ^ 1 it has the 
result 



s.c. 

b.c.c. 

f.c.c. 

(jet 

(27r)’ = 

2-(27r)» = 

4-(2n)* = 


248 050 

4%100 

992-2009 


248 064 

4%111 

992-2010 

Gap. 

248 057 

496-197 

992-1736 

Setting A = 

10“^ we obtain 


A7»(10-=') = 

12-644; 

A/'(10-“) ^ 

= -0-0595; 



M2(10- 

-*)=3-9xlC 


M"(A) = (-l)"-4 A" 


[[ 104-94511 ^ 15-88978 
n +1 n+2 


11 


A-h- 


37;6^ 7d8^ 

(n-hl)* (rt+2)*’ 


■ r37-6 

L n 


1 -76011 
n + i 

62372 


+ 1 


7-18628^ 

+-r-A 

w-t- 2 


]'"4 


(46) 


•The vaJue of M‘{ 10“*) has already beer used for the 
calculation of C,m„ and C„. in Table 4. 
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The error coming from the approximation 
of the density of states may be checked 
by the relation 

Af“(A) = I g(E) dE-'f 8(E) dE 

-3 -3 

l-A 

= 327r®- J i?(£)d£ (47) 

-3 

and was found to be 1-268 x 10"^. So the use 
of this approximation should yield a sufficient 
accuracy of the momenta. 

Summarizing the results, we have 


approximation (16) and integration over all 
positive values of E. 

The results of these calculations are plotted 
in Fig. 7. As a reference point the Curie- 
temperature Tc due to a paper of Rushbrooke 
and Wood [10] is marked on the 7-axis. 

There is no physical significance in this 
special example, because for temperatures 
T < Tr Bloch's law approximates very well 
equation (49) and for temperatures high 
enough to bring forward appreciable devia¬ 
tions from this law, the concept of the linear 
spinwave theory as a whole is no longer 


£^+10-2 

(/3) = / m,E)g(E)dE (48) 

ip-10 2 

_ 136-855/(/3,0) fortheb.c.c. lattice 
“ ll2-644/(/3,l) - 0-0595/'(/3.1) for the f.c.c. lattice 


as the contribution to the integral (4) arising justified. But it is demonstrated by Fig. 7, 
from a surrounding of the singularities of that whenever a theory is given, which is 
g(E). expected of being valid up to Tc, the exact 


8. AN APPLICATION TO THE LINEAR 
SPINWAVE THEORY 

As a simple application of the density of 
states derived in this paper its consequences 
to the spontaneous magnetization due to the 
linear spinwave theory were studied in detail 
for s.c. symmetry. That means we compared 
the dependence of the relative magnetization 
on the temperature, which follows from 


M(T) _ _ \_ r 8(E-l)dE 

M(Q) ( 27 r)=>J m 

-» e'”' —1 

with that given by Bloch’s 7-power 3/2 law. 
This theorem states 


M(T) 

M(0) 


= l-a3/2) 


J_ 


(50) 


and can be derived fwm (49) by using the 



Fig. 7. Variation of the relative specific magnetization 
of ferromagnetic s.c. lattices with the temperature. 
The solid line gives this curve arising from the linear 
spinwave theory, when the exact density of states is 
taken into account, in comparison with Bloch's 7*'* 
law, plotted in dashed lines. As a point of reference the 
Curie-temperature Tr due to Rushbrooke and Wood(l0] 
is inscribed. 
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density of states should be taken into account 
instead of (16). 

Acknoyvledgemeni.t—The author wishes to thank Pro¬ 
fessor Dr. H. Koppe for having given the initial stimulus 
to these investigations. Thanks are also due to the 
Rechenzentrum der Universitat Kiel for having placed 
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APPENDIX: DETAILS OF THE COMPUTATIONS 
Before computing the integrals (14), (25) and (36) the 
substitution 

/i = sinr (51) 

was performed, which eliminates the singularities of the 
integrands arising from the zeros of Vl I — 

Formula (25) for the b.c.c. lattice was transformed into 

irl! 

f O^^da. (25a) 

J Sin .r 

ort sm (f) 

in which form it is easily computed forO < £ « I because 
the integrand has no further singularities. 

This is true also for I < £ « 3 in case of the s.c. 
lattice, where equation (14a) holds. For 1 

ij(E) is given by (14b). As K'(x) has a logarithmic 
singularity for x -- 0. the integrand of the first integral 
has one at the lower boundary of the interval of integra¬ 
tion. For this reason the numerical integration was 
restricted to 


( HffHifKA ‘Si 

n 1 

+ J (52) 

-flKAlDlf.-fli ' 

The contribution arising from the poles was estimated 
seperately by first approximating K'{z{x)) by ln(4lz(x)) 
and then expanding ;(v) into a power series. For the first 
few terms, which contribute to the integral within the 
limits of accuracy, the integration can be carried out 
exactly. For different ranges of E different approximation 
formulae were used. The values of ic(0) and jell) were 
calculated separately. 

The formulae (36a) and (36b), by which g(E) is given 
for —3 < £ « 0 in case of the f.c.c. lattice, after the 
transformation (51) may be computed without any 
further arrangements. 

For £ = 0, g(£) is given by 


/ sinr / ^'(2sinx-)(lr 


. (53) 


The second integrand becomes infinite for x = 0 and 
the contribution arising from the interval [0, aresin(6)] 
was estimated by 

K.(0) = arcsin (6) ■ In 2 - In fi ^6 -F ^j -t- -I- (54) 


in the same way. as it was done for the s.c. lattice in 
0 £ « I. For 0 < £ < 1 singularities of the inte¬ 
grands occur for ( = Vfi. that is in the second and the 
third integral of (36c). They were overcome by the same 
method as sketched above. 

•All programs for the computer were written in ALGOL 
60. For the generation of the complete elliptic integral 
a procedure given by Hofsommer and Van de Riet[II|, 
and for the integrations a procedure from the program 
library of the Kiel Rechenzentrum was used. The method 
of integration is a variant of Simpson’s formula, which 
permits the statement of the absolute accuracy of calcu¬ 
lation. 

For the computations of the densities of states the 
absolute accuracy was fixed as a function of £, as to be 
large where «(£) is small. The influence of the estimates 
for the contribution of the singularities could be checked 
by variation of 6. 
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DISTRIBUTION COEFFICIENT STUDIES IN 
INDIUM ANTIMONIDE 
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Abstract — Distribution coefficient measurements have been made for Ga. Zn. Cu. Cd. Se. Zn-Cu. 
Zn-Cd and Zn-Se between InSb and In-Sb melts. In these studies, the concentration and growth rate 
dependence of the distribution coefficients were examined. Gallium appears to substitute for In in a 
straightforward manner. A concentration of material in the facet is observed for both Cd and Se. 
even in the presence of Zn. Zinc does not show a facet effect either alone or in the presence of Se. 
The observed concentration dependence of the distribution coefficients for Zn. Zn-Cd and Zn-Se 
is consistent with the assumption of an elevated Fermi level at the surface of the crystal. Neither vari¬ 
ations in the Fermi level at the surface nor the more commonly suggested adsorption and trapping on 
the facet appear to be adequate explanations for the facet effects observed. 


INTRODUCTION 

Observations of crystal-habit-dependent 
[1, 2] and concentration-dependent [3] dis¬ 
tribution coefficients in InSb have focused 
attention on the chemical behavior of impur¬ 
ities during growth of InSb crystals. The effect 
of crystal habit was first pointed out by Hulme 
and Mullin[l]. who observed that tellurium 
was preferentially incorporated into that part 
of an In-Sb crystal that was formed by growth 
on a {Ill} facet. This observation invali¬ 
dates. for some impurities and under some 
conditions, the often-used assumption that 
the interface distribution coefficient has essen¬ 
tially its equilibrium value at the growth rates 
commonly employed in crystal pulling (of the 
order of 1 cm/hr). Furthermore, it suggests 
that the growth-rate dependence of the dis¬ 
tribution coefficient may be more complicated 
than predicted by the usual form of the 
Burton-Prim-Slichter (BPS) theory [4], 
The rate-limiting step, which makes the facet 
different from the rest of the crystal, may 
compete with diffusion in the melt in deter¬ 
mining the observed growth-rate dependence. 

The concentration dependence of the dis¬ 
tribution coefficient for zinc in InSb was 

‘’Present address: S. C. Johnson and .Sons, Inc.. 
Racine. Wisconsin. 4 » 


pointed out by Merten and Hatcher[3). who 
found a rapid decrease in distribution coeffi¬ 
cient with increasing zinc concentration above 
~0 I at.% zinc in the solid. Since the zinc 
activity coefficient in the liquid solution has 
been found to be independent of concentration 
up to ~1 at.% [5] this behavior had to be 
attributed to nonideality in the solid phase. 

The experiments reported here were de¬ 
signed to throw some further light on the be¬ 
havior of these systems (I) through the 
examination of gallium, an impurity whose 
behavior should be particularly simple because 
of its close similarity to one element of the 
host substance [16] and (2) through the 
study of a number of additional aspects of the 
behavior of the impurities zinc, cadmium, 
selenium, and copper. 

EXPERIMENTAL PROCEDURE 

Ingots of InSb were pulled by the Czoch- 
ralski technique from In-Sb melts containing 
the different doping materials. The melts 
were held in silica crucibles, and the crystals 
were grown under a hydrogen atmosphere. 
The rotational speed of the crystals was 30 
rev/min. All of the data reported here are for 
single crystals grown in the (111 > direction, 
using the designation of Dewald[7], except 
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where the (111} direction is specified or it is 
stated that polycrystalline ingots were ac¬ 
cepted. Except in the growth-rate studies, all 
crystals were grown at 1-5 cm/hr. 

Indium and antimony were obtained from 
the Indium Corporation of America and the 
United Mineral and Chemical Corporation, 
respectively; the elements had an advertised 
purity of 99-999 per cent or better. Hall 
measurements gave room-temperature carrier 
densities of 5x 10"’ to 1 x 10‘®cm'® for the 
undoped material. The indium and antimony 
contents of the melt were determined by 
weighing; the crystals grown comprised only 
several percent of the total melt, so the com¬ 
positional variations during growth were 
small. 

Neutron irradiation in a TRIGA Mark I 
nuclear reactor was used to induce 245 day 
Zn®, 12-9 hr Cu«, 14-1 hr Ga^^ and 43 day 
Cd"® activities in the high-purity samples of 
the metals used for doping. High-specific- 
activity 120 day Se^“ and 24.5 day Zn® were 
purchased from Oak Ridge National Labor¬ 
atory for use in low-concentration experi¬ 
ments. The purchased isotopes had to be 
recovered from aqueous solution. The selen¬ 
ium was isolated by adding the desired amount 
of inactive selenium carrier, precipitating with 
hydroxylamine, and filtering. The zinc was 
recovered by electrolyzing it into gallium, 
volatilizing it onto the surface of a piece of 
antimony in a sealed tube, and then melting 
the antimony to prepare a master alloy from 
which In-Sb-Zn mixtures of the desired 
composition could be prepared. 

The amount of doping material in the melt 
and crystal was determined by counting in a 
3 in., well-type Nal(Tl) scintillation crystal, 
using a weighed sample irradiated with the 
doping material as a standard. In the case of 
the purchased isotopes, no such standards 
were available, but since the amount of in¬ 
active isotopic carrier added was always large 
compared with the amount of the element of 
interest in the purchased solutions, the specific 
activities could be calculated readily from the 


known amount of carrier added and the total 
activity of the original sample. 

The distribution coefficients reported here 
are defined as 

C. 

( 1 ) 

where C, and C, are the concentrations of the 
doping material in the crystal and the melt, 
respectively, expressed as atom fractions. 

Autoradiographs of the single crystals 
and melts were made on Kodak No-Screen 
X-ray film; the film was developed in General 
Electric Supermix X-ray developer. Standards 
containing different concentrations of radio¬ 
active material were prepared by dissolving 
a weighed amount of doping material in a 
known amount of InSb; the concentration was 
checked by counting. The standards, four for 
each crystal, were run simultaneously on the 
same film as the crystal and the melt. The 
standards were made to cover the range of 
concentration represented by the melt and the 
crystal. A Jarrell-Ash densitometer was used 
to measure the density of the autoradiographs. 
Some segregation of the tagged species in the 
melts and standards was observed despite 
rapid quenching. The densitometer appeared 
to average these finely divided inhomogeneities 
satisfactorily. It was found that the density of 
the film for the standards obeyed the linear 
portion of the Hurter and Driffield curve[8]. 

RESULTS 

Gallium 

The distribution coefficient of gallium in 
stoichiometric InSb was studied as a function 
of concentration in the range 0-01- 10 at.% 
gallium. The eight crystals covering this con¬ 
centration range are indicated by the vertical 
arrow in Fig. 1. The distribution coefficient 
was found to be constant at 3-00±0-13. Hall- 
effect measurements showed the extrinsic cau"- 
rier densities at room temperature to be small 
compared with the gallium concentration. 

The distribution-coefficient data obtained 
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Fig. 1. Distribution coefficient for gallium in In-Sb alloys. 


where the braces denote activities. The 
measurements made on stoichiometric melts 
indicate that the activity coefficient of GaSb, 
is independent of gallium concentration in 
the range of interest, and if we assume that the 
ratio of the activity coefficients of gallium and 
indium in the liquid is independent of concen¬ 
tration, we may then replace the activities 
by concentrations (denoted by brackets). 
The equation then becomes 


[GaSb,] _ K 
[Ga,] [In,]’ 


Using the value of k at the 50 at.% indium 
concentration, we obtain a value of 1-50 for 
K'. The solid line in Fig. I was drawn to agree 
with equation (4), using this value of K'. The 
line is seen to represent the data reasonably 
well. 

On the basis of a number of simplifying 
assumptions. Burton, Prim and Slichter[4] 
have derived the following equation for the 
effective distribution coefficient: 


for gallium are presented in Fig. 1 as a func¬ 
tion of the indium content of the melt. In 
all the nonstoichiometric cases, the concen¬ 
tration of gallium in the melt was 0 02-0 03 
at.% gallium. The points obtained at 30 and 
70 at.% indium are for polycrystals. 

It is apparent that the distribution coefficient 
is markedly affected by the gross melt com¬ 
position. It is generally assumed that gallium 
replaces indium in the crystal, and this may 
be represented by the chemical equation: 

Ga,-f InSb, = In,-l-GaSb, (2) 

where the subscripts 1 and s refer to the liquid 
and solid solutions, respectively. If we assume 
the InSb, activity to be unchanged by the 
small addition of GaSb„ the equilibrium 
constant is 


^ A:„+(l-k„)exp-(/5/D) 

where is the equilibrium distribution coeffi¬ 
cient, / is the growth rate, 6 is the thickness 
of the diffusion-dominated layer in the liquid, 
and D is the diffusion coefficient of the im¬ 
purity in the liquid. For a simple comparison 
with experiment this equation may conven¬ 
iently be rewritten as an equation for a straight 
line in either of two forms depending on the 
magnitude of the distribution coefficient: 

or 


IGaSb.Hln,} 
^ " 4Ga,} 


A plot of In l(\IK)-\) or In [1 - (UK)] vs. / 
gives a straight line with a slope of —(6/D) 
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and an intercept of In rdMo) —I] or In 

[l-d/Ml- 

Growth-rate data are presented in Fig. 2 
for single crystals of InSb grown from a melt 
containing 0-06-0 08 at.% Ga in the melt. 
Using equation (7) and the data of Fig. 2. 
we obtain values of 324 sec/cm and 3-57 for 
6/D and A,,, respectively. Mullint9] obtained 



0,3 ‘ - ■* i _ J 

0 12 3 4 5 4 

growth rate ICM/HR) 

fig 2 (jiowth-niic effects for gallium in InSb 

a value of 2-4 for the distribution coefficient 
at a growth rate of 2 cm/hr and a rotational 
value of lOOrev/min. Using the BPS theory 
and our value of 6/D to extrapolate Mullin’s 
result to zero growth rate, we find that the 
values for the distribution coefficient differ 
by only ~ 16 per cent. 

Zinc- 

In our earlier report on the behavior of 
zinc in InSbpj. we pointed out that the 
growth-rate data obtained were insufficiently 
reproducible to permit reliable extrapolation 
to zero growth rate. Further investigation 
has shown that this problem exists only at 
the higher zinc concentrations. The results 
of growth-rate studies are presented in Fig. 3. 
The data have been grouped into three con¬ 
centration regions, with region A covering the 
very dilute solutions, 3 x 10"'' to 3 x 10~® at.% 
zinc in the solid, and region B covering the 
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Fig. Growth'tate effects for /,inc in InSb. 

intermediate range. 3 x 10~“ to 7 x 10"^ at.% 
zinc in the solid. Within regions A and B, 
the low-growth-rate K is essentially indepen¬ 
dent of concentration [3]. The data for region 
A have been plotted separately because they 
presumably give the best estimates of 6/D 
and k,, at infinite dilution. The data given in 
region C were obtained on a group of samples 
in the narrow concentration range 0-17-0-22 
at.% zinc in the solid (010-015 at.% zinc in 
the melt). The data obtained in this region are 
for polycrystals, since it was generally difficult 
to obtain single crystals at the high zinc con¬ 
centrations. In region/I the distribution coef¬ 
ficients follow the BPS theory, yielding values 
of 242 sec/cm and 4-16 for 6/D and kn. respec¬ 
tively. In region C. the experimental un¬ 
certainty is greater than in region A. but it is 
clear that the line has little or no slope, 
indicating either that 6/D is small, certainly 
less than 100 sec/cm, or that some new 
growth-rate effect has entered the picture. 

StraussflO] reports results of 239 sec/cm 
and 4-13 for 6/D and A#, respectively. These 
results were obtained in the concentration 
range we have called region A. Our value of 
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/co and that obtained by Strauss are in excell¬ 
ent agreement. Using the BPS theory to put 
Strauss’ rotational rate on the same basis as 
ours, we find that the values of 6/D also agree 
very well. 

The autoradiographic technique was used to 
examine the uniformity of zinc distribution in 
cross sections of pulled crystals. No inhomo¬ 
geneities were found, indicating that there was 
no significant facet effect on the distribution 
coefficient [11]. 

Copper 

Results of growth-rate studies on copper 
distribution at a concentration of 0 03 at.% 
copper in the melt are given in Fig. 4. From 
Fig. 4 and equation (6), values of 770 sec/cm 
and 3-24 X 10“^ are obtained from the BPS 
theory for 8/D and k„, respectively. This 
large value for 8/0 requires the assumption 
that the diffusion coefficient of copper in the 
melt is half that of gallium. 

Mullin[9] has reported a value of 6-6 x 10 ■' 
for the distribution coefficient. Using the BPS 
theory to put Mullin’s rotational rate on the 
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same basis as ours, we find that the reported 
values for the distribution coefficient differ by 
~30 per cent. In view of the difficulty of 
measuring the small distribution coefficient, 
the agreement is good. 

Two series of measurements were carried 
out on the distribution coefficient for copper 
(0 03-0 05 at.% copper in the melt) in the 
presence of zinc. In series I. inactive zinc and 
tagged copper were added to the melt, the 
copper distribution was measured in the usual 
manner, and the zinc concentrations in the 
solid and the liquid were calculated from the 
known amount of zinc added initially and from 
the distribution coefficients previously 
measured in the absence of copper[3]. In 
series 2. both added elements were tagged, the 
0-55 MeV annihilation radiation was counted 
shortly after the experiment, and the Cu®^ 
concentration was calculated from this result 
after correcting for the Zn“ contribution as 
determined from the I I MeV peak counted 
after the copper had decayed out. The zinc 
concentrations were calculated from the last 
determination. 

The results of both series of experiments 
are displayed in Fig. 5 as a function of the 
zinc content of the solid. The Kz„ curve shown 
is drawn from the data of Merten and Hatcher 
[3]. The melt compositions obtained for the 
second series by counting were in good agree¬ 
ment with those calculated from the zinc 
additions made, indicating that zinc losses 
were small and that the method used to cal¬ 
culate zinc concentrations in the first series 
was reasonable. The zinc distribution coef¬ 
ficients found at high concentrations were 
slightly larger than those observed in the 
absence of copper, but not by an amount that 
is clearly significant. The copper distribution 
is clearly dependent on zinc concentration. 

Cadmium 

The distribution coefficients of cadmium 
were studied as a function of concentration 
in the range 1-0x10“® to l-3xl0“‘ at.% 
cadmium in the melt. The ten (111) crystals 


Fig. 4. Growth-rate e^gcts for copper in InSb. 
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Fig. .V Distribution coefficients for copper in the presence of zinc. 


covering this concentration range gave dis¬ 
tribution coefficients that were independent 
of concentration. The values obtained were; 
on-facet/melt, 0-73 ±0-10; off-facet/melt, 
0-33 ± 0-05; and on-facet/off-facet, 2-24 ± 0J_4. 
Three crystals were grown in the (111) 
direction from melts containing 5 x 10"® to 
9 X 10~® at.% cadmium, and these again gave 
a value of 0- 33 for the off-facet/melt coefficient, 
but gave an on-facet/melt value of 0-44 ± 0 05 
and on-facet/off facet ratio of 1-33. The on- 
facet/melt ratio for the two crystallographic 
orientations differ by a factor of 1’66. Both 
Mullin[9] and Strauss [10] reported lower 
gross distribution coefficients, 0-26, before the 
facet effect was recognized. The on-facet/off- 
facet ratio has been reported as 3-3[l 1]. 

Growth-rate studies for cadmium have been 
made at a concentration of 0'006-0 01 at.% 


cadmium in the melt. These results are plotted 
in Fig. 6. The off-facet distribution coefficient 
is, within experimental error, independent of 
growth rale in this range. Using BPS represen¬ 
tation. we can calculate that d/D must be less 
than 100 sec/cm, a value much smaller than 
that found in the gallium, copper, or low-zinc- 
concentration cases. 

The on-facet distribution coefficient in¬ 
creases up to ~ I-5 cm/hr and then remains 
constant. This trend is made clear by examin¬ 
ation of the on-facet/off-facet ratio, which is 
somewhat more accurately determined in 
these studies than the distribution coefficients. 
The on-facet area may logically be expected 
to deviate from the BPS behavior since pro¬ 
cesses other than simple solid-melt equilibrium 
must be important. The Trainor-Bartlett[12] 
theory for the facet phenomenon attributed 
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Hig. 6. Growth-rate effects for cadmium in InSb. 


the high on-facet concentration to impurity 
trapping on the facet due to rapid sheet growth 
on the {111} plane. Hall [ 13] has proposed that 
solute diffusion in the solid can be important 
under such conditions. If the growth rate and 
the diffusion rate of the solute in the solid are 
of the right magnitude, it is possible for the 
solute in the solid and melt to come to equil¬ 
ibrium even for the on-facet region. Thus, the 
decrease in the on-facet distribution coefficient 
at growth rates below ~ 1-5 cm/hr may be 
attributed to the fact that at these slow growth 
rates, an appreciable portion of the impurity 
that is trapped on-facet can escape to the 
liquid before the next sheet forms. 

A calculation similar to that made by Hall 
[13] may be made on the diffusion of cadmium 
in InSb at or very near the melting point. At 
a growth rate of 1-5 cm/hr, the crystal is 
apparently growing so rapidly that the diffus¬ 
ion coefficient in the solid is not able to com¬ 
pete with the growth of the crystal. If it is 
assumed that the diffusion is through only one 
atomic layer] 11], a diffusion coefficient of 
^3 X 10~*‘cm*/sec can be calculated. Orth 
and Watt [14] have j^ported diffusion co¬ 


efficients for cadmium in InSb which extra¬ 
polate to a value of 5 x IO"”cmVsec at the 
melting point. 

With cadmium, as with copper, a series of 
experiments was carried out on the effect of 
zinc concentration on the distribution coef¬ 
ficient. The results are shown in Fig. 7 for a 
concentration of 0 02 at.% Cd in the melt. 
It is apparent that an interaction again occurs, 
becoming important this time at a zinc con¬ 
centration in excess of 01 at.% zinc in the 
solid, as is the case in material doped with zinc 
only. It is particularly noteworthy that the 
on-facet and off-facet distribution coefficients 
change similarly. The Ky„ curve was again 
drawn from previously reported data[3]. 

Selenium 

Results of growth-rate studies made for 
selenium at a concentration of 0-01 at.% 
selenium in the melt are presented in Fig. 8. 
The off-facet distribution coefficient increases 
with increasing growth rate, and when plotted 
according to equation (6) gives a value of 635 
sec/cm and 0*30 for 6/Z) and k^, respectively. 
The on-facet distribution coefficient appears 
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to increase as the growth rate increases and 
then remain constant at ~l-23, in much the 
same manner as already described for cad¬ 
mium. The behavior of the on-facet and off- 
facet distribution coefficients results in their 
ratio having an unusual dependence on growth 
rate. 

An irregular distribution of an impurity in 
a crystal can arise from variations in the real 
growth rate if the distribution coefficient is 
growth-rate dependent. It has been reported 
that striations in the facet of selenium-doped 
crystals are related to the rotation of the 
crystal [15]. After cutting and polishing crys¬ 
tals perpendicular and parallel to the (111) 
growth direction, and then etching with a CP4 
etch, we were able to observe through a micro¬ 
scope striations both on- and off-facet. By 
measuring the distance along the (111) axis 
between the striations, and knowing the 
growth rate, it was possible to correlate the 
striations with the 30rev/min rotation. In 
addition to the short-period striations pro¬ 
duced by the rotation, striations were observed 


that were correlated with the on-off time of the 
temperature controller for the furnace, 0-32 
min/cycle. Striations produced by this type of 
temperature fluctuation have also been 
reported [16]. 

The autoradiographs did not show the 
striations, presumably because of the poor 
resolution obtainable with the y radiation 
emitted by Se^’. The striations did, however, 
increase the uncertainty of the average con¬ 
centration, as determined by the autoradio¬ 
graphs, and it is probably for this reason that 
the data for selenium show more scatter than 
is observed for other dopants. 

Experiments on the effect of zinc concen¬ 
tration on selenium distribution were run with 
the selenium concentration at two different 
levels, 0 003 and 0 02 at.% selenium in the 
melt. The results are given in Fig. 9. These 
data were obtained by using seed crystals 
whose diameter was already the desired 
crystal diameter, and growing onto it a few 
millimeters of material from the doped melt. 
This growth was accomplished without 
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Stirring and with the furnace heater set manu¬ 
ally at a constant level to avoid striations. It 
is apparent that the presence of high zinc 
concentrations in the melt enhances selenium 
solubility both on- and otf-facet. 

Single crystals were grown from melts that 
contained 0 01 at.% natural selenium and 0 03 
at,% zinc tagged with Zn’*"’. These crystals 
were examined by the autoradiographic 
technique to determine if zinc showed a facet 
effect in the presence of selenium. No facet 
effect was in evidence and the distribution 
coefficient, as determined by counting, was 
similar to that reported for zinc without 
selenium[3]. 

DISCUSSION 

Concentration effec ts 

The behavior of gallium in InSb is inter¬ 
esting because it is a Tcference’ with which 
we can compare the behavior of the other 
elements. Hall measurements have shown 
gallium to be electrically inactive in the In-Sb 
lattice; this, plus the fact that the distribution 
coefficient of gallium depends on the melt 
stoichiometry in a predictable fashion, indic¬ 
ates that this element simply substitutes for 
indium on indium sites in the lattice. 

Zinc, which presumably also substitutes 
for indium, and gallium have similar distri¬ 
bution coefficients at low concentrations but 
are markedly different at higher concentra¬ 
tions. The one obvious difference between the 
two impurities is the acceptor character of 
zinc and the neutral character of gallium. It 
is interesting, though perhaps coincidental, 
that at the lowest concentrations, where Zn,' 
is the predominant species, the distribution 
coefficient is essentially equal to that for 
gallium, an atom isoelectronic with Zn“. 

In an earlier paper[3] it was pointed out 
that the zinc data cannot be reconciled with 
the known electronic properties of bulk InSb. 
No change in distribution coefficient is ob¬ 
served at the zinc concentrations (—5x10“'' 
at.% zinc in the solid) at which the contribu¬ 


tion of the ionized acceptor state should 
change, and the total change observed at 
higher concentration is considerably larger 
than one would predict. The Zn,“ contribution 
to the zinc concentration in the solid is only 
one-third of the total at infinite dilution (as 
calculated from the Fermi-level data of Weiss 
{?]). If we assume that the uncharged zinc 
atoms form a Henry's law solution in the solid, 
then, even if the Zn," contribution were neg¬ 
ligible at the highest concentration, the ten¬ 
fold change in Ky,„ could not be explained. It 
was therefore postulated that the Zn," to 
Zn, ratio is determined by the position of the 
Fermi level in the surface region and that this 
is considerably different from that in the bulk. 
If the Fermi level at the surface is raised to 
^ 0-2 eV above the valence band, as com¬ 
pared with 0-1 eV in the bulk, the ten-fold 
change in the zinc distribution coefficient can 
be explained. 

The diffusion-coefficient data for zinc in 
InSb available at the time of our earlier pub¬ 
lication [3] were ambiguous. Later, however, 
more extensive measurements were made 
which indicate a diffusion coefficient at the 
low zinc concentration of ~3x 10"“cm“/sec 
at the melting point[ll]. This diffusion is 
clearly too slow to permit effective equilibra¬ 
tion between a 50 A surface layer and the 
bulk at growth rates of the order of 1 cm/hr, 
which lends support to the surface-layer 
hypothesis. 

Cadmium, like zinc, is presumably a sub¬ 
stitutional acceptor impurity in InSb. Un¬ 
fortunately, it was not possible to investigate 
the distribution coefficient for this impurity in 
single crystals at concentrations greater than 
~0-1 at.% in the solid. No concentration depen¬ 
dence was observed below this concentration. 

It was possible, however, to study the dis¬ 
tribution of cadmium in the presence of 
varying amounts of zinc. The results, already 
given in Fig. 8, show that the effect of zinc 
concentration on cadmium distribution clearly 
is essentially the same as the effect on zinc 
distribution. This is presumably due to an 
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acceptor-acceptor interaction between the 
two impurities; i.e. 

Zn,-l-Cd,~ = Zn,“-l-(8) 

The curve in Fig. 7 for the on-facet data is 
the same as the curve obtained earlier for 
zinc, simply translated on the log K axis by an 
amount sufficient to agree with the low-zinc- 
concentration data. The fit of a similar curve 
to the off-facet data would also be reasonable, 
indicating that the same region of the crystal, 
presumably the surface region, is controlling 
for both impurities. 

Selenium is a substitutional donor in InSb, 
and the fact that it shows an increased sol¬ 
ubility in the presence of high zinc concen¬ 
trations lends strong support to the general 
hypothesis that the interactions being observ¬ 
ed are related to the electronic properties of 
the dopants. The fact that the change in selen¬ 
ium solubility occurs in the same concen¬ 
tration region in which the zinc solubility 
changes suggests that the surface-layer Fermi 
level is again controlling and that the enhanced 
selenium solubility results from the formation 
of Se^ ions. 

Copper was chosen for study because this 
element is reported to have a very high 
diffusion coefficient in lnSb[18]. The results 
of Fig. a show that the addition of moderate 
amounts of zinc leads to a decrease in the 
distribution coefficient for copper, a result 
that can be understood as an interaction 
between the two acceptors, 

Zn,-l-Cu,'= Cu,4-Zn,“ (9) 

which results in a decrease in Cu, and there¬ 
fore in the total copper concentration in the 
solid as the Zn^ concentration is increased. 
A very important feature of the results is the 
fact that the decline in distribution coefficient 
for copper begins at a zinc concentration that 
is only one-tenth of that at which the dis¬ 
tribution coefficients for zinc and cadmium 
begin to decrease und^ similar circumstances 


and this is much nearer the expected intrinsic 
carrier density at the melting point [3]. This 
observation is compatible with the assumption 
that all three concentration dependences 
result from acceptor-acceptor interactions 
only if the copper-zinc interaction is in some 
way decoupled from the others, e.g. if the 
zinc and cadmium distributions are deter¬ 
mined in a surface layer and the copper 
activity is uniform throughout the crystal 
because of rapid copper diffusion. 

The increase in copper distribution coef¬ 
ficient beyond a zinc concentration of about 
0 03 at.% zinc in the solid can be attributed 
either to a contribution from a Cu/ species 
that becomes important as the Fermi level 
drops below some previously unreported 
copper donor level or to the formation of 
some kind of copper-zinc complex. If the 
former is the correct explanation, the Fermi- 
level change required to obtain the large 
change in occupancy of the level is so large, 
of the order of 0-2 eV, that one must again 
assume immobilization in the surface layer 
for the rapidly diffusing Cu. The postulation 
of complex formation avoids this difficulty. 

Complexes that might be considered for 
this interstitial dopant include both types 
suggested by Reiss. Fuller and Morin[19J for 
lithium and boron in germanium, i.e. a co¬ 
valently bonded Cu-Zn‘ complex or a Cu’’- 
Zn~ pair. If the uncharged Zn, concentration 
is assumed proportional to the Zn, concen¬ 
tration. then the concentration of an uncharged 
binary complex should vary linearly with 
[Zn,];i.e. 


Zn, -I- Cu, = CuZn, 


and 


^ [CuZn,] 
[Zn,][Cu,] 

so that at high zinc concentrations. 


( 10 ) 

(N) 


K = 


[CuZn,] _ 
[Cu,] 


/C'[Zn.]. 


( 12 ) 
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The concentration of a charged complex, on 
the other hand, would be more nearly pro¬ 
portional to the zinc concentration in the solid, 
since its formation can be represented with 
an equation of the form 

Zn, + Cu, -4- = Zn,'-f Cu, = CuZn,' (13) 

and Zn,~ is the majority species for zinc in 
the solid. While the scatter in the data is too 
large to permit a definitive interpretation, it 
does appear that the dependence of K on zinc 
concentration is considerably more rapid at 
high concentrations than would be predicted 
from equation (13). while the fit to equation 
(12) is reasonably good. 

In our earlier report[3]. it was suggested 
that the concentration dependence observed 
in this work for the zinc distribution coef¬ 
ficient is the result of electronic interactions 
in a surface layer where the Fermi level is 
markedly elevated from its position in the 
remainder of the crystal. The fact that the 
substitutional (and presumably slowly dif¬ 
fusing) acceptor-impurity cadmium shows the 
same behavior as zinc, while the rapidly 
diffusing acceptor-impurity copper shows the 
same kind of behavior but at markedly lower 
concentrations, lends strong support to the 
earlier hypothesis that the zinc behavior is 
surface-controlled. 

McCaldinl20] has made the suggestion 
that the zinc data can be explained on the 
basis of a discrepancy between the true con¬ 
duction-electron concentration and that deter¬ 
mined from Hall measurements. While this 
proposal can explain the appearance of the 
change in distribution coefficient at an un¬ 
expectedly high value of zinc concentration, 
it cannot explain the fact that the available 
range over which the Fermi level can change 
is too small to account for the effects observed. 
Thus, the surface-layer postulate is still to be 
preferred as an explanation for the zinc 
behavior. But McCaldin's suggestion may be 
the correct approach to an understanding of 
why the concentration at which the copper 


distribution decreases, while lower than that 
observed in the case of zinc, is still larger 
than would be predicted from the reported 
Hall carrier densities. 

The Facet effect 

Hulme and Mullin[l 1] have reviewed early 
work done on the facet effect. In the present 
work, several of the elements reported to 
show the effect were reexamined. Both copper 
and zinc have previously been reported to 
show a facet effect with on-facet/off-facet 
ratios of l-2-l-4[ll]. We have reexamined 
both elements, using the tracer technique and 
autoradiographs, but have not been able to 
detect a facet effect for either copper or zinc; 
an inhomogeneity of a few per cent would 
have been detectable by this means. The 
early determinations were made by measuring 
carrier densities and may be in error owing to 
the presence of an accidental impurity. 

At least two mechanisms have been postul¬ 
ated for the facet effect, neither of which 
appears to be compatible with the results 
obtained here. Merten and Hatcherl3] sug¬ 
gested that the surface states that give rise to 
the high-electron-density surface layer might 
be nonuniformly distributed over the crystal 
surface and lead to a greater depression or 
increase in impurity solubility in one area 
than in another. That this is not the case is 
shown by the fact that zinc, the distribution 
of which is presumably surface-controlled, 
does not show a facet effect, even in the pres¬ 
ence of selenium and under conditions of 
growth rate and concentration where selenium 
does show the effect. The difficulty with this 
approach is further shown by the fact that 
cadmium, an acceptor, has an enhanced 
solubility on-facet, just as do the donors 
selenium and tellurium. If the facet effect 
resulted from differences in electron activity, 
one would expect donors and acceptors to 
respond in opposite directions. 

Trainer and Bartlett[12J have suggested 
that the facet effect results from nonequilib¬ 
rium entrapment of impurity atoms adsorbed 
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on the crystal facet. This hypothesis is very 
difficult to reconcile with the cadmium-zinc 
and selenium-zinc interactions observed in 
the present work. The possibility that this 
interaction occurs in the adsorbed layer can 
be ruled out, since the interaction is observed 
off-facet as well as on-facet and because 
adsorption can hardly play a major role in the 
behavior of zinc, which does not show a facet 
effect. Hence, the important interaction must 
occur in the solid. But an interaction in the 
solid of this kind cannot determine the on- 
facet distribution, if the distribution coef¬ 
ficient there is controlled by adsorption in a 
layer that is not in good communication with 
the solid phase. 

The only explanation for the facet effect 
that appears to be formally compatible with 
the observed interactions and with the earlier 
explanation of concentration effects is the 
statement that the distribution coefficients, 
K„ and K, for neutral cadmium, for example, 
are concentration-independent but different, 
while the surface charge densities are nearly 
the same everywhere. The subscripts n and f 
refer to the on-facet and off-facet areas, 
respectively. The observed distribution coef¬ 
ficients are 

and 

With the assumption of uniform charge 
density. 



al all concentrations. 

The reason K'n and Ki are not equal is left 
open by this consideration, but it is possible 


that that part of the crystal which is behind 
the facet is more disordered or has a higher 
vacancy concentration, and that this leads to a 
higher solubility for some impurities in this 
region. Because the distribution coefficient 
for Cd is orientation-dependent, if this ex¬ 
planation is correct, the vacancy concentration 
is also orientation-dependent. 

Growth-rate effects 

The interpretation of the growth-rate effects 
observed in this work has already been dis- 
cus.sed in connection with the results obtained 
for each of the elements studied. Unfortun¬ 
ately, the number of different mechanisms 
which has to be invoked is large. 

For those impurities that show no facet 
effect, gallium, copper and zinc, the results 
are readily accounted for on the basis of the 
BPS theory (except zinc at high concentra¬ 
tions), and under these conditions reasonable 
values of HID (329. 770 and 242 sec/cm, 
respectively) are obtained. 

One might expect that the off-facet behavior 
of dopants that do show the facet effect would 
also follow the BPS theory in a straight¬ 
forward manner, and this may in fact be the 
case. For selenium, a 6/D of 635 sec/cm is 
obtained, and this is consistent with the values 
obtained for the three dopants just discussed. 
The off-facet cadmium data can also be re¬ 
conciled with the BPS theory, but only by 
choosing 5/D < 100 sec/cm. Either the 
diffusion coefficient of cadmium in the melt is 
substantially larger than that of any of the 
other dopants or the growth-rate behavior of 
this element is complicated by some other 
factor. 

The probable reason for the observed on- 
facet growth-rate behavior of cadmium and 
selenium has already been touched on in the 
discussion of cadmium, where it was shown 
that the solid-state diffusion constants needed 
to explain the observed dependence on the 
basis of Hall's picture! 13] (and assuming 
adsorption to be responsible for the facet 
effect) are of a reasonable magnitude. Exactly 
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similar considerations are applicable if one 
assumes that the distribution-coefficient 
enhancement on-facet is due to nonequilibrium 
trapping of vacancies, as suggested previously. 

At high growth rales, where the escape of 
adsorbed impurities or nonequilibrium vacan¬ 
cies into the melt is no longer important, one 
would expect the on-facet data to follow the 
same BPS slope as do the off-facet data. In 
fact, no rate effect was seen at high growth 
rates, but for both cadmium and selenium 
the distribution coefficients were already so 
close to unity at a growth rate of 1 - 5 cm/hr as 
to make this observation inconclusive. 

The fact that zinc ceases to obey the BPS 
relationships at high concentrations remains to 
be dealt with. A possible explanation lies in 
the contention of Kendall and Jones (as 
reported by Hulme and Mullin[] 1]) that the 
diffusion coefficient of zinc in InSb is concen¬ 
tration-dependent and becomes quite high 
in just the concentration range where the 
simple relationships were found to fail in 
the present work. At high concentrations, the 
diffusion rate of zinc is reported to become 
sufficiently high (~ l()"’'cm-/sec near the 
melting point) so that the surface layer pos¬ 
tulated earlier can no longer determine its 
chemical behavior at low growth rales. Thus, 
the distribution coefficient wilt lend to 
decrease with increasing growth rate as a 
result of liquid-state effects and tend to 
increase as a result of solid-state effects. 
The net result could be a near cancellation of 
the two trends. 

CONCLUSIONS 

These distribution-coefficient studies have 
shown a number of interesting features. It 
has generally been assumed that Ga replaces 
In in InSb, and this is certainly the case. The 
growth rate studies showed Ga to be well 
behaved. 

It was postulated that the position of the 
Fermi level at the surface of the crystal 
determined the distribution coefficient for Zn 
and that the Fermi level is higher at the sur¬ 


face than in the bulk {3 J. The results indicate 
that this surface layer is also important in 
determining the distribution coefficients for 
the acceptor Cd and the donor Se because 
these distribution coefficients change at the 
same point and at the same rate as does the Zn 
distribution coefficient. However, the distri¬ 
bution coefficient for Se increases instead of 
decreasing as does Zn and Cd: this is consis¬ 
tent with the formation of Se^ ions. The fact 
that the distribution coefficients for the on- 
facet and off-facet areas for both acceptors 
and donors show the same shape indicates 
that the Fermi level at the surface is uniform. 
If the Fermi level were different on-facet than 
off-facet, these two regions would not be 
expected to show the same concentration 
dependence. For the rapidly diffusing species 
Cu, the surface layer is not determining, but 
the bulk is. The distribution coefficient for Cu 
decreases at a Zn concentration nearer the 
value calculated for the intrinsic carrier den¬ 
sity. and, at still higher Zn concentrations, it 
appears that Cu and Zn form a complex. 

The observation of essentially equal 
impurity interactions on- and off-facet 
indicates that the surface Fermi level is the 
same on-facet as off-facet, and also suggests 
that the same region controls the distribution 
coefficient in both areas; i.e. it suggests that 
impurity trapping on-facet in an adsorbed 
layer is not the correct explanation of the 
facet effect. It is possible that the facet effect is 
related to a different vacancy concentration 
on-and off-facet. 
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Abstract —A numerical method is described for calculating distribution functions of free carriers in 
crystals from a knowledge of the scattering rates and applied fields. The stability of the steady state 
is exploited to derive an explicit expression for the distribution function without introducing any 
a priori assumptions about its form. This expression can be evaluated by a convergent iterative 
process. A rate of scatter leaving the free carrier wave vector unaltered is defined. This scattering 
process has no physical consequence, but suitable choice of its rate can make the numerical iteration 
straightforward. The technique is extended to accommodate scattering processes dependent on the 
distribution function and to analyse time dependent effects. Results are given of numerical calculations 
of distribution functions for free carriers in electric fields, taking into account scatlenng processes 


including polar phonon and impurity scattering. 

I. INTRODUCTION 

The THEORETICAL treatment of a transport 
problem is frequently approached by attempt¬ 
ing to solve the Boltzmann equation to derive 
the relevent distribution function. Although 
the Boltzmann equation describes the trans¬ 
port problem classically, it provides an other¬ 
wise exact description of the effects of the 
external fields and the scattering processes. 
However, except for a few elementary cases 
where analytic expressions for the distri¬ 
bution function exist, the integro-differential 
nature of the equation makes it difficult to 
solve. Often the structure of the scattering 
processes makes the equation so complicated 
that either physical approximations have to 
be made to simplify the equation or numerical 
methods have to be used to tackle it, or most 
usually both are necessary. A well known way 
of introducing the physical approximations 
is to assume some form for the distribution 
function and to adjust the parameters of the 
distribution function so as to satisfy the 
Boltzmann equation most closely. This 
approach has been applied to complicated 
problems of free carrier distributions in an 
electric field; for example to describe the 
Gunn effect in galliun^arsenide where trunca¬ 


tion of the series of a spherical harmonic 
expansion [I] and assuming a displaced 
Maxwellian distribution [2] have been utilized. 
However, the objection to such methods is 
that the consequences of the approximations 
are not readily assessed. 

The present paper describes a method for 
calculating distribution functions which is 
not based on the Boltzmann equation. The 
transport problem is still described classically, 
but a priori assumptions about the form of 
the distribution are not made and the method 
is numerically straightforward. An outline of 
the method was described in a recent letter 
13], but it is treated here in more detail. 

The analysis is confined to considering 
distribution functions for free carriers in 
crystals and, as a further simplification, 
spatial uniformity is assumed in order that 
a complete description is possible in terms of 
momentum and time only. However, ex¬ 
tension to spatially varying problems would 
not involve any change of principle, and it 
is likely that the technique is capable of ex¬ 
tension to problems more general than cal¬ 
culating distribution function for free carriers 
in crystals. 

The scattering of the free carriers and the 
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accelerative effects of the fields are described 
in terms of a series of probability functions 
defined in Section 2. These probability 
functions are related by a recurrence relation 
which reflects the fact that scattering pro¬ 
cesses for any free carrier occur in sequence. 
A ‘self’ scattering rate, not altering the free 
carrier wave vector, is defined. It has no 
physical meaning, but modifies the probability 
functions leaving the recurrence relation 
unaltered in form; a result of considerable 
significance for numerical analysis. 

The derivation of the steady state distri¬ 
bution function is approached by appealing 
firstly to the time independence and secondly 
to the stability of the steady state. In this 
context, stability describes the fact that the 
distribution tends to the steady state distri¬ 
bution after a long enough time irrespective 
of initial conditions. Stability is a more 
powerful condition than time independence, 
since a stable solution is necessarily time 
independent but the reverse is not auto¬ 
matically true. The stability condition leads 
to an explicit expression for the steady state 
distribution function in terms of the proba¬ 
bility functions introduced in Section 2. 
This expression can be evaluated by a conver¬ 
gent iterative process. In Section 4 it is shown 
that appropriate selection of the self scattering 
rate can make the numerical iteration easy 
and can extend the technique to problems 
where the scattering rate depends on the 
distribution function itself (such as carrier- 
carrier scattering) and to describe time de¬ 
pendent effects such as the approach to 
equilibrium. 

The iterative process has formal similarity 
to a method derived by Budd(4J for cal¬ 
culating free carrier distribution functions, 
v'hich is based on the Boltzmann equation. 
However the present method differs in ex¬ 
ploiting the stability of the steady state to 
assure iterative convergence and in in¬ 
corporating the self scattering term to simplify 
numerical analysis. It is interesting to notice 
a possible connection of the present method 


with the Monte Carlo methods of Kurosawa 

[5] and of Boardman, Fawcett and Rees 

(6] , which, although different in technique 
appear to appeal in a similar way to the 
stability of the steady state; for it would 
seem that the simulated flight of an electron 
can only be statistically reproducible if there 
exists a stable physical distribution. 

In Section 5, some illustrative results are 
given of numerical calculations of distri¬ 
bution functions for free carriers in an electric 
field, including examples where there is polar 
phonon and impurity scattering, 

2, FORMALISM FOR FORCES AND SCATTERING 
The problem is to derive the distribution 
function for free electrons in a crystal from 
a knowledge of the scattering rates and of 
the fields, electric and magnetic, acting on the 
electrons. Certain simplifying assumptions 
about the scattering processes are made. 
These are that they can be treated as in¬ 
stantaneous and that they are not infinitely 
frequent. Between the scattering events each 
electron will of course undergo a change of 
momentum determined by the fields. The in¬ 
stantaneous nature of the scattering processes 
allows a function P„(k.k'. t) to be defined as 
the probability that an electron initially at 
k is at k' a time t later having been scattered 
n times during the time interval. A second 
function P(k, k'. t) is defined by 

F(k,k',/)= 2 P„(k.k',/). (2.1) 

n=o 

In other words, P(k, k',f) is the probability 
that an electron initially at k is at k' a time 
I later. 

Denoting the scattering probability per 
unit time from k to k' by 5(k, k') the various 
P„'s must satisfy 

P,.„„^,(k,k',/) = JdP Jdk"/dk"' 

0 

P„(k, k", t')S (k", k"')P„(k"', k', / - /') 

( 2 . 2 ) 
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which describes the fact that the scattering 
events occur in sequence. The Laplace trans¬ 
form with respect to time of (2.2) is 

^n+m+ ,(k,k'.j) = P„(k,k", s) 5(k", k'") 

X ^„(k"',k',.v). (2.3) 

Integration over repeated k variables is 
understood in (2.3) and all following equations. 
Equation (2.3) allows the ?],(k,k'..«) to be 
expressed in terms of 5(k, k') and P„(k, k', s), 
where the latter function describes the proba¬ 
bility of zero scattering. 

Now Po(k. k', /), i.e. the probability that an 
electron initially at k is at k' after a time t 
without being scattered is given by 

Po(k.k'./) = S(k'-T[k,t]) 

t 

X e.xp{-/X(T[k.t'])d/'} (2.4) 
0 

where T[k,/] denotes the k-space trajectory 
for an unscattered electron initially at k, 
e.g. for motion in an electric field F alone 

T[k,t] = k + e¥tlfi. (2.5) 

A(k) is the scattering rate integrated over all 
final states i.e. 

Mk) = / dk'5(k,k'). (2.6) 

A generalisation of the equations is now 
made, which will be of major importance in 
later sections of the paper. This is to replace 
5(k,k') by5'(k,k') given by 

5'(k,k') = 5(k,k')-l-5(k)8(k-k'). (2.7) 

The second term on the right of (2.7) describes 
a scattering rate leaving k unchanged. Since 
this ‘self’ scattering t"rm does not describe a 
physical process of any consequence, S(k) 
can be arbitrarily defined. However, for 
consistency it follows from (2.6) and (2.7) 
that \(k) must be replied by \'(k) where 


\'(k)= X(k)-I-S(k). (2.8) 

So X' must replace X in (2.4). However, having 
modified consistently S(k,k') and Polk. 0. 
equations (2.1-2.3) are still formally correct, 
although n now counts both real and self 
scattering events and not just real events. 

3. THE STEADY STATE DISTRIBUTION FUNCTION 
There are two approaches to deriving the 
steady state ditribution function /(k) within 
the framework of the formalism of Section 2. 
The first appeals to the time independence of 
/(k), and is similar to the theory of Budd[4] 
except that the Boltzmann transport equation 
is not used explicitly in the present analysis. 
This approach allows /(k) to be expressed as 
the solution of a homogeneous integral equa¬ 
tion. The second approach appeals directly to 
the stability of the steady state and is more 
powerful in that it allows an explicit expression 
for f(k) to be derived. 

The time independent approach is con¬ 
sidered first. If a time dependent distribution 
function is denoted by /(k. r), it follows from 
the definition of P(k. k'. t) of Section 2 that 

/(k'.t) =/(k.0)P(k,k'.t) (3.1) 

and therefore the steady state function /(k) 
satisfies 

/(k') =/(k)P(k,k',/) (3.2) 

for all t. In other words,/(k) is an eigen¬ 
function of /’(k,k',/) for all t. The Laplace 
transform with respect to t of (3.2) is 

/(k')/j=/(k)?(k,k',j). (3.3) 

Multiplying equation (3.3) by s and expanding 
F(k, k', a) using equation (2.1) gives 

/(k') = 5/(k) 2 ^(k,k',j). (3.4) 

tl*0 

Equation (3.4) is multiplied by 5(k'. k") 
Pi,(k", k'", j), and the recurrence relation 
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(2.3), with w = 0. is used to simplify the 
right-hand side, giving 

/(k')5'(k',k") Po(k".k"'.i) 

- sf(k) 2 h (k, k'", s). (3.5) 

Subtraction of (3.5) from (3.4) then gives 

/(k') =/(k) t5'(k. k") + s8 (k - k")] P, (k", k'. .V). 

(3.6) 

With the definition 

P„(k.k') = P„(k.k',0) (3.7) 

the j = 0 limit of (3.6) can be written as the 
integral equation 

/(k') =/(k)5' (k.k")P„(k".k'). (3.8) 

The detailed form of equation (3.8) depends 
on the choice of the self-scattering rate. How¬ 
ever, it is structurally the same as the integral 
equation for the distribution function derived 
by Budd[4] and also that of Chambers(7) if 
the time dependent distribution function is 
replaced by the steady state function. Al¬ 
though there is no simple general method for 
solving a homogeneous integral equation of 
the form of (3.8), an iterative solution may be 
tried, as was done by Budd, but this approach 
depends on the iteration converging. It will 
turn out that iterative convergence is a con¬ 
sequence of the stability of the steady state, 
which remark leads to the second approach to 
deriving/(k). 

Consider first the behaviour of P„ (k, k'.r) 
as n becomes large. Since the scattering pro¬ 
cesses are not infinitely frequent, it follows 
that by selecting n large enough P„ (k,k'.r) 
can be made arbitrarily small for t less than 
any given finite value. A formal proof of this 
conclusion is given in Appendix 1. Now 
P„(k, k'), defined by equation (3.7), is the t 
integral of P„ (k.k'.t) from zero to infinity, 
and clearly P„ (k. k') will depend only on the 


behaviour of P„ (k, k', r) for t greater than this 
given value of time. The stability of the steady 
state means that, irrespective of its initial 
form, the distribution function will always 
settle to the steady state function after a suffi¬ 
cient time. Therefore, for large values of t, 
P„ (k,k'./) will be independent of k and will 
vary with k' in the same way as the steady 
state distribution function /(k'). Therefore if 
n is made large enough it follows that P„(k, k') 
will be independent of k and will vary with 
k' in the same way as /(k'). Mathematically 
this conclusion can be expressed as 

/(k’) = limit g(k)P„(k.k') (3,9) 

,l-*x 

where jc(k) is arbitrary, although its normalisa¬ 
tion will fix that of/(k’). Hence it is seen that 
stability of the steady state allows an explicit 
form for/(k') to be written down. 

Now although the self scattering rate 5(k) 
does not describe a physical process and 
cannot therefore affect the stability of the 
steady state in any physical sense, it is indi¬ 
cated in Appendix 2 that self scattering can be 
treated as real scattering only if 5(k) is not 
negative. Therefore (3.9) is valid only if 5(k) 
is positive or zero. It is assumed from now on 
that 5(k) is positive or zero. 

Repeated use of equation (2.3) allows 
P„(k, k') to be expanded in terms of P„ (k, k') 
and S' (k. k'). the expansion being indicated 
schematically by 

P„ = P,^'P„...S'P„ (3.10) 

in which 5' appears n times on the right of 
equation (3.10). When (3.10) is inserted into 
(3.9), the expression for/(k') can be written 
schematically as 

/= limit gP„(5'F)„)«. (3.11) 

Since g is arbitrary, the integral gPo is also 
arbitrary. So (3.11) implies that f(k') is the 
result of a convergent iterative process, 
starting from an arbitrary initial function, each 
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iteration involving integrating the product of 
the function first with S' and then with P#- 
This is identical with saying that the iteration 
of equation (3.8) is convergent. However, the 
convergence does not automatically follow 
from the integral equation (3.8), but depends 
on the existence of the explicit solution (3.9). 
In Appendix 3 it is shown that equation (3.8) 
is equivalent to the Boltzmann equation, so 
the distribution function derived by iteration 
will necessarily satisfy the Boltzmann 
equation. 

From the logical viewpoint, the analysis 
based on the time independence of /(k) is 
unnecessary, but its inclusion serves to 
demonstrate the difference between exploiting 
the time independence and the stability of the 
steady state. 

The next section will deal in more detail 
with the numerical iteration, but it is relevant 
to draw attention to the fact that although the 
final result of the iteration cannot depend on 
the self scattering rate 5(k). redefining S(k) 
can, through equations (2.8) and (2.4) greatly 
modify the iterative process itself. 

From the purely numerical viewpoint, the 
fact that the iteration involves only integration 
rather than integration and differentiation is an 
advantage, since errors in a function tend to be 
quenched by integration but accentuated by 
differentiation. Therefore the present method 
should have some numerical advantages over 
directly trying to solve iteratively the usual 
integro-differential Boltzmann equation. 

4. SELECTION OF S(k) 

For calculating steady state distribution 
functions, the selection of the self scattering 
rate S(k) is relevant only to the extent that a 
good choice can simplify the numerical itera¬ 
tion. However, it will be shown later in this 
section that a special form of 5(k) exists such 
that each iteration is equivalent to a time in¬ 
crement of the physical system. The iterative 
process may then be used to evaluate the 
approach to equilibiipm or the response to 


time varying fields. The problem of calculating 
steady state functions is discussed first, and 
for the purposes of illustration it will be as¬ 
sumed that the only field present is an electric 
field F. 

The first stage of each iteration involves 
integrating the product of the function so far 
developed, denoted by g(k), with the scatter¬ 
ing rate 5(k, k'). i e. forming 

g' (k') = / dk g(k) {5(k,k')-F5(k)S(k-k')}. 

(4.1) 

Now i'(k, k') will contain S functions in the 
initial and final energies, and numerically 
there will generally be little difficulty in dealing 
with the first term of the integral. The self 
scattering component of the integral is ele¬ 
mentary. irrespective of the precise form of 
5(k). 

The second stage of each iteration requires 
the evaluation of 

g"(k') = /dkg'(k)Fo(k.k'). (4.2) 

Using equations (2.4), (2.5) and (2.8) and. for 
sim.plicity, selecting units such that e = = 1, 

equation (4.2) becomes 

g"(k') = f dkg’(k) fdt 8(k'-k-F/) 

0 

xexp{-/'A.'(k-fFt')dt'}. (4.3) 

0 

The k integration can be carried out im¬ 
mediately to give 

g"(k') = /”dfg'(k'-F/) 

0 

X exp {- |'x(k' -Fl + Ft') d/'}. (4.4) 

U 

It is immediately apparent that the difficulty 
of carrying out the second part of the iteration 
depends on the difficulty first of evaluating the 
exponent and then of integrating the product 
of the exponential with g'(k' —Ff). It is 
relevant to point out that X(k) is fairly easily 
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evaluated for most physical scattering pro¬ 
cesses, but analytic integration of X(k) to give 
the exponent of (4.4) is possible only for 
certain simple processes such as optical 
deformation potential scattering. Analytic 
integration is not possible, at least in any 
simple way, for polar or impurity scattering. 
Even when the exponent has been evaluated 
there is still the far from easy problem of 
carrying out the / integration. 

However, it is clear from equation (2.8)that 
it is possible to define in such a way so as 
to make X'(k) almost anything. By careful 
choice of 5(k), not only can the exponent of 
(4.4) be made analytic, but the following / 
integration can be made straightforwaid also. 
This still leaves a considerable choice for the 
precise form of 5(k). 

All the numerical results discussed in this 
paper were obtained with the particularly 
simple definition 

5(k) = r-X(k) (4.5) 

where 1’ is a constant larger than the largest 
value of X(k). With this definition of 5(k), 
equation (4.4) becomes 

g''(k') = / d/ g' (k' - Ft) exp (-ft). (4.6) 

In practice the evaluation of (4.6) could be 
made so rapid numerically that the whole 
second part of the iteration was quicker than 
the first part. However, it is not suggested 
that the definition (4.5) is the only useful one 
or necessarily the best for most purposes. 

It frequently happens that the scattering 
rate is itself a function of the distribution 
function /(k), in other words the problem is 
non-linear. Examples of non-linear contri¬ 
butions are electron-electron scattering and 
impurity scattering where the screening 
depends on the distribution function. Exten¬ 
sion of the present iterative technique to 
accommodate the non-linearity may be accom¬ 
plished by using at the n'th iteration a scatter¬ 
ing rate, which may be denoted S' (/„_„ k, k'). 


appropriate to the distribution function /„_i 
derived after the (n-])'th iteration. A non¬ 
linear part of the self scattering rate may be 
included, and a particularly useful form for it 
is one analagous to (4.5), which has the prop¬ 
erty of rendering X'(k), and hence (k,k'), 
free of non-linear corrections. This facility for 
handling non-linear corrections during the 
iteration represents a substantial increase in 
the usefulness of the method. 

Within the scope of the discussion of the 
choice of 5(k), there is the useful result that, 
with 5(k) defined by (4.5) 

nmU/„(k)=/(k,n/r) (4.7) 

where/„(k) is the result of n iterations starting 
from an initial function /o(k), and /(k, /) is the 
time dependent distribution function that 
develops from the initial function /o (k). One 
derivation of (4.7), which depends on showing 
that each iteration is equivalent to a time step 
1/r, is given in Appendix 4. If an infinite 
value of r was actually used the iteration 
would converge infinitely slowly and the 
numerical analysis would be pointless. How¬ 
ever, the usefulness of equation (4.7) is that a 
good approximation to the time development 
can be obtained by using a large finite F. 
Of course, whatever value of F is used, the 
calculated steady state f(k) is the same. This 
time development facility allows a description 
of the approach to equilibrium from any given 
initial function to be obtained, and also, by 
varying the field between iterations, to eva¬ 
luate the response to time dependent fields. 

S. NUMERICAL RESULTS 

The objective of this section is to illustrate 
the type of problem for which the present 
numerical method is useful, rather than to 
analyse any one problem in detail. The results 
are restricted to problems where there is a 
single, isotropic, parabolic band. This restric¬ 
tion is not necessary in principle, but simplifies 
the analysis. However, the calculations have 
taken into account polar phonon, ionized 
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impurity and carrier-carrier scattering as well 
as acoustic and optical deformation potential 
scattering. The expressions for the phonon 
scattering rates were taken from papers by 
Butcher and Fawcett [8] and by Baynham 
et a/.[9]. Impurity and carrier-carrier scatter¬ 
ing rates were evaluated using the Bom 
approximation for an interaction potential 
y(r) given by 

Ze^ 

y(r) = ±-^^e\p(-rld) (5.1) 

where Z is the ionic charge (Z = 1 for carrier- 
carrier scattering), e is the dielectric constant 
and d the Debye length appropriate to free 
carriers at the lattice temperature. To simplify 
the expressions for the scattering rates, the 
dependence of the screening on the distribu¬ 
tion function itself, and for carrier-carrier 
scattering, on the velocities of the interacting 
carriers, was ignored. These simplifications, 
together with the use of the Born approx¬ 
imation. emphasise the Fact that the present 
calculations are illustrative rather than exact. 
For impurity scattering there is a special 
problem of treating the scattering of low 
energy carriers. Because the impurity scatter¬ 
ing rate at very low energies is very large, a 
very large value of F would be needed to 
assure iterative convergence, which would in 
turn make the required number of iterations 
undesirably large. Now the effect of impurity 
scattering is to reduce the anisotropy of the 
distribution function. However, the continuity 
of the distribution function requires it to be 
nearly isotropic at low energies even in the 
absence of impurity scattering, and therefore 
impurity scattering becomes of negligible 
importance at very low energies. In the 
present calculations, impurity scattering is 
neglected at energies so low that the distri¬ 
bution function is essentially isotropic even in 
the absence of impurity scattering. 

Purely numerical aspects of the calculations 
are not discussed here since they are not 
fundamental to the principal of the calcu¬ 
lations. 


Figures 1 and 2 relate to calculations for 
electrons in indium antimonide at 77°K, 
allowing for polar optic and deformation 
potential acoustic phonon scattering, but 
neglecting impurity and electron-electron 
scattering. The effective mass and scattering 
parameters were taken from reference [9] 



Fig. I. Velocity/field curves for electrons in InSb at 77°K.. 



Fig. 2. Coefficients of surface Karmonic expansion of 
electron distribution in InSb at 77°K for 75 V/cm. 

and are listed in Table 1. Figure 1 shows the 
drift velocity/field curve up to 200 V/cm. At 
higher fields the iteration did not converge 
to a stable value, reflecting the absence of 
a steady state due to polar breakdown. Figure 
2 shows the first 4 coefficients of the surface 
harmonic expansion of the distribution 
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Table t. Effective mass and phonon scattering parameters used 
in numerical calculations 


Material 
m *lm„ 

n-typc InSb 
0-012 

n-type GaAs 
0-066 

p-type Ge 

0-3 

Acoustic scattering 
5„(eV) 

4 

7 

5-7 

j(cm. sec"') 

50 X 10" 

5-5 X 10* 

5-4 X 10" 

p (g. cm"’) 

5-78 

5-36 

5-32 

Polar scattering 

16-8 

1082 


ft) 

18-7 

12 53 


^(ihoiioti ( K) 

276 

410 


Optical scattering 

H,i(eV. cm ') 

^ ( R ) 



1-14 X 10" 

430 


function for a field of 75 V/cm. I n other words, 
the distribution function is expanded as 

X 

f{^t)f,M)P„(cos,e) (5.2) 

H •»() 

where e denotes energy and ti is the angle 
between k and F. The normalisation of the 
harmonics is such that 

f^P„Hx)dx=\. (5.3) 

The fact that the coefficients of the expansion 
are of comparable magnitude over a large 
energy range implies that the distribution is 
streamed rather than a perturbed thermal 
distribution. Although Figs. 1 and 2 should 
illustrate the general behaviour of the electron 
distribution in indium antimonide, it is to be 
expected that the drift velocity below break¬ 
down and the breakdown field will be sensitive 
to band non-parabolicity. and therefore the 
parabolic band approximation is certainly an 
over-simplification for this particular calcula¬ 
tion. 

Figures 3 and 4 relate to calculations for 
electrons in gallium arsenide at 300®K. The 
effective mass and phonon scattering para¬ 
meters used are listed in Table 1. The single 
valley approximation should be reasonable 
for fields up to 2 kV/cm since the tlvrashold 
field for negative resistance is 3 kV/cm. 


Figure 3 shows the drift mobility/field curves 
for intrinsic material and for donor concentra¬ 
tions of 10’*. 3x10'* and 10'®cm'*. It is 
assumed that the donors are singly charged 
ions, there is no compensation and the 
electron concentration, determining both 
the screening and electron-electron scatter¬ 
ing. is the same as the donor concentration. 
Impurity scattering is neglected for electron 
energies below 3xl0'®eV, It is apparent 
that the relative importance of the impurity 
scattering falls with increasing field. Figure 4 
shows the first 3 terms of the harmonic expan¬ 
sion of the distribution function at 1-5 kV/cm 
for intrinsic material and No — 10'" cm”’’. The 
chief effects of the impurity scattering may 
be seen to be a reduction in the electron 



Fig. 3 Drift tnobility/field curves for n GaAs at 300°K. 
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Fig. 4. Coefficients of surface harmonic expansion of 
electron distribution in ii GaAs at SOO^K for l-5kV/cm. 
Impurity scattering neglected in the computation for 
electron energies below 3 x 10“^ eV. Full line for intrinsic 
material and broken line for « = /v„ = 10‘" cm-'*. 

temperature and a large reduction in the 
anisotropy of the distribution function at low 
energies. These observations are physically 
reasonable. What is more surprising at first 
sight is that dropping the electron-electron 
scattering from the computation makes very 
little difference to the distribution function. 
The electron-electron scattering affects the 
distribution function only to a few percent of 
the impurity scattering, too little to indicate 
in the figures. The probable explanation is 
that, without impurity or electron-electron 
scattering, the electrons have very roughly a 
displaced thermal distribution. Impurity 
scattering reduces the total momentum of the 
electron system and so has a large effect on 
this distribution. Electron-electron scattering 
only exchanges momentum between electrons 
(and would have no nett effect on a displaced 
thermal distribution) and has a smaller effect. 

To illustrate the use of the present iterative 
technique to derive the time development of 
a distribution function. Figs. 5 and 6 indicate 
the response to an applied electric field 
switched on at time 0. The initial distribution 
is assumed to be in equilibrium with the 
lattice. The parameters are representative of 
those for p type a«rmanium. taking into 



Fig. 5. Drift velocity response to field switched on at time 
0 for heavy holes in p Ge. 

account only the heavy holes, and are listed 
in Table 1. 

Figure 5 shows the drift velocity as a 
function of time for fields of 1 and 10 kV/cm 
at 300°K and 1 kV/cm at 77°K. Two points 
are worth mentioning. Firstly, the drift 
velocity settles down after about 10 '“ 
second at 300°K but takes about 6x10'*“' 
second at 77''K. reflecting the stronger 
phonon scattering at the higher temperature. 
Secondly, the drift velocity increases mono- 
tonically to the saturated value for 1 kV/cm 
at 300°K. but the other two response curves 
have a significant overswing. The explanation 
for this behaviour is that, in a strong enough 
field, the carriers are accelerated rapidly to 
a large drift velocity with only a small in¬ 
crease of thermal energy. The heating process 
is slower, and the drift velocity falls as the 
distribution heats up. Figure 6 illustrates 



Fig. 6. Response of heavy hole distribution in p Ge at 
77°K to I kV/cm field switched on at time 0. TTte lines 
indicate f{k„ k,), where k, is parallel to F and kr perpen¬ 
dicular to field, for k, = 0. The unit of time is 10''* sec. 
The broken line marks the value of k above which optical 
phonon emission is possible. 
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the change of the distribution function corres¬ 
ponding to the 77°K, 1 kV/cm curve. The 
figure shows the distribution function for a 
zero k-vector perpendicular to the field, 
plotted as a function of k,, the component of 
k parallel to the field, for a series of times 
after the field is switched on. The initial 
rapid displacement of the distribution (to 
roughly those where optical phonon emis¬ 
sion is possible) is followed by a slower 
broadening, illustrating the smallness of the 
momentum relaxation time compared with 
the energy relaxation time. 

6. CONCESSIONS 

There are two basic principles of the 
present theory for the numerical calculation of 
distribution functions. Firstly, the stability of 
the steady state allows an explicit form for the 
steady state distribution function to be 
derived, which can be re-expressed as the 
result of a convergent iterative process. 
Secondly, by suitably defining a scattering 
rate leaving the state of a particle unaltered, 
the iteration can be made numerically easy. 
Extensions of the theory to accommodate 
scattering processes dependent on the distri¬ 
bution function and to describe time responses 
of the distribution function are straightforward. 
The numerical results given by way of illus¬ 
tration are confined to calculating distribution 
functions for free carriers in a uniform electric 
field where the band structure can be regarded 
as a single, isotropic, parabolic valley. How¬ 
ever. the basic theory is of a more general 
nature and should be applicable to more 
general band structures, to mixed electric and 
magnetic fields and to spatially variable 
systems. 

It is interesting to consider the corres¬ 
pondence of the present theory with those 
others which permit numerical calculations of 
distribution functions to be made without need 
for physical approximations. At first sight the 
closest similarity is with the theory of Budd[4] 
which uses a basically similar iterative pro¬ 
cedure although the self scattering term is not 


introduced. However, there is a difference of 
principle in the appeal of Budd’s theory to the 
time independence of the steady state and of 
the present theory to stability. The appeal to 
stability provides the guarantee of con¬ 
vergence which is essential to the general 
use of the iterative procedure. The Monte 
Carlo methods of Kurosawa [5] and of 
Boardman, Fawcett and Rees[6], (the latter 
also utilising the self scattering modification) 
would appear to make appeal to the stability 
of the steady state, for in these methods, it 
would seem that the simulated flight of the 
electron can be statistically reproducible only 
if there exists a stable physical distribution 
function. Hence, there is a similarity of 
principle, though not of technique, of the 
Monte Carlo methods and the present iterative 
method. 
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APPENDIX 1 

It is now proved formally that, by making n large 
enough. /’,(k,k',r) can be made arbitrarily small for 
I less than any given finite time. The first step is to 
consider the probability density function, D(k, i), of the 
time t of the first scattering of an electron with wave 
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vector k at time 0. Following the notation of section 2, 
D(k, r) is given by 

D(k, I) = x'(T[k. t ]) exp {- /'„X'(T[k,»']) dt'l 
for r > 0 


= 0 for t < 0. 


(Al.l) 


Now if the largest value of X'(k) is /x, it follows that 
D(k. i) is weighted more to large values of t than is the 
probability density function D'it) given by 


D'(i) =/lexp (—/ii) for f>0 
= 0 for / < 0. 


(AI.2) 


Now D(k.t) is the probability density function of the 
time between successive scatterings when the final state 
for the first scattering is k. Therefore 0'(r) certainly 
underestimates the time between successive scatterings 
of an electron, so the time required for n successive 
scatterings, is certainly underestimated by the probability 
density given by the n-fold convolution of D'(t), i.e. 


(n-D! 


for 


I > 0 


0 for f < 0. 


(AI.3) 


that an electron in an initial state k is scattered to a final 
state k'. On the other hand a negative scattering rate 
— 5(k.k') implies that the direction of the transition is 
reversed, k and k' are regarded as the initial and final 
states, but the probability of a transition from k to k' 
is positive when the time increment is negative. When 
the scattering rate is positive, the number of scatterings 
of an electron increases with the advance of time, and 
when the rate is negative the number of scatterings 
increases with reversed movement in time. 

Now the probability function P„(k.k'.f) describes an 
average over all possible sequences of n scattering events, 
where n counts both real and self scattering processes. 
The derivation of the explicit expression for the distribu¬ 
tion function, equation (3.9), depends on the fact that, as 
n becomes larger, a larger time advance is necessary for 
the « scatterings to occur. This must be true for every 
possible sequence of n scattering events; so if there is 
any process for which the number of scatterings increases 
with reversed movement in lime, the derivation of 
equation (3.9) would be invalid. From the considerations 
of the previous paragraph, it follows that equation (3.9) 
is valid with the self scattering events counted in with the 
real scattering events only if S(k} is positive or zero for 
all k. If 5(k) is negative, the self scattering cannot be 
treated as real scattenng for the purposes of the analysis 
leading to equation (3.9) 


Therefore the probability of n scatterings occurring in a 
time !„ is less than 


—^— f t" 'e "dt. (A1.4) 

(/’-D'Jc 

Since (A 1.4) never exceeds (/if„)”/«!, it follows that the 
probability of an electron being scattered n times in a 
time /o can be made arbitrarily small by choosing n large 
enough. Therefore P„(k.k’.() can be made arbitrarily 
small for r < !„ by choosing n large enough. 


APPENDIX 2 

Unacceptability of a negative self scattering rate. 

In considering the acceptability of choosing a self 
scattering rate. S(k). negative for at least some k, the 
difference between exploiting time independence and 
stability of the steady state is again demonstrated When 
appeal is made to time independence, the scattenng 
processes are regarded as balancing the effects of fields. 
Since the self scattering does not alter the electron state, 
it makes no nett contribution to the rate of change of the 
distribution due to scattering, and so 5(k) could be 
arbitrarily defined. 

However, when stability is exploited, the scattenng 
processes are regarded as sequences of events which 
cause the electron distribution to approach the steady 
state. Because the distribution approaches the steady 
state with the advance of time, but not with backward 
steps in time, the scattering must be treated so as to 
distinguish the initial and the final states for each process. 
Now a positive scattering rate ,S(k, k') means that, in a 
positive increment of time,4liere is a positive probability 


APPENDIX 3 

Equivalence of equation (3.8) and the time independent 
Boltzmann equation. Consider first two functions /(k) 
and g(k) related by 

Ak') = f dk#(k)P„(k,k') 

= /dk f drg(k)F„(k.k'.t). (A3.I) 

The second equation derives from the first by the defin¬ 
ition of P„(k. k’). The basic form of Pulk. k'.r) is that 
given by equation (2.4), but in order to carry out the 
k integration of (A3.I). use is made of the fact that the 
trajectory defined by 


is also defined by 


k' = T[k./l 

(A3.2) 

k = T*[k'./l 

(A3.3) 


where T*lk'. f) is the wave vector at time -/of an electron 
which is at k' at time 0. In other words, T[k. /] describes 
the forward trajectory of the unscattered electron and 
T*Ik,/] the backward trajectory. In terms of T*[k.f]. 
Po(h, k'. /) can be written as 

P„(k, K, I) = 6(k-Tnk', ,']) exp|- j'^X'(T*tk’. JfDdrj 

(A3.4) 

and consequently (A3.1) reduces to 

Ak-) = J'd/ g(T*|k’ /]) exp|-/' X’ (T* [k', xj )dx|. 

(A3.5) 
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The next step is to obtain an expression for operator 
usually denoted b> Ir)/a /m the ' 

Holtrmann equal,on. This operator is denoted here by 
/ft. where the subscnpl k indicates that it is a purely 
k operator. The electric and magnetic fields will induce 
a k-space velocity, k. which is in general a function of 
k. Jn terms of k. Dk can be written as 


«k = -k.^k 


(A3.6) 


Therefore 


f)kT*|h./) = limit T lLLlJ ,A 3 , 7 ) 

6r-0 61 

and since, from definition of T''(k, fl, it may be seen that 
T*[k-k6l,/| = T’(k.l + 6i| (A3.8) 

it fallows that 


«kT*ik./i --rnk./i. 


(A3.9) 


Now Ok'/ik'l may be evaluated by differentiating (A3.5) 
under the integral sign, but since k' only appears as the 
argument of T*. (A3,9) allows Dy to be replaced under 
the integral sign by a time operator. OyJ[k') may be seen 
to be the sum of two terms, the first of which is 

/ ‘•'{^ 7 .V(T*lk'./)jexp}-/V(T»|k'..tl)dr} (A3.I0) 

and the second of which is 
-/Jdlc'(T»(k'./l)exp{-J\'(TMk'. v|dr[ 

X r — A'(r‘(k'..r|)d.f. (A3.11) 

ell 

I'he integral ovci .t in (A3 II) reduces to 

X'tTMk'.tll-X'lk') (A3.12) 

where use has been made of the fact that 

T•|k,01 = k. (A3.13) 


j‘dkA'(k)E„(k.k')=/k'). (A3.18) 

Now (A3.18) is the same as (A3.1), and so#(k') is given 
by (A3.16). and may be eliminated from (A3.16) and 
(A3.17) to give 

/ dkM)S'(k. k) = +A'(k')]/?k'). (A3.19) 

It will be seen that the self scattering parts of (A3.19) 
cancel out. leaving 

-Dkc«k’) = / dk[yik)5(k.k')-y|k')S(k'.k)] (A3.20) 

in which X(k') has been replaced by the integral of 
5(k'.k). (A3.20) is the time independent Boltzmann 
equation, conventionally wntten as 

('1//<'il)n..ia« + = 0. (A3.21) 


APPENDIX 4 

Derivation of the time development equation (4.7). 

The derivation of equation (4.7) depends on the 
result that each iteration is equivalent to a time increment 
l/r for the physical system, i.e. if /„(k) and /,ni(k) are 
successive iterates and I' is large then 

7„,,(k)-/„(k) = |■.(D, + V,)/Jk) (A4.1) 


where Of and O, denote respectively the operators 
(<)/(il)ii,i<i. and (0/Ai)j,„,i,.ri„, well known in the derivation 
of the Boltzmann equation. Clearly equation (4.7) is a 
corollary of (A4.1). The next stage is to establish (A4.1). 


Now if g(k) is defined by 



g(k') 

= J dk/„(k).5'(k.k') 

(A4.2) 

then 





.f;..,(k')-- 

/ dk /*diP„(k. k'. r)g(k). 

(A4.3) 


bora self scattering rate of the form (4.5). we have 


Adding together (A3 10) and (A3.11). the terms may be 
regrouped to give 

f,>k'./lk')- /Jdilfl/fli yx'(k'))xMT*|k',;]) 

xexp {-J'\'(T*tk',xl)d.r}. (A3. 14) 

Using (A3.5). (A3.14) simplifies to 

/)kytk') = -g(k')+X'(k')/lk') (A3.I5) 

or alternatively 

g(k') = [~Dk+X'(k')]/(k'). (A3.16) 



S'(k. k') = i'lk. k’) + [P - X(k)]6(k-k') 

(A4.4) 

and 

P„(k, k' 1 ) = 6(k' - Tlk. l]) exp (—1/). 

(A4.5) 

Now 

0,/Jk') = / dk7„(k).5(k.k')-X(k')/;,(k'). 

(A4.6) 

So substitution of (A4.4) into (A4.2)gives 



g(k') = (r + fX,)/„(k'). 

(A4.7) 


Now when T is very large, Polk, k'./) falls very rapidly 
with I. and (A4.5) may be replaced by 


Now if ytk) satisfies equation (3.8) and in addition 


Po(k, k’.i) = S(k'—k — k't) exp (— I’l) (A4.8) 


/ dk/(k)S'(k.k') = g(k’) 


(A3.17) where k' is the field induced k-velocity of an electron 
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vvith wave vector k'. Substitution of (A4.8) into (A4.3) 
gives 

/,+i(k')= |^drg(k’-k't)exp(-I/). (A4.9) 

Expanding (A4.9) as a power series in l/F and retaining 
oniy the first two terms gives 

/™M(k'’> = |;l!;(k')-k' .V^.Kik'i/V], (A4.10I 


Now the operator-k' is the operator D,. So (A4.10) 
can be rewritten as 

/,M(k') = r '(1 + D,ir)g(k'). (A4.U) 

The final step is to substitute g(k’) from (,A4.7j into 
(A4.n) and retain terms of order unity and I/T. leaving 

/,^,(k') = 11 + (;3,+ D.)/n/n(k') (A4.12) 


which establishes equation (A4.1). 
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NUCLEAR MAGNETIC RESONANCE AND 
RELAXATION OF THE HEUSLER ALLOY* 
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Abstract-NMR of the Heusler alloy Cu^MnAI has been studied for all three nuclei by using the spin 
echo method. The resonance frequencies at 4-2°K are 240 and 257 MHz for Cu" and Cu"‘ respectively. 
225 MHz for Mn“ and 76 MHz for Al”. The hyperfine fields are —212 and —213 KG for Cu and Mn 
respectively, and 68-2 KG for Al, the sign of which could not be determined. The temperature varia¬ 
tion of the Mn hyperfine field is within 1 per cent the same as that of the magnetization whereas the 
Cu hyperfine field decreases more with increasing T. The spin echo amplitude as a function of the 
applied static field shows a maximum which is caused by an increase of the relaxation times with 
increasing static field for resonances in both walls and domains. A discussion about the signs and the 
magnitudes of the hyperfine fields at the nuclei is included. 


1. INTRODUCTION 

The Heusler alloy CuzMnAl is known to be 
a ferromagnetic compound when it is in the 
ordered statefl]. The magnetic moment per 
molecule is about 4 Bohr magnetons [2,3]. The 
neutron diffraction experiment carried out by 
'richer et al.[4] shows that practically the 
ie magnetic moment of the Heusler alloy 
c'je attributed to the Mn ions, leaving an 
..iicertainty of 01 Bohr magnetons on the Cu 
ions. Measurements of the magnetic form 
factor of the Heusler alloy shows a similar 
result[5]. The NMR experiment carried out 
by Sugibuchi and Endo[6] showed that the 
hyperfine fields at the Cu and Mn nuclei are 
about the same and that both have the same 
temperature dependence. 

In the present experiment the NMR signal 
of has been observed. The resonance 
frequencies of Cu and Mn showed a different 
temperature dependence. The resonance 
frequency, spin echo amplitude and relaxation 
times were also studied as a function of the 
af^lied static field and discussed in terms of 
both domain wall and domain resonance. To 


•This work was supported by the Joint Services Contract 
No. 23-4510-1713. « 


account for the sign and the large magnitude 
of the hyperfine fields at the nuclei in the 
Heusler alloy a nearly free electron picture 
in a periodic lattice is adopted. 


2. EXPERIMENTAL PROCEDURE 

For the measurement of NMR in the 
Heusler alloy the spin echo technique was 
used [7]. A sample was kindly supplied by 
Dr. J. W. Cable at Oak Ridge National 
Laboratory. This material was known to 
be about 98 per cent ordered from neutron 
diffraction and X-ray studies [4]. The particle 
size was about 200/am. Another sample 
obtained from Dr. L. N. Corliss at Brookhaven 
National Laboratory was also used. No 
analysis for ordering was carried out. 

The full line widths of the Mn**, Cu** and 
Cu®* resonances were ail 2 MHz for the former 
sample whereas they were 4 MHz for the 
latter, indicating that this sample was less 
ordered than the first one. The sensitivity of 
the apparatus was low for the AF^ resonance 
as compared with that for the Mn and Cu 
resonances which occur at higher frequencies. 
For this reason 10 g of the material were used 
for measurement of the AF' resonance while 
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2 g were sufficient for measurement of the Cu 
and Mn resonances. 

3. TEMPERATURE DEPENDENCES OF 
THE RESONANCE FREQUENCIES 

The NMR frequencies of Mn^^ Cu“ and 
Cu®* were measured from 4-2° to 400°K, 
whereas those of Af'®’ could only be observed 
between 4-2° and IdO^K. Their values and the 
corresponding hyperfine fields at 4-2°, IT and 
294°K are listed in Table I. The room tem¬ 
perature value for Mn** is slightly higher than 
that reported by Sugibuchi and Endo[61, 
whereas those of Cu'“ and Cu"* are about the 
same. At liquid nitrogen temperature the 
resonance frequency of Mn** agrees with their 
value but our Cu"-' and Cu"* data are slightly 
higher. 


metals, a comparison at constant volume 
shows a closer agreement of the variation of 
V and cr. At 400°K [TjTc — 0-6) the fractional 
decrease of the resonance frequency of the 
Cu nuclei is 17 per cent, whereas that of Mn-’* 
is 15 per cent. The reduced resonance fre¬ 
quency of Al” for 7/Tr < 0-2 is also shown in 
Fig. 1. 

4. EFFECT OF THE APPLIED STATIC 
MAGNETIC FIELD 

Spin-echo measurements with an applied 
static field H were performed at room- and 
liquid nitrogen temperature on a nearly 
spherical sample. Figure 2 shows the reson¬ 
ance frequency of Mn** at liquid nitrogen 
temperature as a function of H which was 
applied in a direction perpendicular to the r.f. 


7able I. Resonance frequency v in MHz and hyperfine field Hmt 
in kCt of the nuclei of the Mn, Cu and Al atoms in Cu.iMnAi 


Kolope 

I' 

4-2^K 


ft 

77^K 

^^tni 

294"K 

2 /i« 

Mn'-'- 

224-8+ 0-.5 

215-0 

223 .5 ± 0-5 

211-6 

204-3 ± 0-5 

195-6 

Cu'"' 

240-0 


258-3 


214-5 




212 6 


211 0 


190-0 

Cu""' 

257-0 


255-0 


229-6 


AI-’ 

75-6 

68-2 

75-2 

67-8 




The resonance frequencies of Mn’*, Cu*-’, 
Cu®* and Al’’ are plotted on a reduced scale 
(njp,,) as a function of the reduced tempera¬ 
ture {TITr) in Fig. 1. 7\. is the Curie tem¬ 
perature of CujMnAl which is 610°K and 
is the value of the resonance frequency v at 
0°K. On the same figure the reduced value of 
the magnetization per gram (<7-/0-, ,) is plotted 
as measured by Endo[3]. The NMR frequency 
in ferromagnetic materials is roughly pro¬ 
portional to the magnetization. The variation 
of the resonance frequency of Mn**, which is 
the only magnetic ion in the Heusler alloy, 
and that of the magnetization seem to coincide 
qualitatively though they are obtained at 
constant pressure. As has been pointed out 
by Benedek[8] in a study of pure transition 


field. Above 4000 G the resonance frequency 
decreases linearly with increasing static field 
at a rate yJ27T = 1055 (Oe. sec)~' where y„ 
is the gyromagnetic ratio of the Mn** nucleus. 
The resonances of Cu®’ and Cu®-’ showed a 
similar behavior. Therefore the hyperfine 
fields at both the Mn and the Cu nuclei are 
negative. The resonance of Al” could not be 
observed at high fields. 

It has been observed by Gossard and Portis 

[9] , and confirmed by us with our present 1 
apparatus, that the intensity of the NMR 
signal decreases with the application of a 
static magnetic field. This is to be expected 

[10] because of the decrease in the number of 
domain walls. In this regard the spin echo 
amplitudes of both Cu and Mn show an un- 
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0 02 04 06 


REDUCED TEMPERATURE (T/Tc) 

Fig. I. NMR frequencies of Mn“ Cu"’. Cu™ and At" in 
the Heusler alloy plotted as a function of temperature on 
a reduced scale. The solid line shows the reduced values 
of the saturation magnetization per gram taken from 
reference [4]. 



0 2 4 6 8 

H IKG) 


Fig. 2. NMR frequency of Mn“ measured with an applied 
static field H at liquid nitrogen temperature. The broken 
line has a slope equal to the gyromagnetic ratio of the 
Mn“ nucleus. 

expected behavior. With increasing static 
field the echo amplitude increases and shows a 
maximum. With the r.f. field oriented parallel 
to the static field the spin echo amplitude 
showed only a small h#mp. The echo ampli¬ 


tude for the Mn^” resonance at liquid nitrogen 
temperature is shown in Fig. 3. The r.f. field 
amplitude shown in the figures are measured 
at zero static field and increase by about 30 
per cent for large static fields. Throughout 
the measurement the pulse duration was 
fixed at a value which maximizes the spin echo 
at zero field. The line width is independent of 
H. The time interval t between the two pulses 
is 30 /Lisec for the experiments of Fig. 3. When 
T is shortened the spin echo amplitude 
increases and the maximum tends to disappear, 
as is shown in Fig. 4. Thus it appears that 
relaxation processes are important in deter¬ 
mining the shapes of the curves. Therefore the 
relaxation times were measured. 

5. MEASUREMENTS OF T, AND n 
The transverse relaxation time was 
measured from the decay of the spin echo 
amplitude (Fig. 5(a)) and the longitudinal 
relaxation time T, was found from the decay 
of the stimulated echo (Fig. 5(b)). Both 
relaxations were measured for various values 
of the static field at room- and liquid nitrogen 
temperature. The r.f. field is 0 2 G. In Fig. 5 
the spin echo amplitude A (t, H) is plotted on 
a reduced scale A(t,H)IA(Q,H), where 
A (0, H) is found by extrapolating / -» 0. 



0 12 3 


H (KG) 

Fig. 3. Spin echo amplitude of the Mn“ resonance for 
various amplitudes of the r.f. field f>r oriented perpen¬ 
dicular to the static field. The pulse interval is 30fi.s. 
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H (KG) 

Fig 4, Spin echo amplitude of (he Mn“ resonance at 
various values of the time interval t between the two 
r.f. pulses as a function of the static field oriented per¬ 
pendicular to the r.f, field. The extrapolated curve for 
7= 0 is shown with a broken line. The spin echo ampli¬ 
tude A IS plotted on a relative scale'. A (t, H)IA((i, 0). 

At zero static field the curves in Figs. 5(a, b) 
show two exponential decays. In Co metal the 
fast decay has been ascribed to the relaxation 
of nuclear spins inside the moving domain 
walls, and the slow relaxation to spins in the 
domains [11, 12]. Therefore apparently reson¬ 
ances in both walls and domains occur in the 
Heusler alloy. 

The Heusler alloy has a small magneto¬ 
crystalline anisotropy constant /C, = — 4x 10» 
erg/cc at 77°K[131, resulting in an anisotropy 
field Ha= 10 G. The enhancement factor for 
domain rotations is then ~ 2 x 10". 

This value is consistent with the observed 
relation between b,. and 
If the enhanced r.f. field is smaller than 
the inhomogeneous line broadening measured 
in gauss, spectral diffusion will occur[14]. 
This means that should be smaller than 
Mbv, where 8v, the line width, is 2 MHz. 
Thus tu, should be smaller than 0-5 /asec. 
At hr 3s 0-2 G, being the maximum value of 
the field which could be obtained, was just 
0-5 /Lt sec. This explains the dependence of the 




TIME l/a«ec ) 

(b) 

Fig. 5, Relaxation measurements for various values of 
the static field H. oriented perpendicular to the r.f. field 
at liquid nitrogen temperature, (a) Spin echo amplitude 
as a function of the time interval 2r between the first 
pulse and the echo, (b) Stimulated echo amplitude as a 
function of the time interval between the two r.f. pulses 
and a third r.f. pulse. The spin echo amplitude/4 is plotted 
on a relative scale; A (t, H)IA(0, H). 

spin echo in Fig. 3 on hr and it is possible 
that the echo is larger for br > 0-2 G. 

By multiplying the ordinates of one curve 
for a certain t in Fig. 4 by /f(0, H) 

obtained from Fig. 5(a), one can construct the 
T = 0 curve in Fig. 4, which no longer shows a 
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maximum. The maxima in the other curves 
must be explained in terms of the change in 
relaxation limes with the applied sialic field. 
For this purpose the curves of Fig. 5la) and 
also of Fig. 5(b) have been decomposed into 
two exponential decays. The amplitudes of 
the two exponentials of Fig. 5(a) are plotted 
in Fig. 6 as a function of H. The T, and Tj for 
these two mechanisms are given in Fig. 7. The 
decomposition is not unique and the assump¬ 
tion has been made that the two curves of 
Fig. 6 should be monotonic functions of H 
with zero slope at H = 0. Part (a), which 
decreases more strongly with increasing field 
than does part (b), has to be attributed to 
domain wall motion. Part (b) is then caused 
by domain rotations. As shown in Fig. 7, the 
relaxation of the nuclei in the walls is much 
more rapid than that in the domains. It should 
be stressed that the occurrence of the maxima 
in Fig. 4 is due to the increase of Tj with the 
applied static field. A similar increase in T, 
has been observed in Co particles by Kaplan 
et a/.[15]. The increase in 7, and T 2 with 
increasing static field may be due to a reduc¬ 
tion in eddy current damping due to the 
decrease in permeability. 

7] is approximately inversely proportional 



0 12 3 

H (KG) 

Fig. 6. Relative intensity of the fast decay component of 
the spin echo signal (a) and oHhe slow decay component 
(b) as a function o^he static held. 



Fig. 7. Relaxation times T, and r 2 for the fast (a) and the 
slow (b) decay component of the spin echo signal as a 
function of the applied static held, at liquid nitrogen 
temperature and at room temperature. 

to temperature as seen from Fig. 7. Such 
behavior is observed for transition metal 
ions[l 1, 15] in domains and is associated with 
the conduction electron mechanism [16]. 7^ 
increases by about a factor of two going from 
room temperature to liquid nitrogen tempera¬ 
ture. This weak dependence of 72 on tempera¬ 
ture suggests that some temperature inde¬ 
pendent contributions must be included. The 
contribution to T 2 ~' from the dipole-dipole 
interaction of the Mn nuclei is about 1/600 
(;isec)"', so that the corrected ratio is 2-5, 
as compared to 3-8 for the ratio of the 
temperatures. 

6. DISCUSSION ON THE HYPERFINE FIELDS 

It is found that the fields at the Mn, Cu and 
Al nuclei are about the same as those found 
for these atoms when dissolved into iron metal 
(Table 2). If Cu and Al tire dissolved into Ni, 
Co and Fe metals, it is found that their fields 
are proportional to the magnetization of the 
host metal [17, 18]. For this reason we would 
expect that the values for the Heusler alloy 
would be much smaller than those for iron, 
since the ratio of their magnetizations is about 
0-4. The dilference might be associated with 
the dilference in coordination of the magnetic 
Mn neighbors in the Heusler alloy. Figure 8 
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Table 2. Comparison of the 
hyperfine fields in kG at the 
Mn. Cu and AI nuclei in 
CusMnAt with those when 
dissolved in metallic iron (The 
latter values are taken from 
M. KONTANI and J. ITOH 


y. phys. 

Soc. Japan 
(1967)) 

22. 345 

Matertal 

Mn 

C’u 

Al 

CujMnAI 

-213 

-213 

±68 

Fe 

-225 

-213 

-55 


shows the atomic arrangement of the ordered 
Heusler alloy [19]. 

The space lattice of Cu^MnAl is the same as 
that of b.c.c. iron. For instance a Cu ion has 4 
nearest Mn neighbors, as compared to 8 Fe 
nearest neighbors in iron. The large «« of 
the Mn ion (3 6) as compared to Fe (2-2) 
makes up for this difference. On the other 
hand the next nearest neighbor numbers are 
0 and 6, respectively. One could then assume 
that the effect of the next nearest neighbors 
is negligible, but this is in conflict with the 
A1 data. The number of its Mn nearest neigh¬ 
bors is zero, so then the total contribution has 
to come from the six second nearest neigh¬ 
bors. because there are no third and fourth 
nearest neighbor Mn ions. We see that the 
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Fig. 8. The crystal structure of the Heusler alloy. 


field at the AI in the Heusler alloy exceeds 
that in iron, so the contribution of the second 
neighbors has to be quite large. In order to 
explain the approximately equal data for Cu 
in the Heusler alloy and iron in this way, one 
therefore has to assume that in the Heusler 
alloy the contributions of the second and the 
further neighbors accidentally cancel. 

The conduction electron polarization is 
usually calculated with the Ruderman- 
Kittel theory[20]. It has been shown[21] 
that this theory can give reliable results when 
a certain parameter, proportional to dkf, where 
J is the s-d exchange interaction and kf the 
Fermi wave vector, is much smaller than one. 

If we assume this R-K mechanism to be re- 
•sponsible for the Curie temperature of the 
Heusler alloy, we can estimate this parameter 
and find it to be 1 -7. We assumed that kf = 
1-5x10" cm"’. Since the spacial dependence 
of the polarization is oscillatory in nature, 
this inaccuracy of the final results will not only 
affect the amplitude but also the phase, and 
therefore no conclusions about either the sign 
or the amplitude of the effective fields can be 
drawn. 

The validity of both local approaches may 
be questioned in periodic lattices such as that 
of Heusler alloy, especially when the sum¬ 
mation is cut off after a few terms. We will 
therefore start from a periodic lattice approach 
with Brillouin zones, although in a very 
approximate way. One can easily show that 
the R-K theory is equivalent to it in a quad¬ 
ratic approximation in the periodic potential V. 

That nearly free electron theory may be 
applied to the Heusler alloy is supported by 
the stability of its structure. The compounds 
around CujAl, have a b.c.c. structure. The 
electron per atom ratio is 1-5 and according 
to Hume-Rothery[22] and Jones this is the 
reason for the stability of the b.c.c, structure. 

It is seen that the Mn-Cu-Al phase diagram 
[23], a whole series of compounds with an 
approximate A1 content of 0-25, including the 
Heusler alloy, has this b.c.c. structure. We 
will therefore assume that the reason for their 
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stability is the same. Therefore the valency 
of the Mn has to be +1, which corresponds 
to riB = 4, this being close to the experimental 
value of 3-6. 

According to Jones [22] the electronic 
energy is then low because the free electron 
Fermi sphere just touches the first Brillouin 
zone in the [llOj directions. We may there¬ 
fore expect that this [HO] reflection is par¬ 
ticularly strong. In the real lattice nearly 
standing electron waves occur between the 
successive (110) planes, with maxima at the 
atomic planes. The periodic potential will be 
different for up and down conduction electron 
spins due to the s-d exchange with the Mn 
ions. If this exchange interaction is positive, 
the up spins (parallel to the magnetization) 
have a larger energy gap than the down spins, 
and therefore would have larger charge density 
at the (110) atomic planes. These planes con¬ 
tain also all the Cu and Al ions, and there¬ 
fore the hyperfine fields should be positive. 
For Cu the opposite has been observed. 

There is, however, experimental evidence 
that the s-d exchange is negative. It has been 
found by Shull [24] that in iron the i-polariza- 
tion is negative. Moreover the minima in the 
resistance of many dilute alloys like Cu; Mn 
could be explained quite conclusively by 
Kondo(25] if 7 is negative. The occurance of 
these resistance minima is quite general, so 
usually J seems to be negative. If we assume 
that this is also the case in the Heusler alloy, 
then the negative sign of the hyperfine follows. 
As to its magnitude, it can be noted that for a 
certain J the amount of conduction electron 
polarization is proportional to the density of 
states at the Fermi surface. Because of the 
Hume-Rothery condition this may be ex¬ 
pected to be relatively high in Cu-^MnAl, and 
certainly much higher than in the transition 
metals with 0-6 conduction electrons/afom. 
This difference may compensate for the effect 
of the smaller magnetization. 

Calori and Blandin[26) calculated the 
hyperfine fields in the Heusler alloy by con¬ 
sidering all 7 electron^ of the Mn atoms as 
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conduction electrons, and used the Friedel 
sum rule for non-bound states for up and down 
spins separately to calculate their phase 
shifts. In this way the electron to atom ratio 
is 3, and it is not clear that it is a Hume- 
Rothery alloy. 
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Abstract—The conduction electron spin susceptibility of metallic lithium has been measured using 
the spin resonance technique of Schumacher and Slichter. Measured values were 2-09 x 10* and 
2-18 X 10“* cgs volume units at 298“ and 4'2°K respectively; the diflference attributable to a change in 
the lattice parameter. The results are believed to be accurate within 5 per cent and are in agreement 
with previous experimental measurements and with recent calculations. 


INTRODUCTION 

In 1954 Schumacher and Slichter[1,2] meas¬ 
ured Xp'* the paramagnetic contribution 
of the conduction electrons to the total static 
susceptibility of metallic lithium and sodium. 
Subsequent remeasurements of this contrib¬ 
ution in sodium yielded results which differed 
by 18 per cent from the original measurements 
[3]; the difference attributable to a more care¬ 
ful analysis of the experimental data. An 
examination of the original data of Schum¬ 
acher and Slichter suggested that comparable 
errors might be present in their lithium results. 
In view of this, we have remeasured x/ for 
lithium at room temperature and have 
extended the measurements to4-2°K. 

EXPERIMENTAL PROCEDURE 
The experimental technique employed 
to determine Xp' >s to measure the area 
under a CESR absorption curve and to relate 
this directly to Xp^- The spectrometer is cali¬ 
brated by measuring the nuclear susceptibility 
(given accurately by the Langevin-Debye 
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formula) for the same sample, at the same 
frequency, changing only the value of the 
applied static field. The technique is de¬ 
scribed in detail elsewhere[2] with the 
exception that a Robinson low level spectro- 
meter[4] was used in some of these measure¬ 
ments in place of the Q-meter spectrometer 
described in reference [4], 

A problem in making these measurements 
is the fact that the electron resonance curves 
are Lorentzian in shape, so that a significant 
fraction of the total area is in the wings and 
very difficult to integrate experimentally. 
The difficulty is circumvented by truncating 
the experimental curves and, assuming the 
line shape is accurately known, correcting 
the measured areas to include that part lost 
in the truncation process. This correction 
procedure is described in detail in reference 
[3]. 

At both room temperature and 4-2°K, 
saturation of the nuclear resonance was a 
problem. Use of the low level spectrometer 
enables one to work at r.f. levels such that 
errors due to saturation should be less than 
I per cent. As a check, we have made 
measurements at higher levels. Since the 
relative area under the NMR absorption curve 
used for calibration may be expected to 
decrease as (1 +AV^). where v is the voltage 
across the sample coil, the measured Xj>' 
would increase as the square of K. Graphs 
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of Xp' vs. P were plotted and the curve extra¬ 
polated to K = 0 to obtain the correct value 
of X/(Figs- 1-2). 



Fig. I. A plot of the measured x/ as a function of I''-’ at 
298°K. The extrapolated value of x/ at F = 0 is the 
correct value. 



Fig. 2. A plot of the measured x/ as a function of at 
4-2°K. 

Samples of lithium obtained from Fisher 
Scientific Company and from United Mineral 
and Chemical Company were prepared in 
an inert atmosphere by ultrasonically dispers¬ 
ing the molten lithium in heavy paraffin oil. 
Traces of oleic acid were used as an anti¬ 
coagulant in order to obtain particle sizes 
of 2 jii dia. or less for those samples used at 
4 2°K. Any samples exhibiting line shape 
asymmetries were rejected as containing 
particles large compared with the effective 
skin depth. 


RESULTS 

Five samples were used to determine Xp 
at room temperature. For most of the 
measurements, the r.f. voltage across the 
sample coil was kept below the value cal¬ 
culated to give 1 per cent saturation of the 
nuclear resonance. 

The electron resonance curves, described 
accurately by the solutions of the modified 
Bloch equations, were truncated in such a 
way that the corrections ranged from 8 to 
25 per cent of the total area. The relaxation 
times for these samples ranged from 3 -1 x 10~* 
to 6-9 X 10“" sec. 

Modulation amplitudes were chosen to 
include what was believed to be more than 
99 per cent of the area under the nuclear 
resonance curves. Some question arises at 
this point since, at room temperature, the 
nuclear resonance line is motionally narrowed 
but is not strictly a Lorentzian curve. Since 
the line shape is not accurately known, the 
correction procedure used for the electron 
curves cannot be applied. Errors resulting 
from an incomplete integration of the nuclear 
resonance curves might be as high as 5 per 
cent if the curves were Lorentzian, but are 
probably more like 2 per cent. The average 
value of for these samples in 2-09 x 10-“ 
cgs volume units. 

Measurements were made on two samples 
at 4-2°K. Here there is no problem with 
the area under the nuclear resonance 
curves as the curves cut off sharply in the 
tails. The electron resonance curves are 
still modified Lorentzian as long as the 
particles are small compared with the effective 
skin depth. The average result of several 
measurements was 2-18xl0-“cgs volume 
units with our confidence in both these and the 
room temperature results about 5 per cent. 
The uncertainty arises chiefly from systematic 
errors. 

Saturation curves in which Xp’’ is plotted 
as a function of F® are shown in Figs 1-2. 
The values of Xp^ obtained by extrapolation, 
2-18X10-* at 4-2°K and 2-12x10-“ at 



CONDUCTION ELECTRON SPIN SUSCEPTIBILITY 


667 


298°K, are in excellent agreement with the 
measurements made at low values of V at 
both temperatures. 

DISCUSSION 

When corrected for volume changes of 
the sample, the results at 4-2°K would 
yield a value of 2-12 x 10"*cgs volume units 
at room temperature. This agrees with 
measurements made at that temperature 
within experimental accuracy, thus verifying 
the expected temperature independence of 
Xp* (when expressed in mass units) for 
temperatures small compared with the Fermi 
temperature. 

Our room temperature measurements 
are in agreement with the original measure¬ 
ments of Schumacher and Slichter. It is felt 
that if errors did exist in their measurements 
of the area under the CESR curves, as was 
the case with sodium, compensating errors 
were probably made in the NMR curves. 
Similar compensation would not have been 
present in the sodium mea'surements. 

These results are about 10 per cent higher 
than those reported by HechtJ5]. Both 
Hecht’s results and those of this research 
are reported with an estimated uncertainty 
of about 5 per cent. 


Recently calculations of Xp* by Shimizu [6], 
Silverstein [7] and Rice[8] give 212X10“*, 
2-08x10“® and 2-28xl0“*cgs vol units 
respectively in good agreement with 
our measurements. One can make indirect 
comparisons with other experimental quan¬ 
tities through measurements of the Knight 
shift and Overhauser shift and through the 
Korringa relations. In all of these, the agree¬ 
ment with experiment is satisfactory. A 
discussion of these comparisons is presented 
in reference [5]. 
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Abstract—A number of natural semiconducting diamonds were subjected to thermal annealings in the 
temperature range 50O-2S00°C. The following parameters were determined as a function of annealing:- 
the resistivity (p), the Hall mobility (fi„) and the concentrations of acceptor levels (Ng), donor levels 
(Na) and charge carriers (p). Their annealing behaviour was as follows:- N„ and remained un¬ 
changed, Na and p decreased and p increased. A correlation was observed between changes in N^, 
p and p. 

The annealing data were analysed by plotting their so-called characteristic activation energy 
spectra. The range of activation energies over which changes could be produced varied from small 
values to about 9eV. The shapes of the spectra revealed a number of distinct annealing processes. 
The annealing was found to be strongly specimen-dependent. 


INTRODUCTION 

Diamonds have been classed into types 1 
and II on the basis of their u. v. and i.r. absorp¬ 
tion! 1,2]. Type I diamonds have been sub¬ 
divided into la and Ib[3]. Similarly, type II 
specimens have been sub-grouped into I la 
(insulators) and lib (semiconductors)[4,5]. 
The present work deals exclusively with lib 
diamonds. 

The Hall coefficient and the resistivity of a 
number of lib specimens have been measured 
as a function of temperature [6]. All the 
specimens exhibited p-type conduction. The 
following parameters were determined: the 
effective mass of the charge carriers, the 
concentrations of donor and acceptor centres, 
the activation energy of the acceptors and the 
temperature dependence of the Hall mobility. 
A correlation was observed between the 
strength of an i.r. absorption peak at 0-346 eV 
and the concentration of unoccupied acceptor 
levels. 

Little is known about the nature of the 
acceptor and the donor centres in llb dia¬ 
mond. These may be due to trivalent and 
pentavalent impurities respectively. The 
present paper is an investigation into the 


nature of these centres as is revealed by their 
annealing behaviour. 


EXPERIMENTAL PROCEDURE 

The measurements made were those of the 
resistivity, the Hall coefficient and the 
strength of the 0-346 eV peak in the i.r. All 
measurements were carried out at tempera¬ 
tures close to ambient on lib specimens in the 
form of rectangular blocks of approximate 
dimensions 3x2x2 mm. In electrical meas¬ 
urements, contacts were made by coating the 
appropriate specimen surfaces with electric¬ 
ally conducting silver paint. 

The resistivity was measured by means of a 
specially developed pulse technique [7] 
whereby the contact resistance between the 
specimen and the measuring circuit was 
gradually reduced to zero by the application 
of progressively higher pulsed voltages across 
the specimen. 

The Hall coefficient was measured by means 
of a conventional d.c. Hall effect apparatus 
with a potentiometric measuring circuit and a 
magnetic flux density of approximately 0-4 
wB/m*. As voltages were measured by a null 
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method, the only effect of the specimen con¬ 
tact resistances was that of decreasing the 
sensitivity. The usual geometrical correction 
factor [ 8 ] was introduced to compensate for 
the distortion of the equipotential planes near 
the ends of the specimen on application of the 
magnetic field. 

I.r. absorption measurements were carried 
out by means of a Unicam SP200 spectro¬ 
photometer. To minimise the effect of in¬ 
homogeneity, the beam was always passed 
through the same portion of a given specimen. 
Long-term drift in the machine was com¬ 
pensated for by recording the spectrum of a 
reference diamond within minutes of that of a 
given specimen. Spectra were then analysed 
by comparing them to that of the reference 
specimen. 

Thermal annealings in the range 500-1200“C 
were carried out in a tubular electric furnace. 
To prevent etching, the specimens were 
heated in an argon atmosphere. Annealings at 
temperatures above 1200°C were carried out 
under high pressure 80,000 atm) to avoid 
graphitisation. 

THE CHARACTERISTIC ACTIVATION ENERGY 

It will be seen later that the annealing con¬ 
sists of a number of distinct processes. The 
theory of processes distributed over a spec¬ 
trum of activation energies has been developed 
by Primak 19]. 1 1 is assumed that 

— dqldt = ()>q” (1) 

where q is the concentration of reactants 
during a variety of possible processes, t is the 
time, 4> the specific reaction rate and n the 
order of reaction. If/is the change of property 
produced by the occurrence of a process and u 
is a property used as a measure of the concen¬ 
tration of processes which can still take place, 
equation ( 1 ) becomes 

-dM/dt = d»/(«//)". ( 2 ) 


The parameter d> is given by 

^=A exp {-e/CkT)} (3) 

where A is the frequency factor, e the activa¬ 
tion energy, k Boltzmann’s constant and T the 
temperature. The characteristic activation 
energy (c.a.e.) cu is obtained from 

e„ = kT\nm (4) 

where B is defined by 

B^Aifluo)'-’' (5) 

where mo is the value of u at t = 0. It can be 
shown that [9] 

u'uie) = Af//(€„2-e,„) (6) 

where e,,i, eoa are the values of corresponding 
to (/,, 7,) and (/j, Ti), Unie) is the mean of ««(€> 
in the interval (co,, 602 ) and A f/ is the change in 
the property used as a measure of the anneal¬ 
ing. Thus an approximate c.a.e. spectrum can 
be obtained in the form of a histogram by 
plotting At//(€o 2 —e„,) as a function of (i) 
(€,(. +e„i), where €,„ and are found from 
equation (4) if B is known. 

The physical significance of the c.a.e. is that 
the effects of t and 7 are described by a single 
parameter e« and processes with c = €„ make 
the maximum contribution to the annealing. 


THE FREQUENCY FACTOR 
It is seen that the c.a.e. spectrum can be 
plotted only if B is known. For this parameter 
to be calculated from equation (5), the fre¬ 
quency factor A must first be determined. As 
the annealing of point defects is governed by 
their diffusion through the lattice, A will be 
calculated for a number of diffusion processes. 

An expression for the diffusion frequency 
factor is obtained by considering a particle in a 
potential energy field with two identical 
minima separated by an energy barrier [ 10 ]. 
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The rate F j at which a particle travels over the and, combining equations (10), (11) and (12) it 
barrier is given by is seen that 

r. = i^exp{-AG/()tD} ( 7 ) A^^DJa^ ( 13 ) 


where p is the frequency of vibration at a 
minimum and AG is the free energy necessary 
to overcome the barrier. The temperature 
dependence of the diffusion coefficient D may 
be written as 

e=-kd(.\nD)ld(\lT) (8) 

from which it can be shown that the activation 
energy e may be identified with the increment 
in enthalpy AH- It then follows from equation 
(7)that 

r, “i^expfA^Mlexp {-e/(/:7’)} (9) 

where A5 is the increase in entropy. By com¬ 

paring equations (3) and (9) it is seen that 

A = exp (A5//c). (10) 

A number of diffusion mechanisms have been 
considered to obtain a numerical estimate of 
A. These were as follows [10]: (a) Foreign 
solute atoms in interstitial positions: a solute 
atom is assumed to jump from one interstitial 
site into a neighbouring interstitial site, (b) 
Self-diffusion: three mechanisms were con¬ 
sidered; the interchange of nearest neigh¬ 
bours, the rotation of rings of atoms and the 
migration of lattice vacancies, (c) Foreign 
solute atoms in substitutional positions: the 
solute atom is assumed to interchange with 
an adjacent vacancy. For all these mechan¬ 
isms, the diffusion coefficient may be shown 
to be 

£) = aVexp(A5M)exp {—e/fAT)} (11) 

where a is of the order of the inter-atomic 
spacing. 

The temperature dependence of D is 

D(T) = Docxp {-d(kT)} (12) 


Excluding anomalously high results, most 
experimental values of D,, in a variety of 
materials have been found to lie in the range 
10‘'-10“®cm^/sec[ll]. In the absence of data 
for diamond, it is assumed that Do = 10“^ cm*/ 
sec. Thus, setting a = 1-5 A, 

= 4x 10'*sec.-' (14) 

The frequency factor can also be calculated 
from equation (10). Since the Debye fre¬ 
quency vi, is the characteristic maximum 
vibrational frequency, it is assumed that 
p — t'i)/2, so that 

p=^kTiJ[2h) (15) 

where ft and To are Planck’s constant and the 
Debye temperature. Diffusion experiments in 
various materials yield exp ^^S|k)=‘ 10[11]. 
Using this value and setting T,, = ISSO^KlH], 
it is seen that 

(/exp(A5/)() = 2X lO’Sec-' (16) 

in reasonable agreement with equation (14). 
Taking the mean of the two results, A - 
10'^ sec"’. 

As will be seen later, n = 1, thus from equa¬ 
tion (5), 5 = 10’'' sec*’. It can be seen from 
equation (4) that if the estimate of B is in error 
by as much as a factor of 10*, the correspond¬ 
ing error in Co is only 20 per cent, 

parameter calculations 
The i.r. spectra were recorded as trans¬ 
mission as a function of the wave-number. The 
fractional transmission -q was calculated and 
the absorption fXT was obtained from 

^ = {(1 - r)* exp (- /it) }/ {1 - r* exp (- 2 /it) } 
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where /i is the absorption coefficient, t is the 
specimen thickness and r is defined by 

r= {(y-!)/(>+1)}^ (18) 

where y is the refractive index. Since y does 
not vary much with the wave-number in the 
region under investigation, it was assumed to 
be 2-390 throughout [13]. 

Graphs were plotted of the absorption as a 
function of the energy of the incident light, 
and the area a of the 0-346 eV band was 
measured after subtracting the background 
absorption. The uncompensated acceptor 
level concentration was determined from [6] 

{\0^‘^l\-6)(alr) (19) 

where N„ and are the acceptor and the 
donor level concentrations in m"^ and the 
units of ah are eV/m. 

The constant 1 -6 is the mean of five experi¬ 
mental values ranging from 1-3 to 2-1. Owing 
to this scatter, equation (19) is somewhat 
inaccurate. However, the present work is 
concerned more with parameter changes than 
with absolute values. 

The charge carrier (hole) concentration p 
was determined from the Hall coefficient R 
by means of 

/?= {377/(80} (1/p) (20) 

where e is the electronic charge. The donor 
level concentration was found from [6] 

P(P + Nd)KN„-N^-p) 

= {2TrmkTlhh^'H\p{-el{kT)} ( 21 ) 

where k, h, T, m and « are Boltzmann’s 
constant, Planck’s constant, the temperature, 
the effective mass of the holes and the activa¬ 
tion energy for conduction. In the above equa¬ 
tion, m and e were set equal to 0-4 X the 
electronic mass and 0-35 eV respectively. This 
value of m is the best fit for a number of 
specimens[14]. Its uncertainty is± 50 per cent. 


However, the same considerations apply as to 
the uncertainty in equation (19). The value 
€ = 0-35 eV is the mean of six results ranging 
between 0-34 and 0-36eV[14]. (/Va —jV^) and 
P were known from equations (19) and (20), 
so that Nd could be calculated. This result was 
substituted into equation (19) to yield the 
value of Na- 

The Hall mobility p.,, was found from 

p, = Rlp (22) 

where p is the resistivity. 

Due to the strong temperature dependence 
of the resistivity and of the Hall coefficient, it 
was necessary to reduce the experimental 
values of p and /? to a common temperature. 
This was done by means of 

p(T,)lp{T,) = exp{ielk)0lT, - 1/T,)} (23) 
R{T,)IR{T,) 

= (T,/T,)»«exp {(€/k)(l/n,- 1/r,)}. (24) 

EXPERIMENTAL RESULTS 

Measurements were made on nine speci¬ 
mens. For the sake of brevity, the annealing 
of only two specimens will be reported, the 
other behaving in a similar manner. 

Specimen D(vii) was subjected to a series of 
isochronal heatings. These consisted in 
heating for 10 min at each of a number of 
temperatures between 500 and 2500°C. The 
results are shown in Fig. 1. It is seen that the 
annealing was distributed over a wide range of 
temperatures. Furthermore, some tempera¬ 
tures contributed far more than others to the 
annealing process. This probably indicates the 
presence of a number of distinct reactions. 
The slight increase in N„ (Fig. 1(d)) is well 
within experimental error and therefore 
probably not significant. 

A study of the 500-1100°C region was 
carried out by annealing the resistivity of 
D(viii). The results are shown in Fig. 2(a), 
where the dotted line is used to smooth over 
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experimental error. A comparison with Fig. 
1(c) clearly brings out the specimen depen¬ 
dence. Thus Fig. 1(c) shows that heating at 



Fig. I. Annealing of D(vii): Aa,/?, Af„ andas a func¬ 
tion of the annealing temperature T. 


500°C for 10 min is enough to bring about a 
reduction in p. On the other hand it is seen 
from Fig. 2(a) that no change is produced by 
heating at 506°C for 5dir and at bOO'C for 1 hr. 


The parameters ph and No were determined 
for D(viii) before treatment and also after the 
last heating. Both were found to remain con¬ 
stant. Assuming the constancy of p„ and 
N„, p and N^ were calculated at each step of 
annealing. The results are shown in Figs. 2(b) 
and 2(c). It is seen that no further annealing 
took place after the first hour’s heating. This is 
additional evidence for a number of distinct 
reactions. 



I tHJNUTES) 

Fig. 2. Annealing of D(viii): p. p and a$ a function of 
the cumulative time of annealing i. The annealing tem¬ 
peratures: up to /I; 506°C. A \o B: 600°C. B to C: 694°C. 
CtoD: SM'-C.DloE: lOie^C, £ to f: I06I°C. 

The order of reaction n was determined for 
the annealing of the resistivity of D(viii) at 
1179°C by carrying out heatings for succes¬ 
sive time intervals of 5, 10, 20,40 and 80 min. 
It is seen from equation (1) that 

— dp/df = d)(p—pj" (25) 

where p» is the terminal value of p at a given 
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temperature. The order is then simply ob¬ 
tained from 

(dpldt)J(dpldt),.i 

= [{p(li)-p.}/{p(^2)-p«}]'' (26) 

where n is the only unknown. The best fit to 
the results yielded « = 0-8 ±0-2. 

A typical set of c.a.e. spectra are shown for 
specimen D(viii) in Fig. 3. The origin is set at 
e« = 0. F or con venience, the ordinates are 
plotted as 1 m„(€)| instead of u„(c) as in equation 
(6), but this does not alter the shapes of the 
histograms. The spectra clearly show the 
presence of distinct reactions. They also 
exhibit a strong correlation between p, p and 
Art, which is to be expected in view of the 
functional relation between these quantities 
(See Discussion). 



Fig. 3. Activation energy spectra of D(viii): the annealing 
of p, p and Ni is shown as a function of co. 


Measurements on the other seven speci¬ 
mens confirmed the following points: the 
annealing was specimen-dependent, it was 
distributed over a large range of temperatures 
some of which contributed more than others 
to the annealing process, no further change 
took place after the first hour’s heating at any 
temperature, pp and remained constant. 

DISCUSSION 

The observation that the acceptor level 
concentration remained constant suggests 
that the acceptor centres are firmly bonded in 
the lattice. This is consistent with the hypo¬ 
thesis that the acceptor levels are due to 
foreign trivalent atoms, such as aluminium or 
boron, in substitutional positions. Neutron 
activation analysis [15] gives some indication 
that aluminium might in fact be the impurity 
responsible for the acceptor centres. 

The donor level concentration decreased on 
heating. Thus, the annealing of the donor 
centres is energetically easier than that of the 
acceptor centres. 

The activation energies over which changes 
could be produced for temperatures up to 
2500°C ranged from small values to about 
9 eV. The energy for the diffusion of vacan¬ 
cies in diamond has been calculated to be ap¬ 
proximately 6eV[16]. Thus this diffusion 
mechanism may be responsible for some of the 
annealing processes observed in the present 
work. 

The activation energies were distributed 
over a wide spectrum. This could be due to a 
variation of the following parameters over 
different portions of a given specimen; (i) 
the position of the migrating defects with 
respect to some crystal imperfection at which 
they may be anchored, (ii) the size of the 
clusters resulting from the conglomeration of 
like defects, (iii) the type and concentration of 
foreign elements. Moreover, the ratio of the 
reaction rate of any process to that of another 
would be expected to depend on the annealing 
temperature. 





m 


THERMAL ANNEALING OF NATURAL SEMICONDUCTING DIAMOND 


The calculation of the c.a.e. is subject to a 
number of defects; the order of reaction was 
determined for only one specimen, at only one 
temperature and for only one process (the 
annealing of the resistivity). These factors 
may affect the value of B. The values of / 
inserted into equation (4) may be in error due 
to the duration of heating being possibly 
greater than the time required for the anneal¬ 
ing to come to completion at that temperature. 
However, due the logarithmic dependence of 
€o on Bt, these inaccuracies are not likely to 
introduce a serious error. 

An investigation into the annealing of the 
optical absorption produced in 11a diamond by 
2 MeV electron irradiation[17] resulted in 
activation energies of the same order as those 
reported here. 

The specimen dependence of the annealing 
is genuine, since the observed differences are 
too large to be accounted for by experimental 
error. This dependence is probably due to 
differences between specimens. Differences 
have been observed in semiconducting dia¬ 
mond between various portions of the same 
specimen [6, 18]. It should therefore not be 
unexpected to find variations in the nature and 
concentration of defects between different 
specimens. 

The Hall mobility was found to remain 
constant. If annealing produces the removal 
of structural defects, the scattering produced 
by these defects would be expected to 
decrease, thus resulting in an increase in the 
mobility. Thus, if impurity scattering remains 
unchanged, the overall mobility, assumed to 
depend on the scattering produced by the 
perfect lattice, impurities and structural 
defects, would be expected to increase. It is 
possible that a slight increase did take place 
but that it was too small to be detected. 

The dependence of the resistivity on the 
charge carrier concentration and the drift 
mobility fip is given by 

l/p=pe/io (27) 

where pc = constanti( pw Thus, if this con¬ 


stant does not change with annealing, it follows 
that the drift mobility does not vary, so that 
the observed decrease in the resistivity may be 
attributed completely to an increase in the 
carrier concentration. The correlation be¬ 
tween Na, p and p is readily explained by the 
accepted model of lib diamond[6]. The for¬ 
bidden gap contains N„ acceptor levels and a 
smaller number of donor levels above the 
acceptors. Positive hole conduction occurs 
through the excitation of electrons from the 
valence band into the (N„ —N^) unoccupied 
acceptor levels. Thus, as decreases, there 
is an increase in (fV„ —A^), (N„ was found 
constant), leading to an increase in p and thus 
to a decrease in p (at constant pn) indicated 
by equation (27). 
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Abstract—The self-diffusion coefficient of calcium in single crystals of calcium oxide has been 
measured in the temperature range. I465-I760°C, using vapordeposited thin film of radioactive Ca“0 
and boundary conditions for diffusion from a plane source into a semi-infinite medium. The temperature 
dependence of the diffusivity can be expressed as; 

D = (11-25 ± 2-2) X 10 *exp [- (64,300± 1400)//?71. 

In this temperature range, diffusion appears to be intrinsic. The activation energy of 64-3 kcal/mole 
is suggested to be the sum of energy of cation vacancy migration and one half the energy of cation 
vacancy formation by Schottky disorder. After a reanalysis of the raw data from a previous investi- 
gation[2] of cation self-diffusion in calcium oxide single crystals in the temperature range 1000- 
I400°C, an activation energy of 28-2 kcal/mole is obtained for cation vacancy migration. From the 
experimental results.the energy of Schottky defect formation in calcium oxide is calculated to be 
3 08 eV, a value in satisfactory agreement with the theoretical estimate of Yamashita and Kurosawa. 


1. INTRODUCTION 

Calcium oxide is used in the electronics 
industry as a thermionic emitter and in the 
refractories industry as an additive for super¬ 
refractory oxides such as stabilized zirconia. 
Because of its high melting temperature it is 
likely to find more industrial applications with 
the advancement of high temperature tech¬ 
nology. A knowledge of diffusion parameters 
is not only important in controlling the solid 
state reactions that inevitably occur in high 
temperature applications but it is also often 
required for obtaining a better insight into 
the defect structure of a solid. 

Previous studies on diffusion in CaO and 
other alkaline earth oxides present an incon¬ 
sistent picture. The data on electrical con¬ 
ductivity do not help to clarify the picture 
because part of the current is carried by elec¬ 
trons and holes and thus the Nemst-Einstein 
equation relating electrical conductivity to 
diffusion is not appliq|l7le in a simple way. 


Previous work on cation self-diffusion in 
calcium oxide has used sintered compacts 
as well as single crystals. Lindner[l] studied 
diffusion in sintered compacts in the temper¬ 
ature range 900-1600‘’C, with no data points 
at temperatures between 1400° and 1600°C. 
Of the three different methods tried by 
Lindner, only the contact method gave re¬ 
producible results wherein a diffusion couple 
consisting of normal and radioactive pellets 
of sintered CaO was used. Lindner’s results 
can be expressed as: 

D = 0-4exp(-81,000/f?7') cmVsec. 

Gupta and Weirick[2] studied cation 
self-diffusion in CaO single crystals in the 
temperature range 1000-1400°C. A section¬ 
ing and residual activity technique with 
boundary conditions for diffusion from a plane 
source into a semi-infinite medium was used. 
Two regions of diffusion were observed: 
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(i) near the surface (0-20/i) where 

D= (8 75 ±1-32) X 10-" 

exp ((- 34,600 ± 950)//? n 

and (ii) deep in the crystal (beyond 20//,) where 

D = (I -95±0-6) X 10-7 

exp [ (-34,020 ± 1800)//?7’J. 

Over the temperature range lOOCl-^OO^C. 
the near-surface diffusion was identified as 
being extrinsic, resulting from the effects due 
to impurities and possibly the diffusion anneal 
environment. A superposition on the extrinsic 
diffusion of the mass transport along the high- 
diffusivily paths like dislocations was post¬ 
ulated for regions deep inside the crystal. 

Gupta and Weirick also measured the 
electrical conductivity of the crystals in the 
same temperature range. The activation 
energy for conduction from these experiments 
is between 38 and 42 kcal/mole. The results 
also showed that CaO is about 2 per cent ionic 
in this temperature range. In contrast to this, 
measurements by Palguev and Neuimin[3] on 
cells with gaseous electrodes and solid sin¬ 
tered CaO show it to be 50-60 per cent ionic 
at 1300°C. An activation energy of 84 kcal/ 
mole for electrical conduction is obtained 
from another study by Shakhtin, Levintovich, 
Pivovar and Eli.sera[4] on .sintered CaO in 
the temperature range 1300-2000°C. 

Work on other alkaline earth oxides is also 
not enough to serve as a guideline. Redington 
[5] from measurements of cation self-diffusion 
in BaO single crystals, observed two temper¬ 
ature regions, one of high and the other of low 
activation energy with two diffusion con¬ 
stants; (i) near the surface and (ii) in the bulk 
in each temperature range. The activation 
energy for diffusion of Ba in BaO was ob¬ 
served to vary from 7 to 11 -5 kcal/mole in the 
lower temperature region 277-1077°C and 
from 250 to 280 kcal/mole in the higher 
temperature region 1077-1277°C. Extra¬ 


polation of Redington’s data to the melting 
point of BaO yields a value of Dbd = I O'* cmV 
sec. Such high diffusivities are impossible in 
the solid state. Reported values of activation 
energy for cation self-diffusion in MgO rang^ 
from 50 to 78 kcal/mole[6,7], 

Unfortunately, there is no reported work on 
diffusion in SrO. It is evident that an under¬ 
standing of the nature of mass and charge 
transport in alkaline earth oxides will require 
several investigations of these oxides, 
particularly using single crystals. 

2. EXPERIMENTAL 

Calcium oxide crystals cleaved along (100) 
planes were received from Muscle-Shoals 
Electrochemical Corporation. Tuscumbia. 
Alabama. Spectrographic analysis* of the 
crystals showed that the only impurities 
detected were Mg (0 02 per cent). Sr (0 02 per 
cent) and Ba (0 001 per cent). The optically 
clear crystals from the lot were cut parallel 
to (100) planes on a precision diamond cutter 
into approximately cubic specimens; each 
edge of the cube was 5-6 mm. One face of the 
crystal was polished flat using 1 diamond 
du.st. The crystal was washed in dilute HCI 
to get a clean face for deposition of radioactive 
Ca-**. 

Ca"^ received as CaCI.^ in HCI solution was 
converted chemically to oxalate using ammon¬ 
ium oxalate which, after heating to 900°C, 
decomposed to Ca^^'O. The polished and 
cleaned face of the crystal was plated with a 
thin film of Ca^^O using the vapor deposition 
technique. The crystal was held 2 in. above a 
tungsten wire basket containing the radio¬ 
active powder and heated to about 1600“C. 
Evaporation was done under a pressure of 
IQ-* mm of Hg. After the deposition, the 
unpolished faces of the crystal were ground 
to remove any deposited activity. The uni¬ 
formity of the thin film was checked by placing 


‘Spectrographic analysis was performed by the 
American Spectrographic Laboratories, San Francisco, 
California. 
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the sample with the radioactive face on a 
no-screen X-ray film for five minutes. Under 
the conditions used, the film thickness was 
about 1500-2000 A. 

A molybdenum furnace was used for diffu¬ 
sion anneals from 1450-1600°C. For still 
higher temperature anneals, a graphite tube 
furnace was used. All diffusion anneal experi¬ 
ments were carried out in dry argon atmos¬ 
phere. Temperatures above ISOOX were 
measured with a (Pt-20%Rh)-(Pt-40%Rh) 
thermocouple, while for temperatures below 
1500°C, a Pt-(Pt-IO%Rh) thermocouple 
was used. A temperature variation of ± 1° in 
the molybdenum furnace and ±3° in the 
graphite tube furnace was observed at the 
control temperature. 

The furnace tubes used for diffusion runs 
in both the furnaces were 99-9 per cent 
alumina. Since calcium oxide forms a liquid 
phase with alumina around 1400°C, CaO 
samples were wrapped in platinum foil and 
then inserted in the furnace tube in an alumina 
boat. However, it was found that platinum 
reacts with calcium oxide and cannot be 
used beyond 1500°C. For higher temperature 
diffusion annealing the crystals, covered with 
thin MgO crystal wafers on all sides, were 
placed in MgO boats. Two specimens with 
their radioactive faces in contact were used 
for each anneal. This procedure was followed 
to prevent any observable loss of radioactivity 
by evaporation. At the end of a run, the speci¬ 
mens were pulled to a zone of about 1000°C 
and allowed to stay there for a few minutes 
before being removed from the furnace. Two 
to three diffusion experiments were made at 
each temperature. 

Prior to determination of the diffusion 
profiles the faces perpendicular to the radio¬ 
active face were ground very slightly to re¬ 
move any radioactivity due to surface migra¬ 
tion of Ca'*® along the sample faces. Pene¬ 
tration profiles were determined by removing 
thin sections parallel to the original face and 
determining the residual radioactivity in the 
specimen after eacln*section was removed. 


Removal of thin sections was accomplished 
with the help of a precision lapping device 
similar to that used by DeBruin and Watson 
[8]. To ensure sectioning parallel to the 
original face, the specimen was mounted in 
the device by letting molten Wood’s metal 
freeze around it while it was held in the desired 
position with the help of a bridge as shown in 
Fig. 1. Several undiffused samples were 
sectioned to check the alignment of the sample 
parallel to the hone. The surface activity of 
the undiffused samples dropped to zero within 
a distance of less than I-25/i. By adjusting 
the micrometer, sections as thin as 1 -25 fi 
could be ground off as the device holding the 
specimen and supported on optically flat 
railings on either side was moved with a rotary 
and back-and-forth motion over a diamond 
hone. 

By rotation, the micrometer can be 
brought to a position where the specimen 
surface just comes in contact with the hone 
as the device slides on the railings. Taking 
this as the zero position. 5 n sections were 
removed. Following removal of successive 

Spscimen Mounting 



0 SfWlmm 
E Br«t PiM* 

Fig. I. Device for specimen mounting. 
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sections the total residual activity of the 
sample was determined by use of a beta 
well-counter. The statistical counting error 
was kept within I per cent. Prior to any 
sectioning an initial count was taken to cal¬ 
culate the fractional remaining activity after 
subsequent sections. 

3. DATA COMPUTATION AND RESULTS 
Pick’s equation for unidimensional diffusion 
with constant diffusivity is 


where /x is the linear absorption coefficient 
for ;3-radiation of Ca^* in CaO. The reported 
value! 1] of /tt for /S-radiations from Ca" in 
CaO is 430cm"‘. Using an analysis due to 
Gruzin[10] the integrated intensity 1 can be 
used to calculate diffusivities. According to 
Gruzin’s analysis, if 6 is infinitesimal, equation 
(2) can be written as: 

In (/ — 1 /m^) = —x^jADt + constant (3) 



dx" 


(I) 


The boundary conditions for undireclional 
diffusion from a thin film on the surface of a 
semi-infinite homogeneous medium are: 

(i) /(x, O) = Ox > 0,r = O 

and, 

X 

(ii) J /(x, rjdx =/„ forr » O, 

U 


To apply equation (3) directly 6 must be 
« 1 -5 to limit errors in the experimental 
values of D to less than 10 per cent. The 
section thickness (6 = 5 /x) was kept less than 
0-25 (Dty^ in all cases by choosing proper 
values of time, f. 

A digital computer was used to fit a 
smooth curve to the experimental points 
(/,x) and to calculate the term (l//x) (d//dx) 
for the respective X values. Figure 2 shows the 
smooth curves, / vs. x, as obtained from the 
computer analysis. Values of the diffusion 


assuming no loss of activity due to evapor¬ 
ation. A solution|9] of equation (I) for the 
specified boundary conditions is: 


/(X, /) = 


/n 

(7rD/)‘« 


exp (—x^/4Df) 


where t is the diffusion anneal time. 

However, experimentally it was very incon¬ 
venient to measure /(x) for a predetermined 
value of t. because of very small penetrations 
and the difficulty in collecting the sectioned 
material. The counts from the face of the crys¬ 
tal, after removal of a thickness 6, represent 
the activity left in the specimen after taking 
into account the absorption by the specimen 
itself. This integrated intensity coming from 
various depths of the crystal is represented by 
the integral 

X 

/ = J /(x) exp —^t(x — A) dx (2) 



Fig. 2. Fraction of original activity remaining vs. pene¬ 
tration distance. 


constant D was evaluated from the slope of 
the plot of in /* = ln [/—l/jLi(d//dx)] vs. x* 
shown in Fig. 3, since the slope m = —\Dt. 
Figure 4, a plot of log/) vs. l/T, shows the 
temperature dependence of diffusivity. A 
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Fig. 3. Logarithm of corrected fraction remaining vs. 
penetration distance squared. 


HO 1800 1800 1400 1200 1000 



least square fit of the data in Fig. 4 yields 
equation (4); 

D= (11-25±2-2) X 10-»exp[- (64,300± 

]m)IRT]^ (4) 


4. DISCUSSION 

Since diffusion in a solid is very closely 
related to the type and concentration of 
mobile point defects, correlations between 
diffusion and other physical properties depen¬ 
dent on the movement of these point defects 
can be used to elucidate diffusion mechanisms. 
In ionic compounds the nati’re and concen¬ 
tration of mobile defects, and hence the diffu¬ 
sion mechanisms, are considerably influenced 
by the requirement of electrical neutrality 
and by the presence of a strong coulombic 
interaction between the diffusing ion and the 
lattice. Furthermore, the charge transfer 
by the motion of ions involved in the diffusion 
process can be related to the electrical con¬ 
ductivity through the Nernst-Einstein equation 
which yields 

Di = 

where tr is the total conductivity at the tem¬ 
perature T, tf is the transference number for 
the species i of change Zte, and rit is the mobile 
ion or defect concentration. 

Studies of cation diffusion and con¬ 
ductivity in NaCl[ll] and AgBr[12] crystals 
show how useful the above equation is in 
understanding the ionic transport in these 
materials. For NaCl, complete agreement is 
observed between the conductivity and 
diffusivity data in the high temperature range 
where mobile defects are predominantly 
intrinsic. Lack of agreement in the low tem¬ 
perature range where mobile defects are 
dependent only on the impurity content 
reveals the formation of impurity-vacancy 
associates. Similarly, in considering diffusion 
of Ag in AgBr, a need for compatibility be¬ 
tween the conductivity and diffusivity data 
requires that diffusion must occur by a 
combination of vacancy and interstitial 
mechanisms. 

The reliance in diffusivities calculated from 
the conductivity comes from the fact that in 
both these cases the cations are known to 
carry all the current. For the case of oxides 
of the NaCl structure this is not always true. 
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Transition metai oxides, for example, are well 
known semiconductors. The alkaline-earth 
oxides also exhibit nonionic conduction, 
especially at elevated temperatures. However, 
for alkaline earth oxides the band gap (MgO = 
8-7eVll3]; CaO = 7'7 eV[14]; SrO = 5-7 eV 
[15]; BaO = 5-0 eV[16] for intrinsic elec¬ 
tronic conduction is so high that appreciable 
intrinsic conductivity in conduction and 
valence bands even at moderate or elevated 
temperatures is unlikely. The electronic trans¬ 
port may. however, occur through the inter¬ 
actions of localized electrons on impurity 
and/or defect sites. Whether such charge 
transfer transitions can contribute appreciably 
to conduction depends on the lifetime and 
mobilities of the resulting holes or electrons. 
Since in the alkaline earth oxides both impur¬ 
ities and thermal excitation can give rise to 
electronic carriers, it becomes ambiguous to 
interpret the activation energy for electrical 
conduction and relate it to ionic transport. 

Experimental dataofShakhtin, I evintovich, 
Pivovar and Elisera[4| on the conductivity 
of CaO sintered compacts yield an activation 
energy of 84 kcal/mole in the temperature 
range 13()0-2000°C. In contrast Gupta and 
Weirick’s[3] data on single crystals give a 
value between 38 and 42 kcal/mole in the 
range 9()fl-14()0°C. where, according to these 
authors, CaO is about 2 per cent ionic. Since 
ionic character is expected to be suppressed 
at higher temperatures[3J. it is uncertain as to 
what an activation energy of 84 kcal/mole 
really represents. Similarly, the data of 
Shakhtin et al.{A] on MgO sintered compacts 
yield a value of 91 kcal/mole in the temper¬ 
ature range 1300-21OOX. This is very high 
compared to MitofTslb] value of 50 kcal/mole 
for conduction in MgO single crystals, where¬ 
as the measured [7J activation energy for Mg 
diffusion in MgO single crystals has the 
intermediate value of 78-2 kcal/mole. 

Since for the case of calcium oxide a correl¬ 
ation between dilfusivity and electrical 
conductivity is at present partially uncertain, 
one has to invoke other considerations to 


decide between the two types of dominant 
defects (e.g. vacancies and interstitials) 
responsible for cation diffusion in CaO. 
Interstitial positions in the CaO lattice are the 
body centers of each of the smaller cubes in 
the CaO unit cell. A Ca*^ in an interstitial 
position is at the overlapping center of the 
Ca*^ and 0^“ tetrahedra. In this position the 
Ca-O distance is 2-08 A. Since the equilibrium 
Ca-O distance is 2-4 A, the interstitial would 
be in a very high energy state as compared to 
its normal position because of strong repul¬ 
sions from the four Ca ions as well as O’*” 
placed tctrahedrally about this position. More¬ 
over, the size of the interstitial hole calculated 
from the reported values of the lattice para- 
meters[17] 4-8105 A, of CaO and ionic radii 
[17] 0-99 A and 1-32 A, for the Ca“+ and O’*” 
ions, respectively, is I-85 A. Introduction of 
a Ca’*+ (ionic diameter = I-98 A) involves 
considerable distortion of the lattice and 
polarization of the ion. Consequently, the 
formation of Ca^^ interstitials in calcium 
oxide is unlikely. 

In a study of Ca diffusion in CaO single 
crystals. Gupta and Weirick[2] suggested a 
vacancy mechanism for the cation diffusion 
in the temperature range I000-1400°C. In 
this temperature range, diffusion was con¬ 
cluded to be extrinsic, involving only vacancy 
migration in the near surface region. In 
regions deep in the crystal, dislocation-pipe 
diffusion enhanced the extrinsic diffusion. 
In support of a vacancy mechanism for cation 
diffusion in CaO. two observations were 
made: 

(i) An activation energy of 34-6 kcal/mole 
for diffusion of Ca in CaO in the extrinsic 
region is comparable to the activation energy 
for cation diffusion in FeO (30 kcal/mole) 
and CoO (34-5 kcal/mole) at fixed partial 
pressure of oxygen in the cation deficient 
range; the cation deficiency being caused by 
the formation of cation vacancies. A vacancy 
mechanism is known to operate for cation 
diffusion in these semiconductor oxides of the 
same structure as CaO. 
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(ii) The activation energies for cation self- 
diffusion in various oxides of the NaCI 
structure, including CaO, are well represented 
by a straight line on a plot of log (activation 
energy) vs. r/a, where rand a are, respectively, 
the ionic radius and the ionic electronic- 
polarizability of the diffusing ion. Thus, the 
mechanism of cation diffusion in CaO should 
be the same as in other oxides (FeO, CoO, 
MgO, NiO) of the NaCl structure. 

In the absence of an unambiguous correl¬ 
ation between electrical conductivity and 
diffusivity for the case of CaO, the vacancy 
mechanism appears most likely to operate 
at higher temperatures, particularly in view 
of the observations made by Gupta and 
Weirick. Since calcium oxide is not a semi¬ 
conductor like the transition metal oxides, the 
cation vacancy-electron hole pairs should be 
very difficult to form unless acceptor im¬ 
purities of the right kind are present. The 
spectrographic analysis of the CaO crystals 
used for the present study does not show any 
other impurities except Mg (0-02 per cent), 
Sr (0 02 per cent), and Ba (O-OOl per cent), 
all of which belong to the alkaline earth group. 
Since no hetrovalent impurities are present, 
the cation vacancies must be produced by 
thermal excitation. Thus, a Schottky defect 
pair is most likely to form in CaO in order to 
satisfy the restriction of electrical neutrality. 
A calculation of the energy of Schottky defect, 
based on the combined results of the present 
study and that by Gupta and Weirick(2], 
yields a value which is in satisfactory agree¬ 
ment with the theoretical estimate as shown 
later. 

It is. however, interesting to compare the 
results of this study with those of Gupta and 
Weirick. To make the comparison more 
meaningful the raw data of Gupta and Weirick 
were reanalyzed using the same comput¬ 
ational procedures as used in the present 
work. This was important since identical 
experimental procedures were used and the 
actual sectioning was done with the same 
device in both case^ However, the curve¬ 


fitting and slope calculations were performed 
manually in the previous work [2]. The results 
of these computations, shown in Fig. 4 along 
with the results of the present study, can be 
represented by the equations 

(i) D= 10-"exp (-28,200/f?r) in the near¬ 
surface regions, 

and 

(ii) 0 = 3 08x10-" exp (-28,200//?r) in 
regions deep in the crystal. 

From Fig. 4 several differences can be 
noted between the two studies: 

(i) There is only one well defined diffusion 
constant in this study, in contrast to the two 
separate diffusion constants in the study by 
Gupta and Weirick; one near the surface 
(0-20/Lt) and the other deep in the crystal. 
According to these authors the diffusion 
behavior in the crystal interior is a result 
of the superposition on extrinsic diffusion 
of contributions from diffusion along dis¬ 
location pipes. An attempt to observe any 
real difference in the dislocation density in 
the two sets of crystals was unsuccessful, 
partly because a suitable etchant could not 
be developed to reveal well defined dis¬ 
location etch-pits. However, the fact that, 
for the same or longer annealing time but 
higher temperatures, the radioisotope pene¬ 
trated to smaller depths in the present study, 
suggests that the crystals used by Gupta and 
Weirick had a higher dislocation density. 
Also, since the crystals were received from 
two different sources, there may have been 
some differences in the inherent crystal 
defects. It is. therefore, reasonable to consider 
that the diffusion constants from this study 
correspond to the near-surface diffusion 
constants obtained in the study by Gupta 
and Weirick. 

(ii) The absolute values of the diffusivities 
are lower in the present study as compared to 
those obtained by Gupta and Weirick. Extra¬ 
polation of the results from the two studies to 
about 1450°C shows that diffusion constants 
obtained by Gupta and Weirick for the near¬ 
surface region are about three times as large 
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as the values obtained in the present study. 
Since similar procedures were used for radio¬ 
isotope deposition in the two studies, the 
observed difference cannot be due to the 
presence of a diffusion barrier at the initial 
surface in the present work. However, the 
crystals used by Gupta and Weirick contained 
0 001 per cent Al. Trivalent impurities like 
Al can produce cation vacancies in the al¬ 
kaline earth oxides, thereby enhancing the 
cation diffusion rates. A difference in the 
inherent crystal defects due to differences in 
the crystal growth procedures may also be 
partially responsible for the difference in the 
magnitude of diffusivity in the two studies. 

(iii) The activation energy for diffusion 
obtained in the present study is more than 
twice the value obtained by Gupta and 
Weirick, who proposed extrinsic diffusion 
in the temperature range of their study. The 
extrinsic nature was attributed by these 
authors to (i) the lower observed activation 
energy for diffusion and a lower temperature 
range (less than 0-6 where is the melting 
point of CaO), (ii) presence of trivalent 
impurities like Al, and (iii) the anneal environ¬ 
ment, Pcij = I0”®atm.. all of which tend to 
produce a concentration of cation vacancies 
that is predominantly extrinsic. Higher an¬ 
nealing temperatures, absence of hetrovalent 
impurities and the much higher activation 
energy suggest the diffusion to be intrinsic 
under the conditions of the present study. 

The energy of formation of the Schottky 
defect in CaO can now be calculated by com¬ 
bining the results of this study with the 
previous study by Gupta and Weirick. Since 
the energy for vacancy migration is l -22eV 
(28-2 kcal/mole), and the activation energy 
for intrinsic diffusion of Ca in CaO is 2-79 eV 
(64-3 kcal/mole), the energy for the formation 
of a Schottky defect pair is calculated to be 
3-08 eV, following the procedure in reference 
[12]. 

The calculated value of the energy for the 
formation of the Schottky defect pair is within 
the range of theoretical estimates of Yamashita 


and Kurosawa[18]. Using the interionic 
potentials in MgO, CaO and SrO these 
authors have calculated the energy for 
Schottky defect formation as 4-6, 3-5 and 
3-5 eV, respectively. The fact that the energy 
of Schottky pair formation in MgO is about 
1 eV greater than that for CaO appears to 
by supported by the work of Lindner and 
Parfitt on the self-diffusion of Mg in MgO 
single crystals in the temperature range, 
1400-1600°C. The activation energy for 
diffusion of Mg in MgO single crystals is 
found to be 3-41 eV and has been presumably 
suggested by these authors as the activation 
energy for intrinsic diffusion of Mg. Since 
the activation energy for cation vacancy 
migration in oxides of the NaCl structure is 
about l '3-l-5eV (30-35 kcal/mole)[19], an 
energy of about 41 eV (93 kcal/mole) is 
obtained for the formation of Schottky defect 
pairs in MgO. 

It is difficult to explain Lindner’s value of 
81 kcal/mole as the activation energy for 
cation self-diffusion in CaO. In the temper¬ 
ature range 900-1400'’C it is unlikely that 
lattice diffusion should predominate over 
the grain boundary diffusion in CaO sintered 
compacts of moderate purity and 5-9 per cent 
porosity. Lindner did not report the chemical 
analysis of his compacts. Since high purity 
oxides have become available only recently, 
it is likely that Lindner’s material contained 
hetrovalent impurities, especially the alkali 
oxides. It can be shown that both the activ¬ 
ation energy for cation diffusion and the 
preexponential factor increase in the presence 
of alkali cations[2]. The diffusion constants 
measured by Lindner, therefore, represent a 
superposition of impurity effects on a com¬ 
bination of lattice, grain boundary, and pore 
surface diffusion. 

The contact method may itself be respons¬ 
ible for a higher activation energy. There is 
a possibility of the existence of a diffusion 
barrier at the contact interface between the 
activated and normal compacts. Such a barrier 
would be quite effective at lower temper- 
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atures, thus lowering the diffusivities in this 
range and consequently increasing the activ¬ 
ation energy. The diffusivities obtained by 
Lindner are at least an order of magnitude 
greater than those from the present study. 
This is easily attributable to grain boundary 
and void diffusion in sintered compacts. 

5. CONCLUSIONS 

In the temperature range of 1465-1760“C, 
the temperature variation of self-diffusion of 
calcium in single crystal CaO is given by 
the equation: 

D= (ll-25±2 2) X 10-5 

exp [- (64,300± 1,400)//?7 ] cm^ sec-'. 

In this temperature range, cation diffusion 
appears to be intrinsic and occurs via a 
vacancy mechanism. Based on the present 
results between 1465-1760°C and a reanaly¬ 
sis of the raw data of Gupta and Weirick from 
I000-1400°c on diffusion of Ca in single 
crystal CaO, the calculated energies for the 
formation of the Schottky defect pairs and for 
cation vacancy migration are, respectively, 
3 08 and 1-22 eV. 
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Resumi —La canalisation des deutons dans le quartz a cte etudiee afin de s6parer les elTets des sous- 
rdseaux oxyg^ne el silicium. La diffusion diastique et la rdaction 0'‘(d, p)0'^* ont dtd observees a 
900 KeV. Line technique de halayage angulaire automatique a dte utilisee et un soin particulier a dtd 
accordd a la reduction de I'etfet du dommage causd au cristal par le faisceau. Le taux d'extinction 
apparente des sections efficaces cn fonction de Tangle de tir avec Taxc c et de la profondeur dans le 
cristal a did mesurd. et trouvd dgal. en surface, a 96.8% pour le silicium et 89% pour Toxygdne. Les 
largeurs a mi-hauteur correspondantes dtaient de 64' el 36'. Ces expdriences montrent tout Tintdret 
de Tobservation. en plus de la diffusion diastique. de rdactions nucldaires, ce qui est particulierement 
aise, avec des deutons. aux basses dnergics. II apparait que la prdsence de rangdes d'atomes de sili¬ 
cium a pour effet de rdtrdcir la courbe d'extinction et d'augmenter le rendement minimal relatifs aux 
rangdes d’oxygdne 

Abstract—The channeling of deutcrons in quartz was studied in order to separate the effects of the 
oxygen and silicon sub-lattices. The elastic scattering and the reaction 0'“(d.p)0”'* were observed 
at 900 KeV. An automatic angular scanning device was used and particular care was taken to reduce 
the effects on the crystal of the radiation damage induced by the beam. The extinction ratio of the 
yields was measured as a function of the beam angle with the c axis and of the depth in the crystal. 
It was found equal, near the surface, to 96-8 per cent for silicon and 89 per cent for oxygen. The 
corresponding widths at half minimum were 64' and 36'. These experiments show that, in addition 
to elastic scattering, nuclear reactions should also be observed; this is especially easy at low ener¬ 
gies with deuterons. It appears that the silicon strings tend to narrow the extinction curve and to 
increase the minimum yield associated with the oxygen strings. 


INTRODUCTION 

Si les etudes portant sur les phenomenes de 
canalisation dans les cristaux monoatomiques 
ont ete nombreuses au cours des dernieres 
annees, celles consacrees aux cristaux 
diatomiques restent rares. Brice, Sattler et 
Dearnaley[l, 2] ont examine GaAs, Palmer 
et d’Artemare[3] le quartz, mais leurs 
mesures n’ont pas permis de separer les effets 
dus aux deux elements constituants. L’objet 
du present travail etait de realiser une telle 
separation pour connaitre la fa 5 on dont se 
combinent les effets des deux sous reseaux. 
Le quartz, bombarde par des deutons, permet 
d’atteindre aisdment cet objectif. L'experience 
consiste a observer I’extinction apparente de 
la section efficace d’interaction nucleaire 

tTravail effectue dans le cadre de la Recherche Co¬ 
operative sur Programme .(jl“69-157 du Centre National 
de la Recherche Scientifique. 


pour des directions de tir voisines de I'axe de 
symetrie ternaire c du cristal. Dans le cas de 
la diffusion elastique, I'energie E, du deuton 
sortant a grand angle est proche de £, = Ea 
{M — lYliM +2Y (Ei'. energie des deutons in¬ 
cidents, M: masse du noyau) et I’effet du 
silicium est bien isole de celui de I’oxygene 
par la difference d’energie, qui est de 131 KeV 
pour Erf = 900 KeV. Un proton incident ou 
des noyaux cibles plus lourds fourniraient 
une difference bien moins grande. Lorsqu’on 
observe des reactions nucleaires, la separa¬ 
tion devient complete, celles-ci etant speci- 
fiques. Les deutons sont de ce point de vue 
tres efficaces, induisant aux basses energies 
de nombreuses reactions avec des sections 
efficaces et des valeurs Q 6levees. Nous 
avons utilise la reaction 0'^(d,p)0'''* selon 
les techniques deja decrites (microanalyse 
de I'oxygene par rdactions nucldaires [4, 5]). 
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Pour faciliter la presentation et la discus¬ 
sion des resultats, nous decrivons ici brieve- 
ment la structure cristalline du quartz; de 
nombreux details peuvent etre trouves sur 
ce sujet dans la reference [6]. A la tempera¬ 
ture ordinaire le quartz se prdsente dans la 
variate a qui appartient a la classe de symetrie 
P32 (t6tartoedrie enantiomorphe du systeme 
hexagonal). La maille a pour parametres; 
a = 4,903 A et c = 5,393 A et contient trois 
groupes SiO,i. On peut decrire simplement 
I’arrangement des atomes Si et O dans le 
quartz a en disant que des tetraedres Si 04 . 
enchaines les uns aux autres par mise en 
commun des atomes d’oxygene forment 
des helices de pas c, axees sur I’axe de 
symetrie ternaire helicoidal, parallele a la 
direction r. La Fig. 1 montre la projection 



Fig. I. Projection de la structure du quartz a sur un plan 
pcrpendiculaire a I’axe c. l.e rayon des cercles represen- 
tant les atomes est a l'6chelle (rayon d'ecran de Thomas- 
Fermi). 

de la structure du quartz a sur un plan per- 
pendiculaire a I’axe c. II apparait nettement 
que dans cette structure il existe un large 
canal parallele a I'axe ternaire. La photo¬ 
graphic (Fig. 2) d’un modele spatial, vu dans 
cette direction, illustre egalement la struc¬ 
ture. Dans ce travail, seule la canalisation 
selon I'axe c a 6t6 6tudiee; la recherche 


d’autres axes ou plans de canalisation, fait 
I’objet de travaux en cours. 

TECHNIQUES EXPERIMENTALES 
(A ) Preparation des echantillons 

Les echantillons sont des lames de quartz 
rectangulaires de 10 mm sur 20 mm, taillees 
perpendiculairement a I’axe c, ayant subi 
un polissage mecanique soigneux (poll op- 
tique), suivi d'une attaque chimique a I'acide 
fluorhydrique. Cette derniere elimine les 
d^fauts de surface induits par le traitement 
mecanique. 

Une couche de carbone est deposee sur 
la surface etudiee, afin de la rendre conduc- 
trice, afin que I’evacuation des charges 
deposees par le faisceau soil assuree. Cette 
couche doit etre assez epaisse pour eviter 
les claquages electriques, mais assez mince 
pour ne pas perturber le ph^nomene de 
canalisation. Le depot etait eflFectue par 
evaporation sous vide a partir des pointes en 
contact de batonnets de carbone de qualite 
spectroscopique selon des techniques 
classiques. Les echantillons etaient exposes 
a I’evaporation par I’ouverture d'un cache 
pendant des temps de I’ordre de quelques 
secondes. La qualite de la couche de carbone 
deposee etait estimee par une mesure de 
resistivite superficielle effectuee a Fair fibre. 
L’experience a montre qu'une resistivite 
de I’ordre de 1000 Mil carr^ etait suflSsante 
pour eviter les claquages jusqu’a uncourant de 
faisceau de I’ordre de 0,1 ft A, le contact avec 
la couche etant assure par deux plages de 
laque d’argent bordant la lame et separees 
d’environ 15 mm. Cette resistivite evolue 
au cours du temps et n’est pas reliee de fa 9 on 
univoque a I’epaisseur de la couche, du 
moins pour les couches tres minces envisagees 
ici (moins de 50 A). L’epaisseur moyenne des 
couches, exprimee en masse par unite de 
surface, a ete mesuree a I’aide de la technique 
de microanalyse par reactions nucleaires[4], 
appiiquee au noyau C’“. Les valeurs trouvees 
6taicnt inferieures k 1 ftg/cm“. Cette quantity 
est du meme ordre de grandeur que celle 
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deposes par le faisceau au cours de 1 experi- secondaires vers le delecieur et permettail 


ence par la comaminaiion oue au carbone 
provenanl des gaz residuels; elle semble assez 
fmb\e pour que son effet sur les resultats 
puisse etre neglige (voir plus bas). 

(B) Appareillage experimental 
(1) Faisceau. Le faisceau de deutons 6tait 
foumi par I’accelerateur Van de Graaff de 
2 MeV de I'Ecole Normale Supdrieure. Sa 
divergence angulaire etait inferieure a 
1 mrad., le diametre du point d'impact etant 
de 1 mm. L’energie incidente, 900 KeV, est 
dans le voisinage d’un plateau des courbes 
d’excitation des reactions 0'«(t/.p)0'^*[4,5] 
et 0'\d. i/)0'®[7]. ce qui ameliore la precision 
des mesures(4, 5]. Le courant etait de I’ordre 
de 30 nA, ce qui evitait TechaulTement et 
reduisait le dommage cause au cristal (voir 
plus bas). L’integration du courant etait 
effectuee a I’aide d’un integrateur Modele 
1000 de Brookhaven Nuclear Instruments, 
fournissant des impulsions, qui permet de 
lire les doses sous forme digitale. 

(2) Detection. L’angle d’observation, 150°, 
etait tel que les particules sortantes n’etaient 
pas canalis^es. Les detecteurs places a 5 cm 
de la cible etaient de type Ortec a barriere 
de surface. Pour la reaction 0'*'(^/,p)0”*. 
le detecteur avail une surface de I cm'' et 
une zone sensible de l50/x[4]; une feuille 
de Mylar de 13 /a filtrait les deutons retro- 
diffuses. Pour la diffusion elastique un 
detecteur de 25 mm'' avec une zone sensible 
de lOOja etait diaphragme a 2 mm pour 
limiter le taux de comptage. Un preampli- 
ficateur Ortec 109 A etait utilise; la con¬ 
tribution du bruit electronique a la largeur 
des raies mesurees etait negligeable. Les 
detecteurs etaient relies par leur masse a la 
masse de la chambre de reaction (Fig. 3). 
Le prdamplificateur etait alimente par 
batteries et les signaux etaient transmis a 
travers un transformateur d’impulsions a 
haul isolement realise avec un tore en ferrite 
et boucle sur un cable de 500 termine. Ce 
dispositif flottant evitait la fuite d'electrons 


la mesure correcte des faibles courants mis 
en jeu dans I’experience. 

(3) Orientation angulaire des cristaux et 
enregisirement des spectres. Les spectres 
d’energie des particules produites ont ete 
enregistres en fonction de I’angle de tir d 
avec I’axe c. Le plan ‘axe c —faisceau’ ne 
correspondait a aucune direction privil6giee 
du quartz. 

La variation de 8 etait obtenue au moyen 
d’un dispositif represent6 schematiquement 
Fig. 3. Une vis micrometrique provoque la 
rotation du support de I’cchantillon, I’axe 
passant par le point d’impact. A I’approxi- 
mation des petits angles. 8 varie lineairement 
avec le deplacement de la vis. laquelle est 
entrain^e par un moteur pas a pas. Chaque 
saut du moteur provoque une variation \6 
de 0,1’. Ce dispositif permet de position- 
ner I’echantillon avec une grande precision 
et de fafon bien reproductible. L’ensemble 
de la chambre peut tourner autour d’un axe 
vertical, ce deuxieme degre de liberte per- 
mettant d’aligner I’axe c avec le faisceau au 
debut de I’experience. Cette chambre ne 
permet pas de changer le point d'impact du 
faisceau sur I’echantillon en cours d'ex- 
perience. Comme on le verra. cela represente 
dans le cas du quartz un desavantage impor¬ 
tant. Une chambre plus perfectionnee de ce 
point de vue est en cours de realisation. 

Le dispositif decrit permet de relever les 
spectres en balayant les valeurs de e. de fagon 
entierement automatique. I’axe des angles 
etant decoupe en canaux de largeur A8. 
L’integrateur. qui fournit des impulsions en 
nombre proportionnel a la charge deposee. 
sert de pilote a I’experience, assurant qu’a 
chaque largeur de canal A8. correspond une 
charge fixe, selon les principes exposes dans 
la reference [8]. Les diviseurs 1 et 2 permettent 
de regler les doses par pas du moteur et par 
canal angulaire (Fig. 3). Les spectres succes- 
sifs correspondant aux canaux 8, sont stockes 
dans un bloc memoire BM96 d’lntertechnique, 
fonctionnant en multispectre. On obtient 
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ainsi une representation bidimensionnelle 
du phenomene. On pent aussi choisir une 
bande d’energie fixe ct tracer seiilement line 
courbe d’extinction; il sulfit alors d'utiliser 
un analyseur monodimensionnel (de type 
SA4() ici). Les resultats presentes plus bas 
illustrent les possibilites du disposilif. 

Remarquons que I'integrateur Modele 
1000 a ete modifie de fa^on a ramener la 
constante de temps a I’entree de I a 0,03 sec, 
pour assurer une bonne correlation temporelle 
entre I'entree et la sortie. Par ailleurs, dans ce 
mode de fonctionnement, les indications de 
I’integrateur ne sent ju.stes qu’a un coup pres. 
Par consequent, il faut regler I’integrateur 
et les echelles, de telle sorte que le nombre 
total d’impulsions correspondant a un canal 
A0 soil suflfisamment eleve pour que cette 
incertitude soit negligeable, En prenant par 
exemple 250 coups par canal, on a une 
precision meilleure que 0,5% sur la dose; 
chaque canal est alors explore pendant 5 sec 
environ. 

(4) Precautions pour eviter les domntages 
d'irradiation. Les experiences preliminaires 
ont montre que le quartz est tres sensible 
au faisceau et que les effets de canalisation 


evoluent rapidement au cours de I’irradiation, 
C’est pourquoi nous avons utilise un courant 
aussi faible que le permettait I'accelerateur 
dont nous disposions, et des doses tres 
reduites compatibles avec les statistiques. 
Pour minimiser les dommages, nous avons 
adopte une ‘politique’ d’irradiation soigneuse- 
ment definie, imposee par le fait que le point 
d’impact ne pouvait etre change. La recherche 
de I’axe etait effectuee en relevant par balay- 
age automatique les courbes d’extinction 
relatives a la surface de I’echantillon (voir 
plus bas). avec des doses tres faibles. Un 
alignement complet pouvait etre obtenu avec 
une dose de 40 pCb au maximum (sur 1 mm'^). 
Plusieurs spectres etaient alors enregistres a 
I’extinction avec 12 fxCb pour chaque spectre. 
La comparaison des mesures successives 
permettait de verifier que I’influence du 
dommage n’intervenait pas de facon sensible. 
Des spectres ont et6 alors enregistres a des 
angles 9 croissants, les spectres hors canali¬ 
sation (9 3= 2°) etant enregistres en dernier; 
les dommages 6ventuels n’intervenaient pas 
dans ce cas ou la structure cristalline ne joue 
plus de role. Au cours de ces experiences, on 
n’a pas pu tirer pleinement parti des possibili- 
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tes de mesure automatique en representation 
bidimensionnelle oifertes par I’appareiltage 
a cause de Pimpossibilite de changer le point 
d’impact. De telles mesures, de courte duree, 
ont cependant et6 faites, illustrant la methode 
(voir plus bas), mais presentant des statis- 
tiques trop faibles pour permettre une 
exploitation numerique satisfaisante. L’ap- 
pareillage en construction permettra d’utiliser 
toutes les potentialites de cette technique de 
mesure. 

RESULTATS EXPERIMENTALX 
Nous montrons et nous discutons ici une 
serie de resultats bruts de I’experience. con- 
firmes par d’autres mesures. Leur depouille- 
ment et leur interpretation seront examines 
au chapitre suivant. 

{A ) Diffusion elastique 
La Fig. 4 montre les spectres "hors canali¬ 
sation’ (6 = 3°) et ‘en canalisation’ (6 = 0°) 
pour la diffusion elastique. Ce dernier 
spectre est la somme de 4 spectres partiels 
de 12/iCb sur lesquels aucune evolution due 
au dommage n’a ete mise en evidence. La 


resolution en energie. mesuree avec une 
cible mince d’or deposee sur aluminium est 
de 12,5 KeV. L’experience a ete effectuee 
avec une definition de 3,1 KeV par canal, 
mais dans la Fig 4, les canaux ont ete groupes 
deux a deux pour ameliorer les statistiques. 
La separation de I’effet du silicium de celui 
de I’oxygene apparait clairement sur la figure; 
elle est illustree encore par les pics prove- 
nant d’une couche mince, sans support, 
d’oxyde d’aluminium AIjO, (les energies maxi¬ 
males relatives a I’aluminium et au silicium ne 
different ici que de 5 KeV). On voit que I’ex- 
tinction en surface (energie maximale) est 
tres forte, mais diminue avec la profondeur 
(energies decroissantes. voir plus bas). 
Neanmoins, on note qu’a I’energie maximale 
un petit pic apparait sur le spectre en canali¬ 
sation et que le spectre hors canalisation 
presente un leger soubresaut. Ce pic pourrait 
etre attribue a la presence a la surface de 
I’echantillon d’une couche amorphe (et ne 
provoquant done pas d’extinction) plus riche 
en silicium que SiO^. SiO par exemple. Cette 
couche. dont I’epaisseur a ete estimee a 
une cinquantaine d’Angstrom, pourrait etre 
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un residu insoluble de I’attaque chimique. 
On distingue egalement sur ces spectres un 
leger pic du au carbone depose sur I'^chan- 
tillon. L’effet sur la canalisation de cette 
couche de carbone est n^gligeable devant 
celui de la couche amorphe SiO plus epaisse 
(en poids) et de Z plus eleve. On n’a done 
pas a en tenir compte, comme nous I’avons 
deja mentionne. 

La Fig. 5 montre une courbe d’exlinction 
correspondant aux coups provenant de la 
bande d’energie indiquee sur la Fig. 4. Cette 
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courbe a ete relevee immediatement apres 
I'enregistrement des spectres en canali¬ 
sation. D’autres spectres ont ete ensuite 
enregistres a des angles indiques par une 
fleche sur la Fig. 5. 

La Fig. 6 montre des resuitats typiques 
en representation bidimensionnelle. La 
‘surface d’extinction’ N=f{E,6) apparait 
en perspective sur la Fig. 6(a). Sur la Fig. 
6(b), plusieurs coupes de cette surface selon 
E ct 0 ont ete visualisees par surbrillance. 
On distingue deux spectres hors canalisation. 


un spectre en canalisation et une courbe 
d'extinction relative a la surface. La Fig. 
6(c) represente la projection sur le plan 
(£, 6) d’une coupe horizontale de cette surface, 
montrant le contour correspondant de la 
‘vallee d’extinction’. On se rend compte 
aisement qu’une telle ‘surface d’extinction’ 
contient toutes les donnees relatives au 
phenomene 6tudie. 

(B) Reaction 0‘^{d.p)0^^* 

La Fig. 7 montre les spectres hors canali¬ 
sation {9 — 2°) et en canalisation pour la 
reaction 0'\d,p)0"*, obtenus de la mSme 
faijon que dans le cas precedent. La resolu¬ 
tion mesuree avec une cible mince d’oxyde 
anodique de tantale Tai 05 [ 4 ,5] est de 
41 KeV; le pic correspondant est egale¬ 
ment represente sur la figure. 11 est a noter que 
les deux courbes se rejoignent aux basses 
energies indiquant qu’aux grandes profondeurs 
I’elTel de canalisation ne se manifeste plus 
(voir plus bas). 

La F/g. 8 montre une courbe d’extinction 
relative a la bande d’energie indiquee sur la 
Fig. 7. Les angles auxquels des spectres ont 
ete ensuite enregistres sont egalement 
indiques sur cette figure. 

La Fig. 9 montre en relief des resuitats 
typiques pour cette reaction. La Fig. 9(a) 
montre la surface vue dans la direction des 
energies croissantes, laissant apparaitre le 
‘col d’extinction’. La Fig. 9(b) montre quel- 
ques coupes de cette surface. La Fig. 9(c) 
montre la meme surface vue du cote des 
angles croissants, la surbrillance ayant ete 
utilisee pour degager le spectre en canalisation 
et la cime de la surface. 

(C) Les effets du dommage par rayonnement 

A la fin de chaque cycle d’exp6riences, un 

spectre en canalisation a ete enregistre. Ces 
spectres ont ete pris apres qu’une charge de 
faisceau de 220/iiCb ait frappe le point 
d’impact, alors que les spectres des Fig, 4 et 
7 correspondent a 40/xCb seulement. Les 
spectres relatifs a la diffusion elastique et 
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Fig. 9. Representations bidimensionnelles de la surface 
d’extinction pour la reaction Echelle: 13 KeV/ 

canal pour i’energie E, 47canal Tangle 9. 
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canal pour I'energie £; 87canal pour Tangle 9. 
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Fig. 9. Representations bcdimenstonnelles de la surface 
d’extinction pour la reaction 0‘*W, p)0‘^*. Echelle: 13 KeV/ 
canal pour I'energie E, 47canal I’angle B- 
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Fig, 7. Spectres hors canalisation et en canalisation pour la reaction 


Reacfion o'*{d,p)o’^*-Oxygene 



Fig. 8. Courbe d’extinction correspondant a la bande 
d’£nergie indiqu6e sur la Fig. 7. 


INTERPRETATION DES SPECTRES 
L’interpretation ties spectres peut etre 
faite ici de la meme facon que lors des 
experiences de dosage par reaction nucleaire. 
ou la concentration Cix) d'un element en 
fonction de la profondeuretait recherchee(51. 
La section efficace apparente peut etre mise 
sous la forme: tr„[£(x)] = C(x) • rT[£(.r)], 
oil E{x) est I’energie du deuton a la pro- 
fondeur x, et cr la section efficace nucleaire. 
Le taux d'extinction pour S = 0 a la pro- 
fondeur x vaut t(x)—1—C(x). On voit 
que tout se passe comme si le noyau etudie 
avait une concentration variable avec x, 
egaleaCW; hors canalisation, on a Cfx) = 1. 
Ainsi en negligeant la resolution finie du 
detecteur et les fluctuations de perte d’energie, 
le spectre d’energie observe s'ecrit[5] 


JV(£,) = [cU)o-[£(x)J-^^ 


• cle 


( 1 ) 


a la reaction 0‘®(d,p)0‘'* sont montres dans 
la Fig. 10(a et b) compares aux spectres des 
Fig. 4 et 7. Ces figwtes seront discutees 
plus loin. 


oil X =/(£,), /(E») exprimant la relation 
qui existe entre une energie detectee £, et la 
profondeur x a laquelle la reaction a eu lieu. 
Hors canalisation, /(£,) se calcule[5] a 
partir de la cinematique et des relations 
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Fig. 10, Kffet du dommage par rayonnement sur les spectres en canalisation. 


parcours-energie, et est sensiblement lineaire 
dans le domaine considere. En canalisation, 
il n'y a plus de relation biunivoque entre E, 
et X. En effet, avant de reagir, la particuie a 
pu etre canalisee sur une distance aleatoire 
E =s X, sur laquelle la perte d’energie par 
unite de longueur, dE/dx, est reduite. N(E,) 
depend done ici de la forme meme du spectre 


d’energie des particules non canalisees a la 
profondeurx. 

Un traitement complet de cet aspect alea¬ 
toire des pertes d’6nergie, dfl a TefTet de 
canalisation, sera expose par ailleurs. Le 
calcul tres siniplifi6 qui suit, deja evoque 
dans la reference[3]. permet une estimation 
de I’importance de cet effet. 



CANALISATION DES DEUTONS DANS LE QUARTZ 


Soient S le pouvoir d’arret normal et Z 
le pouvoir d’arret pour un deuton canalisi. 
On admettra que 5 est constant au voisinage 
de la surface. 11 y a tout lieu de croire que 
Z depend en particulier du parametre d’im- 
pact de la particule incidente par rapport 
aux rangees atomiques, c’est a dire de la 
valeur de I’energie transverse £i[9] pres de la 
surface. Z apparait done comme une variable 
aleatoire satisfaisant a Z 5. Plusieurs 
auteurs, dont EisenflOJ, Appleton et a/.[ll] 
ont etudie le quotient a = ZjS et ont trouve 
des valeurs voisines de 1/2 dans divers 
cristaux. En fait, ces valeurs representent 
selon toute vraisemblance des valeurs 
moyennes, Dans le cas du quartz la disper¬ 
sion de Z est probablement plus forte que 
dans le cas de cristaux monoatomiques, car, 
comme on le verra, les particules peuvent 
subir deux types de canalisation selon la 
valeur de (canalisation pour O et Si ou pour 
Si seulement). 

Le deuton d’energie incidente £„ canalise 
jusqu’a la profondeur Y. puis decanalise et 
arrivant a la profondeur x. a subi une perte 
d’energie egale a: 

A£o= >'Z-(-(jr-y)S = .v5-(S-Z)y (2) 

II reagit alors, soit par diffusion elastique, soil 
par reaction nucleaire, avec une energie 

E(x)=-E„-AE„ (3) 

II provoque remission d'une particule dont 
I’energie peut s’ecrire 

E' = KE{x) + E’„ (4) 

^ ®t El' etant des constantes obtenues par 
linearisation de la relation cinematique. 

La particule perd au retour une energie; 


oil tp est Tangle d’observation par rapport au 


faisceau (Techantillon etant quasi perpendi- 
culaire a ce dernier) et S' le pouvoir d’arret 
normal pour la particule emise. L’6nergie de la 
particule sortante, provenant de la profondeur 
x. est d’apres [4]; 

EAx) = KE{x) + E'„-AE,. ( 6 ) 

Dans le cas de la diffusion elastique E,(x) est 
directement enregistre et correspond aux 
canaux E„ sur Tanalyseur. Dans le cas de la 
reaction 0'«(i/,p)0”* le Mylar interpose 
effectue une transformation sur £,(jr) aisee 
aevaluer. 

On a en definitive, par (2), (3), (5) et (6): 
£«(■*) — EEri + E'„ 

-K[xS-(S~Z)y]~-^S’. ( 7 ) 

|C0S(^| 

Notant que E(0) = on tire de (4): 

eao) = ke„+e;, ( 8 ) 

et (7) peut s'ecrire: 

E,(0)-E,(^)=xfA5 + -^1 

L |C0Sy5|J 

-KY{S-Z) (9) 

Le premier terme est la perte normale, le 
deuxieme. A. representant le defaut du a la 
canalisation. Une premiere approximation 
consiste a remplacer ce terme par sa valeur 
moyenne Aj.. prise sur le segment [0, x] 

K=KYAS-Z) (10) 

Bien entendu, A^. depend de x par (Z pou- 
vant etre suppo.se peu dependant de x). Cette 
dependance est li6e au taux d’exlinction r(x) 
dans le cas d’un cristal monoatomique de 
fagon simple, t(x) determinant la densite de 
probabilite de y. Dans le cas d’un cristal 
diatomique la dependance est certainement 
plus complexe (voir discussion). On obtient 
ainsi une nouvelle relation moyenne profon- 
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deur^nergie, qui n’est pas connue a priori-, un 
d^pouillement rigoureux n’est done possible 
quepardes m^thodes d'iteration. avec, comme 
condition de depart, = 0, par exetnple. 

Cependant, pour jr grand, t(jc) — > 0 et 
yj, —» y„. La presence de ce terme correctif 
devrait conduire sur la Fig. 7 a un croisement 
des spectres en canalisation et hors canalisa¬ 
tion. Ceci peut encore etre exprimd en disant 
que les deutons canalises sur une fraction de 
leur parcours atteignent une energie donnee. 
done une valeur donnee de la section efficace, 
a une profondeur plus grande que la normale. 
et la particule d^tectee, freinee davantage. a 
moins d’energie; la courbe en canalisation 
devrait alors etre translatee vers les basses 
energies. 

Comme aucun d^placement de cette sorte 
n’est observable sur la Fig. 7, on peut adniettre 
ici que Z est assez voisin de S pour que A^. ait 
une influence reduite. Cette observation nous 
a permis de negliger ici reflet de la canalisa¬ 
tion sur les pertes d’^nergie dans les calculs 
d’interpretation et d’utiliser les memes echelles 
de profondeur pour les spectres en et hors 
canalisation (Fig. 4 et 7). Les calculs ci- 
dessus montrent cependant la necessite, pour 
une interpretation plus rigoureuse des don- 
nces. de determiner Y,^ et Z par le calcul ou, 
mieux. par I’experience. 

Les figures 11 a et lib montrent les valeurs 
calculees de r correspondant aux Fig. 4 et 7; 
oil on a pris: 

j A/(£,) (en canalisation) 
jV(£,) (hors canalisation)’ 

Cette formule ne s'applique pas en toute 
rigueur si on tient compte de la resolution 
finie de I’instrument; I’effet de cette derniere 
est cependant negligeable, sauf au voisinage 
des discontinuit^s du spectre ideal [5], e’est 
a dire vers x = 0. Remarquons que la pro- 
babilite de decanalisation par unite de 
longueur pour une particule canalis^e est: 


1 ^ 
T dx 



( 12 ) 


En consequence t a ete port6 sur la Fig. 11 
en representation logarithmique, la pente 
des courbes 6tant proportionnelle aux pro- 
babilit^s de decanalisation. On voit que 
cette probabilite est sensiblement constante 
et que t peut s’ecrire sous la forme 

t(x) =Toexp|^-^^. (13) 

La relation exponentielle a ete utilisee pour 
deduire par extrapolation t(0) = to, e’est a 
dire le taux d’extinction maximale, pres de la 
surface, qui n’est pas directement accessible a 
cause de la resolution finie du detecteur et de 
I’existence de la couche amorphe de desordre 
(dont I’elfet est tres visible sur la Fig. 11 (a), 
vers la profondeur zero par rapport au silicium). 

Les valeurs der,, et \ . ainsi que leurs erreurs 
statistiques, ont ete deduites des resultats 
experimentaux analogues a ceux de la Fig. 11, 
en utilisant une methode de reduction par 
les moindres carres ponderes[12]. en se 
limitant au domaine obeissant eflfectivement 
a la loi lineaire. e’est a dire que nous n’avons 
pas tenu compte des points situes pres de la 
surface. Dans le cas de la diffusion elastique. 
nous n’avons exploite que la partie de la 
courbe correspondant au silicium seul (Fig. 

11(a)), Nous avons obtenu ainsi des valeurs 
de To et de \, relatives a I’oxygene et au silic¬ 
ium, pris separement. Les Tableaux 1 et 2 
regroupent les valeurs des to et X pour les 
differents angles (les valeurs des X etant don¬ 
ates avec les reserves faites au sujet des 
Echelles de profondeur elles-memes; voir 
discussion). Nous donnons, a titre indicatif. 
les X pour quelques valeurs de 6-, lorsqu’on 
s’ecarte de la position ^ = 0°. X perd rapide- 
ment sa signification physique. 

Finalement, les spectres pris a divers B ont 
permis de tracer les courbes d’extinction 
t{x,0) (Fig. 12(a) et 12(b), d’ou ont ete 
deduites les largeurs a mi-hauteur Imix) des 
courbes d’extinction en fonction de 8, pour 
les noyaux O’* et Si (Fig. 13), 
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a- Diffusion olastiqu* _ Ecl=900K«V - 6,2 KeV pop canal 



b-Reochon 0'‘(d,p)0’^‘ - Ed=900KeV -95KeV pop conol 



Fig. 11. Taux d’extinction en fonction de la profondeur. en canalisation. 


DISCUSSION 

(/() Interpretation des spectres 
On peut estimer la limite sup^rieure de 
rerreur_ commise sur les \ en n6gligeant le 
terme (formule 10) de la fagon suivante. 
L’erreur sur \ provient de celle sur I’^chelle 
des profondeurs ;^optde, qui est determinee 
par (9). L’erreur relative sur cette dchelle 


vaut dans les hypotheses ci-dessus: 


KYAS-Z) 

^ r 5' 1 jc 

X KS+ , I 

L ICosvjI 


\-ZIS 


1 + 


5' 


-•(14) 


S ACl cos (pi 


Y ayant une distribution de type exponentiel 
(puisque determinee par To(jr) et tsi(x)), on 
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Tableau I. t,, et k pour I'oxygene* {reaction nucleaire) 


Dose re^ue 

Dose 




/iC'b 

/iCb 

e 


\ 

-•is 

24 

0“(E.C-1 

0.8945 + 0.00.35 

2.43 ±0,0.3 

62 

24 

O-lE.t.l 

0.887 + 0.004 

2.40 + 0.05 

86 

12 

8’ 

0.851 +0.004 

2.23 ±0.05 

no 

12 

14' 

0.636 + 0.006 

1,69 ±0.05 

122 

12 

20' 

0.3.55 + 0.008 


134 

12 

26’ 

0.1.50 ±0.008 


146 

12 

.32' 

0.080 ±0.010 


158 

12 

.50' 

0.00 +0,01 


170 

48 

2”(H.C.| 

0 


218 

12 

CIF.C 1 

0,759 + 0,005 

2,14 + 0.05 

’erreurs indiquies ^gales a I'^carl quadralique moyen. 


Tableau 

2. T,i et k pour le silicium* (diffusion elaslique) 

Dose rccuc 

Dose 

8 

n 


/iC'b 

Ui b 




40 

24 

O'-lFC) 

0,968 + 0.002 

3.9C±0.13 

67 

24 

OMF.C 1 

0,%7 +0,002 

4,22±0,15 

94 

12 

10' 

0.%.5+0,002 

3.28 + 0.15 

106 

12 

20' 

0,917 + 0.004 

1.14 ±0.03 

121 

12 

.30' 

0,563 ±0,008 

0,778 + 0.0.38 

1.3.3 

12 

40' 

0.246 ±0.011 


151 

12 

60' 

0.074+0,016 


16.3 

12 

100' 

0,00 ±0.02 


175 

48 

.3°(H.C.) 

0 


223 

12 

0”(H.C 1 

0,953 ±0.003 

2.77±O.IO 


0'*(d,p)o'^* diPfusron elasfique 

)-G(x,e) Ed=:900KeV l-&(x,e) Ed = 900KeV 



Fig. 12. Taux d'extinction en fonction de I'angle 6 du faisceau avec I'axe c. 
pour quelques profondeurs. 
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Fig 13. Largeur a mi-hauleur des courbes d’extinction en fonclion 
de la profondeur. 


peut ecrire ~ 

^<i (15) 

Pour determiner I’errcur due a I’hypothese 
Z = S. on prendra pour Z la valeur indiquee 
dans les references [ 10] et [ 11], qui fournit: 

l-| = i. (16) 


L’erreur calculee ainsi represente done une 
limite superieure largement estimee. Ainsi, 


1 

€ < avec V 
4v 


1 + 


S' 

5A| cos Ip I 


(17) 


V se calcule aisement et vaut ici 2,6 pour la 
diffusion elastique et 1,7 pour la reaction 

On a done e < 10% pour le silicium et 
€ < 15% pour I’oxygene. Encore faul-il re- 
marquer que e joue toujours dans le meme 
sens et que les A sont done sous-estimes 
avec la marge d’erreur maximale indiquee. 

Cette m6thode de calcul des echelles de 
profondeur diflfere essentiellement de celle 
oil Ton admettrait que la particule qui reagit 
a la profondeur x a ete canalisee sur I’in- 
tegralite de son parcours, ce qui revient a 
poser Y ^ X. Urif telle hypothese implique 


que toute particule provoque une reaction 
nucleaire ou une diffusion a grand angle des 
qu’elle est decanalisee. En fait, la probabilite 
pour une particule de provoquer de telles 
reactions est tres faible, inferieure a quelques 
lO"*. La presence de la variable aleatoire 
y' dans les formules (3) ou (9) implique I’exis- 
tence, en position de canalisation, d'un 
continuum dans le spectre d’6nergie des 
particules, a une profondeur x, de forme 
dependant des t(x), s'etendant entre deux 
pics, I’un relatif aux particules non canalisees 
des la surface, I’autre relatif aux particules 
canalisees jusqu’a x. Les spectres observ6s 
par Appleton et o/.[ll] semblent confirmer 
ce raisonnement. Des experiences sont en 
cours pour etudier l^comportement detaille 
de Y, pour mesurer Yj. et Z et pour verifier 
les calculs du type expose ci-dessus. 

{B) Largeurs a mi-hauteur 

Les largeurs a mi-hauteur des courbes 
d’extinction pres de la surface (relevees 
sur les courbes extrapolees de la Fig. 12) 
valent 64' pour le silicium et 36' pour I’oxy- 
gene. Les balayages automatiques des Fig. 5 
et 8 fournissent les memes chiffres, ce qui 
confirme le peu d'influence du dommage par 
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rayonnement sur ces resultats, puisque ces 
balayages ont ete realises apres une dose 
d'environ 200/aCb. La fortnule classique 
de Lindhard[9] fournit des angles criti¬ 
ques 'Ll de 43' pour le silicium et de 33' 
pour I’oxygfene; le quotient valant 1,5 

et 1,1 respectivement. Le rapport de ces 
largeurs a mi-hauteur (1,78) est superieur au 
rapport theorique (1,33, racine carre du 
rapport des Z). 

Lorsque la particule penetre dans le cristal, 
elle prend instantanement une energie trans¬ 
verse [9] 

E,= E„il>-^+V(r) (18) 

ou 'I' est Tangle du faisceau avec Taxe c, r 
definit la position du point d'entree de la 
particule dans le reseau et Vir) le potentiel 
d'interaction cristallin. Comme toutes les 
valeurs de r sont egalement probables, 
U(r) se pr^sente comme une variable alea- 
toire U dont la loi f(u)<iu est determinee 
par la fraction de la surface du canal pour 
laquelle U(r) est comprise entre u et u + du. 
f(u) peut done etre deduite des equipoten- 
tielles de U(t)\ on peut sen faire une idee 
d'aprds la Fig. 14 ou sont tracees quelques 


equipotentielles, calculees en utiiisant les 
potentiels de corde de Moliere[l3] pour un 
reseau statique. £j possede done elle-meme 
un spectre continu, dependant du parametre 
lie au spectre de U par (18), et appele 
‘facteur de transmission’ par Lindhard[9]. Un 
choc elastique entre une particule et une 
rangee d'atomes est impossible si E^ est 
infdrieure a une certaine 6nergie critique qui 
depend de la nature de cette rangee. On dit 
alors que la particule est canalisee par ruppor/ 
a cette rangee. Dans le cas 6tudi^ ici, il existe 
deux types de rangees. Tune constituee 
entierement d'atomes d'oxygene, Tautre de 
silicium (Fig. I et 2), les energies critiques 
correspondantes etant £f et Les valeurs 
de ces constantes peuvent etre evaluees 
par la formule de Lindhard qui fournit pour 
une rangee isolee E'[ = 42,5 eV et E'j' = 74,5 
eV. II apparait clairement sur la Fig. 14 
qu’une certaine fraction des particules in- 
cidentes tombant au voisinage d'une rangee 
d’atomes de silicium se retrouve d’embl^e 
avec une £, proche* de i’energie critique 
pour Toxygene £?. La courbe d’extinction 
pour Toxygene determinee par la condition 
tiree de (18) 



Fig. 14. Repartition du potentiel d’interaction particule-cristal dans le 

quartz. 
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Eoi/^+t/£"i (19) 

s’en trouve retrecie, puisque pour les grandes 
valeurs de LJ meme une faible variation de 
il/ projette des particuJes correspondantes 
dans le mode decanalis6, pour I’oxygene. 
Rien de tel ne se produit pour le silicium. 

Ce raisonnement qui explique qualitative- 
ment la faible valeur de pour I’oxyg^ne 
permet 6galement d’expliquer la forme des 
courbes d’extinction extrapolees pr^s de 
leur minimum (Fig. 12), la courbe relative au 
silicium 6tant ^ fond plat, ce qui n’est pas le 
cas pour I’oxygene. 

La variation des largeurs a mi-hauteur 
avec la profondeur (Fig. 13) est sensiblement 
lineaire. Ces resultats sont analogues a ceux 
de Davies et a/.[14]. On observe que Im 
decroit plus vite pour Si que pour O; il semble 
qu’aux grandes profondeurs le phenomene 
de decanalisation sous-jacente soit domine 
par I’oxygene (voir plus bas). Une theorie 
detaillee du processus de decanalisation 
serait necessaire pour interpreter ces re¬ 
sultats de facon plus approfondie. 

(C) Extinctions maximales 

Les Tableaux I et 2 fournissant les valeurs 
de To en canalisation: 96,8% pour le silicium 
et 89% pour I’oxygene. Ces valeurs extra- 
pol6es caracterisent I’extinction pres de la 
surface, I’influence des tout premier plans 
cristallins et de la couche amorphe super- 
ficielle etant eliminee: elles se comparent 
done directement a celles estimees par la 
th6orie[9]. L’influence que la couche amorphe 
exerce par la diflFusion multiple du faisceau 
reste neanmoins. Nous ferons ici I’hypoth^se 
qu’elle n’intervient que peu, car la couche 
est tres mince; une etude detaillee de I’in- 
fluence de telles couches amorphes est en 
cours. 

Les courbes d’extinction 5 et 8 fournissent 
des valeurs plus faibles; ceci est dfl au rende- 
ment residuel de la couche amorphe dont la 
contribution n’est pas eliminee ici et a 
I’effet de I’intd^ation sur une 6paisseur 


hnie du cristal. Nous utiliserons done les 
valeurs extrapol6es pour definir les rende- 
ments minimaux correspondants; xsi = 
0,032 ± 0,002 et xo = 0,110 ±0,005, les 
erreurs indiquees etant des erreurs statis- 
tiques. Ces valeurs doivent etre comparees 
aux estimations th6oriques[9], modifiees 
pour tenir compte du cas particulier d’un 
cristal diatomique. En considerant d’abord 
le r^seau statique on peut ecrire en effet, 
d’apr&s les raisonnements du paragraphe 
precedent: 


Xo = Nnila^ + b^) 


( 20 ) 


ou N est le nombre de groupes SiOj par unite 
de surface dans un plan cristallin, a le rayon 
d'6cran de Thomas-Fermi pour I’oxygene 
et b le rayon de I’^quipotentielle autour d’une 
rangee de silicium ou le potentiel est egal 
a I’energie critique £5 . Une formule similaire 
est applicable au silicium. On a pour I’oxyg^ne 
a = 0,195A et une grossiere estimation de 
b peut etre tiree de la Fig. 14, ^ = 0,23 A 
ce qui conduit a xo = 0.06. Pour le silicium 
I’estimation de b est plus difficile, mais ici 
b < a, ei une erreur sur b est moins grave. 
On a: a = 0,17 A et on prendra a titre in- 
dicatif = 0,1 A, ce qui conduit a xsi = 0,022. 
On obtient pour XcxJXca\c< 1.8 pour I’oxygene 
et 1,5 pour le silicium. Ces ecarts peuvent 
etre attribues d’une part aux eventuelles 
imperfections du cristal (y compris les 
dommages), d’autre part aux effets de la 
temperature. Les valeurs de (’amplitude 
quadratique moyenne des vibrations atom- 
iques dans le quartz ont 6t6 donndes par 
Young et Post[15]. Ces amplitudes sont 
nettement plus grandes pour I’oxygene que 
pour le silicium et il n’est done pas dtonnant 
de trouver que I'ecart relatif est plus grand 
dans le premier cas que le second. Une 
etude du comportement des to en function 
de la temperature est necessaire pour preciser 
I’interpretation. 


{D) Decanalisation 

Lorsqu’on observe les phenomfenes, non 
plus en surface mais en function de la pro- 
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fondeur, on aborde le problfeme de la A€- 
canalisation, le plus complexe du point de 
vue th^orique. Evoquee a propos des echelles 
de profondeur et des largeurs a mi-hauteur, 
cette question est fondamentale pour I’inter- 
pretation des r(x), de leur forme exponentielle 
et des k correspondants. La encore, en 
/’absence d’une thdorie complete, nous 
nous limiterons k one discussion qualitative. 
La decanalisation est un efTet de diffusion 
multiple du aux perturbations des rangees 
atomiques causees en particulier par les 
vibrations thermiques. Elle peut etrc decrite 
comme un processus stochastique, plus pre- 
cis6ment un mouvement brownien (diffusion 
avec migration) sur I’axe £j. Cela signifie 
que le phenomene est gouverne par revolution 
du spectre de probabilite de t\ en function 
de la profondeur x, le facteur de transmission 
representant la condition initiale pour 
X = 0. Les energies critiques £'V et t'l' 
jouent le role de barrieres parfaitement 
absorbantes. le domaine compris entre 
£'/ et EJ' correspondant a un changement de 
regime ou un choc inelastique avec les 
rangees d’oxygene est deja possible, tout 
en etant encore exclu avec les rangees de 
silicium. Cette description laisse prevoir 
que \o < \si puisque E\’ < Ef et que le 
facteur de transmission defavorise la cana¬ 
lisation pour I'oxygene des le depart, comme 
on I’a decrit plus haut, Ce raisonnement 
montre aussi qu'a une faible largeur a mi- 
hauteur est associe un faible parcours 
moyen k. Experimentalement (Tableaux 
1 et 2) \(iAsi = 0,6. II est a noter que, en 
surface, = 0,56. Ces deux valeurs 

sont voisines, ce qui est a remarquer; nean- 
moins aucune conclusion generale ne peut en 
etre tiree, dans I’etat actuel des travaux. Le 
fait que la loi de r(x) soit exponentielle ne 
peut etre explique par ces considerations 
seules; cela n'a d’ailleurs ete etabli que 
dans un domaine de profondeurs relative- 
ment limite. 

II est ^ remarquer que la grande amplitude 
des vibrations des atomes d’oxygene tend 


encore i augmenter leur role dans le processus 
de decanalisation. Ceqi n’a pourtant pas 
une influence directe sur ko, mais joue 
indirectement, en determinant [’evolution 
du spectre de Ej^. 

(E) Dommages par rayonnement 

Les mesures en canalisation faites au debut 
et a la fin de chaque cycle d'experiences 
donneni une idee de la fa 9 on dont agit 
I’irradiation sur le phenomene d’extinction. 
Les tableaux 1 et 2 presentent les resultats 
correspondants aux courbes de la Fig. 10. 
II apparait que pour une dose de 220pCb 
sur 1 mm^, soit 1,3.10'^ deutons par cm^, 
x" passe de 0,11 a 0,24 etxsi passe de 0,032 
a 0,047. La variation relative est beaucoup 
plus importante pour I’oxygene que pour le 
silicium. Cela peut signifier qu’un nombre 
plus important d’atomes d’oxygene que de 
silicium a ete deplace en position interstitielle. 
Cela n'est pa.s ^tonnant car, comme le 
montrent les Fig. 1 et 2, les atomes de 
silicium sont ^ I’interieur de tetraedres Si 04 
ce qui leur assure une stabilite de position plus 
grande que celle de I’oxygene. Dans les 
memes conditions, Xo passe de 2,4ju. a 2,1 /x 
et Xsi passe de 4^ a 2,8 p,. Cette fois ci 
I’effet est nettement plus fort pour le silicium, 
les deux X tendant a se rapprocher. Des 
mesures systematiques sont necessaires pour 
tenter d’interpreter ces resultats. Observons 
seulement que la dose integree n’est pas le 
seui parametre puisque I'experience a montre 
que le dommage pour une meme dose croit 
avec I’intensit^ du courant de faisceau. 

CONCLUSION 

Des indications ont ete obtenues sur la 
fa^on dont se combinent les effets des deux 
sous-reseaux oxygdne el silicium. 11 apparait 
que la presence de rang6es d'atomes de 
silicium a pour effet de retrecir la courbe 
d’extinction et d’augmenter le rendement 
minimal relatifs aux rangees d’oxygene. 
Des experiences plus detaillees sur le quartz 
et portant sur d’autres oxydes cristallins 
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devraient permettre d’approfondir et de 
g6n6raliser les interpr6tations qui ont conduit 
a ces conclusions. 
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Abstract— An equation for the enthalpy of UOi was derived from earlier data. It is comprised of a 
lattice parabolic segment to which was added an enthalpy exponential term. 

Hr = - 5601-5 + 17-787+ 1-02x IO-»7« + 71300\/2exp^L|^ exp^ j p. 

This equation agrees well with the experimental data up to the melting point of UOj. The formation 
energy and entropy of Frenkel pairs in UOj were derived from the high temperature data to be 71.300 
±2.200 cal mole"' and 14-83 ±0-84 cal mole"' deg"', respectively. The model is based upon the as¬ 
sumption that disordering occurs on the oxygen sublattice only and that oxygen Frenkel defects pre¬ 
dominate. 


1. INTRODUCTION 

Recently the enthalpy measurements of 
UO 2 were obtained for the first time up to 
and above the melting point [1], A rapid rise 
in enthalpy was observed for specimens 
quenched from above 2300°K, higher than 
that predicted for a perfect lattice. A similar 
anomalous effect in the specific heat of silver 
halides was predicted by Mott and Gurney [2] 
and has actually been observed in AgBr[3] 
and AgCl[4]. Similar observations in metals 
[5] have also been made. In metals, in addition 
to excess enthalpy, excess thermal expansion 
has also been observed. These effects can be 
interpreted by postulating the formation of 
point defects; they occur in the temperature 
range where the concentration of imper¬ 
fections increases markedly, and, of course, 
the formation of defects is a thermally activated 
process. Both Frenkel and Schottky defects 
may be expected to affect the high temperature 
specific heat of solids, but excess thermal 
expansion behavior can be explained only 

*This paper originated from work sponsored by the 
Fuels and Materials Development Branch, Atomic 
Energy Commission, under Contract AT(40-l)-2847. 


in terms of Schottky defects [6], In uranium 
dioxide both Schottky and Frenkel defects 
may exist. Comparison of bulk and X-ray 
thermal expansion coefficients [7,8] has not 
provided an unambiguous identification of 
the defect structure; in this paper it is assumed 
that only oxygen Frenkel defects are present, 
and that the uranium sublattice is perfect. 
From this assumption, and the observed 
excess enthalpy, the energy for defect forma¬ 
tion (Frenkel energy for the case of UOj) may 
be calculated. 

2 . experimental results 
The enthalpy measurements were carried 
out by means of the drop calorimetric tech¬ 
nique. Stoichiometric U02 specimens sealed 
by electron beam welding in tungsten capsules 
were heated in a hydrogen atmosphere and 
dropped into an adiabatic calorimeter. The 
enthalpy of a specimen was determined by 
the difference in heat content between a loaded 
and empty capsule. The specimens were 
prepared from 99-9 per cent pure UOj 
powder which was cold pressed into pellets 
and sintered for 5 hr at 198()°K in hydrogen. 
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The O/U ratio as-sintered was 2 003 ± 0 003 
and was found unchanged after the measure¬ 
ments within the error limits of the chemical 
analysis. A more detailed description of the 
experimental method and treatment of the 
data were published elsewhere [1]. 

The enthalpy data obtained are given in 
Table 1. where, in addition to the heat content, 
the mean heat capacity defined by Hr—MnJ 
T — 298, is noted for each drop temperature. 
A plot of the mean heat capacity (Fig. I) 
clearly shows the anomalous enthalpy effect. 
Figure 2 shows the temperature dependence 
of the excess enthalpy. The excess is derived 


by fitting the low temperature enthalpy data 
to a parabolic equation of the form 

Ht= a + bT + c'n (1) 

and the overall data to equation (2) 

Hr= a + bT+cr+AHFi'; ( 2 ) 

where AH^ is a constant and depends 
exponentially on T. 

3. THEORETICAL CONSIDERATIONS 
Uranium dioxide has a fluorite structure 
which is characterized by large interstitial 


Table I. Comparison of actual enthalpy with values calculated from 
equation (13) and mean heat capacity calculated from the actual 

enthalpy 


Temperature 

(-K) 

Actual enthalpy 
(cal/g mole) 

Calculated enthalpy 
(cal/g mole) 

Mean heat capacity 
(cal/mol-°K.) 

(174 

16.660 

16.775 

19'02 

1277 

I 8 .M 1 O 

17,751 

1914 

1771 

19,0.50 

19,919 

19'.73 

1427 

21.870 

21.872 

19-37 

1507 

23,440 

2.7.4,79 

19-.57 

1648 

26,702 

26.498 

19-63 

1670 

27,720 

27.166 

19-78 

1776 

29,470 

29.297 

19-91 

1860 

71,480 

31,408 

20-05 

1050 

.7.3,210 

37.311 

20-10 

2077 

76,260 

36,336 

20-43 

2124 

37,770 

37.646 

20-68 

22 ^** 

40,740 

40.624 

21-00 

2741 

47,2(K) 

4.7,649 

21-14 

2400 

45,760 

45.629 

21-52 

2501 

48,110 

48.595 

21-84 

2526 

48,820 

49.413 

21-85 

2577 

50,740 

51.112 

22-17 

2582 

51,170 

51,292 

22-40 

2613 

52,410 

52..760 

22-64 

2640 

57,460 

53..707 

22-82 

2641 

.57,760 

53.343 

22-94 

2680 

.55.510 

54.740 

23-.70 

2741 

57.460 

56.995 

23-52 

2774 

57,8.70 

58.2.50 

23-.76 

2843 

61,370 

60,958 

24-11 

2884 

63,450 

62,620 

24-53 

2036 

64,720 

64,788 

24-55 

2976 

66,740 

66,.501 

24-92 

3011 

68,390 

68,032 

25-20 

3027 

68,550 

68,742 

25-12 

3101 

71.360 

72,113 

25-46 

3107 

72,140 

72,392 

25-68 
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voids. LJO 2 is known to be able to pick up 
significant amounts of excess oxygen (up 
to UO 2.267 at 2083°K)[9J but also exhibits 
the ability to lose oxygen (down to UO, ^ 
at 3000°K)[10]. The defect responsible for 
the nonstoichiometry of UO 2 has been fairly 
well established to be oxygen Frenkel defects 
on the oxygen sublattice. Oxygen inter¬ 
stitials predominate at hyperstoichiometric 
compositions and oxygen vacancies in the 
hypostoichiometric region. The evidence for 
this defect structure has been gathered from a 
variety of experimental sources; the variation 
of density[lll with oxygen content in non- 
stoichiometric UO 2 , the mechanism of oxygen 
diffusion [ 12 ] in UO 2 , which has been sug¬ 
gested to be the interstitialcy mechanism, 
magnetic studies[13], and oxygen pressure 
versus composition measurements[14]. In 
the last study cited, Kiukkola[141 tried to 
explain the data on the basis of the formation 
of oxygen interstitials, but was unable to 
obtain the right value for the power dependence 
of the oxygen partial pressure. This may be 
due to the fact that at large deviations from 
stoichiometry the simple Schottky-Wagner 
theory does not hold. Gerdanian and Dode 
[15] applied the Anderson theory [16] to 
the pressure-composition data of Aronson and 
Belle [17] and obtained good agreement only 
if clusters of defects randomly distributed in 
the lattice were assumed. Aukrust et a/.[18] 
determined the defect complex to be 
from theoretical considerations and an ex¬ 
perimental value for the partial molal entropy. 
Finally, from neutron diffraction studies, 
Willis[19] determined that in UO 2 a defect 
complex ( 0 ,VoO|) associated with two 
ions exists, rather than a simple oxygen inter¬ 
stitial. 

The contribution of defect formation to the 
exct,ss specific heat at constant pressure 
(Cfj.) is proportional to the temperature 
derivative of the defect concentration 


where n is the number, and AH the enthalpy 
of formation of the defects; AH will be as¬ 
sumed temperature independent. The excess 
enthalpy can be obtained by integration of 
(3A) 

H,^ = AHAn. (3B) 

We wish to calculate the formation energy 
of Frenkel pairs in UO 2 from the observed 
excess enthalpy; this enthalpy is defined as 
the energy required to transfer an oxygen 
atom from its normal lattice site to an inter¬ 
stitial site. 

Neglecting the electronic contribution, the 
expression for the specific heat of a solid is 
given by 

Cp = C,,-l - ^ — hAH^ (4A) 

or 

C^=C,.+ TaC,r+AH~ (4B) 

where Cp and C„ are the specific heats at 
constant pressure and constant volume res¬ 
pectively, a is the volume thermal expansion, 
X the compressibility and y, the Gruneisen 
constant defined as y = aVIxC,.. C,, can be 
considered a constant, since the measure¬ 
ments were made at temperatures well above 
the Debye temperature of UO 2 (On for UO 2 is 
approximately equal to room temperature). 
The last term in (4A) and (4B) is the excess 
term as defined by (3A). By integrating (4B): 

//r =//,.+ //„; (5A) 

Hi, = a + bT+cr-, (5B) 

where Hi, is the lattice enthalpy, the ex¬ 
cess enthalpy, a, the integration cons aiu, 
h = 9R according to the Neumann-Kopp 
rule for a triatomic molecule* and c = KaV 
2 xs 8 - 8 xlO"'' for UO 2 . ft is possible to 
express the lattice enthalpy in terms of a cubic 


„ _ O(nAH) 

PI ...T- 


‘The molar heat capacity of the compound is a 
(3 A) weighted sum of the molar heat capacities of oxygen 

and uranium. 
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or a quartic equation, but it turns out that 
these higher order terms are small and may 
be neglected [ 20 ]. 

The evaluation of the last term in equation 
(5A) i.e. the excess enthalpy //„, is accom¬ 
plished from the statistical thermodynamic 
approach developed by Wagner and Schottky 
[ 21 ], which is valid for small deviations from 
stoichiometry. In writing the grand partition 
function of a UOj crystal, the following as¬ 
sumptions are made: 

1 . the disorder is confined to the oxygen 
sublattice only, the predominant defect 
being the oxygen Frenkel pair, 

2. the enthalpy of formation per Frenkel 
pair is constant and, 

3. the defects are distributed at random 
among the available sites. 


(l-.r)( 2 -^) 

= e\p-[^G^|RT + x^Gp|RT]. (7) 

For this case the site fraction of interstitials 
or vacancies is = NJIN, where 2N is the 
number of normal oxygen sites. Near stoichio¬ 
metry X < 1 and, as generally AC^ < AC^, 
the term xAGj: is small and may be neglected.t 
Also, we can write AG^-= A//f — TASf and 
get an equation of the form 

ASf, rAHp-, 

( 8 ) 

where AA,. and A//f are the entropy and 
enthalpy of formation per Frenkel pair. Since 
X is assumed small, ( 8 ) can be simplified as 


GPF= 2 


N\ 


(2N)\ 




X exp • 




RT 


^ AG? ' 
! Rl\ 


where: 


x^ = 2- exp- 5 ^exp 


R 


RT 


or 


( 6 ) 


. XT AAf' — f 

X — V 2 exp 2 ^"exp 2RT * 


Defining 


(9) 

( 10 ) 


N, is the number of oxygen interstitials, 
which is also equal to the number of 
vacant oxygen sites for the stoichio¬ 
metric crystal. 

N is the number of uranium atoms, 
assumed fixed. Thus 2N is the number 
of normal oxygen sites. 

(V 2 is the number of oxygen atoms on nor¬ 
mal sites. It is equal to 2N — N,. 

AG/? is the Gibbs free energy of formation 
of the Frenkel pair. 

AG^ is the free energy of interaction of the 
defects. 

flu is the uranium activity. 

Qq is the oxygen activity. 

By the well known methods of statistical 
mechanics, minimization with respect to 
Ni leads to * 


/•z AA/ ? 
f‘’ = exp-^exp 


2RT 


we obtain the following expression for //„ 

//ex = VTfA//f (11) 

where A///, is the Frenkel energy. The defect 
contribution to the excess enthalpy in UOj 
originally introduced in equation (3B) is 
now defined explicitly in equation ( 11 ). The 
complete expression for the enthalpy is 
given by 

HT=cl + bT + cT‘+^H^.iV2. ( 12 ) 


tlf AG? were significant, the random distribution of 
defects assumed in equation (6) would no longer apply. 
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4. DISCUSSION or THE RESULTS 
The Frenkel energy was evaluated by fitting 
the data to an equation of the form of (12) by 
an iterative process of varying A//^ to obtain 
a value for the coefficient 'h' to be approxi¬ 
mately equal to 9/? while simultaneously re¬ 
jecting equations which gave negative values 
of 'c'. The resulting equation is 

W, =-5601-5-t-17-787 -1- 1-02 X lO-T'^ 

14-83 -71300 

-h 71300 V2 exp-y— exp (13) 

It should be noted that very little sacrifice in 
the goodness of the fit resulted in the use of 
equation (13) as opposed to the equation 
which had the minimum standard deviation 
but inacceptable values for the coefficients. 

As a second method of computation, the 
excess enthalpy was evaluated by sub¬ 
tracting enthalpy values calculated from (he 
parabolic portion of equation (13) from experi¬ 
mental values at the higher temperatures. If 
the concentration of Frenkel defects, x, is 
expressed by the equation 

xs V2exp-^exp-^ (14) 

where ASf is the entropy term, the excess 
enthalpy per mole is given by 

ln/y„ = ^ln(V2A//,)-|^. (15) 

Figure 2 shows that the plot is approximately 
linear. The Frenkel energy and entropy were 
obtained from the slope and intercept of a 
plot of In Hpj. V. 1/T. A slight negative devia¬ 
tion from linearity may be detected at the 
high temperature end. However, calorimetric 
data are probably not sufficiently sensitive 
to show such variations from linearity which 
may be attributed to association of the 
defects. (The effect on the enthalpy value 
AHp due to clustering is probably on the 
order of the errors associated with AHp 


determined by the method.) The term xAG* 
neglected in equation (7) would have to be 
included if ordering becomes a major factor. 
Since in the temperature range of interest the 
experimental error in the measured enthalpy 
is roughly a constant percentage of the 
enthalpy, the error expressed in calories per 
mole is approximately proportional to 
enthalpy. When this situation prevails, a 
least squares analysis is not valid unless each 
data pair, enthalpy and temperature, is 
weighted by the reciprocal of the square of 
the error appropriate to the pair. In the 
equation derived, the actual weighting factors 
used were proportional to the reciprocal of 
the square of the enthalpy, thus properly 
favoring the lower temperature, more ac¬ 
curate, data in the analysis. The data were 
weighted in this manner for both methods of 
data treatment. 

The values of AHp and ASp obtained by 
a linear least squares fit of all data points 
in which He^ >3 8, where 6 is the standard 
deviation of equation (13), are 71,300±22()0 
cal mole~' and 14-83±0-84 cal mole"' deg"', 
respectively. The values obtained by the 
second method were: ATI/, = 72,.500± 2,200 
cal mole ' and ASp = 15-2()±0-84 cal mole"* 
deg '. These values for the Frenkel energy 
are in excellent agreement with the 71 kcal/ 
mole estimated by Belle[22] from oxygen 
diffusion in UO 2 and higher than the 60 kcal/ 
mole used by Aitken e( a/.tlO]. It should be 
realized that the first part of equation (12) is 
parabolic as a consequence of the assumption 
that the Gruneisen constant is independent of 
temperature. If this were not true and the 
Gruneisen constant did vary with temperature, 
then the extrapolated lattice enthalpy at high 
temperature would be larger. The excess 
enthalpy would therefore be smaller, the 
Frenkel energy would be larger, and higher 
order terms would have to be added to equa¬ 
tion (12). The calculated value of the Frenkel 
energy appears to be very sensitive to the 
particular parabolic equation chosen to des¬ 
cribe the lattice contribution to the enthalpy. 
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No upward deviation in Fig. 2 was observed 
to support formation of Schottky defects at 
high temperature. High upward deviation in 
similar plots for silver halides have been 
observed by other workers [4,23] and attri¬ 
buted to the formation of Schottky defects. 
No appreciable downward deviation in Fig. 2 
at high temperature was observed either. 
Mutual interaction of defects would give 
rise to this effect, but it is felt that such 
effects are beyond the sensitivity of the calori¬ 
metric method. 

In conclusion, the data can best be re¬ 
presented by equation (13). When the value 
of the coefficient 'h' in equation (12) was 
checked with the value obtained by a calcula¬ 
tion using published thermal expansion data 
[24] and compressibility data as a function of 
temperature [25] for UO 2 , the resulting two 
values agree very satisfactorily. The agree¬ 
ment of the value of the Frenkel energy ob¬ 
tained here with the previously cited earlier 
estimates is gratifying. 
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THE EPR SPECTRA OF Gd®+ AND Eu^^ IN LEAD 
CHALCOGENIDES 

G. B. BACSKAY, P. J. FENSHAM,* I. M. RITCHIE and R. N. RUFF 
School of Chemistry, Melbourne University, Parkville, Victoria 3052, Australia 

(Received 1 July 1968) 

Abstract— The EPR spectra of Gd’+ and Eu“+ in the lead chalcogenides PbS, PbSe and PbTe have been 
studied at room temperature. In each case the fine structure is characteristic of cubic field splitting. 
The ht values for the europium doped samples show a steady decrease in going from PbS to PbTe, 
but the b, values for the gadolinium doped materials are approximately constant. These results are 
interpreted in terms of a simple electrostatic model. The Eu** ions are assumed to occupy a lattice 
site, and the Gd^^ ions an interstitial site around which distortion of the lattice has taken place. 


1. lOTRODUtTION 

Both and have an f electronic 
configuration and their ground state is 
The EPR spectrum of Gd’^ has been exten¬ 
sively studied in a wide range of environments, 
but less is known about the Eu^+ spectrum. 

The EPR spectrum of Gd''+ in PbSe has 
already been reported[ 1 ], but since very few 
comparative EPR studies exist, it was felt 
that it might be useful to extend these spectral 
measurements to the closely related com¬ 
pounds PbS and PbTe. Moreover, by pre¬ 
paring the three corresponding Eu doped 
compounds, it would be possible to compare 
the Gd^+ and Eu^+ spectra in three different, 
but rather similar environments. Lead sul¬ 
phide, selenide and telluride all have a cubic 
NaCl structure [2], and it is reasonably easy 
to obtain single crystals of sufficient quality 
for paramagnetic resonance measurements. 

The splitting of the * 57/2 ground state has 
been the subject of some controversy for a 
number of years, but it is generally agreed 
that the action of the crystal field, together 
with spin-orbit coupling, can cause zero 
field-splitting [3-5]. For example, the Hamil¬ 
tonian for a cubic crystal field may be written 
as. 


♦Faculty of Educatj^n, Monash University. Clayton, 
Victoria, Australia. 


l3S.g.H+ 8^0(0,0 + 50,*) 

+ B,o(0,o-2\0,*) 

8,0 and Bg® be expressed as a product of 
matrix elements of the crystal field potential 
and of the spin-orbit coupling operator LS, 
Thus the magnitudes and signs of B,o and flg® 
are expected to vary with different crystalline 
environments. 

2 . EXPERIMENTAL 

Doped single crystals were obtained by 
adding gadolinium metal (99-9 per cent, 
Koch-Light Laboratories) to the lead 
chalcogenides in approximately 0-1 mole% 
proportion before crystal growth. Europium 
was introduced as EuO (99-9 per cent, Koch- 
Light Laboratories) in approximately 0-3 
mole% proportion. The lead chalcogenides 
were prepared and the crystals grown in a 
manner similar to that described previously 
[1], For the Eu doped crystals, in order to 
prevent oxidation to Eu®^, it was found neces- 
to add a slight excess (approximately 0-5 
mole%) of lead to the mixture. The EPR 
signals obtained from these samples were 
much more intense than the signals of lead 
deficient crystals. 

The paramagnetic resonance measurements 
were carried out at room temperature using 
a Varian V4502 spectrometer operating in 


71.1 
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the X band. The crystals were always aligned 
with the magnetic held perpendicular to the 
(100) face, 

3. RESULTS 

All spectra consisted of seven lines roughly 
symmetrical about the central absorption 
following the intensity pattern 7; 15; 12; 16; 
12; 15:7, typical of the fine structure due to 
cubic field splitting. 

With the exception of Eu^^ in PbS, the cal¬ 
culation of the crystal field parameters was 
carried out in the way described in the 
previous paperfl]. The spectrum of Eu-'^ 
in PbS was strongly asymmetric because the 
zero field splitting was very large. Con¬ 
sequently the crystal field parameters were 
calculated in the following way. A preliminary 
estimate of the crystal field parameters was 
obtained using the transitions observed 
above 3500 G. Using these values the energy 
levels and transition energies were estimated 
as a function of magnetic field. These values 
of the transition energies were successively 
refined by a trial and error method to bring 
the calculated spectrum into coincidence 
with the one experimentally ob,served. The 
calculations were carried out using an IBM 
7044 digital computer. Thus, all the spectra 
were fitted to the Hamiltonian given in Section 
1, and the results are summarized in Table I. 

The variation of b 4 is also depicted in Fig. 1. 

Hyperfine splittings were observed for the 
Eu doped crystals, but the resolution of the 
spectra was insufficient to allow accurate 



l-ig. 1, The variation of h, in Mes ' as a function of 
chalcogenide. (O = tiu-’ ^ = Od’*) 

determination of the coupling constants for 
any of the systems except PbSe. In this case, 
the values obtained agreed with those 
reported by Pifer[6]. 

4. DISCUSSION 

The spectra of Gd and Eu in all three chal- 
cogenides were characteristic of the Gd’^ 
and Eu^* ions respectively, in sites of cubic 
symmetry. There was no evidence of spin- 
spin coupling and the absence of an axial 
field indicated that there were no compen¬ 
sating vacancies. 

The variation of 64 for the Gd doped and Eu 
doped compounds is strikingly different, as 


Table I. Spin parameters t>/Eu^^ and Gd’^ in lead chalcoaenides 
[All errors quoted are estimated maximum errors) 


System 

f; value 


= 

Eu in PbS 

^98()±0•(K).‘» 

+448 + 3 

0-0 + 3 

PbSe 

l•970±0•00.'5 

+266+1 

+1-1+0-3 

PbTe 

1-980 ±0-005 

+129-0 + 0-6 

+2-2+0-3 

Gd in PbS 

1-991+0-003 

+5.5-.5+ 0-5 

+0-8 + 0-5 

PbSe 

1-990 + 0-002 

-87-3 + 0-2 

+ I-1+0-5 

PbTe 

1-990 + 0-002 

+96-0 + 0-31 

5;2-l+0-6 
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shown by Fig. 1. In this paper, we attempt to 
give a simple, semiquantitative explanation 
of this phenomenon. 

Since the electrons involved in the paramag¬ 
netism are/electrons, effects due to covalency 
involving the rare earth ion may be neglected 
in this treatment. This situation may be 
compared with the effect of covalent bonding 
on the d electrons of transition metal ions. 
In this latter case, the magnitude of the zero 
field splitting is partially dependent on the 
covalency. Furthermore, if it is assumed that 
the mechanism of perturbation is the same in 
all six doped compounds, and that the spin- 
orbit coupling is constant, the differences in 
splittings must be due to variations in the 
electrostatic crystal fields. These two as¬ 
sumptions seem reasonable for such closely 
related crystals. 

The dopant atoms must occupy either lattice 
or interstitial sites, both of which have cubic 
symmetry in the NaCl type structure. A 
lattice site is octahedrally co-ordinated by 
nearest neighbour anions and the fourth order 
crystal field potential for it is given by [7] 

V, = ^-^[(x* + y* + z^)-Vl 

To a first approximation only the nearest 
neighbour anions need to be considered since 
the potential falls off as 1/a^. For a tetra- 
hedrally co-ordinated site, the potential is 
given by 

An interstitial site is, however, surrounded 
by a tetrahedron of anions and an equal tetra¬ 
hedron of cations. Hence, unless some distor¬ 
tion occurs in the lattice, the fourth order 
potential will be zero. In a previous paper, we 
concluded that Gd^+ occupies interstitial 
sites in PbSe[l]. We now explore the con¬ 
sequences of assuming that gadolinium is 
similarly positioned in PbS and PbTe, 


together with those consequences that follow 
if europium occupies a lattice site in each com¬ 
pound. The latter case is treated first. 

Eu^* on a lattice site 

If the perturbation is second order in the 
crystal field potential the following relation¬ 
ships will hold:- 

bf (PbS): hi( PbSe): b^( PbT e) 

= [F,(PbS)]’'; [F4(PbSe)]^: [K4(PbTe)]2 

This expression relates the crystal field 
parameter b^, the charge carried by the nearest 
neighbour anion and the distance between that 
anion and the paramagnetic ion for the three 
compounds. Knowing the f >4 values and the 
appropriate interionic distances, the ratios of 
the charges in the three compounds can be 
calculated. If there is no distortion of the 
lattice, the value of a may be set equal to 
one half of the lattice constant au- On this 
basis the ratio of the charges was calculated 
to be equal to 1 00:0-90:0-85 for PbS, PbSe 
and PbTe respectively. Whether distortion 
will or will not take place will in part depend 
on the relative affinity of each anion for 
europium and lead. Some measure of the rel¬ 
ative affinity can be obtained by comparing 
the free energies of formation of the lead and 
europium chalcogenides. We have been 
unable to locate this information. However, 
the standard enthalpies of formation of lead 
[8] and europium oxide[9] are —52 and—145-1 
Real mole"' respectively. These data imply 
that europium may dictate its environment to 
a large extent. Nevertheless, appreciable 
distortion is unlikely to occur, since the 
structures of the europium chalcogenides are 
all NaCI type, having lattice parameters very 
little different from the corresponding lead 
compounds. For the sulphide, selenide and 
telluride of europium the lattice constants are 
5-957, 6-191 and 6-584 A respectively. 
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which may be compared with the values for 
the lead compounds of 5-936, 6-124 and 
6-454 A[2]. The charge ratios are the same as 
those given above even if they are calculated 
on the basis of the europium chalcogenide 
lattice constants. The close correspondence 
between the lead and europium structures 
further strengthens the belief that will 
occupy lattice sites. 

The values of the charge ratios calculated 
above imply that the amount of ionic charac¬ 
ter is rather similar in all three compounds. 
Although this conclusion is at variance with 
Suchet’sllO] partial charge values (PbS, 0-6e: 
PbSe, 0-4e; PbTe, 0-2e), it is consistent 
with an analysis that can be made of the 
results of Pifer(6]. He found that the hyper- 
fine coupling constants of manganese in 
the lead chalcogenides show a gradual 
decrease from PbS to PbTe. According 
to Matumura[] 1) there is a linear relationship 
between ionicity and hyperfine coupling 
constant*. On this basis the change in 
ionicity for the Mn doped compounds is 
small, and it seems reasonable to suppose that 
the same may be true for the Eu doped 
compounds of the present work. 

It seems reasonable to us, therefore, 
that the variation in crystal field parameter 
between the compounds studied can be 
accounted for in terms of simple crystal 
field theory. 

Gd®* on an interstitial site 

The gadolinium compounds, like the europ¬ 
ium compounds, are almost certainly much 
more stable than those of lead. (e.g. the 
enthalpy of formation of GdaO, is -433-94 
kcal mole"* [13] If the gadolinium ions tend to 
create in their immediate vicinity structures 
similar to the gadolinium chalcogenides, they 
will be co-ordinated tetrahedrally rather than 


•The method of computing ionicities, due to Pauling 
[12) and as used by Matumurajl 1] must be treated with 
caution. In addition, it would appear that Matumura’s 
calculations are in error in that he allowed only one 
covalent bond for divalent compounds. 


octahedrally. GdjS.,, has the ThsP^ type 
structure [14], which is the same as the 
fluorite structure with anion vacancies dis¬ 
posed randomly throughout the lattice, 
The selenide and telluride of gadolinium 
have the same structure as Sb2S3[15], in 
which the metal ion is 7-fold co-ordinated, 
although the selenide has been shown to 
assume the Th 3 P 4 structure when selenium 
deficient [16). 

Our assumption that the Gd“* ions are 
present interstitially ensures that the ions are 
co-ordinated in a similar fashion to the way 
they would be in their parent compounds. 

At first sight, one might expect the same 
trend in values for a Gd’* ion in an inter¬ 
stitial site as for Eu^+ on a lattice site. The 
decreasing formal charges and increasing 
lattice constants observed in passing from lead 
sulphide to telluride. would serve to decrease 
the crystal field potential at an interstitial 
site, as well as at a lattice site. However it 
has been noted that the crystal field potential 
at an interstice consists of a contribution from 
the surrounding anions and a contribution 
from the surrounding cations. While the 
individual contributions from the anions and 
cations will decrease across the series PbS, 
PbSe and PbTe, in each compound, they will 
remain equal in magnitude, but opposite in 
sign. The net crystal field will, therefore, 
be zero unless some distortion in the sur¬ 
rounding lattice takes place. The values 
are not zero, but are much smaller than the 
values for europium. We have calculated 
what distortion of the lattice, as shown in 
Fig. 2. is necessary to obtain the b^ values. 
The assumption of equal and opposite dis¬ 
tortion for cations and anions is, of course, 
purely arbitrary. We assume that the ratios of 
the formal charges are the same as those cal¬ 
culated for Eu doping. At an interstitial site 

^4 = K4(anions) — E4(cations) 

(-35<7) r_1__ 1 1 

9 Ub-d)^ {b+d)^\ 
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Fig. 2. Postulated distortion of lead chalcogenide lattice 
surrounding an interstitial gadolinium. 

where d is the distance in A through which 
the anions and cations have been displaced, 
and b is the interstice-lattice site distance. 

Assuming a second order perturbation 

r F'4(interstitial) 1^ _ fe.,(Gd^^) 
LK^Oattice site)J Ib^lEu^^)' 

The values of d obtained are O-IO, 0-17 
and 0-27 A for lead sulphide, selenide and 
telluride respectively, and the gadolinium 
chalcogenide distances will then be 2-47, 
2-48 and 2-55 A. The increasing distortion 
found in going from PbS to PbTe correlates 
with the expected decrease in the strength 
of the lead-chEdcogen bond. The values of 
interionic distances calculated above are 
consistent with values estimated for the gadol¬ 
inium chalcogenides, although the exact 
calculation of these distances for the latter 
compounds was not possible in the absence 
of suitable X-ray diffraction analyses. 

We may conclude that the observed 
trends in the values, obtained from a study 
of the EPR spectra of Gd*+ and Eu^+ in PbS, 


PbSe and PbTe, can be interpreted in terms 
of these simple electrostatic models. Ac¬ 
cording to them, the Eu’^^ occupies a lattice 
site, and the Gd^"^ occupies an interstitial 
site around which the anions and cations are 
displaced. 

We do not suggest that the variation in 
b^ can always be accounted for in the way 
we have outlined in this paper. Nevertheless, 
for such closely related compounds as the 
lead chalcogenides, it seems plausible that 
the perturbation mechanism is common to 
all three. This is consistent with our experi¬ 
mental results. 
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Ab.stract — The partial pressure of Tcj, Pi, has been determined for preannealed Bi-Te samples 
between 44 and 70 al.% Te and 400 and 635*0 by measuring the optical density of the vapor between 
7000 and 1990 A. Values of P, and lO’/T were obtained along the three-phase curves of the BiiTejU) 
phase and of a 55-58 at.% I'e phase decompo.sing peritectically at 563 ± 2°C. The detailed liquidus line 
between 44 and 70 at.% and the solidus line for BiiTej are obtained. The homogeneity range of the 
latter is roughly symmetrical about the ideal 60 at.% composition and is a maximum of about 0-4 at.% 
wide, between 460 and 520°C'. BijTca melts congruently at 586-0°C and 59-95 at.% Te. It is shown that 
the antistructure model provides a nearly correct relationship between composition and carrier con¬ 
centration in Bi-iTej. The Pj isotherms, however, deviate from mass-action law predictions. 


1. INTRODUCTION 

The semiconducting compound BijTe.-, has 
been the subject of numerous investigations 
concerning its galvario-magnetic, optical and 
thermal properties[1]. The only vapor pres¬ 
sure measurements, however, have been 
Knudsen-cell weight-loss measurements 
[2. 3] which give no indication of the variation 
of partial pressures along the three-phase 
curve. Moreover, there has been only one 
partially successful attempt [4], based on 
precision-density measurements, to check the 
adequacy of the antistructure model suggested 
[5,6] by Hall measurements and no detailed 
determination of the homogeneity range. In 
the present investigation we have filled these 
gaps by determining the partial pressure of TCi 
as a function of temperature for a number of 
pre-annealed Bi-Te compositions between 44 
and 70 at.% Te. The method used is to mea¬ 
sure the optical density between 7000 and 
1990 A of the vapor at 755°C that is in equili¬ 
brium with a solid or liquid phase at a known, 
lower temperature. This method has been 
successfully applied to a number of tellurium 
[7] and selenium[8] systems. 


•Operated with support from the U.S. Air Force. 


2. EXPERIMENTAL 
(A) Synthesis of samples 
The method of preparation was extremely 
important since we were attempting to obtain 
samples which were equilibrated near 525°C 
and which in a few critical cases had com¬ 
positions known to within about ±0 005 at.%. 

Step I —react elements. Chunk Bi and Te, 
99-999 per cent pure by the supplier's analysis, 
were each weighed to the nearest 01 mg to 
make a total of about 15 g. The elements were 
then loaded into a 10 cm long. 2 0 cm O.D. 
silica tube and put under vacuum. (All silica 
tubes used in this study, including the optical 
cells, were first cleaned and outgassed prior 
to loading as previously described[9].) The 
elements were outgassed 4-5 hr at 190°C 
until the pressure dropped below lO'^Torr. 
The tube was then sealed. The tube and con¬ 
tents were heated to 700°C and held there for 
30 min with occasional shaking (the highest 
melting point in the Bi-Te system is that of 
Bi-^Tes at 586°C), furnace-cooled to about 
fiOO'C, and quenched by rapid immersion in 
water. In order to minimize the formation of a 
condensed film of tellurium over the entire 
tube in the quench, the tube was immersed 
only slightly deeper than the height of the melt. 
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In order to minimize any segregation incurred 
by condensation of a Te-rich film around the 
ingot, the tube was reheated for 16 hr at 
520®C in an isothermal enclosure and quenched 
again. This served to almost eliminate any 
film. 

The isothermal enclosures used here and in 
all subsequent heat treatments were I-2 cm 
wall thickness, 15 cm long cylindrical silver 
liners. The liners were closed with I -2 cm 
thick silver caps, wrapped in a I-2 cm thick¬ 
ness of insulating blanket of aluminum oxide 
fiber, and placed in a box furnace. A thermo¬ 
couple was placed inside the cavity of one 
liner. These enclosures were isothermal 
enough that there was no sublimation away 
from the material during the anneals. 

Step 2 —anneal. The samples which were 
annealed, the annealing conditions used, and 


the optical cells are listed in Table 1. The 
sample numbers are given in order of increas¬ 
ing Te content except for those in the bottom 
section of the Table, which form a group 
among themselves. The optical cell numbers 
in the last column indicate the chronological 
order of sample preparation and optical 
density measurements. The samples were 
generally prepared by the reaction described 
in Step 1, which is indicated by R in the Origin 
column of Table 1. After Step 1 the tube was 
broken open and the material ground with an 
agate mortar and pestle to pass a stainless- 
steel standard sieve, the opening of which is 
listed under maximum particle size in the 
Table. The sample was then loaded into a 
second silica tube, outgassed 3-5 hr at 190°C 
and lO'^Torr, and sealed off at about 10“^ 
Torr. The tube was placed in one of the silver 


Table I. Sample synthesis and optical cell data 


Sample synthcsl^ 

Annealing step 

Optical cell 

Sample 

('omposilion Wei(;ln 

(al.9f7c) (Bl 

1 

Onpin 

Max. 

particle 

size 

(mm) 

Temp. 

("O 

Time 

(hr) 

Sample 

weight 

loaded 

(g) 

Optical 

path 

length 

(mm) 

t'ell 

number 

1 

440 

10 

R (lead elements) 

1 

525 

166 

5 

98-2 

1 

2 

.SIO 

10 

R 

1 

520 

188 

2-3 

98-8 

4 

3 

.vs-o 

HI 

R 

1 

520 

182 

2 

98-8 

5 








f5 

)0]'8 

7 

4 

580 

10 

R 

1 

525 

166 

2 

98-7 

2b 

5 

580 

15 

R 

0-5 

527 

204 

2 

99-3 

12 

6 

58 0 

3 

part of sample 5 

0-044 

524 

1 

1 

100-5 

15 

7 

58 0 

2 

part of sample 5 

0 044 

_ 

- 

2 

98-3 

16 

8 

590 

15 

R 

1 

525 

165 

2 

98-3 

19 

9 

.59-80 

15 

R 

1 

519 

240 

1-8 

98-1 

6 

10 

59-80 

13-2 

remainder of 

0-177 

526 

165 

1-5 

99-1 

17 




sample 9 







II 

59-90 

15 

R 

0-5 

519 

161 

2 

97-4 

8 

12 

59-99 

15 

R 

0-5 

519 

163 

2-3 

99-9 

10 

13 

60-07 

15 

R 

0-5 

519 

184 

2 

100-3 

9 

14 

60-2 

15 

R 

i 1 

518 

188 

2 

48-1 

7 

I.S 

60-2 

13 

remainder of 

0-5 

390 

187 

2 

99-4 

13 




sample 14 







16 

62-0 

15 

R 

1 

520 

164 

2 

46-6 

3 

17 

62-0 

13 

remainder of 

0-5 

520 

166 

2-5 

99-0 

11 




sample 16 



___ J 




18 

62-0 

2-3 

elements put directly into optica) cell, sample j 

2-3 

100-3 

14 




held 10 min 600”C, quenched 


1 




19 

63-0 

2-5 

elements put directly into optical cell, sample 

2-3 

47-8 

18 

20 

70-0 

2-5 

held 10 min 600°C, quenched 


1 

2-5 

47-6 

20 
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liners described above and annealed as indi¬ 
cated in the Annealing Step columns of 
Table 1, generally for about 6 days at 525°C. 
The sample was then quenched by rapid 
immersion in water. In 5 instances most of a 
sample was reannealed to form a new sample. 
For example, after 1-8 g of sample 9 was 
sealed in an optical cell, the remainder was 
ground to 0-177 mm maximum particle size 
and annealed 165 hr at 526°C to give sample 
10 . 

Step 3 —toad optical cell. Finally 1-5 g of 
an annealed sample was loaded into the side- 
arm of an optical cell and the material out- 
gassed 3-5 hr at 190°C and 1 O’’Torn The 
optical cell was then sealed off. For the optical 
cells listed in the bottom section of Table 1, 
measurements were made only at tempera¬ 
tures for which the samples were completely 
molten. Some of the preparative steps were 
therefore unnecessary. The elements were 
loaded directly into the sidearm of an optical 
cell. After heating the samples to 600°C and 
quenching, they were ready for measurements. 

The fused silica optical cells consisted of a 
cylindrical cell proper and a 21 cm long side- 
arm at right angles to the cylindrical axis[10]. 
The end of the sidearm was the seal-off point. 
The inside length of the cell proper was taken 
as the optical path length and is given in Table 
1. Except for 2 Te-rich samples the path 
lengths were near 100 mm. 

The loss of material for each outgassing and 
seal-off is estimated to be about I -5 mg. This 
would change the composition by less than 
3( 10“^) at.% Te for samples near 60 at.% Te. 

(B) Optical density measurements 

The sample was spread over the last 2-5 cm 
of the sidearm and the optical cell proper put 
into the sample beam of a Cary 14 H double¬ 
beam spectrophotometer with the sidearm 
tilting downwards about 15° from the horizon¬ 
tal. Furnaces enclosed the entire cell so that 
the optical cell proper was held at 755'’C 
while the sample could be held at any lower 
temperature and had the lowest temperature 


in the entire cell. Temperatures were measured 
to ±3/4°C at 6 positions along the cell proper 
and sidearm with an automatic potentiometric 
recorder. The temperature across the sample, 
as measured by thermocouples just outside 
the sidearm, did not vary by more than 2°C in 
any measurement. The sample temperature 
was taken as that obtained from a calibrated 
Pt; Pt, 13 per cent Rh thermocouple which 
was located near the middle of the sample and 
Just outside the sidearm in a 6 mm wall thick¬ 
ness, 10 cm long Ag liner. The temperature of 
this thermocouple, which was provided with 
an ice junction, was measured and recorded to 
±0-05°C. During the 10-20 min required to 
make the optical density measurements the 
sample temperature was constant to within 
0-3“C. 

At the beginning of a run, with the cell 
proper at 755°C and the sample near room 
temperature, the zero of optical density, 
D = log IJl, was measured as a function of 
wavelength. The sample temperature was 
raised to about 300°C, where the vapor 
density is still negligible, and the zero mea¬ 
surement repeated. The sample temperature 
was then increased and the optical density 
at 1995-5 A. where TCjfj?) absorbs 
most strongly in the. 1990-7000 A interval, 
recorded. Once became measurable the 
sample temperature was increased in 5-8°C 
steps. Generally the sample temperature and 
0 , 9,5 simultaneously reached a steady state 
about 15-25 min after the temperature had 
been increased. Generally each sample was 
allowed to remain at temperature overnight at 
least once. The agreement observed between 
the optical densities before and after this 
16 hr period tends to confirm the assumption 
that the samples were in complete equilibrium. 
The u.v. spectra were obtained between 1990 
and 2100 A using the hydrogen light source of 
the Cary I4H, a scanning speed of 1/2 A/sec, 
a 12'7cm/min chart speed giving 2-36 A/cm, 
and a 1 sec recorder-pen period. The nominal 
spectral band pass was 1-28 and 1-68 A at 
2100 and 2000 A, respectively. 
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As Z )||)»5 approached 2, the highest optical 
density which could be measured, the spectra 
were measured throughout the u.v. region to 
4000 A. At the highest Tej-pressures the 
optical density was measured at 7000, 6000 
and 5000 A and scanned between 4400 and 
4300 A. The scanning speed was i A/sec, the 
chart speed was 12-7cm/min, and the pen 
period was 1 sec. At 4357 A the nominal 
spectral band pass was 1 -7 A. Above 4000 A 
the tungsten light source of the Cary I4H was 
used. 

Value of D were measured between about 
0 01 and 2 0. The noise in the zero runs (with 
no vapor in the cell) was ±0005. As can be 
deduced from what follows, this corresponds 
to an error of ± 10 ** atm in the partial pressure 
of Te^for a 100 mm optical path-length cell. 

3. RESULTS 

(A) (jenenil 

With the exception of one wavelength 
interval, the normalized spectra observed 
were quantitatively the same as that seen with 
a pure Te .sample, i.c. the Te.,(g) spectrum[71. 
About 590°C and above, additional bands are 
seen between 2200 and 2350 A, the strongest 
being at 2231 A. These appear to be the same 
as those attributed to BiTe(g)(l 1]. They will 
not be discussed further here. The spectra of 
Bitg) and Bi^tg) were not seen at temperatures 
as high as 700°C. the highest sample tempera¬ 
ture investigated. 

The structure of the 1995-5, 2025, 2056 and 
4357 A absorption-band maxima of Te^tg) 
were discussed [7] in an earlier study of the 
vapor pressure of Te(r, 1). After correction of 
optical densities greater than 1-0 (for what 
appears to be a stray light error and amounts 
to a 6 per cent correction at D = 2) these 
optical densities are proportional to the partial 
pressure of Te 2 (g), Pj, to within better than 
3 -5 per cent. The equations are 

Pj(atm) = 2-69( 1 ( 1) 

^ liras ■ ^2025 • ^2056 • O 43 S 7 

= 100;0-410:0<-.317:0106 (2) 


where Dx, is the optical density at wavelength 
X and L is the path length in mm. In the pre¬ 
sent investigation values of D), above 1 -0 were 
corrected and plots of log £)x vs. 10-’/T showed 
that equation (2) was satisfied. The value of P 2 
was generally calculated using equation (I) 
for sample temperatures below 590°C. At 
higher temperatures the largest optical density 
below the upper limit of measurement, D = 2-0, 
was used in equation (2) to calculate P 2 . 

(B) Pressure-temperature diagram 

The results for the 13 different compositions 
are shown in Fig. 1, in which Pj is plotted on a 
log scale against lOVT, where T is the abso¬ 
lute sample temperature. It is seen that the 
range of P^ is between 10~® and 10"® atm. We 
shall first describe Fig. I qualitatively and 
then list the quantitative phase-diagram and 
thermodynamic information it contains. 

The uppermost unbroken line with no data 
points at high temperatures gives the partial 
pressure of Te. 2 (^’) over pure Te(c. 1)[7,12]. 
This is essentially equal to the total vapor 
pressure of Te. The discontinuity in slope at 
45(>°C occurs at the melting point of Te(c'). 
The approximately parallel lines at the highest 
temperatures (left side of Fig. 1) give P 2 for a 
scries of melts with compositions between 
44-0 and 70 0 at.% Te. Higher temperature 
data extending to 700°C, which are omitted 
from Fig. 1. all fall along straight lines which 
are extensions of the lines shown. (The high 
temperature data will be discussed in another 
paper in a thermodynamic characterization of 
Bi-Te melts.) With decreasing temperature, 
these lines intersect a large, parabola-like 
curve. The values of Pj for each composition 
then fall along one or the other leg of this 
curve for some characteristic range of tem¬ 
peratures. Except for a complication involving 
the low pressure leg below about 560'’C and 
discussed shortly, the parabola-like curve is 
the three-phase curve for Bi.^Tegfc), where 
this solid phase, vapor, and a liquid phase 
coexist. Of particular interest is the fact that 
the upper or Te-rich leg of the three-phase 
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TEMPERATURE CC) 



Fig. I. Partial pressure of Te^. as a function of lO'VT where T is the absolute 
temperature for a number of Bi-Te compositions. The uppermost line showing 
a break in slope at l(P/7 = 1-383 is the vapor pressure of pure Te(r. ft. The 
data points for the 2 compositions represented by crosses do not overlap, 
nor do the data points for the 2 compositions represented as x. Hence in these 
cases the composition intended can be unambiguously identified remembering 
Pj IS larger at a given temperature, the larger the at %Te. 


Symbol 

O -1- 

▼ 

• 

A 

iil.%Tc 

-Sl-o 55 0 

580 

.59-80 

59-90 

Optical cell 

4 5 

2,12 

6.17 

8 

Symbol x 

♦ 

<1 

X 

A 

+ . ■ 

at.%Te .S9-99 

60 07 60-2 

60-2 

62-0 

62-0 44,63.70 

Optical cell 10 

9 7 

13 

3 

11 as labelled. 


curve approaches the Pj line of pure Te(c, 1) 
and then coincides with it below 415-7- 
416-6°C. This shows that the temperature of 
the eutectic between BizTe.-ilc) and Te(c) is 
416-1 ±0-5°C, and the value of P.^ over 
BijTe^-saturated Te(r-) is essentially that over 
pure Te(c-). 

At temperatures approaching the 

slope of the three-phase curve is clearly shown 
to approach large values, a slope of infinity 
being expected at the maximum melting point 
of a congruently-melting compound. The 
curves within the three-phase curve, for sam¬ 
ples containing 59-80, 59-90, 59-99, 60-07 and 
60-20 at.% Te, arefbr compositions within the 


homogeneity range of the BiaTeatc) phase and 
are generally straight lines. With increasing 
temperature. P^ lines for these compositions 
intersect the three-phase curve, coincide with 
it for a range of temperatures, change slope a 
second time and break away from the three- 
phase curve to form the lines in the liquid- 
phase region described above. The tempera¬ 
tures at which these sharp changes occur are 
solidus and liquidus temperatures respectively 
for the composition in question. It is seen that 
the 59-90 and 59-99 at.% samples bracket the 
congruently-melting composition, whose Pj 
curve should coincide with the three-phase 
curve at only one point, the two discontinuities 
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in slope coalescing to one. For the critical 
compositions near 60 at.% Te, the change in 
composition due to preferential loss of Te to 
the vapor phase is less than 10“® at.% for 
Pj == 10“® atm and can be neglected. The 
values of Pj obtained with cells 6 and 17, both 
containing 59-80 at.% samples, agree. As seen 
in Table 1 the sample in cell 17 underwent the 
same annealing treatment as that in cell 6, 
then was reduced in maximum particle size by 
a factor of about 5 and annealed as long again 
at about the same temperature. 

In order to discuss the Bi-rich three-phase 
curve a portion of the Pj vs. 10^/7' plot is 
shown in Fig. 2, which is on an expanded scale 
and includes some points omitted from Fig. I 



ioVt 'k 

t ig. 2. Partial pressure of Te, as a function of IWIT for 
the most Bi-rich compositions. Lowest two lines form the 
three-phase curve for the 55-58 at. %Te peritectic phase. 
Uppermost line shows 59 80 at. % Te is just inside the 
BisTe^lc) homogeneity range. 

Symbol O -i- T V x # 
at.%Te 510 55 0 58 0 580 59-0 59-80 

Optical cell 4 5 12 15.16 19 6.17. 


for clarity. The lowest straight line is deter¬ 
mined by the values of for the SI-0 and 
55-0 at.% samples (cells 4 and 5, respectively) 
at values of lO^/T below 1-15. The reliability 
of this line is supported by the fact that the 
liquidus temperature determined by its inter¬ 
section with the line for the 44 at.% liquid is 
539°C, which is the same value obtained from 
DTA cooling curves by Strauss[13] and is in 
good agreement with the value of 537'’C in 
Hansen’s summary[14]. The points clustering 
about the middle line were obtained with the 
59-0 at.% sample (cell 19) and 3 differently 
annealed 58-0 at.% samples (cells 12, 15 and 
16) and were taken with both increasing and 
decreasing temperatures in the range below 
56(FC. There is somewhat more scatter than 
usual associated with these compositions 
although most of the points fall on the line 
within the estimated experimental error of 
±10“® atm. The middle line is simultaneously 
the Bi-rich three-phase line of the BijTesIc) 
phase and the Te-rich three-phase line of a 
peritectic phase whose homogeneity range 
lies between 55 and 58 at.% Te near 540'‘C. 
We point out that the upper line was obtained 
with two differently annealed 59-80 at.% 
samples and falls just inside the Bi2Te3 homo¬ 
geneity range. 

The upper limit of 58 at.% Te for the homo¬ 
geneity range of the peritectic compound 
is supported by room temperature X-ray pow¬ 
der diffraction data to be discussed in another 
paper. These data indicate the 58 and 59 at.% 
Te powders are two phase, whereas there is no 
such indication for a 57 at.% Te powder (no 
optical density measurements made). Finally, 
although the data in Fig. 2 clearly show that 
the 55-0 at.% sample data coincides with the 
Bi-rich three-phase line of the peritectic phase 
and is therefore two-phase above about 540T;, 
X-ray powder diffraction data indicate this 
composition is single phase at 525°C and has a 
different structure than the 57-0 at.% Te 
sample. 

The data for the various compositions are 
internally self-consistent with two exceptions. 
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which are judged minor. The values of P 2 for 
the 59-80 at.% Te sample (6) above about 
560°C do not coincide with the Bi-rich three- 
phase line but are about 10 per cent high. The 
values of Pa for samples containing more than 
60-07 at.% Te show some scatter between 
575 and 586°C where the three-phase curve 
shows strong curvature. 

(C) Quantitative phase diagram data 

As noted above, the Te-rich leg of the 
BiaTe.ilc) three-phase curve coincides within 
experimental error with our previously 
measured [7] vapor pressure of Te up to 
416°C. Between 416 and 50 rc the values of 
log Pa fall along a straight line given by: 

log Palatm) =-4-907(10»)/T-(-3-050; 

(416 « T « 50rC). (3) 

Up to 563°C the three-phase line between 
BiaTea(c) and the 55-58 at.% Te peritectic- 
compound shown in Fig. 2 is given by 

log P 2 (atm) = -12-785( 10=’)/T+ 11-113; 

(525 « r « 563°C). (4) 

The Bi-rich leg of the three-phase line for the 
peritectic compound is given by: 


log Pa(atm) = -18-265(10®)/T-I-17-669; 

(525 « T 563°C). (5) 

A peritectic temperature of 563±2“C is 
obtained from the simultaneous solution of 
equations (4) and (5) which corresponds to the 
intersection of the bottom and middle lines in 
Fig. 2. This is in agreement with the value of 
562“C obtained by Glatz[15] from DTA heat¬ 
ing curves of pre-annealed samples. A recent 
determination by Strauss [13] using DTA 
cooling curves gave 556“C. In contrast, a 
value of 540°C had been obtained earlier by 
Abrikosov et a/. [16] from DTA heating 
curves on preannealed samples. This latter 
value now seems too low. 

Values of Pa and I0®/T for the higher 
temperature portion of the BiaTcjlc) three- 
phase curve were read from the smoothed 
curve of Fig. 1 and are given in Part (A) of 
Table 2. There are some small discrepancies 
for the values of Pa along the Te-rich leg 
between about 575 and 586°C. The higher 
values obtained with the 62-0 at.% Te sample 
(2) are taken as correct and those from the 
60-2 per cent sample (7) ignored. 

Solidus and liquidus temperatures for each 
sample were taken as those temperatures at 
which the Pa-lines inside the BiaTcj three- 


Table 2. Phase Diagram Data in the Bi-Te System 


(A) Partial pressure ofTe^tg) along 
the BiaTejtc't three-phase curve 

iB) Liquidus points, estimated 
error ±0-5'’C 

(C) Solidus points for BiaTe, and 
interpolated liquidus points 

103/T 

(“K) 

l(PXP.j 

(atm) 

103 X P., 
(atm) 

at.%Te 

TC 

at,%Te 

(solidus) 

at.%Te 

(liquidus) 

TC 

1 165 

6-40 

4-70 

44-0 

539 ± 1 


47-6 

554-0 

1167 

6-70 

3-60 

51-0 

568-0 


49-0 

561-3 

1170 

7-30 

2-.50 

55-0 

579-0 

59-80 

50-4 

.5660 

M74 

7-90 

2-00 

58-0 

584-3 


53-1 

574-0 

M78 

8-30 

1-62 

59-80 

585-3 

59-90 

55-3 

5803 

1 182 

8-70 

1-32 

59-90 

586-0 


56-4 

.583-0 

M88 

8-90 

0-97 

59-99 

586-0 


61-3 

586-0 

1192 

8-90 

0-79 

60-07 

586-0 

59-99 

62-3 

585-0 

1-200 

8-90 

0-56 

62-0 

.585-3 


63-9 

581-7 

1-210 

8-80 

0-362 

63 0 

584-0 


66-1 

575-5 

1-230 

8-10 

0-0148 

70-0 

564-0 

60-07 

69-0 

566-6 

1-250 

7-20_ 




60-20 


5130 

1-290 

5-10* 
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phase curve and the P,.-lines for the melts, 
respectively, intersected the Bi^Tej three- 
phase curve. The liquidus temperatures are 
given in Part (B) of Table 2. The solidus 
temperatures are given in Part (C) of Table 2 
which also lists a number of interpolated liqui¬ 
dus temperatures. The latter were obtained by 
constructing logPrlO^T lines for various 
compositions at temperatures above 586“C 
and extrapolating these until they intersected 
the three-phase curve of Fig. I. The tempera¬ 
tures of intersection were taken to be the 
liquidus temperatures. The values of log P^for 
the compositions selected were interpolated 
from isotherms of log(P.^''^/A') vs. (I—Afp, 
where A" is the atom-fraction of Te. These 
isotherms are linear above 
The liquidus points given in Parts (B) and 
(O of Table 2 all fall within T or less of a 
simple, smooth curve, indicating the general 
internal consistency of the data from the var¬ 
ious samples. The liquidus curve is in good 
agreement with that given in Hansen's sum¬ 
mary [14]. It is also in good agreement with the 
recent determination by Strauss[13J. Between 
42 and 52 at.% Te our results agree with his 
to better than 1°. Between 52 and 67 percent 
our results are lower by 10-1-5°, Strauss 
obtaining 587-,TC as the maximum melting 
point. Near 70 per cent the two sets of data 
agree again to better than 1 
The values of Pa for compositions inside the 
BijTc;, homogeneity range are given by 


equations of the form: 

logP,(atm) = -l(P/l/T-l-B. (6) 

The constants /I and B are given in Table 3 
along with the number of data points and an 
indication of the adequacy of the fit. It is to be 
noted that the values of A decrease with in¬ 
creasing Te-content. The partial relative 
enthalpy and entropy of Te in BiaTe.i can be 
obtained directly from the constants A and B, 
the former decreasing with increasing Te- 
content. 

FURTHER ANALYSIS AND DISCUSSION 
(A) Homogeneity range of Bi^Te.-. 

The isothermal dependence of P..,'''^ upon 
composition using log-log scales is shown in 
Fig. 3. Compositions with less than 60 at.% 
Te are shown in the left side of the figure, 
where the abscissa is lOOIJ —AfTe), increasing 
to the left. Compositions with more than 60 
at.% Te are shown in the right side, where the 
abscissa is lOOIAfTi.—J), increasing to the 
right. Thus the Te-content increases to the 
right in both halves. The abscissas for the two 
halves are made to coincide at 100|i 
001. The points used to construct the 
isotherms were interpolated from the log 
P-i— WIT curves of Figs. 1 and 2. In drawing 
the isotherms it was assumed that the value of 
Pj for a 60 01 at.% Te sample would be the 
same as that observed for the 59-99 per cent 


Table 3. Partial Pressures ofTe-i inside the Bi-^Tcalt) homogeneity 
range l,og P^tatm) = — B; F in °K 





Temperature 


Number of data points 


at.% Te 

A 

B 

interval 

Total at « 10% a 

«5% a 

« 3% 


CK) 


C’C) 





60 07 

6-5076 

4-7210 

395-567 

31 

30 

29 

23 

59-99 

10-0755 

8-6294 

443-538 

9 

- 

9 

7 


8-8692 

7-I.W 

538-585 

10 

- 

- 

10 


11-4942 

9-8620 

480-580 

27 

23 

21 

19 

59-80 

12-8590 

11-2889 

500-566 

18 

18 

14 

12 


td is the percentage difference between the mea.sured value of P.^ and that calculated from 
the equation. 
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Fig. 3. Isotherms for the square root of the Te^-pressure plotted against ± lOOIJf r.. —i) 
where Yti, is the atom-fraction tellurium in the condensed phase establishing the vapor. 
The two abscissas, plotted on a log scale, are joined at llOOlYx,. —i)| = 0 01. The 
numbers for each isotherm give the value of lO'/T. 


sample. For each of the isotherms at lO*/?" = 
I'l?, 118 and M92, the straight line between 
.^9'90 and 59 99 at.% is extrapolated to Te- 
rich compositions. The horizontal lines at 
either side of the figure with the attached 
values of 10^/7 show the values of P 2 along 
the three-phase curve for Bi 2 Tea. The inter¬ 
sections of the isotherms with the horizontal 
lines give interpolated values for the homo¬ 
geneity limits of the Bi^Te-) phase. These are 
shown as circles in Fig. 4. The points obtained 
from data for the individual samples, as listed 
in Part (C) of Table 2 are shown as triangles. 
The agreement among the two types of points 
is seen to be generally satisfactory. The largest 
discrepancy is for the Bi-rich solidus at 
565 •9°C and is attributable to the fact that 
above 565°C the values of P.^ for the 59-80 
per cent sample lie about 10 per cent above 
those on the Bi-rich three-phase curve 
adopted here. 

Figure 4 shows that the homogeneity range 
of BijTe.i encompasses compositions about 
0-2 at.% on either side of stoichiometry be¬ 
tween 460 and 520°C. The maximum melting 
point is estimatejt to be at 59-95 at.% Te. 
From DTA heating curves on annealed sam- 



Fig. 4. Homogeneity range for the BfiTC;,-phase on a plot 
of temperature vs. at. % Te. Points shown as circles were 
obtained using the interpolation scheme of Fig. 3. 
Those shown as triangles were obtained directly from 
plots of log Pj vs. KP/T for the various compositions as 
described in the text. 

pies, Offergeld and Cakenberghe[17] obtained 
a value of 59-935 ±0-015 at.%, in good agree¬ 
ment with ours. However, their values of 
59-92 and 60-05 ± 0-05 at.% Te, for the homo¬ 
geneity limits between 500 and 525°C„are 
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significantly closer to stoichiometry than ours. 
They give no details of the annealing condi¬ 
tions used to prepare their samples. 

From the variation of the room-temperature 
lattice parameters of samples annealed at 
400°C, Glatz[l5] has given the homogeneity 
limits at 400°C as 59-6 and 60-5 at.% Te. 
Within an uncertainty of 0-2 at.% these 
results are consistent with ours, which extend 
only as low as 460°C. In our opinion such an 
uncertainty in Glatz’s results is not unreason¬ 
able, since the observed composition depen¬ 
dence of the parameters is not simple and the 
total variation is only 2 parts in about 4(10)’, 
about twice the precision of the measurements. 

On the basis of lattice parameter measure¬ 
ments, Brown and Lewis [18] concluded that 
the BijTej phase extends some 30 at.% toward 
pure Bi. This conclusion is incorrect because 
they indexed the powder patterns on the 
assumption that the structure of the Bi-rich 
compositions is the same as for BijTcs. 
Stasova[19,20] has demonstrated that this 
assumption is invalid for BiTe and suggested 
it is also invalid for other possible phases 
in the 50-60 at.% Te interval. We have iden¬ 
tified two such phases from X-ray powder 
diffraction patterns for 55 0 and 57 0 at.% Te 
compositions. The indexing of these patterns 
is of course different from that for the Bf^Tcs 
phase. The 57 0at.% phase is the same as 
the 55-58 at.% peritectic phase identified 
here from the partial pressure data and dis¬ 
cussed earlier. A more extensive discussion 
of our x-ray results will be given in another 
paper. The conclusion we wish to present 
here is that the broad .solidus field between 
50 and 57 at,% Te found by Glatz[15] and 
Abrikosov [16] actually consists of at least 
3 phases. 

(B) Correlation of composition and electrical 
properties through the antistructure model 
Measurements of carrier concentration 
indicate that Bi-rich samples of the BifTcn 
phase are p-type, while Te-rich samples are 
rt-type, the predominant point defects there¬ 


fore being of the antistructure type[5,6]. 
Thus excess Bi-atoms replace Te-atoms 
substitutionally and behave as acceptors, 
whereas excess Te-atoms substitute for Bi¬ 
atoms and behave as donors. The finding 
[5,17] that the maximum-melting, p-type 
composition is on the Bi-rich side of 60 at.% 
Te, confirmed here, is consistent with this 
picture of the point defects. 

Satterthwaite and Ure[5] measured the 
Hall coefficient in the plane perpendicular 
to the c-axis for the crystals first to freeze 
from a large volume of melt of known composi¬ 
tion. Comparing their experimental results 
with ours, as listed in Table 4, makes it 
possible to test the adequacy of the anti¬ 
structure model. The first two columns of 
Table 4 give respectively the melt composition 
and the apparent hole or electron concentra¬ 
tion in the first-to-freeze solid as read from 
the smoothed curve in Fig. 1 of Satterthwaite 
and Ure. From our smoothed liquidus curve, 
constructed from the data in Parts (B) and 
(C) of Table 2, we find the liquidus tempera¬ 
ture corresponding to the melt composition, 
and finally from Fig. 4 the corresponding 
solidus composition. Assuming the first-to- 
freeze solid in Satterthwaite and Lire’s experi¬ 
ments was always in equilibrium with the 
liquid, the apparent carrier concentration in 
column 2 is determined by the solid composi¬ 
tion in column 4. We have obtained only 2 
solid compositions for Bi-rich material with 
apparent hole concentrations less than 6 x 10‘® 
cm ®. This is because the corresponding 
temperatures are within 0-5°C of the maxi¬ 
mum melting point, where we do not have 
points to establish the solidus curve accur¬ 
ately. We have interpolated our results to 
obtain the composition corresponding to an 
apparent hole concentration of 6(10’“) cm"®. 
We have also listed our estimate of the 
maximum-melting composition. 

The solid composition can be calculated 
from the apparent carrier concentration by 
using the antistructure model defined by the 
following assumptions. AH the normal sites 
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Table 4. Comparison of observed composition o/BijTCsCr) phase with that calculated 
from observed apparent.carrier concentrations 


Liquid 

at.%Te 

Satterwaite and Ure(5] 
P* orn* 

(cm ®) 

T“C 

Present results 
Solid composition 
at.%Te 

Calc, solid composition 
ai.%Te 

50-4 

_ 

565-5 

59 980 ±-025 

_ 

55-3 

- 

580-5 

59-882 ±-012 

- 

59-0 

6x 10'“ 

585-5 

(59-942) 

59-899 

59-95 

3 03X 10'“ 

586-0 

59-95t 

59-947 

61-1 

1 X I0'“ 

— 

— 

59-983 

62-4 

I•3X I0'“ 

584-8 

59-995 

59-998 

62-7 

intrinsic 

584-3 

60-001 

60-000 

63-0 

2 X 10'*n 

584-0 

60-002 

60-002 

63-9 

6X I0'“ 

581-70 

60-016 

60-007 

64-4 

1 X 10'* 

5803 

60-020 

60-011 

65-3 

2 X I0'“ 

577-8 

60-031 

60-022 

66-0 

3 03X 10'“ 

576-0 

60-037 

60-033 

60-0 

- 

566 6 

60-074 

- 


tEstimated maximum melting composition. 


and only the normal sites of the BiiTca 
structure are assumed to be occupied. There 
are 3 N Te-sites and 2 N Bi-sites per cm®, 
where N is the number of primitive cells 
per cm®. From Francombe’s[21] or Glatz’s 
[15] lattice parameters, N is 5-91(10®*) cm"®. 
If the number of Te-atoms per cm® occupying 
Bi-sites is and the number of Bi-atoms 
per cm® occupying Te-sites is IVbi, then the 
atom fraction of Te is given by: 

A'tc= (3A/-IFBi + fFTe)/5/V (7) 

Rearranging this equation we obtain the devia¬ 
tion from stoichiometry as: 

^Te-*= (»'Te-H^B.)/5N. (8) 

If each Te on a Bi-site is a singly-ionized 
donor and each Bi on a Te-site is a singly- 
ionized acceptor, then the difference in the 
concentration of conduction band electrons, 
n, and valence band holes,;?, is 

IFto-IFb.. (9) 

The relationship,, gf the extrinsic electron or 
hole concentratioifto the 77°K Hall coeflRcient 


in the plane perpendicular to the c-axis is 
given by [22]: 

p = 0'514/e/?„ = 0-514p*; p>n (10) 
n = 0-326/e/?//= O'326n*; n>p. (11) 

Substituting equations (9) and (10) or (11) 
into (8) and rearranging we obtain 

A'Te-*= 3-38(10"®®) (0-326rt*); n>p 

( 12 ) 

*-A'T-e= 3-38(10"®®)(0-514p*); p> n. 

(13) 

The solid compositions calculated by these 
equations from the measured value of n* or 
p* are given in the last column of Table 4. 
The agreement between observed and cal¬ 
culated values is outside the estimated error 
of ±0-005 at.% for the intermediate /j-type, 
Te-rich compositions compared. However, 
for the lowest and highest electron concentra¬ 
tions it is more than good enough to rule out 
the doubly-ionized antistructure model. It 
may be significant that for compositions 
where good agreement is obtained, the solidus 
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line is fixed by the directly determined points 
(triangles in Fig. 4). The extrapolation used 
in Fig. 3 to get the Te-rich solidus points for 
the 3 highest temperature isotherms, though 
reasonable in view of the data, may be at 
fault. Drawing a straight line between the 
triangles for Te-rich compositions at 566-5 
and 585°C in Fig. 4 improves the overall 
agreement between observed and calculated 
solidus compositions. Although we do not 
have an extensive check for the Bi-rich 
compositions, we note that our estimate for 
the maximum melting composition agrees with 
the calculated value. 

Miller and Che-Yu(4] have observed 
discrepancies as large as 1 part in 10’ between 
their weighing densities for Bi^Tc:, of various 
compositions and the values calculated using 
Francombe’s lattice parameters [211, Satter- 
thwaite and Ure's [5] apparent carrier con¬ 
centrations. and the antistructure model. 
However, some or all of these discrepancies 
may be due to the current uncertainty in the 
volume of the unit cell as a function of com¬ 
position. 

(C) Partial pressure isotherms 

A fit of the isotherms shown in Fig. 3 
requires further characterization of the 
antistructure model and hence further 
assumptions. Rather than list these indivi¬ 
dually here, we lump them into the assumed 
validity of the mass-action laws. We can then 
write; 

PjP,''^=pW^,K, (14) 

and 

(15) 

corresponding to the quasi-chemical reactions 

Bi(g)BiTc + /i + iTe2(g) (16) 

JTe20?)-t-2Bi(^)-* Bi2Te3(c) (17) 

where Bii-e is a Bi-atom on a Te site and h 
is a valence band hole. A statistical mechanical 


approach or a more careful mass action 
approach would lead to factors such as 
(3N— ITtc) and (2/V— ITbi) in equations (14) 
and (15) that are close to unity and can be 
neglected. For large enough Bi excess, p = 
Wbi “ (S-YTe).and 

PJ>^= H-'-f'»(A,A:2)’'’ = c,(3/5-A'Te)~^'“. 

(18) 

Analogous equations for large enough Te 
excess. IFi-p « (YTe^ j). lead to 

pji ^ = if’'’(a:,''2a:3)’'’ = 

(19) 

The actual dependence of P 2 "^ upon 
(A'r, —J). as shown in Fig. 3, is always 
weaker than required by equations (18) and 
(19). The steepest parts of the isotherms 
occur at the lowest temperatures where P 2 ‘'''‘ 
varies as (^xr —4)“““ between 59.90 and 
59.80 at.% and as between 

60-07 and 60-20 at.%. Since the energy gap 
of Bi 2 Te., at 20°C is 0-13 eV and the tempera¬ 
ture dependence is -9-5(10"’) eV/°K[l), 
the extrapolated value of the energy gap at 
500°C is 0-08 eV, i.e. slightly larger than kT. 
Thus even intrinsic Bi 2 Te,, is probably a 
degenerate semiconductor at 500°C and above. 
In this case the activities of electrons and 
holes are no longer equal to their concentra¬ 
tions, and mass-action equations such as 
equation (14) are invalid. One would then 
expect P 2 ''’ to depend less strongly upon 
(A'xe —f) than required by equations (18) 
and (19), as is observed. Further analysis 
using published expressions [24] for the 
chemical potentials would require a knowledge 
of the effective masses, as well as the energy 
gap. so that shift of the Fermi level with 
carrier concentration could be calculated. 

(D) Vaporization 

The total vapor pressure over Bi 2 Te 3 
between 455 and 575“C has been determined 
in two different investigations[2,3] from the 
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weight loss of a Knudsen cell. The apparent 
vapor pressures calculated on the assumption 
that the vapor species is BiaTejIg) agree 
within 11 per cent for the two determinations. 
From reference[3] the equation is 

logP*(Torr.) = - (10-433 ±0-468) I O^/T 

+ (10-809±0-026). (20) 

The values of the total and partial pressures 
are related to the apparent pressure in a 
manner dependent upon the vapor species 
actually present. Boncheva-Mladenova et al. 
[2] assume the vaporization is described by 
the reaction: 

Bi^Te^lf)-> iTe;i(^) + 2BiTe(A’). (21) 

For this model the total pressure, Pu.i- ^nd 
the partial pressure of Tejlj?) are given by 
1-58 P*; Pj = /'*/5. The values of P., 
are then IO-« atm at 502°C (lO^/J-= 1-2903) 
and 6-2(10-") atm at SSOT (10''/7 = 1-2151). 
According to our Fig. 1 these values are too 
low for the Bi.,Te;, phase. Rather they are 
near values appropriate for liquid phases 
containing less than 44 at.% Te. The effusion 
product was analyzed to confirm the sublima¬ 
tion was congruent and equation (21) seems 
a reasonable description. Therefore we 
speculate the discrepancy is due to a lack of 
equilibrium in the Knudsen-cell. (The 
sublimation scheme of Gorbov el al. [3] results 
in values for the partial pressure of BK^j) 
larger than those over pure bismuth and is 
obviously incorrect.) 
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NEUTRON DIFFRACTION STUDY OF NpC* 
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Abstract - A neutron diffraction investigation of polycrystalline NpC has confirmed the measurements 
of magnetic susceptibility which suggested that the compound is antiferromagnetic between 310“ and 
220°K, and ferromagnetic below 220“K. Neptunium carbide has the NaCI type structure (a = 4-992 A); 
the antiferromagnetic structure consists of ferromagnetic layers perpendicular to [001] coupled 
antiferromagnetically with the spin direction along the [001] axis. The change in ordered moment in 
the antiferromagnetic region below 310“K does not follow a Brillouin function. The maximum moment 
in the antiferromagnelic state is 1-3 ±01 p., and the magnetic form factor for the neptunium atom has 
been determined at low angles. The transition to ferromagnetism is probably first order, and the 
initial moment at 2I8“K is 1-6p«. The moment increases to a maximum value of 21 ±0-1 p* at 
■~150°K and remains constant to6°K. 


INTRODUCTION 

The present neutron diffraction study is a 
part of a program in which the magnetic 
ordering and electronic structure of actinide 
intermetallic compounds are being investi¬ 
gated. Recent magnetic susceptibility 
measurements[l] indicate that NpC becomes 
antiferromagnetic at 310°K and ferromagnetic 
at 220‘’K. The neutron diffraction study was 
undertaken to determine the moments in the 
antiferro- and ferromagnetic states, the 
nature of the magnetic transition and the 
magnetic form factor of the neptunium atom. 

EXPERIMENTAL 

The compound NpC has the NaCl (Bl) 
type structure with a = 4-992 ± 0-002 A as 
determined by X-ray powder photographs 
taken at room temperature. Five grams of 
polycrystalline NpC was sealed in a iin. 
vanadium tube[2]. Five grams is less than 
the usual amount of polycrystalline material 
used for neutron diffraction experiments but 
additional sample was unavailable. The 
vanadium capsule was contained in a cryostat 
where the sample temperature could be 
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controlled between 4-2° and 330°K. Above 
30° K the temperature was measured with a 
copper-constantan thermocouple that was in 
physical contact with the sample; below 
30°K, by a germanium sensor located near the 
sample. Temperature stability was ±0-3°K 
and the absolute temperature estimated to 
±0-5°K. 

RESUI.TS 

(1) Ppramagnetic region 

Neutron diffraction patterns were taken at 
a wavelength of 1-005 A. Patterns in the 
paramagnetic region (>310°K) confirmed the 
NaCI-type structure of NpC and gave values 
for the scale factor, chemical composition 
and temperature factor. The results of a 
least-squares refinement are given in Table 1. 
Separate thermal parameters for Np and C 
could not be refined due to an insufficient 
number of reflections. A chemical analysis 
of the present sample gave NpC„.„, which is 
in agreement with NpCo.gj derived from the 
diffraction data. At lower temperatures all 
additional reflections could be ascribed to 
magnetic scattering. No evidence of structural 
distortion was found over the temperature 
range examined and although no abrupt 
change in lattice parameter was detected at 
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Table 1. Result.s from a least-squares 
refinement of nuclear reflections (sample 
temperature 32Q°K) 


hkl 

Integrated 

intensity 

X 10 

lll)g 


1 1 1 

44-6 

1 -83 ± 0-05 

1-91 

2 00 

406 5 

7-34 + 0-05 

7-22 

2 20 

3860 

7-07 ±0-08 

7-13 

3 1 1 

43-1 

1-95 + 0-09 

1-86 

2 2 2 

167-8 

6-91 ±0-08 

7-03 

400 

98-4 

6-98 ±0-12 

6 94 

420 

2.54-3 

6-70 ±0-06 

6 76 

3 3 1 

5 I \ 

29-8 

1-75 ±0-11 

1-76 

440 

99-0 

6 64 ±0-10 

6-58 


Scattering lengths, h, = 0'66, h^,,- l O.SSll, 31 X 
IO ''^cms; Scale factor, .t — 1 (195 ±0 013, Tempera¬ 
ture factor, fl 0-33 ±0 (Ki X 10 A± Carbon 
occupation - 0-93 i 0 02', R value = 0 013. 

either of the transition temperatures, some 
uncertainty exists because the sensitivity to 
such changes is relatively poor with this 
technique, 

( 2 ) Antiferromattnetic reftion 
The antiferromagnelic structure of NpC is 
of the first kind in which ferromagnetic .sheets 
perpendicular to [001] arc coupled antiferro- 
magnctically with the spin direction parallel to 
the [001] axis. This magnetic ordering has 
been reported for several uranium com¬ 
pounds that also have the NaCI structure, 
e.g,, UN[4], UP1.‘),6] and UAs[7.81. The 
magnetic reflections (Table 2) can all be 
indexed on the basis of the chemical cell and 
are present only if h-\-k = even. 

The ordered magnetic moment per neptu¬ 
nium atom (proportional to the square root of 
the integrated intensity) is shown in Fig. I as 
a function of temperature. The smallest 
magnetic moment that can be detected reliably 
is approximately 0-5 p^[2\. In the region 
between 280 and an accurate measure¬ 
ment of the magnetic moment is impossible, 
and the Neel temperature of 310°K is accepted 
from the susceptibility data[l]. There is 
certainly no antiferromagnetic ordering above 
310“K. Because of the transition to the 


Table 2. Antiferromagnetic reflections 
(sample temperature 22\°K) 


hkt 

Integrated 

intensity 

X I0~“ 

J* 


Uaf 

1 1 0 

18-9 

4 

1 

1-16 + 008 

20 1 

9-5 

8 

1 

1-02 ±0-08 

1 1 2 

2-9 

8 

i 

0-95 ±0-12 

22 1 

4-9 

8 

H 

It 

0-92±010 

3 1 0 

4-4 

8 

1 

0-82 + 0-10 

023 

<1-5 

8 

A 


3 1 2 

3-3 

16 

? 

0-73 + 0 13 


*j is the multiplicity. 

tt/' the magnetic interaction vector. 


ferromagnetic state discussed below, it should 
be stressed that no evidence of any magnetic 
.structure was found in the antiferromagnelic 
region, except that already described. This 
was established experimentally by observing 
the variation with temperature of a number of 
reflections arising from the antiferromagnetic 
ordering. 1 he behavior of the (110) reflection, 
which has the greatest intensity, is shown in 
Fig. 3 and the variations in intensity of other 
reflections, e.g. (201), (112) and (221) are 
similar. The absence of any intensity at the 
position of the (001) reflection further 
indicates that the spin direction remains 
parallel to the [001] axis throughout the 
antiferromagnetic region. 

The transition to an ordered antiferro¬ 
magnetic state is usually a second-order 
phase transition, and the increase in ordered 
magnetic moment below the Neel temperature 
can be described by a Brillouin function. The 
Brillouin function for J = 'i (normalized to 
p„ = 0 al 310°K and to /zp = 1 -3 at 230°K) is 
shown in Fig. I. An extrapolation of the 
Brillouin function to 0°K gives 19 ph- How¬ 
ever, at 220°K the magnetic ordering changes, 
but the variation in moment in the antiferro¬ 
magnetic region clearly cannot be approxi¬ 
mated by a Brillouin-type function. 

The intensities of the magnetic reflections 
and values of ;iia/are given in Table 2. The 
value of pb per neptunium atom was ob- 
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2C0 

TCMPEHATURE."K 


Fig. 1. Temperature variation of the ortlered magnetic moment per neptunium atom in 
neptunium carbide The filled circles, which indicate a ferromagnetic alignment of the 
moments, are derived from the (III) integrated intensity. The open circles, which 
indicate the moments are antiferromagnetically aligned, are derived from the integrated 
intensity of the (110) reflection. The value of J. the magnetic form factor, has been taken 
as 0-90 for both reflections. The broken curve is the Brillouin function calculated for 
J = 2. normalized to/x;, = Oat 3I0°K. andj*,, = 13 at 230'“K. 


tained by using the value of fum (0-90) given 
by the theoretical form factor calculated by 
Johnston[9] for the uranium ion in the SP 
state. This form factor is drawn in Fig. 2 and is 
in good agreement with the experimental 
results. 

(3) Ferromagnetic region 

Below 220°K NpC is ferromagnetic: the 
transition is illustrated in Fig. 3. The figure 
shows the increases in the peak intensities of 
the (200) and (110) reflections that represent 
ferromagnetic and antiferromagnetic ordering, 
respectively. As shown in Fig. 1 the initial 
moment of l•6ju.;^ in the ferromagnetic state 
is some 26 per cent higher than the maximum 
moment in the antiferromagnetic state. 

Neutron diffraction experiments indicate 
that a first-order phase transition occurs in 
UOjtIO]* and possibly in UP. Recent results 
at this Laboratpry show that the transition 
in UP occurs wfthin a narrower temperature 


range that reported by CuiTy[6]. A criterion 
usually used in deciding whether a transition 
is first order is that the transition occurs over 
a very narrow temperature range. A relatively 
large polycrystallme sample has obvious 
disadvantages for defining a precise transition 
temperature since it is difficult to be sure that 
the temperature is completely uniform. Our 
measurements indicate that the transition 
takes place over a temperature range of 
approximately 3°K. The intensities were 
measured during both heating and cooling 
through the transition temperature. No 
difference could be detected which indicates 
no appreciable thermal hysteresis; the points 
in Fig. 3 are from both runs. 

An accurate magnetic form factor is 
difficult to determine because of the super¬ 
position of nuclear and magnetic intensities 
in the diffraction data when the sample is 
ferromagnetic. Qualitatively, however, the 
intensities give a form factor comparable to 
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that in the antiferromagnetic state illustrated 
in Fig. 2. 

DISCUSSION 

The transition from antiferromagnetic to 


ferromagnetic ordering has been observed in 
the rare earth metals [11] but not in the rare 
earth compounds with the NaCl-type struc¬ 
ture. The antiferromagnetic structures are 
complicated in these elements and often 



Fig. 2. Magnetic form factor at 230‘’K for the neptunium atom in 
neptunium carbide, a.ssuming the magnetic moment is l•29^„. 
Continuous curve from the table by Sidhu e/ o/.[5] and quoted as 
Johnston’s (4,9| calculation for uranium in the 5 P configuration. 



W) 219 220 229 290 

TEMPERATURE "K 


Fig. 3. Peak intensities of the (110) and (200) reflections showing the 
totnsition from the antiferro- to ferromagnetic state. The error bars 
r^resent the statistical uncertainty on any one measurement. The intensity 
at the (110) reflection position below 220°K is due to background scattering 
^together with a small (0-5 per cent) k/2 contribution from the (220) 

reflection. 
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important parameters used to describe the 
structures are temperature dependent. The 
temperature range in which the transition 
occurs in NpC is narrower than reported for 
the rare earths, and in the latter, the variations 
of the net magnetic moments follow Brillouin 
functions. A comparison of properties indi¬ 
cates that the transition in NpC is probably 
different in nature from those in the rare 
earths. Single crystals are required for 
neutron diffraction experiments to more fully 
understand the interesting magnetic behavior 
of NpC. The possibility arises that the 
antiferromagnetic state of NpC may be 
metastable and that a ferri- or ferromagnetic 
arrangement might be induced in the presence 
of an applied held. 

Although the error bars on the magnetic 
form-factor measurements preclude any 
detailed analysis, the general shape supports 
the view that the magnetic scattering is 
mainly from the tightly bound / electrons 
rather than those in the 6d sub-shell. This is 


consistent with the results reported for urani¬ 
um compounds. 
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Abstract—The interband Faraday and Voigt effect near the direct edge of Ge were measured near 
liquid helium temperature in the magnetic heids up to S6'7 kG applied in the 1110] axis. The sample, 
about 4 ij. thick, was backed by the glass substrate of 3 mm thick. In the low temperature the difference 
in the linear expansion coefficients of the sample and substrate induced a uniaxial stress equivalently 
m the direction perpendicular to the surface of the sample. Consequently the strain removed the 
four-fold degeneracy of the valence bands at I' point, so that each of the observed Faraday singularities 
could be interpreted as caused by electronic transition to a non-degenerate excitonic state. An 
anomalous reversal in the sign of the Faraday peak was observed near the field of 45 kG. corres¬ 
ponding to the magneto-absorption line of the lowest photon energy. This phenomenon is due to the 
competitive effects of strain and magnetic field. 

1. INTRODUCTION 

Since the oscillatory behavior of the inter¬ 
band magneto-optical absorption was 
observed at room temperature in Ge[l] 
and InSb(2], the optical measurement in the 
high magnetic fields has proved to be an 
excellent method for determination of the 
electronic band parameters in semiconductors 
and semimetals with high precision [3J. The 
experiments on Ge near liquid helium 
temperature by Zwerdling, Lax, Roth and 
Button [4] revealed the effect of the Coulomb 
interaction between the excited electron and 
hole as represented by their dependence 
on the external magnetic fields. With the use 
of the steady high magnetic field in the order 
of 90 kG, our measurements of the interband 
Faraday rotation at room temperature near 
the direct absorption edge of Ge[5] showed 
the fine structures on each of the magnetic 


‘Supported by tlH^U.S. Air Force Office of Scientific 
Research. 


sublevels due to the spin-orbit interaction. 
Similar measurements by Mitchell [6J were 
performed to verify that the effect of the 
direct exciton was possibly present in the tail 
of the Faraday rotation just below the 
absorption edge. The results of our measure¬ 
ments were subsequently analyzed by 
Korovin and Kharitonov [7], who explained 
semi-quantitatively the origin of the fine 
structures observed in the oscillatory behavior 
of the Faraday rotation with respect to the 
photon energy. The theoretical formalism, 
however, did not explain the line shapes near 
the rotatory singularities because it did not 
take into account the effect of the Coulomb 
interaction in the electron-hold pair. It has 
been pointed out by our preliminary analysis 
on the low temperature data [8] that there is 
a distinct difference between the line shape for 
the excitonic transition and that for the 
transition between a pair of Landau levels, 
each belonging to a different band. The 
importance of the Coulomb effect in Ge has 


7.39 
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been recognized by Elliott and Loudon [9], 
Hasegawa and Howard [10] and by SufF- 
czynski[n]. 

To substantiate the above arguments, this 
report presents the experimental results on 
the measurements of the interband Faraday 
and the Voigt effect near the direct absorption 
edge of Ge in the neighborhood of 10°K and 
in the magnetic fields up to 56-7 kG. Strain is 
another important factor of consideration in 
the analysis of these data[12]. Since the 
sample used in the present work was thin, it 
was backed by the glass substrate for mechan¬ 
ical reenforcement. At low temperatures the 
difference in the linear expansion coefficients 
of the sample and of the substrate induced the 
deformation in the plane parallel to the 
sample surface. With the superposition of 
hydrostatic pressure, the strain configuration 
may be expressed equivalently in terms of a 
uniaxial stress and strain in the direction 
perpendicular to the sample surface. This 
strain removed the degeneracy at the top of 
the valence band. Consequently the energy 
splitting led to the observation of the rotatory 
dispersion associated with an electronic 
transition to a nondegenerate excitonic level. 

The following paper by Suzuki and 
Hanamura[l3] gives the variational analysis 
on our experimental results in terms of the 
effective mass approximation. The results are 
found to be consistent with the observed fine 
structures in the over-all line shapes of the 
rotatory dispersion. Furthermore, it explains 
the sign reversal of the Faraday rotation in 
the magnetic field of about 45 kG as a conse¬ 
quence of the competition between the effect 
of the field and of the strain on mixing of the 
wave functions for the valence band. 

2. EXPERIMENTAL ARRANGEMENTS 

The principle of the technique for measuring 
the Faraday rotation was described briefly in 
the previous report [5] on our measurements 
at room temperature. 

Figure 1 show|the schematic of the optical 
arrangments. T^ monochromatic radiation 



Fig. I. Optical arrangements of the measurements of the 
Faraday rotation. The Voigt rotation was measured with 
a rotation of the Helmholtz-type Bitter solenoid by 90° 
around the horizontal axis, so that its 2 in. (l.D.) bore for 
the light propagation was exchanged with the I in. bore, to 
insert the liquid helium dewar. aa' and hb’ are the polar¬ 
ising planes of the analyzers/4| and A,, respectively. 

from the grating monochromator G (Perkin- 
Elmer Model 99G) was polarized by a 
sheet P (Polaroid H R 20). The monochromatic 
beam was chopped by a 13 c/sec chopper 
which generated a reference signal of square 
wave-form for phase-sensitive detection. The 
sample was placed in the center of the Bitter 
solenoid which could produce the maximum 
field of 57 kG with 10 kA d.c. Since the 
solenoid was made in a form of a Helmholtz 
pair, its field could be applied on the sample 
either in the Faraday configuration (perpen¬ 
dicular to the surface of the sample) or in the 
Voigt (parallel to the surface) with a 90° 
rotation of the solenoid about its horizontal 
axis. The beam of the radiation through the 
sample was split by the right angle mirror M 
so that two beams were focused on the PbS 
detectors and through the analyzers 
A, and A 2 , respectively. The polarizing 
planes of both analyzers were set at 45 deg 
with respect to the plane of polarization of 
the incident ray, but they were set at 90 deg 
with respect to each other. This arrangement 
made an optical bridge out of a two detector 
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system for discriminating the rotatory 
dispersion in the sample. In the absence 
of the external field, the 13 c/sec electrical 
signals out of D, and were equal, so that 
when they were fed into the differential 
amplifier Tektronix Type 122, its output was 
balanced out to null. When the external field 
caused the rotatory dispersion in the sample, 
the signal output of either one of the two 
detectors increased whereas the other 
decreased. The two analyzers were mechani¬ 
cally coupled together so that both signals 
could be balanced out again, if these analyzers 
were rotated by the angle equal to that of 
rotation in the plane of the polarization 
through the sample. Thus the rotatory dis¬ 
persion of a sample could be measured by the 
reading of the analyzer orientation with its 
best accuracy of 1/180 of a degree in this 
optical arrangement. 

The signal output of the Type 122 amplifier 
was amplified by a lock-in amplifier (a modifi¬ 
cation of the Princeton Applied Research 
JB-4) to improve the S/N ratio. Then the 
balancing condition was monitored with an 
oscilloscope (Tektronix 521) which displayed 
the output of the lock-in amplifier. 

The ellipticity of the radiation influenced 
the sensitivity for the null point of the optical 
bridge, but not the null condition itself. To 
minimize the errors caused by the optical 
misalignment and the higher order effects of 
the magnetic field in the sample, the measure¬ 
ments were carried out in both normal and 
reverse direction of the magnetic field, and 
with the exchange in the orientations of the 
analyzers/4i and 

For preparation of the sample a single 
crystal of Ge was ground to the thickness in 
the order of 4in the [110] plane. It was 
glued on the substrate of spectacle crown 
glass with Alymer cement [14]. 

The sample was cooled in the slot of a 
copper cold finger at the bottom of a liquid 
helium dewar. The cold finger had two vertical 
bores inside its Jiulk so that they could be 
filled with liquid helium to attain the lowest 


possible temperature in the sample. The 
temperature of the sample was measured with 
the resistance of the Allen-Bradly resistor[15] 
in mechanical contact with the lower end of 
the glass substrate for the sample. 

3. EXPERIMENTAL RESULTS 
(1) Faraday rotation 

The Faraday rotation is caused by the 
difference in the indices of refraction for the 
circularly polarized waves of right and left 
senses. The rotation in the plane of the 
polarization per unit length in the medium 
of our interest is given by,* 

0= =—Re(<r„) (1) 

2c nc 

where n+(n.) is the index of refraction for the 
circularly polarized wave rotating clockwise 
(counter-clockwise) in space coordinates 
when looked from the source toward the 
direction of the propagation of the wave. i.e. 
the -l-z-direction. is the non-diagonal 

component of the conductivity tensor where 
the external magnetic field is applied in the 
2 -direction, w is the angular frequency of the 
wave, c the speed of light and/I = l/2(n+-(-«-). 
The sign of the observed Faraday rotation is 
determined here according to the above 
definition. It is also same as the convention 
taken by the following paper[13] for theoret¬ 
ical interpretation. 

The spectra of the Faraday rotation can be 
analyzed more easily if they are compared 
with the corresponding magneto-absorption 
spectra. For the particular sample of our 
measurements, the two magneto-absorption 
lines, lowest in their photon energies, gave the 
dependence on the magnetic field as shown in 
Fig. 2. The non-linearities of the field depen¬ 
dence in absorption are quite characteristic 
of the Coulomb interaction between an 
electron-hole pair. 

The Faraday spectra, corresponding to the 


*The Gaussian unit is used. 
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magneto-absorption, are shown in Figs. 
3(a-c) for the magnetic fields of I6'0,39-5 and 
56-7 kG, respectively. In Fig. 3(a) the lowest 
peak at 0-892 eV is larger in amplitude than 
that at 0-896eV, whereas in Fig. 3(b) the 
relative heights of these two peaks are 
reversed in the field of 39-5 kG. In Fig. 3(c) 
the sign of the lowest peak is completely 



MAGNETIC FIELD (Kgouss) 

Fig. 2. The magnetic field dependence of the two absorp¬ 
tion peaks, lowest in photon energies, in the Faraday 
configuration. The assignment ol the two branches of 
absorption peak are given in Fig. 1 of the following 
paper [13). 

reversed in the field of 56-7 kG. In pheno¬ 
menological theories of the interband Faraday 
rotation [16-20] the anomalous reversal of 
the sign of the rotation implies the change in 
the sign of the sum of the effective ^'-factor 
for electron and that for hole. Conversely, 
the relative magnitudes of the characteristic 


energy, hb>±, for the transitions with AM* s 
Mc—Mr = + l and - I are reversed since, 

(u)+-<D-) = 2yH„= (g^ + gh)^Ho (2) 

where A/f(iW„) is the z-component of the 
angular momentum in the conduction 
(valence), j3, the Bohr magneton and ge(gh) 
the effective ^-factor of the electron (hole), 
respectively. 

Comparison of the magneto-absorption with 
the Faraday spectra in Fig. 3(c) shows that 
the measurement of the latter provides more 
resolving power than the former, because the 
two peaks, neighboring close to each other 
with opposite sign, are represented simply 
by a broad absorption band without any 
additional information about its details. In 
principle, the absorption measurements for 
the circularly polarized waves should also 
resolve the fine structures. The sample, 
however, would have to be thinner than this 



•This A#„,c) corresponds lo Ibe mja-, in the work of 
Roth et ai.{4]. 
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Figs. 3(a-c). The spectra of the Faraday rotation, corres¬ 
ponding to the magneto-absorptions of Fig. 2, at lO-S'K in 
the magnetic field of (a) 16-0 kG, (b) 39-.^ kG and (c) 56-7 
kG. The relative intwisities of transmitted radiation are 
shown for their comparisons with the Faraday spectra. 


case, and such requirement would add more to 
the technical difficulty. 

(2) Voigt effect 

The Voigt effect is defined by the phase 
difference, 8, per unit length of medium 
between the waves of two polarizations, one 
with the electric held parallel to the applied 
magnetic held and the other perpendicular, 
when they propagate in the direction perpen¬ 
dicular to the external held. If the held is 
applied in the z-direction and the light 
propagates in the y, 

to 27r 

8 = — («j. - /til) = — 1 m(t7-„ -17-„) (3) 
c nc 

where rti(rt||) is the index of refraction for the 
wave with its electric held perpendicular 
(parallel) to the external held. The experi¬ 
mental arrangement of Fig. I, however, was 
more convenient for measuring the rotation 
of the plane of polarization of the wave 
incident upon sample with E, = E, rather than 
the phase difference. 8, between the Ej.-wave 
and the E,-wave. because the rotation could 
be measured simply by rotating the Bitter 
solenoid by 90° about its horizontal axis 
perpendicular to the direction of the wave 
propagation. In a weak magnetic held region 
{<rry< (Tzz). the Voigt rotation. ((>, is given 
by. 

— Re((7„-a„) (4) 

nc 

where the sign of rotation is the same as in 
the case of the Faraday rotation. 

Figure 4 gives the magnetic held dependence 
of the two lowest absorption lines in the Voigt 
conhguration. The sample used here was 
oriented in such a way that the held is applied 
in the [110] direction (same orientation as in 
the Faraday measurement). The strain in this 
case, however, is applied in the [110] which is 
perpendicular to the magnetic held, whereas 
in the Faraday conhguration they were parallel 
to each other along the [110], This difference 
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in the relative configuration of the strain and 
the magnetic field is the cause for the additional 
line splitting near the field of 10 kG[13]. 



Fig. 4, The magnetic field dependence of the two absorp¬ 
tion peaks, lowest in photon energies, in the Voigt con¬ 
figuration. The splitting of the higher branch into M and 
111 near the field of IQkG is due to the combined effect of 
uniaxial strain and the magnetic field. The assignments of 
the absorption lines 1,11 and III are given in Fig. 2 of the 
following paper! 13). 


The Voigt rotational spectra for the mag¬ 
netic fields of 16-4, 39-2 and 56-7 kG are given 
in Figs. 5(a-c), respectively, together with the 
recordings of the magneto-transmission. In 
the Voigt configuration the electronic transi¬ 
tion with AM = 0 is allowed because of the 
presence of the wave with E, // component, 
in addition to the transitions expected in the 
Faraday configuration. The position and the 
strength of the absorption lines are deter¬ 
mined by the relative magnitudes of the matrix 
elements for these transitions. The multiple 
possibilities of these transitions together with 
mixing of wave functions by magnetic field 
and strain cause considerable complications in 
interpreting the Voigt ^ctra. 


4. DISCUSSIONS 

As shown in Fig. 2, two absorption peaks 
were observed in the absence of magnetic 
field with the separation of 4-5 meV in the 
sample for the Faraday measurements. 
According to Kleiner and Roth[12], these two 
peaks are caused by the removal of four-fold 
degeneracy at the top of the valence bands at 
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Figs. 5(a-c). The spectra of the Voigt rotation, corres¬ 
ponding to the magneto-absorption of Fig. 4 in the 
magnetic field,s of (a) 16'4kG at 7-5°K, (h) }9-2kO at 
7'4°K and (c) 56-7 kO at 7'7°K. The relative intensities 
of the transmitted radiation shown for their comparisons 
with the Voigt spectra. 


where A’*= = y„HnT,„ to^ the 

characteristic frequency for forming an exciton 
in its state k. yu is an effective gyromagnetic 
constant so that 2hy„Hn~ /3g*//o represents 
the Zeeman splitting of an excitonic state k. 
Tjt is a phenomenological relaxation time and 
A a constant determined by the transition 
matrix element, dielectric constant and various 
physical constants, all of which are assumed 
not to change over the photon energy range of 
our interest. On the other hand, the Faraday 
angle, d„, near the characteristic frequency to,, 
for a transition between a pair of Landau 
levels is expressed by. 


On- 


477 Vt„ \h' 


312 


Ll {X„+YJ^+\ 1 

fV((,v,-y„)“+i)+;rn-y„i''n 

I ) J 


k = 0, so that it was split into two sets of 
bands. As will be shown in the work of Suzuki 
and Hanamura[13], one of the bands may be 
assigned approximately to Af,, = ±i in the 
weak magnetic region in the Faraday con¬ 
figuration and the stress applied in the [110] 
direction. Hence in Fig. 3(a) the Faraday peak 
at 0-892 e V corresponds to the exciton absorp¬ 
tion line for the two transitions from M,.= 
±3. n = 0 in the valence band to 
n' = 0 in the conduction band with the selec¬ 
tion rule AA/ = +1. Similarly the minor peak 
at 0-896 eV is for the transition from M,, = ±i, 
n = 0toMf. — n' = 0. 

The formula for the rotatory dispersion. 0*, 
for an ideal model of exciton formation has 
been given by [8]* 


where (u„ = Wu+{n + i)(t)r, X„= — 

f'n = ynHuTn fof an ideal band structure with 
the energy gap hiu)„, and the cyclotron fre¬ 
quency of Wf for the reduced mass, /a, of 
electron and hole. The comparison of equation 
(5) with equation (6) shows an obvious dif¬ 
ference as recognized in the plots of Fig. 6 for 
a particular case of y„H^„ = 1. If Fig. 6 is 
compared with the spectra of Fig. 3(a), it may 
be understood at least qualitatively that the 
line shapes of afore-mentioned two peaks are 
associated with the exciton formation, and not 
with Landau level transitions. 

The qualitative disagreement in the rotatory 
line shapes between an ideal model and the 
particular case of our measurement is attri¬ 
buted to the following possibilities. 


0ic = A 


X,+ Y, 

(Ar,+ y',)^+i 


x,-Y, - 

(Ar*-n)^+i. 


(5) 


*In equations (5) and (6), only the terms with singul¬ 
arities are given and other non-singular terms are neg¬ 
lected, since our mai^ interest lies in the line shapes near 
A'torA’, = 0. 


(I) Since the valence band structures are 
complicated (particularly so in the presence of 
stress) the matrix element for the transition 
AA/ = 1 is not equal in its magnitude to that 
for AA/ = —1 even in the absence of the exter¬ 
nal field. This inequality causes asymmetry of 
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Fig. 6. The cornpan.son of the line ^hape of the Faraday 
rotalitm for an exciton line in an ideal model of equation 
with that for a Landau level transition expressed hy 
equation (6). The particular case yn„H„Tn„ = I was 
chosen oi,, is the angular frequency of the energy, charac¬ 
teristic of the absorption in the field f/„ 

the line shape about the photon energy for the 
maximum angle of rotation. 

(2) Besides the singularity for each ab.sorp- 
tion line, there is a background rotation due to 
higher exciton levels 11?). I he deep minimum 
in rotation at 0-894 eV in Fig, 3(a). for an 
example, may be explained in terms of such 
contribution. 

(3) The electronic transitions considered so 
far are 'allowed' in terms of the selection rule. 
The intensities of the forbidden transitions 
have not been estimated for a particular case 
where the magnitude field and strain are 
present. A small fraction of such transition 
(say, in the order of 01 per cent in intensity 
compared to allowed transition) could give 
rise to an observable asymmetry in the line 
shape of the Faraday singularity [21 ]. 

Another observed phenomena of our interest 
here is the reversal in the sign of a Faraday 
singularity in the magnetic field near 45 kG. In 
the room temperature measurements such 


anomaly was never observed up to the field 
of 88 kG. It is caused by the competitive 
effects of strain and magnetic field on the 
relative difference in the energies for the 
AA/ = ± 1 transitions from the « = 0 

level to the Af^. = Ti, «' = 0 level (both in 
approximate assignment). Reader may refer 
to the work of Suzuki and Hanamura[13] for 
its analytical reason. 
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EFFECTIVE MASS THEORETICAL APPROACH TO 
OPTICAL AND MICROWAVE PHENOMENA IN 
SEMICONDUCTORS-11. 


THEORY OF THE FARADAY AND VOIGT EFFECTS 
DUE TO EXCITONS IN GERMANIUM 
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EnCHI HANAMURA 

The Institute for Solid State Physics, University of Tokyo, Roppongi, Tokyo 


(Received 6 June 1968) 

Abstract—The oscillatory Faraday and Voigt spectra observed by Nishina and Lax near the direct 
band gap of germanium have been analysed on the effective mass theory of the excitons in a strong 
magnetic field. The effective mass equation is solved variationally and assignment of each rotational 
singularity is made. The exciton binding turns out to be essential for the interpretation of the rotation 
spectra at room temperature as well as at low temperature. The effect of the existing strain is empha¬ 
sized in the low temperature spectrum. The sign reversal of the first Faraday singularity observed at 
low temperatures i5 accounted for as an interplay between the effects of strain and magnetic field on a 
degenerate band. 


1. INTRODUCTION 

Optical rotary effects involve the interaction 
of planepolarized electromagnetic waves with 
matter under the influence of a magnetic 
field. In the Faraday configuration light pro¬ 
pagates along the magnetic field and normally 
incident on a surface of a crystal. The trans¬ 
mitted light generally exhibits elliptic polariza¬ 
tion with its major axis rotated from the 
incident plane of polarization. In the Voigt 
configuration light travels perpendicularly to 
the magnetic field and the incident electric 
vector is polarized in a plane which makes 
45 deg with the magnetic field. Again the 
transmitted light is rotated and elliptically 
polarized. Observation of the Faraday and 
Voigt spectra at various frequencies and 
magnetic field strengths has provided consider¬ 
able information about the electronic structure 
of solids []]. 


*Present address: 4Bell Telephone Laboratories. 
Murray Hill, N.J. 07971, U.S.A. 


In a recent experiment Nishina, Kolodzie- 
jezak, and Lax have observed oscillatory 
Faraday and Voigt spectra near the direct 
band gap of germanium both at room tempera- 
ture[2] and near liquid helium temperatures 
(3,4]. This was the first observation of 
oscillatory effects in the rotatory dispersion 
spectra of solids and provided an analogue 
of the quantum oscillation in the interband 
magneto-optical absorption[5]. Their striking 
results have stimulated us to make a detailed 
investigation to assign each rotatory singula¬ 
rity. In the room-temperature Faraday 
spectrum several distinct rotation peaks 
were seen over a photon energy range of 
0-1 eV near the direct band gap at 42, 60 
and 88 kG. The change of the position and 
the magnitude of individual peaks with mag¬ 
netic field is rather regular, so that the primary 
interest in this case is to assign the magnetic 
levels pertinent to each rotation peak, taking 
into account the complexity of the valence 
band of germanium. Another interest concerns 
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the existence of an exciton effect at this 
temperature. A question was raised whether 
the observed room-temperature spectra 
involve the electron-hole binding or not[6J. 
A later experiment by Mitchell and Wallis[7J 
has given some indication of the existence of 
this. Korovin and Kharitonov [8] tried to 
analyse the spectra, assuming the transitions 
between free Landau states, but their result 
was not in satisfactory agreement with the 
experimental observation. The aforementioned 
question, at any rate, does not seem to have 
been conclusively answered on a firm ground. 

For the low temperature Faraday spectrum, 
oscillatory rotation studies were limited 
to a photon energy range of 0 01 eV, but an 
entirely unexpected phenomenon was 
observed in which the rotational sign of the 
first singularity was reversed when the 
magnetic field intensity was raised[4!. This 
occurs at approximately 45 kG. An inherent 
difference between the room- and low- 
temperature experiments is the exi.stence 
of a strain in the latter which is caused by the 
difference in the linear expansion coefficients 
of the thin germanium crystal and the glass 
substrate. Both the absorption and Voigt 
spectra at low temperatures show manifestly 
the existence of strain in the sample. The 
effect of exciton formation is naturally 
expected to bear much importance in the 
low-temperature spectrum. 

In this paper we analyze the experiment of 
Nishina and co-workers in the framework of 
the effective-mass theory and on the assump¬ 
tion of exciton transitions. The analysis is 
particularly related to the experimental paper 
of Nishina and Lax[4], which hereafter will be 
referred to as NL. Expressions for the rota¬ 
tion angles in the both configurations are given 
first in macroscopic terms and then rewritten 
in the effective-mass formalism. The magnetic 
levels are calculated in the absence and 
presence of strain for the room- and low- 
temperature spectra, respectively. The shape 
of the rotation curves is. studied on the knowl¬ 
edge of the caicujlipl^ levels and on the 


assumption of an appropriate relaxation time. 

The results of the present analysis are sum¬ 
marized as follows; 

(1) The sign reversal in the low-tempera¬ 
ture Faraday spectrum can be accounted 
for in terms of the interplay between the 
effects of strain and magnetic field on a 
degenerate band. 

(2) Inclusion of the exciton binding is not 
less indispensable for interpreting the 
room-temperature spectrum than it is in 
the low-temperature case. 

It is thus seen that two of the questions con¬ 
cerning the puzzling and controversial aspects 
of the observed spectrum can be clearly 
answered within the framework of the 
effective-mass approximation. 

2. EXPRESSIONS FOR THE FARADAY AND 
VOIGT ANGLES 

Consider a solid in a static magnetic field in 
the z-direction. If the system is at least three¬ 
fold symmetric* about the z-direction the 
dielectric constant tensor necessarily has the 
form [91 

/ €xx ^ 

-e.r„ ^xx 0 (2.1) 

\ 0 0 6 „/ 

each component of which being in general a 

complex quantity. 

For the Faraday configuration, assuming a 
plane wave of the form 

£■= Coexpj^/w/ —^A'zj (2.2) 

where N = n — iK is the complex refractivity, 
we obtain as an eigenmode of the electric 
vector in the medium either the right circular 
polarization 

•The n lOJ axis of germanium, along which a magnetic 
field was applied in references [2-4], has no more than a 
two-fold symmetry, but, in accordance with later simplifi¬ 
cations, we neglect a small deviation of this axis from 
higher symmetries. From a symmetry point of view, 
experiments with H|1[111] or (001 j are most preferable for 
analysis. 
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£j- = iEu\ N+^= (2.3) 

or the left circular polarization 

E^ = -iE„\ NJ = erx + ieTu- (2-4) 

The light plane-polarized in the y-direction at 
z = 0 is expressed by the superposition of two 
polarizations, each of which propagates 
through the medium with its characteristic 
complex refractivity. At z = 1 the superposi¬ 
tion of the two polarizations no longer forms a 
plane polarization but an elliptic polarization, 
whose major axis is rotated from they-axis by 
an angle 

(2.5) 

and the ratio of whose minor to major axis is 
given by 

(alb) = Vdnh—( k-~ K+). (2.6) 

2c 

Here a positive Of corresponds to a clockwise 
rotation to an observer looking along the 
magnetic field and (alb}^ is positive if the 
electric vector is rotating anti-clockwise at 
z — / to the same observer. Noting from (2.3) 
and (2.4) that 


N.-N^ 


N 

N. + N, 

2fc jx , 

N.. + N^ 

'€.r« 


where No refers to the complex refractivity in 
the absence of the field, we obtain 


.. = gRe(A.-A^J=-^lmi- 

• (2.7) 

and 

tanh-‘ {alb), = |^ Im ((V_-yV,) = ^ Re^ 

( 2 . 8 ) 


for the Faraday angle and ellipticity in the 
absorption region of the crystal*. These pro¬ 
vide a counterpart of the formulas obtained by 
Boswarva, Howard and Lidiard[9] in the 
transparent region. A quantum-mechanical 
expression for the dielectric constant tensor at 
the radiation frequency w is given by the 
Kramers-Heisenberg dispersion relation [10] 

fun “ w„o L i 

X<n|2 -T-l-/7r6(a)„u-f<i))) — 

-(0|2aJn)(«|Si^jO> 
i j 

x( -^-I7r6(ti>„i,—w))l (2.9) 

\co„o-a) /j 

where 0 and n refer to the ground and excited 
states, respectively, of the crystal in a mag¬ 
netic field, with hio„„ = E„-En. The velocity 
operator for they-th electron Vj is defined as 

where /tgj is the vector potential for the static 
field, Sj the spin, and V the crystal potential. 
The summation over j extends over all the 
electrons in the crystal and fi.v are the Car¬ 
tesian components. In the effective mass 
theory of the direct excilons in germanium the 
wave function of the exciton state is expressed 
as[l 1] 

|£./i> = 2 (r)((.„.ed>,„.., (2.11) 

M, Mrft 

M.M. 

where R and r are the central and relative 
coordinates of the electron-hole system, 
<f>.i/r(iWr = ±i) and 4>vAM„ = -f, -i, i, t) are 
the Bloch functions at ic = 0 of the conduction 
(Fz) and the valence (F,,) bands. U„{r) is the 
envelope function for the n-th quantum state 
in the relative motion, which is to be deter- 

*We can arrive at equation (I) of NL by noting a-„ = 
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mined from the effective mass equation. Sub¬ 
stitution of (2.11) and.(2.9) into (2.7) leads to 
an exciton contribution to the Faraday 
rotation 


_ ireH 
^ Inctuoy 

where 


Itc l^**'**'" ("> 12) 
eo + i/T„' 


(fi 



(v^±ivj(f)^ dr, 


( 2 . 1 . 1 ) 


and we have assumed <n close to oi,,, the fre¬ 
quency corresponding to the band gap, and 
replaced the term containing the delta function 
by a Lorentzian term in which r„ is an appro¬ 
priate relaxation time. We have also assumed 
1 k1 < lw| and replaced /V„by n in (2.7). 

In the Voigt configuration light propagates 
along the ^--direction, and and com¬ 
ponents have distinct propagation constants. 
Let the radiation polarized at jc = 0 in a plane 
bisecting the .v- and z-directions be expressed 
by 

E„ = E cos ^(ot —^n^jrje' 

= £ cos ^a>r —e ' (2.14) 


then at j: = / we observe an elliptic polarization 
whose mi\jor axis is rotated by and who.se 
ellipticity is given by (alb),.: 

tan 2(9, = -^^^ (2.15) 

cos 8 

(«/*).'= 7—i:5-(2.16) 

(cosh'^X~ sin^8)*'^4-coshx 

with 

X=‘j(.K^-K„) 

•The .sign of e, is so defined that a negative 0^ implies a 
rotation toward the direction of the magnetic field 
through an angle smaller than 4.S deg. 


and 

^ = ”«(()• 

For small x and 8, (2.15) and (2.16) reduce to 

e,. = Yc(^^-K,) (2.17) 

and 

(a/6)„ = ^(n^-rtii). (2.18) 

The quantities icj. and ku are directly related to 
the extinction or absorption coefficient for the 
perpendicular and parallel polarizations, for 
which we have familiar quantum-mechanical 
expressions[12]. Thus in the effective mass 
approximation the exciton contribution to 
is given by 

I U M.M.n (0) 1^ ^2 I 

U>„„—0) + ilT„ 


where A is a positive constant containing / and 

w„. 

3. DETERMINATION OF THE EXCITON LEVELS 
FROM THE EFFECTIVE MASS EQUATION 

In this section determination of the direct 
exciton states will be made, the information on 
which, as seen in the previous section, is a 
requisite for the analysis of the rotatory spec¬ 
tra. We restrict ourselves to the effective mass 
approximation[l 1], in which the wave func¬ 
tion of the exciton states is represented by a 
linear combination of the products of the 
Bloch functions forming the conduction and 
valence band extrema. The set of coefficients 
of the linear combination is known as the 
envelope function and is determined as an 
eigenvector of an appropriate effective mass 
Hamiltonian. In our problem we are dealing 
with three effects, namely, the formation of 
Landau levels, the electron-hole Coulomb 
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interaction, and the strain effect (at low tem¬ 
peratures), the characteristic energies of 
which are comparable or of the same order of 
magnitude under the experimental conditions. 
For an averaged reduced mass /x = 0-03 m 
and a dielectric constant to = 16, the lowest 
Zeeman energy heHUiic is 1-9 meV at 10 kG 
and the exciton binding energy is 

1-6 meV, while the strain splitting of the 
valence band is 4-4 ~ 4-8 meV in the low 
temperature experiments. Thus we are more 
or less forced to adopt a scheme which takes 
the three effects rather simultaneously into 
account. 

The effective mass Hamiltonian for the 
excitons is expressed as the sum of that for the 
electron, that for the hole, and the interaction 
term, for which we adopt the Coulomb interac¬ 
tion. The conduction band at A = 0 is non¬ 
degenerate and spherical, so the effective 
Hamiltonian for the electron is simply 

= + (3.1) 


where (1/a )m and are the effective mass and 
the g-factor of the conduction band, /3 the 
Bohr magneton, s the electron spin (.v = i), and 

with Pp the momentum operator for the elec¬ 
tron coordinate. For the hole we take the 
matrix Hamiltonian of Luttinger[13] for the 
degenerate Fs valence band, viz. 


-2y{{J,Ji}{k„,ki,2} + c.p.)^-2Kpj • H, (3.3) 


whereyi, y, and k are the valence band para¬ 
meters (we have made the spherical approxi¬ 
mation, i.e. y^ = y’=^), J the angular 
momentum matr(ges corresponding to /=?, 
and 


The curly bracket denotes the symmetric 
product, c.p. implies cyclically permuted 
terms, and the coordinate (1, 2, 3) refers to 
the cubic axes. 

The effect of anisotropic strain on the con¬ 
duction band is merely to shift the band edge, 
while that on the valence band is to lift, partly, 
the fourfold degeneracy. This effect is de¬ 
scribed by the Kleiner-Roth matrix Hamil¬ 
tonian [14) 


H, = WAiJy^-y^)e„ + c.p.] 

+ ^D;,[{JJAeu + c.p.], (3.5) 


where Du and D'u are the valence band defor¬ 
mation potentials and <?,, etc. are the strain 
components. 

In NL a [110] face of a thin germanium 
slab (4/x thick) was glued to a glass substrate, 
and the magnetic field was applied along [110] 
(perpendicular to the slab) in the Faraday 
configuration and along [110] (parallel to the 
slab) in the Voigt configuration. We hereafter 
take the quantization axi^z along the magnetic 
field (either [110] or [110]) and label the 
rows and columns of the J matrices so that 

has components 3/2,— 1/2, 1/2, —3/2 along 
its diagonal. Then the strain Hamiltonian is 
expressed by the matrix 




£2 E , 


with 


(3.6) 


£, =S(l-X)5-i(D„±30„.) 

E, = -U\-k)S-^{Du + Du’) (3.7) 

^ ^ Cii + 3t ia —2 c.,4 _ ^ 

^11 "b C12 •+■ 2 C 44 


where the upper and lower signs correspond 
to the Faraday and Voigt configurations. 
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respectively. The magnitude of the strain S is 
determined by the condition that the strain 
splitting 2£, = 2V(£,‘' + £' 2 *) give the 
observed splitting of the absorption peaks at 
H = 0 and its sign is taken negative so that the 
germanium slab suffers a compressional strain 
along the interface. 

The effective mass Hamiltonian for the 
exciton in a magnetic field is thus 

— -j-^- r—H, + fui>u. (3.8) 

0,1 

in which H„. like H, in (3.6), is understood to 
be in the Jj-diagonal representation. Since the 
translational symmetry of the system allows 
separation of the central coordinate R = 
(r,, + r/,)/2 in the form e-** and, further, 
momentum conservation requires £ s 0 in the 
final state, our interest is only in the relative 
motion in the coordinate r = r,, —r,.. The 
effective mass equation for the relative 
motion has been solved variationally by 
assuming an envelope function of the form 


U M.M.Ar) = 2 c m.m, v,Xr). (3.9) 

n 

where v„ is a harmonic-oscillator-like function, 
but having a finite radius in the z-direction 
also, namely 


Vn 


/ . . . .1 1 

''yx^ + y^\ 

\{2nV^'^ ■ 2" ■ nla'iaj 



xexp 




Aa\ 4aif/V 


-) 

«ii/ 


/« = 0 , 1 , 2 ,..., ') 

(, 1 /= 0for even n, 1 for odd n/ (3.10) 


where is the azimuthal angle about z. 

The (x,y) dependence of v„ has been so 
chosen that it coincides exactly with that of 
the n-th true harmonic oscillator ftanction u„ if 
we set flj, = cyclotron radius = \/(hcleH). In 
(3.9) and (3.10) the coefficients c and the 
radii and dn are the variational parameters 
to be determined. 


Before presenting the variational solutions 
of the problem, we shall examine in physical 
terms the nature of the eigenstates in the high 
field limit, where the exciton binding and the 
strain are not of primary importance in defin¬ 
ing individual states. An exciton transition in 
this case is correlated with one of the transi¬ 
tions from a Landau level defined by the 
Hamiltonian (3.3) in the valence band to that 
defined by (3.1) in the conduction band both 
at kt = 0. These Landau states have true 
harmonic oscillator functions u„ as their 
envelopes[13J, and the allowed transitions 
(interband selection rule An = 0) at k^ — O 
with lowest energies are: transitions with 
AM= = 1 

(a,) \M,, = -3, n = 0) -» \M^ = ~i,n = 0) 

(/>J |-i, 0>|i 0) (3.11) 

transitions with i)_, AM = — 1 

(«_) a|i0> + /!)|-i2> - |i0> 

(3.12) 

(6_) a'|i0> + b7-i 2)-^|-i0) 

in the Faraday configuration* and transitions 
with Uf, AM = 0 

(c.) H,o>->H,o), 

(3.13) 

(c.,) a'|i0>-l-fc'|-i,2> ^ |i0> 

transitions with AM = ± 1 all the four 
transitions listed in (3.11) and (3.12). For an 
extended photon energy 1 -* I and 2-* 2 
transitions are also observable. 

The variationally calculated photon energies 
required in the transitions from the ground 
states are shown in Fig. 1 and 2 as functions of 
the magnetic field for the Faraday and Voigt 
configurations, respectively, including strain 
for the low temperature. Only states with ap¬ 
preciable f/(0) values are given in the figures. 

*The valence band states involved in the transitions 
a,. b„ a- and ft, are 2(0), 1(0), 1 A(2) and 2 A (2), respec¬ 
tively, in Luttinger’s notation [13]. 
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Fig. I. Variationally calculated photon energies for the 
exciton transitions (primed) as functions of the magnetic 
held in the Faraday configuration near the liquid helium 
temperature. Unprimed transitions (broken curves) show 
the Landau transitions whose asymptotic forms are 
represented by (3.11) and (3.12). Both types of transitions 
are calculated for a strained germanium. The energy 
gap/io),, has been taken 0'894eV. 



Fig. 2. Variationally calculated photon energies for the 
exciton transitions in the Voigt configuration near the 
liquid helium temper^re. The energy gap has been set 
at 0-8978 eV. 


The adopted band parameters are a = 25 [15] 
-y, = 13-08[16], y=5-45[16] g, = -3-2[17]. 
<f = 3-29[18], eo=16, = 3-15eV[19], 

D„. = 610eV[19], and 2£, = 4-4 and 
4-8 meV for the Faraday and Voigt con¬ 
figurations, respectively. The direct band gap 
is fixed at the values given in the captions to 
give the best fit with experiment. 

In both the Faraday and Voigt configura¬ 
tions all the energy vs. H curves are, as ex¬ 
pected, linear at high fields, but at small fields 
a bend of the curves is seen, which is charac¬ 
teristic of the exciton formation and has its 
origin in the increase of the binding energy in 
a magnetic field [20]. At low fields and in a 
strained crystal the splitting due to strain is 
most significant. Details of the competition 
will be discussed later. Some of the exciton 
transitions are specified in the figures accord¬ 
ing to their corresponding asymptotic Landau 
transitions (3.11) ~ (3.13). 

It is noted in Fig. I that the two lowest 
exciton levels in the Faraday configuration 
cross at a magnetic field near 50 kG. This is 
responsible for that peculiar sign reversal of 
the first Faraday singularity mentioned in the 
introduction and will be discussed in the next 
section. 

4. ROTATION SPECTRA 

We are now at a position to calculate the 
exciton contribution to the Faraday and 
Voigt spectra near the direct band gap. We do 
this using the expressions (2.12) and (2.19) for 
the Faraday and Voigt rotation angles, 
respectively, in which we further make use 
of the selection rules on the interband matrix 
elements V„,c,nr’ 

II2M = ~V"3F, (v+) - 1 / 2,-312 = \/3 F 

~ ~ (t^+)l/2,-i;2 ~ F (4.1) 

, , _ _ • 

(t'i;)-n/2.+:t/2 “ < 

(l’i;)ii;2.±l/2 = -“tiF, 
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all Other matrix elements being zero.* 

The calculated spectra are shown in Fig. 3 
and 4. The relaxation time r„ was so chosen 
as to reproduce the experimentally observed 
line shapes near the singularities. It was 
changed with magnetic field, but taken com¬ 
mon to all the peaks at a fixed field. In Fig. 3 
only the lowest two paris of transitions are 
included for the Faraday rotation at low 
temperatures, since all the other transitions 




*We have discarded .small corrections of the order of 
throughout. 



I'ig. 3. Calculated Faraday rotation spectra in germanium, 
(a) and (b) show the low temperature spectra at low and 
high magnetic fields, respectively, and (c) gives the room 
temperature spectrum at 88 kO. 



PHOTON ENERGY (eV) 

Fig. 4. Calculated Voigt rotation spectrum in germanium 
near the liquid helium temperature at 56-7 kG. 

have much higher photon energies or much 
smaller intensities. 

We now discuss the features of the rotary 
spectra in connection with the level schemes 
in a magnetic field. Let us first make an in- 
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quiry into what features a faraday spectrum 
is expected to show when a set of electronic 
states are designated, without paying special 
attention to their detailed properties. For the 
sake of clarity we treat the problem for a 
moment in terms of Landau transitions with¬ 
out Coulomb effect. In the absence of a mag¬ 
netic field, an electronic level is necessarily 
at least twofold degenerate because of the time 
reversal symmetry, and by a proper choice of 
the wave functions we can assume 

|(n|«+|m)|*= (4.2) 

where the states n and n' in the conduction 
band and the states m and m' in the valence 
band are degenerate. (For example n' and m' 
are the Kramers conjugates of n and In, 
respectively.) When a magnetic field is applied, 
one of the transitions, say m —* n, is polarized 
in v+ and has a photon energy h(a>o + yM), 
while all the other transition m' —* n' has 
polarization d_ and a photon energy 
h(ma~yH). The Faraday rotation induced by 
this pair of transitions is 


Wo — yH — w -f- //t Wo + yH — w -f- ijr] 

(4.3) 

if we assume (4.2) as a zeroth order approxima¬ 
tion in H. This is the experession derived by 
Halpern, Lax and Nishina[21] and used by 
Nishina, Kolodziejczak and Lax [3] in the 
analysis of their experiment. According to 
(4.3), where C is a positive constant, the 
rotation peak due to this pair of transitions is 
positive if y < 0, and negative if -y > 0. Thus 
a reversal of the rotational sign is understood 
as a reversal of the constant y in this approx¬ 
imation. The rotation spectrum given by 
(4 -3) is symmetric on the both sides of a 
singularity. 

In a general case of exciton transistors, 
especially when degeneracy is involved, the 
transitions degenerate at H = 0 are not split 
into perfectly rigbt and perfectly left hand 
polarized transitions, but we can only say that 


one group of transitions are almost right hand 
polarized and the others polarized in the 
left. Then the relation (4.2) does not hold even 
in a moderate magnetic field. This fact leads to 
an asymmetry of the line shape. * The magnetic 
field dependence of the transition energies is 
generally complicated, but if a transition nearly 
polarized in the right crosses a one in the left 
in photon energy, a reversal of the Faraday 
rotational singularly takes place. 

This actually happens in Fig. 1 in the lowest 
pair of transitions and it exactly the reason 
why in the calculated specta (Figs. 3(a) and 
3(b)) the sign of the first rotational singularity 
is reversed between low and high magnetic 
fields. The origin of this crossing will be 
explained in the next section. 

At room temperature where no strain exists 
in the sample no crossing of the levels is 
expected, so the Faraday spectrum changes 
rather regularly with magnetic field. This is 
in agreement with experiment. 

In the Voigt configuration at low tempera¬ 
ture the existing strain has such an action that 
in zero magnetic field the valence bands 
mainly consisting of = ±i along z are 
raised higher in electronic energy than those 
mainly consisting of A/„ — ±i. Thus transitions 
involving M,, = ±i, appreciably, kh which, 
because of the selection rules (4.1), are the 
only transitions contributing to , have lower 
energies than those involving Af,, = which 
contribute solely to k The former transitions 
contribute to also, but usually not appreci¬ 
ably because of a partial cancellation due to 
mixing of more than one A/„’s. This leads to a 
general feature of the Voigt spectrum in 
which positive peaks appear in lower photon 
energies and negative peaks in higher. In 
NL’s experiment (See Fig. 5 of NL) in this 
configuration, two broad absorption peaks 
appear, of which the one appearing in a lower 
energy is associated with positive rotational 
peaks and the other with negative rotational 
peaks, in agreement with our interpretation. 

*A further speculation or the line shape is given in 
NL. 
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S. DISCl/SSION 

(I) Origin of the sign reversal in the low tem¬ 
perature Faraday spectrum 

A direct understanding of the sign reversal 
is presented first, for clarity’s sake, in terms 
of Landau transition at = 0, and the neces¬ 
sary modification introduced by the inclusion 
of exciton effect will be discussed afterwards. 
As is mentioned in Section 3, the mechanism 
which plays a dominant role in determining 
a state in the valence band changes with mag¬ 
netic field. Figure 5 shows schematically the 
situations met in low and high fields. At low 
fields the strain splitting of the valence band 
is so large that transitions are de.scribed as 



LOW FIELD high field 

Fig. 5. Schemalic reprcseiitatioti of the lowe.sl tran.siiion.s 
in the Faraday eonfiguralion in a strained germanium 
cryslal. 

those from a Landau level in either of the 
two pairs of strain-split valence bands to a 
one in the conduction band. The off-diagonal 
component E-, of the strain Hamiltonian 
(Equation (3.7) with the upper sign) is much 
smaller than the diagonal component £,, 
since is proportional to — which 
represents a deviation from spherical sym¬ 
metry. The valence band, therefore, is almost 
completely split into a pair of bands with 
Mr = and a one with M,. = the former 
lying higher in electronic energy. The lowest 
transitions compatible with the selection rules 
are those from the lowest Landau levels 
(n = 0) formed in the valence bands /W^ = ± f. 
They are explicitly 

(aj|-i0> ^ |-J,0> (5.1) 


at frequency 

eH E 

<u+ =-(io —igr + i')'i+i?~iK) + 

me n 

(5.2) 

and 

(nJliO)liO) (5.3) 

at 

E 

o*- — (io+ig. +lyi+iy+^K) -Fa)(, + -^ 
me fi 

(5.4) 

leading to a y at low fields 

e 

yi= (wt —o).)l2H 

= -4-3/3/h. (5.5) 

At high magnetic fields the magnetic coupling 
between M„ — i and — i and between Mr 
= i and - i exceeds the strain splitting of the 
Mr = ±i and ±i bands, and Landau levels are 
formed according to the four-ladder scheme 
described by Luttinger(13]. The state 
0), however, has quantum number n = 0 
in the 2* ladder and does not mix with any 
of the other bands. The state ||, 0), on the 
other hand, converges to the one designated 
by l-(2), which mixes considerably with the 
Mr = —i band (corresponding to the asymp¬ 
totic transition (a-) in (3.12)). The asymptotic 
transition frequency is given by 

eH 

ft)-=-(ia-Fi^r-Fei (2))-F const. (5.6) 

me 

where 

€,"(2) =iyi -y-biK- [(y, 65^]"^. 

From (5.2) and (5.6) we obtain a y at high 
fields, 

y/. = T—(-go + fi + y-3 k - 2ei-(2)) 

4mc 

= 3-6j8/ft (5.7) 

which is of opposite sign to y,. We have 
added in Fig. 1 the curves of photon energies 
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calculated on the assumption of Landau 
transitions. These were obtained by solving 
Hh + H, with the use of envelope functions 
(The «„ are true harmonic oscillator 
functions, to be distinguished from the v„.) 
For («+), the photon energy is almost 
perfectly linear throughout the range of H, 
while for (a_), hu- has a complicated depen¬ 
dence of the predicted form and crosses 
fu»+ near // = 40 kG. The opposite signs in 
(5.5) and (5.7) are essentially responsible for 
the reversal of the Faraday singularity. 

The change of exciton transition energies 
is not so easily predictable in a similar 
way. Our numerical calculation, however, has 
proved the existence of a crossing in the 
lowest pair of exciton transitions, also. 
The chief modifications caused by exciton 
binding are (i) the crossing field appears 
near 50 kG. (ii) both the exciton curves 
(a+.) and («_,) are downwards convex, instead 
of straight (a+) and upwards convex («_). 

(2) Existence of the exciton effect 

The necessity of the exciton effect in inter¬ 
preting the experimental result of Nishina and 
co-workers has so far not been emphasized, 
although early absorption experiments[22] 
demonstrated clearly the existence of this in 
the band edge spectrum at low temperatures. 
We shall give in this subsection reasons why 
our rotational peaks should be considered to 
involve exciton transitions at room tempera¬ 
ture as well as at low temperatures. 

Low temperature. The observed change of 
the absorption peak positions with H at this 
temperature (See Figs. 2 and 4 of NL) 
cannot be explained on the assumption 
of Landau transitions. The two broad absorp¬ 
tion peaks, separated 4.4 m eV at // = 0, are 
most likely to correspond to the two pairs 
of exciton transitions (a+0. («->) and (b+.), 
(/>-'), the separation within each pair being 
too small to be resolved by absorption. If 
we had assumed^he corresponding Landau 
transitions (a+), (a_) and (b^), (ft_), we 


would never have obtained the bending of the 
energy vs. H curves at low fields, which is 
essentially characteristic of the exciton 
effect. A further support of the exciton 
effect is rendered by the analysis of rotational 
line shapes where the superiority of discrete 
levels in fitting the experimental curves is 
assured. This situation is more pronounced 
in the room-temperature case and will be 
discussed in more detail in a later paragraph. 

Room temperature. The room-temperature 
Faraday spectrum was once analysed by 
Korovin and Kharitonov [8] on the assump¬ 
tion of Landau transitions between the 
valence and conduction bands, thereby 
the exciton formation being entirely neglected. 
We here demonstrate that each rotational 
singularity is actually formed by the super¬ 
position of the Faraday rotations associated 
with the exciton fine structure for the complex 
energy bands in germanium. 

Firstly, the photon energy corresponding to 
a particular singularity in the spectrum es¬ 
tablishes the existence of the exciton effect. 
Judging from its intensity and its relative 
position in the spectrum, the peak denoted by 
I in Fig. 3(c) is assigned to the transition 
which in the high field limit converges to 
(ot). With the room-lemperature direct band 
gap not smaller than 0-803 eV*[23], calcul¬ 
ation shows that this transition should have a 
photon energy not smaller than 0-821 eV at 
88 kG which is 4 me V larger than the observed 
value. This difference is most well understood 
in terms of the exciton binding energy. 

Secondly, line shape study shows that the 
observed shape of the Faraday singularities 
is not of continuous levels, but of discrete 
ones. As the electronic motion along the 
magnetic field is not quantized in a free 


•Zwerdling el fl/.[23| measured the change of several 
absorption peaks with magnetic' field. It is not clear 
whether the zero field energy 0-803 eV. to whiph all the 
peaks approximately converge as H -* 0. should involve 
the exciton binding energy or not. but the true band gap 
cannot be smaller than this value. 
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Landau state, the photon energy changes with 
kg as 

oj(k,) =<u(0)+^ (5.8) 

2fi 

where fi is an appropriate reduced mass, and 
we have to integrate rotation angles over kt to 
obtain 


r 

•* — 00 


d^ 

27r 


C - Re 


1 


2 / 

Zfl T 


= --21^-^) Im <o+yH — m(0)—- (5.9) 


corresponding to the first term of (4.3) and a 
similar expression for the second term. We 
have tried to fit the observed line shape by 
properly choosing t in (5.9), but the obtained 
line does not usually show any sharp oscil¬ 
lation. In the case of exciton transitions, on 
the other hand, the motion along z is quantized 
by the Coulomb binding and no integration is 
needed. We could obtain in this case a fairly 
good fit of the experimental curves*. With 
variational solutions of the secular equation, 
we calculated rotation curves associated with 
each transition and then superposed them to 
obtain the overall rotation. The transitions 
contributing to singularities are listed in 
Table I. 

(3) Additional absorption peak in the Voigt 
configuration 

In the low-temperature absorption experi¬ 
ment in the Voigt configuration, NL have 
observed a third peak (See Fig. 4 of NL, the 


•Compare also the discussion given in NL. 


peak denoted by III) in addition to the two 
peaks which behave similarly to those in the 
Faraday configuration. This is resolved at 
fields exceeding 15 kG and the corresponding 
photon energy rises rapidly with field, in 
comparison with the two other peaks. 

The appearance of this third peak can be 
understood in terms of the difference of the 
strain effect in the two configurations.For an 
illustrative purpose, we shall consider the 
mixing of the = I and — i bands at kt = 0. 
In the Faraday configuration the diagonal 
component f, of the strain Hamiltonian (3.6) 
is much larger than the off-diagonal component 
£j, while in the Voigt configuration the two 
quantities are almost equal. The magnetic 
field has the same effect in the both con¬ 
figurations in our approximation. Thus at 
intermediate fields at which the strain and 
magnetic energies compete, the strain in the 
Faraday configuration, schematically speak¬ 
ing, acts to prevent the magnetic mixing of 
!3, 0) and |—i, 2), while that in the Voigt 
configuration acts to augment it. Actually at 
25 kG, the state If, 0) is almost unmixed in 
the Faraday configuration, but this state 
mixes considerably with |—f. 2> in the Voigt 
configuration, and two states result which 
contain |f, 0> appreciably, namely 

0-62 If, 0> +0-69 |—i. 2) + small contributions 
from other states, 
and 

066 If, 0)-0-61 |-f.2>-l-... 

The second of these induces the transition 
denoted by 111 in the intermediate field region. 


Table 1 .Assignment of the Faraday rotation singularities at room temperature 


Singularity 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

12 

Conduction 

i 

* 

-i 

-i 

-1 

i 

4 

4 

-4 

-4 

-4 

4 

Band n 

0 

0 

0 

0 

0 

1 

1 

I 

0 

I 

2 

2 

Valence Af,. 

-1 

i 

-i 

1 

i 

4 

i 

-4 

1 

-i 

4 

4 

Band n 

0 

0 

0 

0 

0 

1 

1 

1 

0 

1 

2 

2 

Energy deviation from 
band edge at 88 kG 
(meV) 

13-2 

I4-4 

15-9 

16-3 

39-4 

43 

44 

44-7 

56-7 

580 

64-5 

65-4 

Relative oscillator 
strength 

1 

117 

3 

0-87 

2-01 

0-86 

1-23 

1 

01 

3 

0-62 

105 

Sign of Faraday 
rotation 

+ 

- 

+ 

- 

- 

- 

- 

+ 

- 

+ 

- 

- 
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6. CONCLUSION 

We have analysed the oscillatory rotation 
spectra in germanium observed by Nishina 
and co-workers. The analysis is based on the 
effective mass theory of the direct excitons 
in germanium. The transitions pertinent to 
the rotation were assumed to be those from 
the ground state of the crystal to exciton 
states, instead of those between the Landau 
states. Expressions for the rotation angles in 
the Faraday and Voigt configurations were 
derived, which include the interband velocity 
matrix element and the envelope function 
for the relative motion of the electron-hole 
system. The Voigt rotation in NL’s experi¬ 
ment was interpreted as essentially the 
difference in the absorption coefficients of 
the polarizations parallel and perpendicular 
to the magnetic field. 

The eigenstates of the exciton in a magnetic 
field were determined variationally, using 
appropriate vector wave functions. Strain 
energy was added in the low temperature 
analysis. 

The existence of strain has proved to be 
essential in determining the feature of the 
low-temperature rotation spectrum. The 
peculiar reversal of the Faraday singularity 
in the experiment is explained by the com¬ 
peting effect of the strain and the magnetic 
field. 

The importance of the Coulomb binding 
between the electron excited to the conduc¬ 
tion band and the hole left behind was recog¬ 
nized in the room-temperature spectrum as 
well as at low temperature. We have con¬ 
cluded that the observed features of the spec¬ 
trum at the band edge show every sign of 
exciton transitions. 
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Abstract —The multispin axis model recently proposed by van Laar for the magnetic structure of CoO 
reflects the tetragonal nature of the crystal structure below the Neel temperature. Starting from simple 
symmetry arguments we construct an effective anisotropic spin hamiltonian H„„ of order two in the 
spins. The minimization of H„, leads directly to the multispin axis model. An essential feature of /y„„ 
is to show that Dzialoshinski-Moriya coupling is mainly responsible for the 90° canting invoked by 
the van Laar model for the spin components in the Oxyplane. This is in agreement with the large spin- 
orbit coupling usually observed in bivalent Co. The magnetic structure transforms according to ir¬ 
reducible representations of several space groups which leave invariant. Possible Shubnikov 
groups are also indicated. 


INTRODUCTION 

It is well known that MnO, NiO, FeO 
undergo at the Neel temperature a small 
rhombohedral distortion. This fact is also 
reflected by their type of antiferromagnetic 
ordering the so-called ordering of the second 
kind. CoO is an exception in so far as the 
antiferromagnetic transition is accompanied 
by a tetragonal deformation [1]. However 
even for that case a collinear structure was 
proposed[2, 3] with the same MnO-type of 
ordering, the spins being tipped out from the 
tetragonal axis by an angle of about 27°4'. It 
was up to van Laar [4] to find a non collinear 
spin structure of a tetragonal type (Fig. I) 
which fits the observed magnetic intensities 
as well as the conventional model. 

The second kind of ordering belongs to a 
propagation or wave-vector k = ib| -(- ibj 
+ ib 3 =[iH] where the bj (j=U 2, 3) 
are the reciprocal vectors of the lattice vectors 
aj U = 1, 2, 3) of the chemical cell. It is easily 
checked indeed that all spins are ‘in phase’ in 
(111) planes, their signs being given by [4] 


> 



Fig. 1. The van Laar multispin-axis model. Sections z = 0 
and z = ( of the magnetic unit cell (2a, 2a, 2a) are re¬ 
presented. The arrows indicate the projections of the 
spins in the oxy-plane. The signs-For - indicate the direc¬ 
tion of the spins along Oz. Sections z = I and z = ( are 
obtained by reversing all the spins of sections z == 0 and 
z = f respectively. 


Or = cos 277 k.r = COS 77 iX)+X 2 + X 3 ). (1) 

vector of the spin and x,, x^, Xj are the crystal- 
Here r = x:,a,-t-xJaj-l-jtsaj is the position lographic coordinates of r in the chemical 
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cell. For instance the sign being +1 for the 
spin in 0,0.0 according to (1) o-r is —1 for the 
spin at the point r= 1,0,0 which means that 
the magnetic cell has to be doubled in the x, 
direction (and also along the x^- and the the 
Xj-directions). If 7, has the conventional mean¬ 
ing of an exchange integral between first 
neighbours related by direct and 90° super¬ 
exchange and if similarly Ji is the exchange 
integral for 180° super-exchange, it must be 
noted that J, does not enter the expression 
of the magnetic energy or of the Neel tempera¬ 
ture r.v in the molecular field approximation. 

7v=p.67^. (2) 

The physical reason is that each spin has 
among its 12 first neighbours as many (six) 
parallel spins in its own (111) plane as opposite 
spins (six) in the two neighbouring (III) 
planes. Here striction effects, due to deforma¬ 
tions, are neglected to a first approximation. 

From this brief discussion we note that 
there is a high degeneracy in the second kind 
of ordering and many multi-axis spin systems 
[3,.5] may be indicated having the same 
energy. Ways to lift the degeneracy are ex¬ 
change strictions and (or) anisotropic interac¬ 
tions between first neighbours. The van Laar 
model essentially retains the negative correla¬ 
tion of spins connected by 180° super-exchange 
and is still indifferent to first neighbour inter¬ 
actions as far as isotropic exchange is con¬ 
cerned. 

We shall show that the van Laar model is 
compatible with group theory and that an 
effective Hamiltonian of order two in the 
spins can be derived which reflects the aniso¬ 
tropic couplings (mainly between first neigh¬ 
bours) present in his model and characteristic 
for the high spin-orbit coupling usually found 
in bivalent cobalt. There is a strong orbital 
contribution, the moment being 3,52 ^(,[4] 
instead of 3 /i,*, for spin only. 

THE SPIN HAMILTONIAN 
Several steps are needed. We look first for 
a crystallographic space group to describe the 


tetragonal structure below the Neel tempera¬ 
ture. We then find the representations 
r*"* of the group associated with the wave 
vector k = [Hi] and we construct the basis 
vectors of irreducible representations, i.e. 
peculiar vectors which are linear combinations 
of the spins. Finally with the basis vectors 
we form invariants and derive a spin Hamil¬ 
tonian of order two which shows already the 
features of the intervening anisotropic coupl¬ 
ing mecanisms. 

As an essential symmetry element of the 
paramagnetic space group we retain a four¬ 
fold screw axis noted 42 and shown in Fig. 2. 
The crystallographic structure below T.v 
may thus be described by the minimum 



Fig. 2. Reference atoms in CoO. The Co atoms in the f.c.c. 
structure are represented by black circles. The reference 
atoms marked I, 2. 3. 4 are related by a fourfold screw 
axis 4j chosen as the Oz axis 

symmetry group P4.i. (Higher symmetries 
will be indicated later). According to the 
International Tables for Crystallography [6] 
we place the c-axis along the 42 screw axis. 
The coordinates of the Co-atoms, numbered 
from one to four and related by the 4 opera¬ 
tions (42)^(with J = 0,1,2,3) will be 

->c.y,z(l); y,x, Z-Fi (2); x.y, z-t-1 (3); 

y.x, z + §(4) (3) 

with X and y near to i and z = 0 or i. The 
oxygen locations may be described by the 
same positions with Xo and yo near to i and 
Zo — i or i Before going further let us re- 
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examine the neutron diffraction evidence and 
its implications. In his fine high resolution 
powder diagram, van Laar[4] could resolve 
the doublet {311} {113} and show the mag¬ 
netic reflection {113} to have a negligible 
intensity with respect to {311}. We prove in 
Appendix A-1 that the near disappearance 
of the intensity {113} already implies the sign 
sequences of four possible spin models and 
determines the spin angle with the z-axis 
to a good approximation (~ 25°). Table I 
summarizes the spin models. In spite of the 


transformation properties and basis 

VECTORS 

The wave-vector k=[iH] has still the 
full point group symmetry 4, i.e. 4'k = k -I- K 
where K is a reciprocal lattice vector. The 
transformation equations of the spin vector 
components are 

‘Tj+i.j*’ 42.rj.; 

= ^J+..r- (4) 

Here the first index refers to the numbering of 


Table I. Van Laar models 



Conditions on the 

spins 

Signs of the spin components x, y, z 

Model 


Xrj„ 

Xsj, 

ri 

Si 

^3 

^4 


0 

0 

7 a 0 

- + + 

— + 

- 1 —+ 

+ + + 


0 

0 

0 

+ - + 

— 

— + 4- 



7* 0 

0 

0 

--1- 

-■I--I- 

— 

—f-- 


0 

it 0 

0 

+ + + 

-+- 

++- 

-+ 


surprising manifold of choices for the signs 
of the four reference spins, the four models 
noted 38, and & are closely related. 
For instance j/ always contains 33 
always contains as can be proved by appro¬ 
priate translations shown in Fig. 3. Further¬ 
more the right handed model always 
contains a lefthanded model and 33' as 
shown in Figs. 3-4; vice versa ^ contains the 
left handed structures sf' and We call 
here a structure ‘right handed’ if the .screw 
axis 42 is operating counterclockwise on the 
atoms 1,2,3,4. The question arises if there are 
still other sign combinations compatible with 
the quasi-extinction of {113}. In fact, if we 
reverse in, say, model 38 all the spin com¬ 
ponents in the xy-plane, keeping fixed the 
z-components (still in conformity with 
2 ija = 0, a = jc or y or z), we get a model 38" 

j 

which is no longer compatible with the 
observed intensities. This clearly demonstrates 
the existence of a definite anisotropic coupling 
between the (xy)- and the z-components of 
the spins. This coupling must be bilinear. 


i. St),,, 


’ 3''> 

2')' a'"’ 





4'F 

T (0) 
r 






3(i: 


^ I 


^1 
4 ‘i' 


2<h 3' 








4 (w 

1 

1 ■!> 


2'm 





4'(« 

r<fi 


Fig. 3. Upper left corner. The , 5 / model. The spins are 
numbered I. 2. 3, 4. Numbers in parenthesis indicate the 
height in the chemical cell. The signs in the circles are for 
the z-components. When 3 and 4 are displaced by the 
distance a to 3' and 4’. the spins I, 2. 3', 4’ form a left 
handed arrangement. In the upper right corner, the 
atoms 4' 3' 2' and 1 are relabeled I", 2", 3" and 4" respec¬ 
tively and shifted vertically so as to be on a right handed 
screw axis. They form a structure. I ower left corner: 
The .off model. With the same notations, the ;ff-model 
I. 2, 3. 4 contains a left handed 3*' model I. 2. 3'. 4' and 
a -model I". 2", 3". 4". 
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Table 2. Irreducible repres¬ 
entations for P4i\ k = [iii] 



Fig. 4. If the atoms 1,2, 3, 4 of the right-handed .nf struc¬ 
ture are shifted vertically, one obtains a lefthanded itf' 
structure I' 2'3' 4. 

the atoms and the second one to the axes. A 
rotation (4*)^ sends point I in x, y, z to point 
5 in x,y,z + 2 which has the same spin as 
point 1. Thus the relations (4) are cyclic. 

The operation may be represented by a 
12 -dimensional matrix ( 45 ) acting on the 12 
spin components = jc, y, z) with j 
= 1, 2, 3, 4. The matrix ( 42 ) defined by (4) 
and its powers engender a representation 
r of a cyclic group of order 4. r is reducible 
and one may find the basis vectors by the 
reduction of F. However when the irreducible 
representations are known it is easier to con¬ 
struct the basis vectors Tj;;.’ belonging to the 
irreducible representation r'"’ by applying 
the projection operator formula[71 

F;j;'(i')*T„.(/. (5) 

(I 

Here F*"' (^) is the matrix representative of 
the group element n in the irreducible re¬ 
presentation F*"’. r„ is the operator associated 
with ft and operating on a function if - The 
summation is over all group elements. For a 
cyclic group, all irreducible representations 
are one-dimensional and (5) simplifies to 

( 6 ) 

0 

where x'"’ (j?) is the character of g in F*"’. 
For the function ij/ we take simply the spin 
components of Si, say successively s,j., 
and s,i. From the well known characters 
of the cyclic group of order 4 (Table 2) and 
from the equations (4) and (6) we find the 
following real vectors forF"’: 



e 

^2 

A 2 ^3 


1 

1 

1 I 

p<a» 

1 

i 

-1 -/■ 

J'OJ 

1 

-1 

1 -1 


1 

— 1 

-1 -t-i 


F/” = s,j. ■+ Siu - fsr ~S4u-A, 

^ 2 " = s,u~Sgj.~S 3 u + S 4 ^ = A 2 (7a) 

F3"'= S/i + ijz + — A 3 

and for F'^’: 

F/-*'= .S,x - .521, - .Sax+ •*<«= 5/ 

Fa'-” = ^+ .V2X - Ssu ~S4^ = Bs (7b) 

Fj*'’’ = Sit ~ ‘^22 T ^3z ~ — ^3- 

Consider first the vectors of (7a) and make 

Sir = + S 3 ,, = — Ssr — ~ S4U 
St„ — 3'2x ~ 3'jl/ “ "b S4y 

Sh — Sit — S 3 g S41. 

This .solution maximizes the vectors F/'* 
and corresponds to the van Laar model 
with A, = —A 2 . At the same time the solution 
(8a) gives zero values to the F/“’ = Bj vectors. 
Alternatively the solution (8b) maximizes 
the vectors K/'”, gives zero values to the 
F/" vectors and represents the van Laar 
^ model. 

Sir ■^21/ ^3x T 

Sjy -|- S 2 x ^ 3 v ^4x (8b) 

Sir S^t -b S3t S4r‘ 

We can describe the two main structures sf 
and 0S by the concise notations 

■sf = (—/Ij,/42, y4j) = (A 2 , ~Ai, A 3 ) (9a) 
^ = (B„ -B 2 , B 3 ) = i-Bi, B„ Bs) (9b) 
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We may now construct the most general effec¬ 
tive anisotropic Hamiltonian of order two 

H„„ = -h + a.jV.Vi 

( 10 ) 

either with the vectors (7a) of P'* or (7b) 
of r'^'. Let us assume a, — 0 ^ = a (this res¬ 
triction is justified later), and evaluate in F"’ 
the invariant a{A,'‘ + A 2 ^). 

aiAi^+Ai^) = 2az.(S| X Sj-f Sj X Sj-t-Sj X s^ 

+ S 4 X Si)j.,j,-La 2 (^/ + '*/)j 

j 

-2a(s,. Sa-t-Sj. S4)j.,„. (11) 

Here z is the unit vector in the Oz direction 
and the lower indices x, y mean that the 
vectors are taken in the Oxy plane. It is clear 
that At^ + A 2 ^ reaches its maximal value of 
16 i'* for Sj orthogonal to Sj+, and rotating in 
the same sense so that the 90° canting in 
the Oxy-plane of the van Laar model is due to 
a large part to the vector products or to 
Dzialoshinski-Moriya[8,9] coupling (abrevi- 
ated D-M coupling) of the type . (SjXs,^) 
between nearest neighbors. Thus the 
coefficient 2az in (II) plays the role of a 
D-M vector Dj,, which is proportional to 
exchange ( Jj^) and to spin orbit coupling. 

Another term which may produce canting 
is the product 2 - It can be written in dyadic 
notation 

AjAi^-i'Z (-l)^sj. </»!. (sj-sj+ 2 ). 

j=i 

2 (“1 )^Sj .<(» 2 , (s |+|—sj-i). (12) 

j=i 

Here 

<^1 = x,y-t-y.x; <(>j = x,x-y.y. (13) 

The dyadics d>i and <^>2 have zero scalars and 
their matrix equivalents are symmetric and 
traceless, characteristic of symmetric coupling, 
i.e. crystal field, dipolar and pseudo-dipolar 
coupling, the m^st important terms being 


probably the ‘one ion’ terms of the form 
SixSju coupled by 

We shall discuss later the coefficients of 
023 and as, which couple the (xy)- with the 
z-components after proceeding to a further 
reduction of the coefficients of the hamiltonian 
implied by observation. 

Minimizing the hamiltonian under the 
condition = C', and introduc¬ 

ing a Lagrange parameter X we get the 
following set of equations 

X K; = a,V, -h 0,2^2 T a, 3^3 

X K 2 “ ^42F; “L a2L2-L a2jP7 (14) 

XF^ = a/jFj-l- ass F2 -t- a^ Fj, 

For this set to be compatible with the 
equilibrium conditions (15) which are observed 
as well for model j/ as for model the 
relations (16) between coefficients must be 
obeyed. 

F, = -F2 (15) 

a, = a 2 = a\ ass = - 03 ,. (16) 

The hamiltonian can be written (17) with X 
given by (18) 

// = U(F,'+F2“+F2^) (17) 

k = j(02-l-a') -i [(aj-oT^-t-Sal,]"* (18) 

Here we have abbreviated 

a' = a —a ,2 (19) 

Resubstitution of X (18) into the set (14) 
allows calculation of the magnitudes of ratios 
of basis vectors Vj which may be checked 
against experience. Another way is to re¬ 
write the hamiltonian 

H„„ = ia(F/^+ F 2 ^) Tia^Fa’^T a, 2 F,F 2 

+ n,,/(F,-F2)F2 (20) 

and to minimize it with respect to 0 and <p 
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when putting 

y, = 4^. sin 0. cos (fi V 2 = 4s . sin 0. sin 0; 
Ki = 4.V. cos 0. (21) 

It is easily seen that if 

a ,3 > 0 : a' — a 3 > 0 ; V^«,2tan0+ «,;,> 0 

( 22 ) 

we have the following equilibrium conditions 
(model ,e/) 

cos <(£> = — sin — V 2/2 

tg20 = -( 13 ). (23) 

The value of (-) is known from experiment 
((•) = 27,4°) so that we finally get the follow¬ 
ing ratio (which is perhaps amenable to 
quantum mechanical calculations) for 
coefficients of the effective spin hamiltonian 

«,.,/(a'-a,,) =0.501. (24) 

Finally the hamiltonian (20) may be written 
in the form of a two sublattice hamiltonian 
depending only on the components of s, and 
s-i by observing that in model .t/ 

S\ai ^'Ja *^40 (o X,y) 

= .V,),; s'ij = S3.. 

When this is done, the coefficient of o,., is 
seen to have a complex nature, its principal 
terms being one ion anisotropy (of the form 
-'jo-vj; with « = jr,y) and anisotropic asym¬ 
metric exchange between nearest neighbors 
(as .v,jS 2 j — and so on). We note that a 
non zero value of a ,3 is essential to our 
problem although a ,3 may be small if a' and 
Os (say mainly D-M coupling and one ion 
anisotropy in the z-direction) are of com¬ 
parable strength. We also note that no aniso¬ 
tropy of order four in the moments is required 
to explain the ‘canted multispin axis’ model 
of van Laar. 


The complete hamiltonian is obtained by 
adding the well known isotropic part Hf, to Han 

H„ = - 22,y,s, • s, - 222y2S| • Sj. 

The indices 1 and 2 refer to the first and 
second neighbors respectively. The first sum 
is zero (see introduction). 

THE SYMIVIETRY GROUPS 

We shall call symmetry groups of the 
hamiltonian (20) all those groups which 
automatically imply the symmetry relations 
(16) between the coefficients of the effective 
spin hamiltonian (10). In other words, we 
shall complete the 42 screw axis by other 
symmetry elements in such a way that the 
basis vectors of irreducible representations 
(10) associated with k= (Hi) describe the 
CoO or structure (9a, 9b). The simplest 
method is to add one symmetry element at 
the time, to let it operate on the spins or 
better on the A) and B, vectors, and finally 
to see if and how it modifies the hamiltonian 
(10). We know already that 

42A, = Aj-. 4 . 38^=^-83 (y= 1,2,3). (25) 

It will prove useful to introduce as ‘vectors’ 
the structure ,8/ and themselves. Thus for 
instance (25) can be written 

42.;/ = .^; 42^^ = -^ (25') 

which expresses the fact that model 
belongs to F'” and model yS to F'^' of the 
group 84-2 (k= [iii]). We have investigated 
the tetragonal space groups (CJ*, CIa, £>/, 
Ci,: D\l, Dil, D\L D\%) in which the CoO 
nuclear structure is possible with fourfold 
positions. We explain the procedure in some 
detail for P 42 lm, P 42 jn and P4.il. Only the 
last one is a complete symmetry group as 
defined above. We bypass the discussion of 
the groups P4i2y and P4im in which and 
belong to two-dimensional real representa¬ 
tions. These groups which do not restrict the 
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hamiltonian (10) are contained as subgroups in 
complete symmetry groups of the class 
discussed later. 

P4Jm-Cl, 

Add for instance a center of symmetry I in 
000 (on the 4^ axis at OOz) and take for the 
Co-atoms the positions (3) with z = 0. One 
has 

l(x,y,0) = je,y,0 = i,:y,l-t-00T. (26) 

This relations means that / transfers the 
spin from point 1 to point 3 but with an addi¬ 
tional translation t = OOT which introduces a 
phase factor exp 2ir ik . t = —1. Recalling that 
spins transform as axial vectors, one finds in 
this way 

lsi = —Sj; Is 2 = -I-S4; Is3 = —si; Is, = Sj. 

(27) 


Let us remark however that if the center of 
inversion transforms the hamiltonian H(Aj) 
into H (flj). it does not restrict the coefficients; 
P4Jm is not yet a complete symmetry group 
(i.e. it does not imply B, ~ —Bi). 

P^Jn-C\, 

42 is still in OOz. but the center of symmetry 
is now in iii The interesting feature of this 
group is that the four Co-atoms move to the 
parameterless positions (centers of symmetry) 
4c [6] 

iii(l); -iif(2); -i.-i}(3); 

(32) 

The same is true for the 4 0-atoms in iH 
and so on. The effect of the symmetry center 
/ on the spins can be described by 

Isj = sj or iy,= yj (y = AorB). (33) 


From these (and similar) relations, we 
derive the action of / on the Aj and flj vectors 

llAifAi^j] = [Bi,82,-83]', l[8i,82,83] 

= [A„A 2 ,-A 3 ]. (28) 

Here we have written row vectors instead of 
column vectors for the sake of brevity and 
space. The set of equations (28) may also be 
written 

n-A„A 2 ,A 3 ] = [-8 ,, 82 ,- 83 ]. (29) 

We can infer from (28) and (29), recalling 
the definitions (9a) and (9b) 

= 1^ = -.!/. (30) 

Thus the matrices (31) generate a two-dimen¬ 
sional irreducible representation in which the 
structures and are equivalent partners 


Thus 

lj3r = ,c^; m = (34) 

No restriction is implied on the coefficients 
of //; and ^ belong to one dimensional 
representations associated with k= [Hi] in 
space group P4.,ln. Although PA^In is not yet 
a complete symmetry group, it shows already 
that deviations from the ‘ideal’ values iiiare 
not essential to our problem. The positions 
(32) are not translalionnally equivalent (by 
face centered translations). But they will give 
rise to the same diffraction pattern (indices of 
the same parity) as if they were on face- 
centered positions. 

/’4..2-D,> 

Let us add a twofold axis 2, in xBO crossing 
through 42 in OOz. One finds easily from the 
equations of transformation acting on the spin 
positions (3) with x = y and z = i (4n[6]) 
that 


( 4 *) 


1 .T r. —n 2 ,[Aj,A 2 ,^ 3 ] 

m-[_, !]• 


(35) 
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The operator 2, acting on H (10) transforms 
//to 

2 ,// = + + + 

SO that by comparison with (10) we get im¬ 
mediately the restrictions (16) on the coeffi¬ 
cients. The equations (.15) may be rewritten 

2,.t/--.c/; 2..'i? = ^ (37) 

so that the models si/ and belong to one 
dimensional representations associated with 
the wave-vector k = [H i] in space group 
PAi2 (see Appendix B). It is easily checked 
that and { 8 ,- 82)83 are invariants. 

Thus PA.i2 is the first complete symmetry 
group we have encountered. 

Now that the procedure is clear, we only 
tabulate in Table 3 the results for complete 
symmetry groups (including the present one); 
P^tl — D/’. PA.inm — C^,,, P { 42 !m) cm — 
P{4.ilm) tim — D'^fi and PiA^/m) nm — D'u, and 
(heir irreducible representations, associated 
with the wave-vector k= [Hi] and having 
the structuresand (or) as basis vectors. 

The explicite relations, leading to Table 3 
and showing these groups to be complete 
are given in Appendix C. 

Note that the only complete symmetry 
group with parameterless positions is PiA^ln) 
nm — D!,l. 


In P422 — O 4 ®, P42 nm — C^,., and PiA^jn) nm 
—D\l. and dS belong to one-dimensional 
different representations {Dx is subgroup of 
CJ,, which is subgroup of D\l). 

In P{A.Jm) cm —D'xh and in /’( 42 /m) nm 
— D'xl ,.!/ and i/S appear as equivalent partners 
of two-dimensional irreducible representa¬ 
tions which is perhaps more satisfactory from 
the point of view of the physicist, j/ and 
having the same energy. 

Inversely one may determine the irreducible 
representations of D\\ belonging to the wave- 
vector k=[iH] and show that basis- 
vectors of one of them describe the spin 
configuration. This is done in Appendix D for 
completeness. 

SHUBNIKOV GROUPS 

Only those magnetic structures which 
transform according to real one-dimensional 
representations of the 230 space groups[10] 
can be described in the formalism of Shub- 
nikov groups. These are given in the two last 
columns of Table 3 in the notations of 
Opechowski and Guccione[121 and of Belov, 
Neronova and Smirnova[l3]. To the k = 
[Hi] wave-vector correspond the magnetic 
translation lattices P, in the O-G-notation and 
Ic in the B-N-S notation. They are still 
subgroups of each other. It would also have 
been possible of course to build the hamil- 
tonian of order two with basis vectors belong¬ 
ing to the identity representations of the 
Shubnikov groups. 


Table 3. Complete symmetry groups 


Group 

Generators * 

Representations for 

O-G 

Shubnikov Group 
B-N-S 

PA,22-D/' 
PAinm — CJ,. 
PAJnnm — Dii 

-j- 

4a ft 

4.2, 1 

I.-l . 
1,-1 . 

1. 1,-1 

-1, 1 . 
- 1 , 1 . 

PAi22 

PAzfi'm' 

PAJnn'm’ 

/r4.22 

lA,cd 

lAtlacd 

Pi,lmcm-D',i 

4, 2^ T 

C -,) 


) 


P^xlmnm — D\t 

4^ 2,H 



(1 ■) 



•For the positions of the generators, see text. Representations are given in the same order 
as the generators. 
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CONCLUSION 

Throughout this paper we have justified 
our classical spin hamiltonian by symmetry 
considerations only. Some quantum mechani¬ 
cal speculation may not be out of place. 
Actually Co^^ has an odd number of electrons 
and in all groups here investigated the site 
symmetry is low enough (orthorhombic m m 
in the groups and OJJ, monoclinic in the 
other ones, pseudotetragonal in any case) 
to expect a Kramers doublet lying lowest [14]. 
Thus the conditions for the existence of anti¬ 
symmetric exchange in the fictitions (.9’ = i) 
spin space[15] are met. 

To summarize our results, the van Laar 
model looks quite reasonable because it is 
consistent not only with diffraction dates, but 
also with an effective anisotropic spin hamil¬ 
tonian of order two and although the answer is 
not unic, tetragonal symmetry groups may be 
found for the magnetic structure as well in the 
frame of representation analysis as within that 
of Shubnikov groups. Correspondance with 
Mme Hartmann-Boutron on the quantum 
mechanical aspects is gratefully acknow¬ 
ledged. 
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APPENDIX A. VAN LAAR MODELS 

Take ideal coordinates ) 1): ) ) 5;) ) ); i H for our 4 Co¬ 
atoms and shift the origin to the first one, so that the 
sequence becomes 0 0 0; [ 0 4; i j I; 0 J i. In the magnetic 
unit cell (2a„, 2a„, 2a„) we must halve these coordinates. 
Finally_ the structure factor of the spins in (0 0 0;T0J; 
J 14; 0 j )) is simply 

F= Ysjexp{27r(h , ij) = s, -I- s,i'"* 

-l-Sjt-l)') * (A-I) 

It is well known that a propagation vector [4 44] implies 
for the magnetic cell an inner anticeniring, so that h + k +1 
must be odd and a face centering (all indices of same 
parity) so that finally all indices must be odd. One sees 
easily that for any allowed reflexion 

|K| = 2|sj|, (A-2) 

Consider for instance model . 9 ? where we only use-the 

fact that 

= 0. (A-3) 

One finds 

F(|T3) = 2 s„ F(I13)=-2s„ F(T|3)=-2s„ 

F(113)=-2s4 (A-4) 

Actually neutron diffraction intensities are proportional 
to |F|* sin'a where a is the angle between the vector F and 
the diffusion vector h. In other words, if |FP sin'o is very 
small for the (1 I 3( reflexions, the quantity cos'o (A-5) 
must be maximal 


One finds cxplicitely 

cos*a( 1 T 3) = (rij.-s,„-l-.3s,J” 

co.s‘a(l I 3) = i5(.S8j.+ ts„-l-3i2,)“; 
cos*a(T I 3)= (-s,., + J,„-l-3s„)'; 
cos*o(l I 3) = i5(i«-l-S).-3s,J'. (A-6) 

Choosing positive, the maximization of the cos*o 
with the conditions (A-3) uniquely determines the sign 
sequence of model a? as given under Table 1. Further¬ 
more. if u, « and © are the angles of spin s, with the axes, 
we may write, assuming |cos«| = |cost)|, 

iV(2 cos u 4-3 cos 0E = 1 (A-7) 

wherefrom we find with 2 cos“u -I- cos“ © -- I 
0 = 25°. 

This result, obtained by maximizing cosVt, does not 
depend on the exact form factor of Co and invalidates the 
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reasoning of referenccil I]. The exact value, taking into 
account the true intensity of {I 13) and of other reflexions 
14] is » == 27,4°, 

One proceeds in the same way as above to establish the 
sign relations for the models and Although van 
Laar has not enumerated these equivalent models, we 
continue to call them ‘van Laar models'. They will play 
the role of new types of domains in the mullispin axis 
model. 

APPENDIX B 

Irreducible ^pace group reprrsenliilion of P4/ associated 
with the wave vector k = [1 i 1] 

We prove the quite unexpected result that the irreducible 
representation are the same ones as those of group P42 
associated with k = 0, We apply a method due to Olbrych- 
.ikill 6]. Let the group generators be 

2x={2|0}; 4,= {4 .|t|, (B-I) 

For 2, and 4, we use the matrix representations (B-2). 
T is the translation OOj along the fourfold axis We note 
e the unit matrix 

-! -i}' ■•■-[! 

Straightforward algebra with the Koester-Seitz symbols 
shows that 

(4,'2,)* = {(4.2,ri(4.2, + e)r) = {e|0) 

12.-4,)^= leiO) (B-3) 

(4.)^= (2,)’ = e. 

Let be M, and AT, the irreducible matrix representations 
of 4, and 2, respectively The relations (B-3) show that 

L I. (B-4) 

These relations are the same ones as in the group 42. 
(They generate four irreducible one-dimcnskmal represen¬ 
tations corresponding to the solution M, — ±1: M, - ±1 
and one two-dimensional complex solution (corresponding 
to M,M, A/,A/,) ) The reason is the fact that the trans¬ 
lations (4,2. + e)T and (2,4, -(- elr arc zero. 


APPENDIX C. COMPLETE SYMMETRY GROUPS 

/’4,/i/zi-rj,,. in full notation P4^(2ln)(2!m), has a 4., axis 
in Ojz and a n plane in xOz. The four Co-atoms are in 
4c with A =■ i, z = 0. 

*— X. l-f.r,z(IJ; -X, I -X, z-(-i (2); 

-Hx, i-x,z-l-l (3); x,x,z-l-j(4). 

The relations C-1 give the hamiltonian the form (20) 
d[/4/, ,4,, = [AgyAj^—As]', 

(C-l) 


one has 

njaf, = -jd’; = (C-2) 

and belong to one dimensional representations. 
P4Jmcm-D'f\. in full notation P4ilm(2lc)l2lm), con¬ 
tains P4.^cm-C\^ P4Jm-Cl„ and also P4,2-0/ as sub¬ 
groups. Here 4, is in 0 0 z, 2, in x 0 J and there is a center 
of symmetry / in 0 0 0. The four Co-atoms are in the 
positions (3) with x = >'=i and z = 0 (4i[6]). The 
transformation equations are found to be 

2. [A ,, d,, ,4,] = [“^i. ~Ai, Aj ]; 
2,[B,.Bi.B,] = IB,.B„-B,] 

l[Ai^ Ast / 4 ,] = [Bj, Bs, , 

I[fl,. B,] = lA„Ai. -As], (C-3) 

so that .fiZ' and a? belong as equivalent partners to a two- 
dimensional irreducible representation generated by the 
three matrices 

= ('_■,)■• (2.) = ('_•,): ! = (_■, ".')■ (C-4) 

P 4Jn nm — D\l, in full notation P 4j/n 2/n 2/m, con¬ 
tains as subgroups as well P4.,2 —D,* as PA, nm —CJ,,; 4, 
is in Ojz, 2j- in xOi and I in 000. The four Co-atoms are 
now in parameterless positions 4 f (6) 

J3i(l); -133(2).-i)}(3); iH(4). (C-6) 

One finds for 2j the same relations as under (35); for / 
one has simply 

Isj = -Sj(y=l.4) (C-5) 

so that finally .af and belong to real one dimensional 
representations (cf. T able 3). 

P4i/m nm — P\\. in full notation P 4,/m 2|/n 2/m, con¬ 
tains P4,2| — D, and P4,nm — CJ,, as subgroups. We chose 
as generators 4, in 0 3 z; 2,,. in x i } and a symmetry center 
/ in 0 0 0; the four Co-atoms are taken in 4g with x = i 

X, 1 —X. 0(1); — i-(-x, 4-l-x. i (2); x, x, 1 (3); 

4-x,i-x,3(4). 

One finds here 

2,.[<4i, zf2. .4,] = [B'i, B\, B.t]; 

2 „[8,,fl„B,] = [-/l„-zf„-zl, 

l[A,.Aj.A,] - 

IIB„ B„ B,J = [-A,.-A„An]. (C-6) 

First of all the 2i, operation will transform the H(A,) 
hamiltonian into a H(Bj) hamiltonian, but the last I- 
operation will bring H(B)) back to a H'(a,) hamiltonian. 
The comparison of H(Ai) and IJ'(Aj) yield.s the same 
restrictions on the coefficients as under (16) and leads to 
(20), From (C-6) we get 

2 „J«' = ^; I = jif = i? 

2,,* = - jaf; I^ = .sd. (C-7) 

Thus the structures sd and belong as equivalent 
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partners to the two-dimensional representations generated 
by the 3 matrices of Table 3 and given in full in Table 4. 
Note that the matrix representing 2,, is the transpose of 
the transformation matrix under (C-7); see reference |7]. 


been already found in Appendix C. The reader may check 
that the matrices of Table 4 fulfill the relations (D-3). 
Taking into account the equations of transofmralion 
(D-4) 


7 able 4. The two-dimensional irreducible representation in P4Jmnm — DjJ; k = [4ii]/or the .s^ and .^-structures* 


e 

(',) 

M, 

(' -,) 


(' ,) 

A/,* Mg 

(.' -,) (1 -') 


MgM, 

(, ') 


A/,Af,*' 

(l ■') 

MgM;* 

(, ') 


M, 

(, '.) ( 

MgM, 

-1 

1 

) ( 

, ') ( 

A7,A7,» M,Mg 

)< 

MgMgM, 

'1 

.. 1 

:) ( 

A/,Af,M,* 

1 

-1 

MgMgM,* 

) (.' ,) 


*M,, Afj, Afj are the matrix representatives for the operators 4j, 2], and I. 


APPENDIX D. 

Basis vectors in space group P 4,/w /im - k = [J 44] 
The generators 4j in 04z, 2,^. in r 11 and / in 00 0 are 
given by the symbols 

4s = {4.|t}: 2„={2,lTh I = |I|01. (D-l) 


2|X|j' Sg^t 2iSgj. — Sf_f. 2i.Sg_f — Sgg, 2iX^j- — Xjj. 

(D-4) 

and similar equations for the y and z components with a 
change of signs as well as (D-5) and relation (4) of the 
text 


Here t is the translation x = 4 4 4 and the matrices 4, and 
2,are as under (B-2). One finds here: 

2,’* = {e|IOO}; (2.4,)« = {e|0}; (4,2,)* = {e| 1 OT) 

2,1 = 12,{e| I 111: 14, = 4,I{e| 1 I I}. (D-2) 

Recalling that a translation t is represented by exp 27ri k. t 
and noting Af,, A/,, Af, the matrix representatives of 4,. 2, 
and I. one finds 

Af,*=l = Af,*. Af,*=-I. 

(Af,Af,)*= (A7,Af,)*= I; Af,Af, =-Af,Af, 
0=1.2). (D-J) 

The fact that A/, anticommutes with Af, and A), allows 
only for four two-dimensional representations (g = 16 = 
order of the group = 2*-I-2*2*-I-2*) one of which has 


Is, = s,; Is, == s,; Is, = s,; Is, = -s, (D-5) 

we can for instance apply the projection operator relation 
(5) using for rjj;’ the matrix elements of Table 4 and foriji 
the spin component i/i = s,r. We find 


1^1/ Six "h .Sjw S,x ^Ix d” d-S,x ^Iv — '4, Ag. 

(D-6) 

This vector is maximal for the .e/ configuration. An equi¬ 
valent partner is (D-7) which is maximal for the 
configuration 


I^ri .r,x'l"j|x Jxx Jjv.tjx Sgg J/x "b — Bg Bg, 

(D-7) 

One finds in the same way 

Ptg — Ag~Aj\ ygg~Bi Bg. 
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The dielectric constant of EuS 

{Received 20 August 1968) 

The dielectric constant of f.c.c. EuS is of 
interest in connection with energy band calcu¬ 
lations fl, 2]. 

The principal difficulty in determining the 
dielectric constant of EuS is the preparation 
of suitable samples. The EuS used here was 
formed by the reduction[31 of Eu^O., by HjS. 
The resultant powder was then purified by 
vapor distillation. The small crystallites 
(~ lO/x) produced by this process were then 
pulverized and pressed into pills [ in. in dia. 
and varying in thickness from 0 020 to 0-078 
in. Such pills are porous, having a density 
about 10 per cent less than the crystallo¬ 
graphic density [4] of5-80g/cm^. 


The capacitance of the pills was measured 
with a general Radio Type 1615-A Bridge 
using a Type 1311A audio oscillator and Type 
1232-A tuned amplifier and receiver. The 
quantity e was calculated from the observed 
capacitance and the measured values of the 
thickness and diameter. The density p of the 
pills and hence 8 were also calculated from the 
two latter quantities and the mass of the pills. 
Values of e. p, 6 and €« are given in Table I for 
two samples taken from separately prepared 
batches of EuS. The values quoted in this 
table are average values measured on succes¬ 
sively lapped thicknesses of the same sample. 
The largest source of error in e and p is the 
uncertainty in the thickness which was larger 
for sample A because it was appreciably 
thinner than sample B. For this reason we 


Table I 


Sample p in S t e„ 

(g/cm“) 

A 5-221 ±0 060 0-90O + OOIO 11-52 + 0 13 13-28 + 0-33 

B 5-230 + 0-010 0 902 + 0-002 11-39 + 0-03 13-10 + 0-04 


The intrinsic dielectric constant co of EuS have weighted the value of for sample B in 
may be calculated from the observed dielectric determining the dielectric constant to be 
constant € of the porous pills by a formula due 1310±0-04. 
to Bottcher[5] which states that 

Acknowledgements—Thanks are due lo Dr. M. Poliak 
3e6-|-2e(€—1) . for many helpful suggestions and lo J. H Mullin for 

€o = — J) ' ^ furnishing the samples. This work was supported by the 

' U.S. Atomic Energy Commission 


where 8 is the packing fraction of the pill. 

At room temperature and above, the capa¬ 
citance and loss angle of the pills are frequency 
dependent [6]. It was found necessary to cool 
the pills substantially to avoid this compli¬ 
cation. Therefore, all measurements of e were 
made at 80°K where the capacitance and 
shunt resistance ^re frequency independent 
from 500 to 500,000 Hz. 


Department of Physics. T G. CAMPBELL 

University of California. A. W. LAWSON 

Riverside. 

Calif 92507. 

U.S.A. 


REFERENCES 

1. PENfil D. R..P/,vs.Rev 128.2093(1962). 

2. PH ILLI PS J. C.. Phys. Rev. 168.905 (1968). 


775 





776 


TECHNICAL NOTES 


3. WILD R, L. Hod ARCHER R. D., Bull Am. Phvs. 
Soc.Ser //. 440 (1962). 

4. McGUIRE r, R, and SHAFER M. W,,J. appl. Phvi. 
35, 984(1964) 

.3, BOTFCHER C. J. F . Theory of fClecIric Polarisation, 
p. 417. Elsevier, Am.slcrdam( 1952). 

6 . MULI.IN J H and I.AWSON A. W., Private com¬ 
munication. 


J. Phys. Chem Solids Vol 30. pp. 776-778. 


Energy band parameters of gallium 
antimonide 

IRecewed 2 h'hriiary 1968; 
in revis ed form 1 9 A uf^us t 1968) 

The present paper concern.s the determina¬ 
tion of the energy band parameters of GaSb 
from the magneto-absorption data obtained 
by Zwerdling et al.\ 11. The calculation of 
energy levels in a magnetic field is carried out 
by using the method of Pidgeon and Brown 
|2], which includes the cfifect of the interaction 
between conduction and valence band.s. The 
assumption of the spherical symmetry of 
the valence band has been made and exciton 
effcctfBJ has been neglected. We made a 
theoretical assignment in terms of only the 
principal allowed (An = 0,-2) Landau 
transitions. 

In Figs. I and 2 are shown the experimental 
spectra obtained by Zwerdling et al.[\]. The 
theoretical transition energies and relative 
strengths of the allowed transitions, calculated 
by us, are shown in Table 1 and beneath the 
spectra of Figs. 1 and 2. 

The following final set of parameters was 
obtained for a good fit of the experimental 
spectra: 

= 0-384atomic units; y, = 14-5; y = 4-5; 

k = 2-7; E„ = 0-813 eV; A = 0-81 eV 

where P is the momentum matrix element 
defined by Kane[5]; y,. y and k are the band 
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Fip. I. Plot of the ratio of transmitted intensity wit)i ttie 
magnetic field to ttiat without field. /(H)//(0). against 
photon energy for ElH polarization. The theoretical 
positions and relative strengths of the allowed transitions 
are shown heneuth the spectrum. 



Fig. 2. Plot of the ratio of transmitted intensity with the 
magnetic field to that without field, l{H)ll{0), against 
photon energy for E\\H polarization. The theoretical 
positions and relative strengths of the allowed transitions 
are shown beneath the spectrum. 

parameters defined by Luttinger[6]; Eg is 
the energy gap; A is the spin-orbit splitting. 
This determination was made without the use 
of the lowest transition line of Figs 1 and 2, 
which was indentified as exciton transition 
[1,4]. 

Figure 3 shows computed magnetic energy 
levels as a function of magnetic field H. The 
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Table 1. Comparison between experimental 
and theoretical transition energies at 
3^9 kG 


Polarization 

Assignmentt 

Experiment 

(eV) 

Theory 

(eV) 


o-(2)a'-(0)1 

<)*(0)fe'(0)J 

0-8177 

0-8197 

0-8212 


a*(2)a'-(0) 

0-8303 

0-8310 



0-8405 

0-8396 

EJ.H 

a+(3)aTI) 

0-8499 

0-8505 


b*(2W{2) 

0 8604 

0-8591 


a*(4)a''(2) 

0-8695 

0-8700 



0-87% 

0-8784 


a*{5m3) 

0-8890 

0-8893 


fc-(2)a''(0)| 

a+(0)/)‘(0)J 

0-8187 

0-8185 

0-8202 


1 ) 

(0-830) 

0-8307 



0-8327 

0-8343 

E\\H 

f|-(4)u'-(2) 

0-8421 

0-8425 


idSkiTS) 

0-8533 

0-8540 


b (6)u‘'(4) 

0-8653 

0-8653 


b-ams) 

0-8754 

0-8764 


/)-(8 aT6) 

0-8876 

0-8873 


b-(9)aHl) 

0-8975 

0-8979 


tThis notation is used by Pidgcon el a/.121 



Fig. 3. Computed conduction-band energy levels for 
GaSb as a function of magnetic field. The numbers in 
brackets are the LandA quantum number n for the levels 
and the arrows represent spin up (t) and spin down (i ). 


number of blackets are the Landau quantum 
number n for the levels and the arrows re¬ 
present spin up and down. Figure 4 shows 



Fig. 4. Plots of the lowest Landau-level effective mass 
defined in equation (I) as a function of magnetic field for 
the conduction band of CaSb. 


computed cyclotron mass for the conduction 
band as a function of magnetic field, which is 
defined as follows: 

m*(n,H)=eHlc{El^,-£<;,) <>) 

where e is the proton charge; c is the velocity 
of light; is the electron energy in the n 
Landau level of the conduction band. Similarly 
Fig. 5 shows g-factor for the conduction band 
as a function of magnetic field, which is de¬ 
fined as 

g*(«,«) = 2r(£' -£- VeH. (2) 

T-n 

The g-factor of the n 2= 4 Landau levels 
shows a change of sign with increasing 
magnetic field from zero to 200 kG. Extra¬ 
polating to low magnetic field and large n 
limit (classical limit) we obtain the following 
values for effective masses and g-factor: 

m,. = 0'045 njo 
= 0-041 mo 
go =-6-5. 

Figure 6 shows that the g-factor for the con¬ 
duction band depends upon the Landau 
quantum number n as well as the energy 
[7] in the conduction band. 
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H (KTi) 

hie. .“i. I’ltits of tlie cffeclivc v-fucloi', dcfintU in equation 
(2), as a function of magnetic field foi the conduction band 
of (iaSb The landau quantum ntimbei are shown in 
brackets 



Fig. 6, Plots of the g-factor for the conduction band of 
CiaSb vs, the electron energy in magnetic field ranged 
from 0 to 200 kO. Mean values of the electron energy of 
spin up and down are taken as the electron energy. The 
iero energy is taken at the bottom of the conduction band. 
The numbers in brackets are the Landau quantum number 
n for the levels in the conduction band. 

It must be pointed out the fact that light 
hole mass is smaller than conduction electron 
mass in GaSb. We computed the energy 
band structure and the band parameters of 
GaSb by the fc-p method[8]; the computed 
results confirm the fact. 
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E.S.R. studies of paramagnetic centres in 
irradiated Li 2 SO.i. H^O 

(Received f> June \ in revised form iSAuyust 1968) 

Single crystals of I.uSO^. HjO grown from 
aqueous solution at room temperature and at 
60°C were exposed to u.v. and X-radiation 
and e.s.r. spectra of these crystals were 
obtained at room temperature and liquid 
nitrogen temperature. There are two mole¬ 
cules in the monoclinic unit cell of this crystal 
with dimensions a = 5-43. /? = 4-84, c = 814 
A and )8=107°35'. The two crystal axes 
'a and 'h' and a third axis ‘c *’ are taken as the 
three orthogonal axes. The crystals were 
irradiated with X-rays from a 30 KV, 15ma 
copper target for several hours. No visible 
coloration could be detected in the crystal 
even after heavy doses. A mercury discharge 
tube was used as the ultraviolet source. A 
Varian X-band spectrometer (type V4500) 
was used for taking the e.s.r. spectra in each 
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of the three orthogonal planes for every 5° 
rotation of the magnetic field. X-ray diffrac¬ 
tion studies revealed that the two crystals 
grown at different temperatures have the 
same monoclinic unit cell with identical 
dimensions. The e.s.r. spectra of the two 
crystals after irradiation was, however, 
markedly different. 

The results obtained on this investigation 
are compared with those obtained by Wigen 
and Cowen[l] and Aseltine and Kim[2] 
with single crystals of Li 2 SO<. H^O irradiated 
and examined at liquid nitrogen temperature 
(in beams of 1 meV electrons). The experi¬ 
ments of Aseltine and Kim have been per¬ 
formed practically in the same way as the 
Wigen and Cowen experiment with regard 
to electron irradiation by using the same 
radiation facilities, time and beam intensity 
at liquid nitrogen temperature. The only 
apparent difference in the experiment seems 
to lie in the growth of the single crystals 
(Wigen and Cowen grew crystals at room 
temperature while Aseltine and Kim grew at 
60'’C), The spectra consisted of an isotropic 
line at free spin g-value and a hyperfine doub¬ 
let in both the investigations. Though the 


general behaviour of the hyperfine structures 
with regard to angle of rotation seems to be 
similar, the principal values of the g and A 
tensors and tensor directions differ noticeably 
in the two investigations. The separation 
between the two proton hyperfine lines in the 
work of Aseltine and Kim is approximately 
two times larger than that of the corresponding 
separation in the Wigen and Cowen work. 

A comparison of these results with those 
obtained by the authors in the present inves¬ 
tigation reveal some interesting effects which 
apparently result from (i) different conditions 
of crystal growth (ii) different sources of 
irradiation and (iii) temperature at which the 
experiment is carried out. 

CRYSTALS GROWN AT ROOM TEMPERATURE 
AND IRRADIATED WITH X-RAVS 
I. E.S.R. spectra at room temperature 

An isotropic line (Fig. I) with a free spin 
‘g’-vaJue is observed in the present inves¬ 
tigation also, which may be due to an electron 
or hole trapped in a vacancy. 

A pair of lines attributed to a hyperfine 
doublet have been observed: but the princi¬ 
pal g-values of this doublet (pn = 2-006, 



Fig. I. Angular variation of spectral lines for magnetic field rotation about [010] axis. 



780 


TECHNICAL NOTES 


gj^== 1-997) are very much different from 
those obtained by either Wigen and Cowen 
(gii= 2-040 and = 2-002) or Aseltine and 
Kim (/?)i = 2 064; g^ = 2-005). Further, these, 
two lines of the doublet are always on either 
side of the free spin line in the present investi¬ 
gation, while for the electron irradiated 
crystals, the pair was mostly on the higher 
^-side of the free spin line. Aseltine and Kim 
observed that there are two possible sites 
per unit cell for the paramagnetic defect 
responsible for the hyperfine doublet and that 
the two sites are equivalent with regard to 
the b--d\is rotation. This was consistent with 
the fact that in their spectra only two lines 
were observed for rotation about 'h' axis, 
while for rotation about 'a' axis each of these 
single lines split into two lines corresponding 
to the inequivalence of the two sites. In the 
present investigation, the spectra! distri¬ 
bution for rotation about 'u’-axis and 
axis are almost identical and did not indicate 
the possibility of more than a single site for 
the paramagnetic defect. For this reason and 
al.so since the principal g-values obtained in 
this investigation are different from those of 
either Wigen and Cowen or Aseltine and 
Kim. the paramagnetic defect must be of a 
different type and not an OH radical. How¬ 
ever, the configuration of the defect res¬ 
ponsible for this spectrum must contain H. 

Aseltine and Kim recently investigated 
f3J the thermal decay of the hyperfine doublet. 
After warming to room temperature and again 
returning to 77°K, the OH radical spectrum 
disappeared and two new types of spectra 
were observed one of which was again a 
hyperfine doublet as before but with different 
A and g values. The other spectrum was 
anisotropic and no hyperfine splitting was 
noticed. This suggests that the hyperfine 
doublet is very sensitive to temperature. 

Two more anisotropic lines are observed 
in the present investigation whose angular 
variation indicated that there are two possible 
sites per unit cell for the paramagnetic defect 
responsible for this spectrum. The principal 


g-values are obtained as 2 0078, 2-0115 and 
2 0320. There was no corresponding spectrum 
from the experiments of Wigen and Cowen or 
Aseltine and Kim. Since SO^" has nearly 
similar principal g values (2-0118, 2-0235 and 
2-0462) [4] it might be SOr. 

2. E.S.R. spectra at liquid nitrogen tempera¬ 
ture 

The e.s.r. spectra of the same crystal taken 
at liquid nitrogen temperature is shown in 
Fig. 2. 



Fig. 2. E.S.R. spectrum at liquid nitrogen temperature of 
Li..[SO,HiO grown and irradiated at room temperature. 
H makes 45 ° with 1100] axis in ac * plane. 


An intense line centered at g = 2-011 is 
observed with marked shoulders at low and 
high fields resembling the spectrum to be 
expected for a single radical with no mag¬ 
netic nuclei and three clearly different princi¬ 
pal g values. The three principal g values are 
2-0139. 2-0112 and 2-0078. A similar feature 
was observed by Symons et al.[5] where the 
defect was identified as Os' with principal g 
values 2-0174,2-0113 and 2-0025. 

The hyperfine doublet observed at room 
temperature disappears and a single line is 
observed at g = 2-006. 

The isotropic line at free spin g value is 
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Fig. 3. E.S.R spectrum of u.v. irradiated Li 2 SO,HjO grown at 60°C. H makes 70° 
with [100] axis inac* plane. 


also observed but with reduced relative 
intensity. 

The two line group observed at room 
temperature is seen here as a single line with 

= 2018. 

All these observations are completely 
different from those of both Wigen and Cowen 
and Aseltine and Kim where the irradiation 
was also done at liquid nitrogen temperature. 

Crystals grown at room temperature when 
exposed to u.v. radiation did not give any 
e.s.r. spectrum. 

CRYSTALS GROWN AT 60°C AND IRRADIATED 
WITH U.V. AND X-RADIATION 

The room temperature e.s.r. spectra of u.v. 
irradiated crystal grown at 60°C when 
analysed (Fig. 3) revealed a particular pattern 
of seven lines in all the orientations in the 
intensity ratio 1:2; 3:4:3:2; 1, with a separa¬ 
tion of 8 G and can only to be due to hyper- 
fine splitting with a nucleus of total spin 3. 
In Li 2 S 04 . HjO there are two Li^ ions and it 
is possible that in the process of irradiation 
an electron may get trapped near the Li^ ion 
site and h.f.s. due to two lithium nuclei! 
may give rise to a spectra of seven lines. 
In addition there was an anisotropic line with 
g variation from 2 0(J4 to 2-010. 


The e.s.r. spectra of these crystals when 
irradiated with X-rays also revealed the seven 
line spectrum with the same separation and 
intensity ratio. In addition, two distinct pairs 
of anisotropic lines are observed on either 
side of the free spin line with a separation 
of about 85 ± 5 G. 

The authors are grateful to Professor 
Putcha Venkateswarlu Department of 
Physics, I.l.T. Kanpur for providing the 
facilities to work with their ESR spectrometer. 
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TECHNICAL NOTES 


J. Phys. Chem. Solids Vol. 30, p. 782. 


The electronic specific heat of 
h.c.p. Fe-Ru alloys’" 


{Received 24 June 1968) 


In our recent paperfl] on the low tempera¬ 
ture specific heat of h.c.p. Fe-Ru alloys, we 
reported a monotonic increase in the elec¬ 
tronic specific heat coefficient y with increas¬ 
ing Fe concentration. Because new measure¬ 
ments on this alloy system by Andres et 
al.[2\ apparently did not agree with our results 
we made additional measurements. We pre¬ 
pared the alloy FeissRu^, and measured its 
low temperature specific heat (see ref. 1 for 
the experimental technique). The new alloy 
has an electronic specific heat coefficient 
•y == 219 X 10"'cal mol'Meg.-^ Figure 1 
shows the revised y vs. Ru concentration. 
The additional y value at 41 at % Ru clearly 
shows that y has a pronounced peak at around 
40 at % Ru. In view of this peak there is 
good agreement between the y values of 
different authors (Fig. 1), A smooth connec¬ 
tion to the estimated y of h.c.p. Fe[3] is pos¬ 
sible (Fig. 1). 

it is at present not clear how to explain this 
rather surprising maximum. Obviously it 
cannot be explained in terms of paramagnon 
enhancement [4] of the electronic density of 
states. This would require ferromagnetic 
coupling in alloys on one side of the ')/-peak[4|, 
whereas Andres et al.[2\ found that all h.c.p. 
Fe-Ru alloys up to 70 at % Fe show Pauli- 
type paramagnetism down to 1 •4°K. 

It may well be that the peak in y is caused 
by formation of localized electronic states 


"This work was supported by the U.S. Atomic Energy 
Commission, Contract AT(11-I)-1198. Report No. 
COO-1198-550. 



ATOM % Ru 

Fig. 1. y vs. Ru-concentration: • this work. O and curve 
a from reference 11). □ and curve b from reference12], 
A from reference |61, -t- estimated y for h.c.p. Fe from 
reference [3]. 

at the Fermi surface of these alloys. Friedel 
[5] has shown that such states may occur in 
dilute alloys where the charge difference 
between the solute and the solvent ions is 
large in relation to the number of carriers. 
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NOTICE 

AMERICAN COMMITTEE FOR CRYSTAL GROWTH TO SPONSOR 

MEETING 

An American Committee for Crystal Growth has been organized to coordinate 
and foster activities concerned with crystal growth theory and practice in the 
United States. This Committee will sponsor a conference on crystal growth to be 
held at the National Bureau of Standards near Washington, D.C. on 11th, 12th 
and 13th of August 1969. This meeting will encompass all aspects of the theory 
and practice of crystal growth. Sessions especially devoted to impurity distri¬ 
bution; new results in vapor phase growth; melt and solution growth; polymers 
(including selenium and tellurium); and eutectics, dendrites, and morphological 
stability will be held. Two hundred word abstracts for fifteen minute contributed 
papers should be submitted to C. S. Sahafiian, Conference Secretary, Air Force 
Cambridge Research Laboratories, L. G. Hanscom Field, Bedford, Mass. 01730, 
U.S.A., before May 1, 1969. The subjects and speakers for invited talks will be 
announced at a later time. For further information write to the Conference 
Secretary. 
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ERRATUM 


D. L. MILLS and A. A. MARADUDIN: Some thermodynamic properties 
of a semi-infinite Heisenberg ferromagnet, 7. Phys. Chem. Solids 28,1855 (1967). 

In the calculation of the contribution to the specific heat from the presence of 
the free surface, we included in the function AF(co) (equation (4.3)) a contri¬ 
bution from poles of the summand at the surface spin wave frequencies, and 
from a branch cut of the summand on the real axis of the frequency plane, in 
the region of frequencies allowed for bulk spin waves. There is an additional 
contribution to AF from a pole at the bottom of the frequency band associ¬ 
ated with the bulk waves of given wave vector component kn parallel to the 
surface. This contribution to AF was not included in the calculation of the magnon 
contribution to the surface specific heat. When it is included, the contribution to 
the specific heat exhibited in equation (4.51) is reduced by a factor of two. 

For the simple case J-i = 0, when no surface waves are present, the allowed 
values of for the spin waves in a thin film are easily found from equation (2.10). 
For this situation, one may easily see that the contribution to AF from the pole at 
the bottom of the bulk band describes a correction to the bulk specific heat that 
has its origin in the first correction term to the expression for the specific heat 
obtained by replacing the discreet sum over by an integral. 

The results obtained in the paper for the mean spin deviation near the surface 
are not influenced by the pole at the bottom of the bulk band. 

We are grateful to Leonard Dobrzynski for pointing out the presence of this 
contribution to the specific heat. 
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LOW TEMPERATURE SPECIFIC HEAT STUDY OF 
THE ELECTRON TRANSFER THEORY IN 
REFRACTORY METAL BORIDES 
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(Received 12 July i96S: in revised form I October 1968) 

Abstract —Low temperature heat capacities of eleven 4lh, 5th and 6ih group transition metal bondes 
were measured from ^5-l8°K to test current theories about bonding and band structure of borides. 


The electron transfer theory helps to interpret y 
modifications to that theory. 

INTRODUCTION 

Borides are noted for their refractory 
properties, chemical stability and hardness. 
Many conflicting theories about bonding and 
band structure of borides have been pro¬ 
posed to explain these properties [1-11 J. 
One of the proposed theories, the electron 
transfer theory, was tested by a series of 
low temperature heat capacity measurements. 
The idea of an electron transfer probably 
originated with Ubbelohde[l] and was later 
expanded upon by others[.^-.“i, 7,9], This 
theory is based on two explicit assumptions: 
(1) each boron atom donates from I to 1-5 
electrons to the d band of the transition 
metal atom and (2) the band structure of 
the borides is very similar to that existing 
for pure transition elements. It is not neces¬ 
sary to have an actual electron transfer; the 
presence of boron could also stabilize the d 
bands with respect to the s band of the 
transition metal atoms and promote s -* d 
transfer [12], 

Convincing evidence by Cadeville and 
Meyer supporting this theory was recently 
discussed by Fri^el[12]. They show that 
the Slater-Pauling magnetization curve 


values, but the experiments also suggest certain 

for pure elements and transition-metal 
alloys is displaced for Me^B and MeB 
borides by about 1-5 eleclrons/boron atom 
(see Fig. 1). 

The applicability of the electron transfer 
theory to fourth, fifth and sixth group borides 
has not been adequately tested. Dempsey [5] 
used the model to correlate electrical resis¬ 
tivities and melting points of borides with 
the transition elements. Juretschke and 
Steinitz[9] interpreted their Hall coefficient 
measurements with the model but assumed 
an unreasonably large electron transfer. 

The approach used here to test the model 
first determines y for a series of borides and 
then compares these values to those for the 
transition elements or alloys, with the 
appropriate electron transfer taken into 
account. For those borides which super¬ 
conduct, an additional comparison of the 
"band structure” density of states is possible. 

It should be emphasized that the two 
assumptions of the electron transfer theory 
are obvious simplifications. The band struc¬ 
ture of borides will be different from that of 
a pure transition element, and the band struc¬ 
ture will vary with composition and crystal 
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hie. I Average muenetic moment per iransilion mein) 
atom vs average atomic number of transition elements 
N. The solid curve shows the behavior for the elements 
and transition metal alloys and the broken curves show 
the behavior for the borides. The relative shift in the 
curves corresponds to one electron per boron atom 
(after reference 112]). 

Structure changes. An important point which 
emerges from the present studies is that the 
y values of many borides can be interpreted 
as if their band structures closely resemble 
those of the pure transition elements. 


EXPERIMENTAL AND EXPERIMENTAL RESULTS 
Low temperature heat capacities were 
measured for eleven borides. Most samples 
were prepared by hot-pressing metal or metal 
hydride powders (99-9%—325 mesh) with 
boron powder (99-8%) and subsequently 
homogenizing them in vacuum or helium 
(see Table I). X-ray analysis was used to 
check crystal structures, lattice parameters 
and homogeneity. Lattice parameter measure¬ 
ments are in excellent agreement with 
current literature values (see Table I) 
[LV20]. 

Low temperature heat capacities were 
measured from L5 to I8°K (Figs. 2-4). A 
description of the calorimeter and measure¬ 
ment techniques may be found elsewhere[21). 
The Cp data were fitted to the form 

C^ = yT-haT'^-hbT\ 


Table I. Sample preparation teehniqnes and lattice parameters of borides 


S.impic Sliiicuirc I atticc parameter Reference .Sample preparation 




Observed 


l.iteratiire 



Mo,B 

(16 

<1 - S .S46 

(1 

= 4-443 

[I3J 

Hot press 



< ■ 4 7.37 

< 

■ 4-734 


+ i8(H)"C774 hr/vac. 







+ l.300T/l6hr/vac. 

W,B 

(T6 

<1 s-m 


4-464 

(13| 

Hot press + l700”C/66 hr/vac. 



(■ -= 4-74.‘i 

( 

= 4-740 


+ 1600°(72 hr/vac. 

1 a.B* 

(16 

,1 .4-778 

a 

= 4-7794 i 4 

114] 

Are mell + 21S0“f7l hr/vac. 



c - 4-864 

(■ 

= 4-8644 ± 3 



Mol! 

B„ 

<1 ■- .3 103 

if 

= 3 104 

(1.^1 

Hot press+ 14tK)'’(774 hr/vac. 



,- = If, Vh.S 

< 

- 16-97 


+ 1300°C/16 hr/vac. 

MoB, 

C?2 

<1 = .3-041 

if 

3-04 

[1-4] 

Hot press 4 I4(K)X748 hr/vac. 



(•-’3-064 

b 

= 306 



WH 

B„ 

(/ -= 3-OV7 

(t 

= 3 114 

ll.3| 

Hot press + l4(X)°C/48 hr/vac. 



(■ - 16-96 

<* 

= 16-93 



NbBf 

B, 

,/ -= 3-297 

a 

= 3-297 

[16) 

Cold press + 1340X724 hr/Hc 



/> = 8-716 

b 

- 8-72 


+ 16S0°C./24 hr/vac. 



(■ = 3-164 

V 

- 3 -166 



TiBf 

B27 

0 = 6-12 

a 

= 6 I2± 1 

117] 

Hot press + 1340X724 hr/He 



h = 3-06 

h 

= 3 -06 ± I 





( = 4-.S6 

(■ 

= 4-46 ± 1 



TiB= 

C.12 

(( = 3-033 

a 

= 3028 

[18] 

Hot pressT l340°C/24 hr/He 



( = 3-229 

< 

= 3 228 



ZrB., 

C32 

(( = 3-170 

a 

= 3 169 

ll'J] 

Hot press + 1340X724 hr/He 



(=3-.431 

V 

= 3 .430 



HfBs 

C.32 

a = 3-143 

(1 

= 3 141 

120] 

Hot press + 1340°C/24/hr/He 



(■ = 3-478 

c 

= 3 470 




•Contains trace of yTaB. 
tContains trace of Nb:,Bj. 
^Contains trace of TiB,. 




Cp/T (mJ/g-otom M« 
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(•*<=) 

Fig. 2. Low temperature heat capacities of TiB, TiB.. 
ZrBjandHIB,. 



T'CK*; 

Fig. 3, Low temperaUire heat capacities of MoB, MoB., 
WBandNbB. 


Table 2 lists these coefficients and $n- The 
data are given on the basis of I g at. of 
transition metal. For the compounds we 
define 6„ by the formula 

234 

where is Avagadro’s number. This 

definition of do is the same as for pure 
elements. 

DISCUSSION 

(A) Comparison of y and On values of borides 
with transition metal elements and alloys 

In analyzing the y values, it is assumed 
that the electron transfer theory applies and 
that one electron per boron atom is trans¬ 
ferred to the d-like bands of transition 
elements. Thus, the fourth group diborides 
should have > values comparable to those 
for the sixth group elements and so on. For 
ease of discussion, we define ‘electrons/ 
atom ratio' to mean for borides the sum of the 
group number of the transition element and 
one electron for each boron atom in the 
formula, (i.e. eja ratio for NbB = 6, for 
TajB = 5-5). 

As Fig. 5 shows, when account is taken 
of electron transfer, the y values of TiB^, 
ZrBj, HfB^, Ta 2 B, NbB and W. 2 B are very 
similar to those of transition elements and 
alloys with the same number of electrons 
per atom. The solid and dashed lines in this 
figure are smoothed curves drawn by Heiniger 
el fl/.[22] through many individual y values 
for transition metal elements and solid 
solutions plotted as a function of com¬ 
position. A few of the individual y values 
for the elements are shown. It is seen that 
the boride points lie very close to the respec¬ 
tive curves when an electron transfer is 
assumed. The y values of the transition 
elements and alloys are a minimum at group 
six (Cr, Mo, W) and rise sharply in alloys 
on either side of this group. It is important, 
therefore, to note that the y values of the 
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t-ig 4 Low lemperaUirc heat capacities of MojB. W.;B 
andTajB. 

Table 2. Low temperature heat capacity parameters of borides 


Sample 

y 

(mj/gm al Me °K-) 

a 

(X 10 *) 

b 

(X lO') 

(“K) 

T,. 

CK) 

Mo.H 

4-26 

1-78 

1-35 

478 

5-3 

W„B 

2 ' 6 « 

3-74 

lib 

373 

3-2 

'la,B 

:'88 

5-5 

2-83 

328 

5-4 

MoB 

2?2 

tlt< 


553 


MoB., 

3-38 

1-28 


534 


WB 

2-12 

3 - 2.3 


391 


NbB 

1-39 

1-07 


566 


liB 

2 % 

0-67 


662 


LiB., 

1-40 

0-37 

0-12 

807 


ZrB, 

0-93 

0-97 


585 


HfBj 

100 

1-57 

19 

499 



4th group diborides, NbB and TajB are less 
than those of the respective parent elements, 
but the y values of the borides of Mo and W 
are greater than those of the respective 
elements. Thus the y values for the above 
borides with electron/atom ratios between 5‘5 
and 6-5 are not inconsistent with predictions 
of the electron transfer theory. 


For TiB, the electron transfer theory pre¬ 
dicts that its y value should be comparable 
to that of V(9-9mJ/g at.°K'0- The observed 
value (2-96mJ/gat. Ti°K“) is, however, much 
lower. Since TiB is the only stable 4th 
group monoboride and there are no metal- 
rich 4th group borides, it is not possible 
to determine whether the discrepancy for 
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Fig. 5. Comparison of y values for transition metal 
elements and alloys with those for borides assuming an 
electron transfer of one electron per boron atom. The 
solid, broken and dashed lines show the variation of y 
values with electrons/atom ratio (average group number) 
for transition elements and alloys as experimentally 
determined and compiled by reference (22). Only the 
individual experimental points for the elements are 
given and compared with the present results for the 
borides. For the distribution of the experimental points 
for the individual alloys the reader should consult 
reference [22]. The boride points lie close to the respec¬ 
tive .W, 4</or 5i/lines thus supporting the electron transfer 
theory. The only exception is TiB. 


TiB is an isolated case. There is a HfB phase, 
but it cannot be readily prepared in pure 
form [23]. Thus, for electron/atom ratios less 
than 5-5, we cannot substantiate the assump¬ 
tion that the band structure, as indicated by 
the y value variation with composition, is 
very similar to that existing for pure transition 
elements. 

Inspection of Table 2 shows that the y 
values for all the tested borides are relative¬ 
ly low (less than 4mJ/g at.Me°K^ except 
M 02 B —4-26). Relatively low y values have 
also been observed for refractory transition 
metal ceirbides ^and nitrides [24-29]. These 
low values for carbides and nitrides have 


been interpreted as suggesting a strong metal- 
nonmetal interaction [24,25] which splits 
the bonding and antibonding parts of the 
band structure further apart in energy than 
they are in the transition elements. The y 
values are low because the Fermi level lies 
in a broad conduction band separating the 
bonding and anti-bonding parts. We suggest 
that a similar interpretation for the borides 
could account for the low y value for TiB. 

There is an alternate interpretation for the 
low y value of TiB which allows retention 
of the assumption about the very close 
similarity of band structures of borides 
and transition elements. For the elements, 
the separation of bonding and antibonding 
parts occurs at about the sixth group, as 
indicated by heats of sublimation and melting 
points[5]. For the borides, this separation 
occurs at the fourth group diborides and the 
fifth group monoborides [5] or at a electron/ 
atom ratio of 6. Since a boride could increase 
its cohesive energy by adding electrons to 
the bonding part of the band, the tendency 
would be for boron in compounds like TiB 
to donate more than one electron to fill the 
bonding portion. It is possible to achieve 
better agreement between the y value of TiB 
and those of the transition elements and 
alloys if one assumes that boron donates 
1-5 electrons to the bonding portion. Thus, 
the number of electrons transferred to the 
d bands may vary, depending on whether or 
not the bonding part of the band is filled. 

It is not possible with the present experi¬ 
ment to choose between these two alternatives 
in order to account for the low y value for 
TiB. Probably both factors are important. 
Thus the present results indicate that while 
the electron transfer theory can explain most 
of the observed y values for borides, some 
modifications are indicated about the similar¬ 
ity of band shapes with transition metals and 
about a varying number of transferred 
electrons. 

In considering these modifications, em¬ 
phasis should be given to the fact that the 
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crystal structures of the borides are not cubic, 
in contrast to those of most of the fourth to 
sixth group transition metal elements. This 
structural change undoubtedly alters the 
band shape, as does the presence of the boron 
atoms. Thus one would expect the band 
structures of the borides to differ considerably 
from those of the transition metals. Some evi¬ 
dence for this difference is probably manifest 
in the case of TiB. Unfortunately, no theo¬ 
retical band structures have been calculated 
for any boride to elucidate these differences. 
The y values merely reflect the density of 
states at the Permi surface, and so a com¬ 
parison of the entire band shape is impossible. 
In view of the expected differences in band 
structures, it is surprising that the com¬ 
parison of y values between borides and 
elements agrees well as it does with the 
prediction of the simple transfer theory. What 
appears most significant and unusual is that 
the simple electron transfer theory correctly 
predicts that y values of TiB,>, ZrB.^, HfB.^ 
and NbB are lower than those of the other 
tested borides and of comparable magnitude 
to those of Cr, Mo and W. This agreement 
cannot prove the validity of the electron 
transfer theory; the present results are merely 
not inconsistent with that theory. Because 
of the expected differences in band structures, 
we conclude that the electron transfer theory 
is useful in predicting certain electrical, 
magnetic and thermo-dynamic properties 
of borides but that the validity of some of 
its basic assumptions still remain in doubt. 

values for borides are relatively high. 
The fourth group diborides in particular have 
higher values than the fourth group 
transition metal elements. This difference is 
not surprising, since melting points of the 
fourth group diborides are much higher than 
those of the elements and since the two 
temperatures are empirically related by the 
well-known Lindemann formula. Dempsey 
[5] has noted that the melting points of fourth 
group diborides and fifth group monoborides 
are comparable to those of the sixth group 


elements. The same type of empirical cor¬ 
relation exists for values (see Table 3). 
The fourth group diborides and fifth group 
monoboride NbB have Bp values comparable 
to the sixth group. 

(B) Comparison of ‘band structure’ density 
of states 

Several borides are superconductors. 
From Tf, y and Op, it is possible to calculate 
the band structure density of states N(0) 
and to compare the values for borides with 
those for the transition elements. N(0) 
differs from y and the free electron density 
of states NyiNy = iylln'^k'^N a) in that the 
enhancement of electron-phonon contri¬ 
butions to the heat capacity are subtracted. 
Therefore N(0) is a better measure of the 
real density of electron states than is Ny. 
The difference between N(0) and Ny is given 
by the expression [30] 

N(0) = At^/l+N(0)|/,.h 

where Fp,, is the electron-phonon interaction 
parameter. The enhancement factor (l-fN(O) 
F„h) is significant and reduces the Ny value 
by about .‘iO per cent. Kpp is obtained from 
T,. and Op measurements by [30] 


I •457,. 


= exp — 


1-04(1+N(0)F„p) 

N(O)[ Fpp-(/,.(I + 0-62N(O)Fpp) ] 


Here is the screened coulomb interaction 
parameter and it is usually assumed that 
N(0)Ur= 0-1 [30]. This latter assumption 
is not critical to the analysis. 

For the superconducting borides, N(0) 
was calculated on the basis of number of 
states/eV transition metal atom (Table 4). 
Figure 6 compares the N(0) values for the 
borides with those of the 4d and 5d elements 
and alloys; an electron transfer of one elec¬ 
tron/boron atom is again assumed[30]. The 
good agreement of N(0) values further 
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Table 3. Comparison of do values for transition metal 
elements and several borides. The do values in °K are listed 
directly below the element of boride 



Fifth group (and fifth 

Sixth group (and sixth 

Fourth group 

group like) 


group like) 

Ti 

V TiB 

Cr 


TiB^ 

42.<i 

399 662 

630 


807 

Z\ 

Nh 

Mo 

NbB 

ZrB, 

290 

277 

4M) 

566 

585 

Hf 

Ta 

w 


HfBj 

252 

258 

390 


499 

Table 4. Band 

Structure density of states 

and electron- 


phonon interaction parameters for superconducting borides 


Sample 

Ny 

(eV"‘(Me atom)”') 

N(0)F, 

K 

(eV) 

N(0) 

(eV’(Me atom)”') 

Mo.,B 

0-903 

0-513 

0-86 

0-597 

W.,B 

0-551 

0-481 

1-30 

0-371 

TajB 

0-610 

0-574 

1-48 

0-387 



I'lg. 6. Comparison of the band structure density of 
states of transition metal alloys with those for the super¬ 
conducting borides Ta^B, MojB and WjB. A transfer 
of one electron per boron atom is assumed. The solid 
and dashed curves were calculated by reference |30] who 
analyzed the y and Tr data of specific heat measure¬ 
ments for a series of 3c/ and 4c/ transition elements and 
alloys as a function of electron/atom ratio (average 
group number). Individual points for Ta, Mo, W, TajB, 
W-^B are given. The boride points, which were shifted 
by one electron/bqwjn atom, lie close to the respective 
solid or dashed curves. 


substantiates the electron transfer theory. 
Since only the metal-rich boride phases 
were superconducting, however, this test, 
while significant, is limited. 

SUMMARY 

Most of y and N(0) values of refractory 
borides are consistent with predictions of 
the electron transfer theory with about one 
electron per boron atom being transferred 
to the d bands of the transition element. 
The low y value for TiB suggests modifi¬ 
cations to the transfer theory: (I) the metal 
boron interaction may split further apart in 
energy the bonding and antibonding parts 
of the d bands of the transition elements, 
and (2) the number of electrons transferred 
by boron to these d bands may vary, de¬ 
pending on the group number of the boride. 
Several questions are raised about the 
validity of the basic assumptions of the 
electron transfer theory. 
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THERMODYNAMIC PROPERTIES OF Fei_^0. 
TRANSITIONS IN THE SINGLE PHASE REGION 

B. E. F. FENDER and F. D. RILEY* 

Inorganic Chemistry Laboratory, Oxford University, Oxford, England 

(Received 29 April 1968; in revised form 18 September 1968) 

Abstract—A detailed thermodynamic study of the Fe,-xO phase has been carried out in the tempera¬ 
ture range 700°-1350°C using solid state electrochemical techniques. The results confirm the presence 
of three wiistite regions separated by order-disorder transitions. Partial molar enthalpies and en¬ 
tropies of solution of oxygen in Fe,-j.O are reported. 


INTRODUCTION 

The Fe,_jO system has been intensively 
investigated but only recently have careful 
studies of thermodynamic [11, structural [2] 
and electrical properties [3] suggested that 
defect ordering within the wiistite phase may 
be complex. 

Important thermodynamic evidence that 
defects in Fe,_.yO (either isolated cation 
vacancies and Fe^^ ions or Roth clusters 
[4]) do not have a simple random distri¬ 
bution over the whole composition range is 
provided in a series of papers by Raccah 
and Vallet[l,5]. These authors propose 
that the Fei-j.O phase should be divided 
into three regions separated presumably by 
second order or higher order transitions. 
The present study investigates these trans¬ 
itions in greater detail using sensitive solid 
state electrochemical cell techniques. Other 
thermodynamic measurements include the 
well known gas-equilibria studies of Darken 
and Gurry[6], in the temperature range 
1050°-1400°C, thermogravimetric studies 
by Swaroop and Wagner[7] (950°-1250'’C) 
and solid state electrochemical cell studies 
by Barbi[8] (600°-1050°C) and Rizzo and 
Smith[9] (765°-965°C). In none of these 
investigations did the authors detect transi¬ 
tions within the single phase region. This 
point is discussed below. 

—---—— 

‘S.R.C. Research Student. 


EXPERIMENTAL 

Thermodynamic information was obtained 
from the following solid state electrochemical 
cells: 

Pt/Fe, Fe,-.,.0/Zr02(Ca0)/Fe,-^0/Pt (1) 

Pt/Fe. Fe,-j.,0/Zr02(Cb0)/Fe,-j.,0, 

Fe^O^/Pt (11) 

and in addition observations were made with 
the cell: 

Pt/Fe. Fe,-.r,0/ZrO,(CaO)/Fe. Fe,_,.)/Pt 

(III) 

where Fe,_j.O indicates the wiistite phase of 
variable composition and Fe,-.r,0 and Fe, -j.,0 
are the compositions of wiistite in equil¬ 
ibrium with metallic iron and Fe,i 04 respec¬ 
tively. The zirconia electrolyte Zr02(Ca0) 
contained 15 mol % CaO and was in the form 
of a tube supplied by the Zirconia Corpora¬ 
tion. Ohio. U.S.A. The tube with a closed 
flat end elfected a gas tight separation of the 
two oxide electrodes. The cell was housed 
in a molybdenum vacuum furnace capable 
of operating to 1450°C. In all essential details 
the apparatus and its method of operation 
were similar to that described by Fender and 
Hampson[10]. 

Oxide pellets were made by mixing iron 
and FcjO.) powders (Johnson Matthey Co. 
Ltd. spectrographically standardised reagents) 
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in correct proportions, and subsequently 
checked by gravimetric oxidation to Fe^Os 
both before and after measurements in the 
cell. The iron powder supplied was analysed 
in a similar way and found to contain 1 -52 per 
cent oxygen. Total metallic impurities were 
reported to be less than 8 ppm for iron and 
less than 5 ppm for FcjOj. The Fe-FcaOs 
mixtures were ground under acetone, pressed 
at 40 tons inr^ and heated in vacuum for 24 hr 
at 850°C. Tests for silicon contamination in 
the heating stage showed inclusion of this 
element to be <2 ppm. 

E.m.f. measurements, to better than 
±0 5 mV, were made either directly on a 
potentiometer (Tinsley Vernier Type 4363 F) 
or on a high impedence voltmeter (Vibron 
33B) calibrated by the potentiometer at each 
reading. Temperatures were measured by 
three Pt-Pt 13 per cent Rh thermocouples 
placed close to the cell. Temperature differ¬ 
ences either in control or between indiv¬ 
idual thermocouples were never greater than 
±0-5‘’C. 

Cells (1), (ID and (111) were cycled over the 
full temperature range, usually 7.5()-l3.‘)0°C 
for a period of several days. Agreement 
between heating and cooling measurements 
or between initial and final c.m.f.s was 
always better than 1 mV unless the tempera¬ 
ture was raised above 13.‘'0°C. At this 
temperature, but not below it, reaction 
between Fci-jO and the electrolyte occurs 
and X-ray photographs of the latter show 
extra lines of an unidentified phase. Measure¬ 
ments of type (1) cells were usually carried 
out with a fixed composition of Fe,-j.O but 
in one series of experiments the iron to oxygen 
ratio in wiistite was varied in situ by coulo- 
metric titration. Transfer of known amounts 
of oxygen in the cell was affected by applied 
voltages which gave measured currents 
up to 25 (lA. Titrations were carried out at 
1050°C for periods between 12 and 48 hr. 
For each new iron to oxygen ratio e.m.f.’s 
were recorded at a number of temperatures 
between 700“ and 1350“C. 


RESULTS 

E.m.f. measurements on cells (I), (II) and 
(III) were recorded for overall iron contents 
(relative to oxygen = I) of 0-799,0-853,0-870, 
0-886, 0-906, 0-916, 0-930, 0-935, 0-945, 0-984 
between 700° and I350“C. In addition e.m.f. 
data were obtained for six compositions 
between 0-903 and 0-925 using the coulo- 
metric titration technique. 

Figure 1 includes the e.m.f temperature 
plot for Fco.hbbO which shows three changes in 
slope at about 850“ (A). 1030“ (B) and 
I190“C(C). 



Fig. l.Cell: Pl/Fe/Fe,_„0|ZrO,.CaO|Fe, ,0|Pt. 


Point A indicates the change from the two 
phase region containing Fei-^O and FeaO^ 
(o the single phase wiistite, i.e. at this point 
there is a change from cell type (II) to type 
(I), Points B and C must if they fall within 
a thermodynamic single phase region be 
second (or possibly higher) order transitions 
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though the measurements were not suffi¬ 
ciently sensitive to positively detect curvature 
near these transitions. Both transitions B 
and C were present at compositions between 
Fco-sieO and Fco-eroO. At Feo-ssaO and be¬ 
tween Feo-oisO and Feo-sanO only transition 
C was observed, and for compositions 
FBo-msO and Feo. 94 sO no second order transi¬ 
tions were seen. Also included in Fig. I are 
the results for compositions obtained by 
coulometric titration. 

In Fig. 2 the results at e.m.f.-temperature 
plots at all concentrations are summarised 
in a phase diagram. The limits of the Fe,_j.O 
phase were (a) observed directly in e.m.f.- 
temperature plots, (b) obtained from inter¬ 
sections between extrapolated e.m.f.-tempera¬ 
ture plots and e.m.f.-temperature plots from 



Fig. 2. I - from e.m.f.-temperature plots (constant 
composition) 

A — from extrapolated e.m.f.-temperature plots 
(constant composition) 

-from extrapolated e m.f.-compo.sition plot.s 

(constant temperature). 


cells (II) and (III), (c) obtained from inter¬ 
sections of e.m.f.-iron composition plots 
and e.m.f.'s ol^Jained from cell type (II) and 
type (111) (zero e.m.f.). 


Thermodynamic data were obtained from 
e.m.f. measurements using the standard 
relationship 

-iAG“o, = -2F£ (I) 

where ^is the standard free energy of 

formation Fei_j,0 (i.e. wiistite in equilibrium 
with metallic iron), AG'’o,, is the standard 
partial molar free energy of solution of oxygen 
in Fe,_j.O; £ is the measured e.m.f. from cell 
(1) or (II) and F is the Faraday. In cell (II) 
AG"o 2 is the partial molar free energy of 
solution of oxygen in Fci.^O (i.e. wiistite in 
equilibrium with FciO,). 

The observed e.m.f. vs. temperature plots 
were linear within experimental uncertainty 
for each wiistite region. Some plots suggested 
curvature near the transition and though 
such behaviour is to be expected for a second 
order transition the possibility that deviations 
from linearity arose from experimental error 
cannot be excluded. Least squares plots 
of E vs. T were therefore used together with 
equation (i) and (2) to obtain values of 


A^'Vu, = -62..S80(±I0O)-f 15-25 

X (±0-05) T(“K). (2) 

Equation (2) represents the averaged results 
of Alcock and Steele [11] and Blumenthal 
and Whitmore 112]. From AC“oi values of 
AW^o. and AS “jo, were derived (Table 1) 
by assuming that within a particular wiistite 
region both these quentities do not vary with 
temperature. This procedure lea ds of course 
to apparent discontinuities in A//" kx and 
Aj'’jo, between neighbouring wiistite regions. 

DISCUSSION 

The phase diagram 

The limits of the Fci-j-O phase (Fig. 2) 
in equilibrium with metallic iron are in reason¬ 
able agreement with those proposed by 
Darken and Gurry[6] and Barbi[8]. Raccah 
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T able I. Partial molar enthalpies and entropies of solution of oxygen 


CompoMtion 

l-Ci -J.O Ar/|r2{)f 

I—A (cul mole ') 

w I 

~~^S 1 ^20* 

(cal deg ' mole' ‘) 

i/ZOj 

(cal mole 

wll 

) (caldeg 'mole ') 

3i77^/20a 

(cal mole~’) 

will 

—A5i/2(I, 

(cal deg ' mole ') 

0-945 

64.860 

17-78 






±360' 

±0-14 





0-935 

64,020 

18-50 






±420 

±0-15 





0-930 

63,560 

18-10 

65,430 

19-55 




±340 

±0-20 

±330 

±0-15 



0-916 

63,070 

18 47 

65,320 

19-93 




±480 

±0-16 

±370 

±0 21 



0-906 

61,730 

18 88 

65.280 

19-58 

66,570 

22-60 


±4(K) 

±0-14 

±320 

±0-15 

±540 

±0-15 

0-886 

61,020 

18 85 

64,090 

19-92 

66,090 

22-60 


-►460 

-0-15 

±510 

±0-23 

±420 

±0-16 

0-870 

.59.950 

18-9 

62,.590 

19-87 




±360 

-►0-3 

±420 

+0-19 



0-853 

57,950 

18-9 

62.5.30 

19-9 




±380 

±0-3 

±510 

±0-5 




'Errors do not include the uncertainty in the free energy of formation of Fe,-,,0 given by equation (2), 


and Vallet's measurements [1] on the other 
hand indicate a triple point temperature at 
Fco iiaO about 40°C higher than the commonly 
accepted value of 570°C. At iron contents 
lower than FCotiaO there is however good 
agreement with Raccah and Vallet and above 
1000°C with Darken and Gurry. Agreement 
with Rizzo and Smith’s three determinations 
at 765°, 865° and 965°C is also reasonably 
good though these authors propose limits with 
iron contents about 0 004 greater than the 
present work and that of Raccah and Vallet. 
The limits of the Fe,_j.O field in equilibrium 
with Fe 304 determined by Barbi appear to 
be considerably in error above 800°C. 

The importance of the present results 
is the confirmation they provide for the 
three wustite regions described by Raccah 
and Vallet. The boundaries of these different 


forms of wustite appear to agree with those 
of Raccah and Vallet within experimental 
error but we believe that the greater precision 
of solid state electrochemical techniques 
has enabled these regions to be mapped with 
greater accuracy, (e.g. the standard deviation 
in ACg, for Fe,-j-jO in equilibrium with 
FcjO^ is ±190 cals in the Raccah and Vallet 
results; over the same temperature range our 
standard deviation is ±12 cals). We could not 
find any evidence for two phase regions within 
the normal Fei-^-O limits even when the com¬ 
position was changed by small amounts by 
coulometric titration (Fig. 1). We can there¬ 
fore be reasonably confident that the wustite 
regions are separated by second (or higher) 
order transitions associated with changes 
in the degree of ordering. 

The present findings, though in broad 
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agreement with Raccah and Vallet, apparently 
disagree with other recent studies since the 
measurements of Barbi[8], Swaroop and 
Wagner[7] and Rizzo and Smith [9] failed to 
produce definite evidence for order-disorder 
transitions. Swaroop and Wagner however 
found some indication of defect association. 
All three investigations attempted in effect 
to detect changes in the partial molar free 
energy of solution of oxygen at constant 
temperature as a function of iron content. 
Deviations from a single linear relationship 
are however very small (corresponding to a 
maximum of about 200 cals in our studies) 
and changes in the slope of AGq, against iron 
composition are not, as a result, as well de¬ 
fined as those in AGoj (or e.m.f.)-temperature 
plots. For example, Fig. 1 clearly shows that 
the wustite 11/wustite III boundary lies be¬ 
tween Feo-oiaO and Feo-aiaO but this boundary 
is much less distinct in e.m.f.-iron content 
plots at different temperatures. This is the 
probable reason why Rizzo and Smith, who 
used sensitive electrochemical techniques 
similar to our own failed to detect any transi¬ 
tions. It is worth noting that Rizzo and Smith’s 
e.m.f.'s at comparable temperatures and iron 
compositions agree with the present values 
to within 4 mV but this difference is sufficient 
for them to find a marked non-linearity in 
e.m.f.-temperature plots at constant com¬ 
position. In contrast we found no evidence 
for non-linearity below their highest tempera¬ 
ture (965'’C). 

Examination of AC^o, vs. I —x plots (not 
given) shows that the slope of these plots in 
the wustite II (wll) region decreases marked¬ 
ly with temperature. This behaviour is charac¬ 
teristic of a two phase system above its critical 
temperature [13], and extrapolation into a 
metastable Fe,-j.O phase indicates that phase 
separation into wl and will would occur 
near 315°C. This result is in striking agree¬ 
ment with Manenc’s preprecipitation studies 
[14] on quenched Fe,_j.O. At compositions 
between Feo^irO and Feo.» 2 oO and at tempera¬ 
tures below 3ib°C satellite X-ray diffraction 


peaks develop which Manenc ascribes to the 
formation of two phases, one a vacancy rich 
form of Fe,_jO of composition Feo.»zoO and 
the other a Fe,_j.O matrix depleted of defects. 

Partial molar heats and entropies of solution 
of oxygen 

Values of A//"io, and A5"jo_ are recorded 
in Table 1. For wl, wll and possibly will 
A//“jo. decreases with increasing defect 
concentration. Kleman’s[51 analysis of the 
Raccah and Vallet results suggests an 
opposite trend for wll and will. Reduction 
of the heat of solution of oxygen with decreas¬ 
ing iron content may imply that the net defect 
interaction is endothermic (each atom of 
oxygen introduced corresponds to the 
creation of a cation vacancy and two Fe’^ ions) 
and that ordering should be most favoured 
at the highest defect concentrations. This 
is not necessarily true, however, because 
the lattice parameter also changes with 
defect concentration. At a constant co mpos i- 
tion of FeoiwuO we see (Table I) that A//®(o, 
is —61,020cals for wl, —64,090cals for wll, 
and —66.090cals for will while the corres¬ 
ponding values of A5“j(,_ are —18-85, -19-92 
and -22-60 cal per deg mole, and these 
are the trends to be expected if defect ordering 
increa.ses from wl to wll to will. Further 
support is thus provided for the view that the 
wustite regions are separated by order- 
disorder transitions. 

Detailed structural information necessary 
to relate the thermodynamic properties of 
Fe,-j.O to particular defect models is not 
available. The only high temperature X-ray 
study reported is that of Koch [2] who in 
addition to a comprehensive examination of 
quenched Fe,_j.O single crystals has also 
made a number of measurements at temper¬ 
atures and compositions within the wustite 
field. The quenched crystals reveal supple¬ 
mentary peaks which can be interpreted in 
terms of clusters of 4 Fe®+ ions on tetra¬ 
hedral sites and 13 octahedral cation vacan¬ 
cies ordered on a single cubic superlattice 
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with an average spacing about 2-6 x the 
normal Fei-,0 unit cell. At high temperatures 
coherent superlattice reflections were absent 
but considerable diffuse scattering was ob¬ 
served in the region of the strongest reflection, 
indicating short range ordering with a char¬ 
acteristic spacing similar to the superlattice. 
Diffraction results were obtained for Fe(,.«fl*0 
at 800°C (from Fig. 2 this is in the will 
region), Fe(,.Hfl.20 at 1{X)0°C (will) and Feo.Hr20 
(wll), Fe„.B 0 TO (wll) and Fefl,„«0 (wl) at 
|]50°C. The temperatures and compositions 
in Koch’s study were not unfortunately deter¬ 
mined with sufficient accuracy to relate the 
observed scattering to particular wiistite 
regions with confidence, but increasing 
temperature and decreasing defect con¬ 
centration reduced the intensity of the diffuse 
scattering confirming in a general way that 
wl, wll, will represent increasing degrees 
of order. It may also be significant that the 
composition of the ideal 3^" superlattice is 
Fei,.„nO close to the observed wll/wlll 
boundary. The complexity of the Fe,-j.O 
phase is now sufficiently well established to 
warrant a thorough high temperature X-ray 
study of this important non-stoichiometric 
system. 
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(Received i'ljune in revised form ]l September 1968) 

Abstracl-The magnetic and electrical behaviour of Fe, j-GUj-Cr^.S, recenlly measured by Haacke 
and Rcegle is interpreted on the basis of a model for sulphospinels given by Lolgering and Van 
Stapele, with the additional assumption that the Fc''* levels are situated in the energy gap between 
the valence and conduction band. Experimental data supporting this interpretation are given. Ionic 


ordering on/l-sites in Fe„jCU|,,Cri.S, and ln„ 2 (?i 
haucr spectroscopy and X-ray diffraction. 

1. INTRODUCTION 

Recently Haacke and Beegle(l,2J have 
given a description of the electrical and mag¬ 
netic properties of the mixed-crystal series 
between ferrimagnetic[3-5], semiconduct- 
ingl.3,6] FeCraS, and ferromagnetic [7], 
metallic[6] CuCr..S 4 . It is a remarkable fea¬ 
ture of this system that the Seebeck coefficient 
changes sign two times with increasing copper 
content, while at x = i the mixed crystal is 
again a semiconductor. In this paper we pre¬ 
sent an interpretation of the observed prop¬ 
erties using a model for the electronic structure 
of CuCr^Sj given by Lotgering and van 
StapelelS], in which it is assumed that Cu 
occurs as a monovalent ion in sulphospinels. 
In addition to Haacke and Beegle’s data, 
we performed experiments in order to lest 
the model. 

After a description of our model (Section 2), 
we will discuss the electrical (Section 3) 
and magnetic (Section 4) properties. In 
sections 5 and 6 we report the occurrence 
of ordering of the Me and Cu ion at the tetra¬ 
hedral sites in Mei/aCui/^CrjA',. 

2. MODEL FOR Fe,_^Cu^Cr,S,r*) 

For materials like oxides and sulphides, 
the energy levels for the outer anion elec¬ 
trons form a ^road valence band, while the 


(A" = S or Se) is found by means of Mdss- 

metal id levels form narrow bands which may 
lie above or belowj9J ihe lop of the valence 
band. This is drawn schematically in the 
energy level diagrams given in Fig. 1, The 



Fig. I Energy level schemes (see Section 2), Number 
of states per molecule indicated between brackets. 


energy E is plotted vs. the density of states 
giE) so that an area JgdE gives the number 
of states per molecule Fei-j-ruj-Cr^Sj. An 
occupied Me"^ level gives the energy of a 
id electron bound in the ion with valency 
n. and an empty Me"^ level denotes the 
presence of an ion with valency {n+ 1). 

We assume that copper is present in the 
monovalent, diamagnetic state cF® represented 
by a filled Cu^ band far below the top of the 
valence band, and that the Cr^^ level lies not 
far below the top of the valence band. Using 
these assumptions scheme 1(d) with S holes/ 
molecule in the valence band is found for 
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CuCrjS^. This model has been derived[8] 
from the electrical and magnetic properties 
of CuCrj^^TijS^ and CuCr^-j-Rh^Se,. 

As we will show, several properties of 
Fe,-j.CUj.Cr 2 S., can be explained on the 
additional assumption that the Fe^^ level 
lies above the top of the valence band. Using 
this assumption we can draw the energy 
level schemes for the whole series of mixed 
crystals and we find Fig. I(a-c) for jr = 0, 
i and (l+8|,)/2. For increasing jc the Fermi 
level £'/. drops and passes the top of the C'r*+ 
band for jc = (l+8,|)/2 determined by an 
unknown parameter8„ (Fig. I(c)). 

The valencies in the mixed crystal series 
can be denoted by the following formulae*, 
in which S' represents a hole in the valence 
band; 


Fe'f!2,Fey'"Cu/|Cr./MS4^- 

for 0 g .r £ i 

Fef,,Cu,'|Cr/'|S? , 

(or i! -v S —^ 

Fc^!,,Cu.'|Cr|^.2.,Cd;., 
for g .r r 1. 


(I) 


( 2 ) 


(3) 


i. KI.KCTRICAl. PROI’F.RTIES 
We will show that our model gives a natural 
explanation for the change of the Seebeck 
coefficient a with composition as found by 
Haacke and Bcegle(2] (Fig. 2). The shapes 


*ln a recent paper, Haacke and No^ik[18] (see also 
footnote in Section 6) cite these formulae and suppose 
that they correspond to a strictly ionic model. We should 
like to stress, however, (hat a deviation from ionic bonds 
is essential in our model. In the hypothetical case of a 
strictly ionic cryslitl. the valence and conduction bands 
would reduce to sharp levels below and above the metal 
.td levels, respectively. In the actual crystal, the width of 
these bands is thought to arise mainly from admixing of 
the ligand functions and the metal 45 functions, i.e. a 
partially covalent metal-ligand bond. A broadening of the 
valence band to such an amount that overlap with certain 
3d levels occurs, as essential in our model, must then be 
attributed to bonds with a rather strong covalent character. 



I ig. 2. l e, jCUjC'ri.Sj. Seebeck coefficient « and resis¬ 
tivity p al room temperature as functions of the composi¬ 
tion Open circles: after Haacke and Beegle (single 
crystals). Black circles: after Bouchard, Russo and Wold. 
Squares- own measurements. /)■ quenched from 700°C. 
ff slowly cooled with annealing at 500° and 100°t'. 

of the a — X and log p — x curves, and the high 
values of a at x = 0 and x = i show that the 
latter materials are semiconductors. This 
is explained by the energy level schemes 
(a) and (b) in Fig. 1. which contain filled or 
empty bands. For 0 < x < i a mixture of Fe^* 
and Fe’^ occurs according to formula (1) 
with an excess of Fe** forx i and an excess 
of Fe’* for x slightly smaller than x = i. 
The observed change from p-type to n-type 
conduction for increasing x in the region 
0 < X < i can therefore be attributed to Fe^^ 
FV^ conduction. For increasing x. holes in 
the valence band appear at x = i with in¬ 
creasing concentration according to formula 
(2). This explains the observation of p- 
type conduction with a decreasing a. For 
sufficiently high x, holes in the valence band 
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(formula (3)) cause p-type metallic conduc¬ 
tion as found in CuCrjS 4 . 

As disucssed, a changes sign at x = i. We 
also found a different sign on a quenched and 
a slowly cooled samples of Fei/jCui/jCrjSj 
(A and B in Fig, 2). This observation was 
made on several samples. 

Remark. It can easily be seen that the elec¬ 
trical properties point to a position of the 
Fe^^ band in the gap between the valence and 
conduction bands. If, for example, it is 
assumed that the Fe*^ band lies below the 
top of the valence band, holes would be 
present in the valence band at x = 0-5. 
Feo.sCuo. 5 Cr.iS 4 is then expected to be a p- 
type metallic conductor in contradiction 
with the observed behaviour. 

4. MAGNETIC PROPERTIES 
Magnetic measurements were performed 
on samples with compositions a = 0, 0-25. 
0-50and 0-60 (Figs. 3 and 4). 





Fig. 3. Fe|.,Cu,Cr 2 S 4 . Saturation moment /x, at 4-.s°K 
and Curie temperature as functions of composition. 
Hf — x curves calculated using the spin-only values 
(a) or using gpti = 2-2 for Fe‘'* (b). 


The T^—x curve found (Fig. 3) is in agree¬ 
ment with the curve reported by Haacke and 
Beeglefl]. Tc increases if magnetic Fe-ions 
in the ferrinftgnetic compound FeCr 2 S 4 


are replaced by non-magnetic Cu ions. This 
unusual increase of 7\. upon dilution of the 
magnetic ions can be attributed to the appear¬ 
ance of Fe“^ ions with a concentration pro¬ 
portional to the Cu content according to 
Formula (I). if one makes the reasonable 
assumption that the negative AB super¬ 
exchange interaction is stronger for AB = 
Fe»+Cr»"^ than for AB = Fe2+Cr’+. We tested 



Fig. 4, Fe,.j.CUj.Cr 2 S,. Magnetization versus tempera¬ 
ture curves measured at // = 9 kOe for compositions 
indicated. 


this assumption by preparing the two com¬ 
pounds FeiKsf U|,.r,C'r |,5 Meo.r,S 4 with Me= Rh 
or Ti. Since the latter ions occur as non¬ 
magnetic Rh*^ or. Ti'*^ in sulphospinels[ 8 ] 
the expected valencies are represented by 
FeS.tCu,f. 5 |Cii'tRh 3 .t|S 4 ^' and Feg^,C 11 ,^ 5 |Cr?.t 
TiJ:t,|S 4 '''“. 1 he observed Curie temperatures 
are 320 and I90°K, respectively, and show 
that the Fe’^Cr^^ interaction is stronger 
than the Fe^^Cr’+ interaction. 

The deviation from a linear change of 
with composition and the kink in the T^ — x 
curve at X = 0-5 (Fig. 3) point to a change in 
the interaction mechanism at x = 0-5. Accord¬ 
ing to our model this can be attributed to the 
disappearance of the Fe^^ ions according to 
formula ( 1 ) and the appearance of holes in 
the valence band according to formula ( 2 ) 
atx = 0-5. 

The saturation moments p, at 4-5°K given 
in Fig. 3 are not in agreement with data 
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reported by Haacke and Beegle[l], who 
extrapolated their experimental curves 
from 77°K down to ()°K. For x = 0 and 0-25 
the magnetization curves measured at // = 
9 kOe show a decrease at low temperatures 
(Fig. 4). Since the materials were found 
to be not saturated completely at 4-5°K in 
fields up to 30 kOe and the neutrondiffrac- 
tion pattern[4,5] of FeCr.S 4 shows the 
simple Neel configuration to occur, the anoma¬ 
lous shapes of the magnetization curves for 
x = 0 and 0-25 are attributed to strong aniso¬ 
tropy at low temperatures. A strong magneto¬ 
crystalline anisotropy at temperatures below 
~ 80°K may arise from a small fraction of 
Fe“*^ at octahedral sites. 

The saturation moment of FeC'r.S, is 
considerably lower than the spin-only value 
of l/xulmol. for the simple Neel configuration 
observed using neutron-diffraction[4, 51. 
Since the CT" moment is expected theoreti¬ 
cally to be very close to the spin-only value 
(as experimentally confirmed in e.g. ZnCr.j 
Se^flO, 111 and CdCr^Se,! 111) we attribute 
the saturation moment of 1-5 to \'6 
observed on FcCrjS, to a moment of between 
4-4 and 4-.^/x„ for Fe^'^ at tetrahedral sites. 
This value corresponds to a x’ value of be¬ 
tween 2-20 and 2-25 and is in accordance with 
the value jg = 2-2 for Fe-* corresponding to the 
experimental C urie constant (3-6) of Fe,, 
Mgii.7ALO.,lI21. From Fig. 3 it is seen that the 
measured moments for x = 0 and x = 0-25 
are in agreement with the values calculated 
using formula (1) putting g = 2-2 for Fe^^ 
and the spin-only value for Cr'^ (curve (b)). 

For C?uCr,.S 4 and for the C'u-rich mixed 
crystals (0-5 S x S 1) the observed moments 
are 7-12 per cent smaller than the values 
calculated using formula (3) in the approxi¬ 
mation 6 = 0 (Fig. 3). Such deviations occur 
also in the system CuTijSi-CuCr^S^ and are 
probably due to impurities [81. 

5. IONIC ORDERING ON A-SITES IN Me„ 5Cuo.sCrjX4 

According to our model, the tetrahedral 
sites in Fe^^sCulp+slCralS^ are occupied by 


tri- and monovalent ions in the ratio 1:1, 
and the possibility of ionic ordering exists, 
Braun[131 found an ordering of Fe®"^ and Li^ 
ions in Fei,. 5 Li„.r>Cr 704 with the ions of one 
kind surrounded by four nearest neighbours of 
the other kind, so that each tetrahedral site 
has perfect cubic symmetry. On the other 
hand, Flahaut et a/. [14] investigated Me,}." 
MLIMeyiSj with Me'" = A1 or In and Me' = 
Li. Cu or Ag. and did not report ionic order¬ 
ing. 

An ordering of Fe and Cu ions in Fe„.sCU||.s 
Cr^S., cannot be detected by means of X-ray 
diffraction because the difference in scatter¬ 
ing power is too small. Here the ordering 
can be investigated by means of the Mdss- 
bauer effect (Section 6). 

In order to be able to detect ionic ordering 
by means of X-ray diffraction, we prepared 
ln„..-,Cu„,-.Cr 2 X, with A' = S or Se. The super¬ 
structure reflections (200) and (420) charac¬ 
teristic! 15] of the ordering described were 
indeed found. The ordering was observed on 
a sample of the selenide quenched from 700°C 
so that the ordering temperature probably 
lies above the decomposition temperature 
(being ~ 700°C for the sulphide). 

6. MOSSBAIJER SPECTROSCOPY ON Fe„ ^Cuo jCr^S,* 

Mdssbauer spectra were measured on a 
slowly cooled sample with jc = 0-5 at tempera¬ 
tures between 4 and 373°K. A single six- 
line spectrum was found at temperatures 
below Tp = 360°K (Fig. 5) and a single line 
at 37.3°K. The internal field /f, and the iso¬ 
meric shift relative to ^^Fe in Pd are given 
as functions of temperature in Fig. 6. In all 
spectra the quadrupole splitting was absent, 
the relevant parameter e being smaller than 


’During the preparation of this paper we obtained a 
preprint of an article on the Mossbauer effect in Fe,-j. 
Ciij-CrjSj by G. Haacke and A. J. Nozik[18]. In this 
work the authors conclude that a mixture of Fe*’ and 
Fe-'” occurs for 0 < x < 1. The spectra reported for 
FepsCuiijCr-iS, are in good agreement with the results 
given in Section 6. 
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\/elocity (mm/sec) 


Fig. 5. Mossbauer spectrum of Fe„. 5 Cu„,C'r 2 Sj at liquid helium temperature. Sample of thickness 

mg/cm-'. Source ”('o in Pd. 



Fig. 6. Temperature dependence of internal magnetic 
field (drawn, left-hand scale) and isomeric shift (dashed, 

right-hand scale) of Fc in FeosCuosCr^Sj. 


0 05 mm/sec. At room temperature the spec¬ 
trum was also measured with the sample in 
a magnetic field of 15 kOe perpendicular to 
the gamma beam. The six lines remained .sharp 
and their relative inten.sities showed that //, 
was perpendicular to the gamma beam, f/, 
was increased from 250 to 264 kOe, but the 
isomeric shift was unchanged and the quadru- 
pole splitting remained zero. 

The observations can be recapitulated as 
follows: 

(a) there is no quadrupole splitting, irrespec¬ 
tive of the orientation of the Fe sub¬ 
lattice magnetization, 

(b) the change in internal field is equal to 
the change in external field, i.e. there are 


neither orbital nor dipolar contributions 
to//,, 

(c) the internal field is parallel to the external 
field. 

(a) and the absence of dipolar contributions 
to H, prove that the local symmetry of the 
iron sites is perfectly cubic. This is a strong 
indication for the presence of Fe-"' and Cu'^ 
ions ordered on the .4-sites as described in 
Section 5. Further, (a) shows also that iron is 
not in the divalent state because quadrupole 
splitting would occur at temperatures below Tc 
for Fe^'^ on cubic A sites as observed and 
explained by Eibschiitz el al. [16] in the case 
of FeCr^Sj. The absence of an orbital con¬ 
tribution mentioned under (b) and the value 
of the isomeric shift, which is smaller than 
found in FeCr2S4[17]. yield further support 
for the presence of Fe®^ ions. Since //, for 
Fe*^ is antiparallel to the ionic moment, (c) 
shows that the Fe^^ sublattice magnetization 
is antiparallel to the total magnetization, in 
accordance with the simple Neel configuration. 
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Resume —Les conditions de preparation de,s differents manganites spinelles MeMnjO, (Me = Cr, 
Mn, Fe, Co, Ni, Cu et Zn) et leurs zones dc stability en phase unique sent d^crites. On a etudie 
systematiquement I'influence des traitemenis thermiques sur les propri6les crislallographiques, en 
particulier sur le taux d'inversion determine par diffraction de neutrons et, sur quelques proprietes 
magn^tiques fondamentales. On compare en conclusion nos resultats sur la variation de la distorsion 
Jahn-Teller cooperative en fonction de la concentration de Mn-'* dans les sites B, avec ceux d'aulres 
auteurs. 

Abstract-The conditions of preparation of several spinel manganites MeMnj 04 (Me=Cr, Mn. 
Fe, Co, Ni, Cu and Zn) and their stability domains as single phase are described. We have studied 
systematically the effect of thermal treatments upon crystallographic properties, particularly upon 
the inversion degree given by neutron diffraction and. upon some fundamental magnetic properties. 
We compare, as conclusion, our results of the variation of cooperative Jahn-Teller distorsion as a 
function of Mn’* concentration inB sublattices, with some ones given by other authors. 


1, INTRODUCTION 

La preparation de la sErie des manganites 
des Elements de transition dont la formule 
generale est MeMn 204 (Me etant; Cr, Mn, Fe, 
Co, Ni, Cu et Zn) a ete entreprise dans le but 
d’etudier les proprietes et structures mag- 
netiques de ces differents composes purs. 

Bien que quelques equipes de chercheurs 
aient deja decrit quelques proprietes de ces 
composes, la difficulte de preparation en 
phase unique de certains d’entre eux, et la 
grande sensibilite des proprietes aux traite- 
ments thermiques ont rendu necessaire une 
definition precise de ces differents manganites 
dont I'etude magnetique approfondie sera 
publiee separement. 

2. TECHNIQUE EXPERIMENTALE 

Le processus de preparation a ete le meme 
pour tous les corps. La reaction de formation 
a toujours ete obtenue par voie seche d’un 
melange convenable des oxydes de base, 

tCet article rSwuvre une partie du travail de th6se 
de doctarat d'etat de I'auteur. 


fritte suivant la technique classique de fabri¬ 
cation des ceramiques. L'oxyde de manganese 
de formule MnOj (x variant de 1.365 ^ 1,375 
et determine par analyse chimique) est done 
melange avec le second oxyde en proportion 
telle que le rapport atomique Mn/Me soit 
egal a 2. La poudre est broyee en milieu 
aqueux pendant environ 24 hr, elle est ensuite 
sechee, rebroyee a sec puis matricee en 
pastilles. La pression utilisee est de 5 ton/cm^. 
Le matri^age avant le traitement thermique 
offre I'avantage de donner un echantillon 
compact, beaucoup moins sujet que la poudre 
a la dispersion par manipulation et a I’introduc- 
tion d'impuretes, de plus tres facile a tremper. 

L’observation des reactions chimiques est 
realisee au moyen d’une balance thermogravi- 
metrique a atmosphere controlee, la tempera¬ 
ture au niveau de l echanlillon peut etre pro- 
grammee entre I'ambiante et nOO'C. Un 
premier diagramme des variations de poids 
est effectue sur tout I’intervaile de tempEra- 
ture et permet de situer les zones de formation 
possible. De nouvelles expEriences per- 
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mettent ensuite de determiner la veritable 
temperature de formation et de delimiter 
la zone de stabilite du compose pur. Les 
conditions de preparation sont ensuite 
reproduites dans un four ou des echantillons, 
apres formation, sont trcmpes a I’eau depuis 
diverses temp 6 ratures comprises entre les 
limites de stabilite. Chaque echantillon esf 
ensuite controle par diffraction X et analyse 
chimique. Les etudes cristallographiques 
puis magnetiques sont entreprises sur lous 
les echantillons ne presenlani qu’une phase 
unique et une formule chimique stoechio- 
metrique. 

Les analyses chimiques donnant les pro¬ 
portions d'ions melalliques cl le dosage de 
I'oxygenc ont etc cffcctuecs par M. Duclos 
111, les spectres de diffraclion ,V' sur poudrc 
(Dehye-.Schcrrei) soil par Mmc l,acour|2|, 
soil par M. Jehannot.1| avec les raies K., du 
ferou du chrome. 

l.es spectres de dilfraction ncutronique 
(A =1,14.^ A Cl A-1.1.^8 A) sont obleniis 
au-dcssus dc la temperature d'ordrc mag- 
nelique-generalement a la temperature 
ambiante sauf pour l eMn.O,: I2()‘’('. Le 
trailcment par melhode de moindres canes 
sur calculateur electronique dcs inlensites 
relatives et absolues des raies, permet de 
raffinertous les parametres cristallographiques 
difficilement ou pratiquement impossibles 
a determiner par diffraction X\ parametres 
de I'oxygene, et repartition des ions dans les 
differents sites. La localisation des ions est 
en effet aisee par diffraction ncutronique: 
les longueurs de diffusion du manganese 
(/j =—0,36-10 '^ cm) et des autres elements 
(h > 0 ) etant de signe oppose, les intensites 
des raies de diffraction sont tres sensibles 
a toute variation du parametre d'inversion. 
Ce n’est evidemment pas le cas des rayons 
X qui distinguent peu les elements voisins. 

Les mesures magnetiques fondamentales 
dont quelques resultats, utiles a la caracter- 
isation des composes, sont mentionnes dans 
cet article ont ete: 

temperatures de Curie, mesurees a I’aide 


d’une balance de torsion, I’echantillon 
etant place dans un gradient de champ et 
sa temperature pouvant varier de 20 a 
900°K. 

susceptibilites paramagnetiques a I’aide 
d’une balance de translation asservie, 
effectuees par M. Allain[4]. 
aimantations a basses temperatures par 
la technique classique d’extraction de 
0 a 20 kOe ou de 0 a 80 kOe[5] en champs 
statiques, ou en champs pulses jusqu’a 
350kOe[4], suivant I’importance de I’aniso- 
tropie magnetocristalline des echantillons. 

3. RESULTATS 

Les manganites etudies ici appartiennent 
tons a la famine des spinelles cubiques ou 
quadratiques dont les groupes d'espace 
respectifs sont: OiJiFd^in) ou D ^^'^{lAdarnd). 
Les atomes occupent dans la maille les 
positions suivantes; 




n I'l 

Mit's i>\yt:eiic 


16 A 

sitesoclacdnqucs (ft) 

164 

84 

sites tetraedriques (A) 

8 « 

4« 


l.es parametres desmanganites appartenant 
au groupe seront donnes dans la maille 
faces centrees {a' — aVl et c' = c) pour 
faciliter la comparaison avec la maille cubique 
dont elle derive. Les parametres de I’oxygene 
qui sont oj(,z dans seront convertis de 
la meme fa 9 on en x'jc',z' (avec x' = V2.x et 
z' = z). 

Le spinelle MeMnj 04 est dit ‘normal’ si 
Me occupe tous les sites tetraedriques A et, 
‘inverse’ dans le cas ou Me est en B et Mn se 
partage entre A et B. Le taux d’inversion p, 
est defini comme etant la proportion d’ion 
manganese sur les sites tetraedriques A. 
Le spinelle s’ecrit Mei_„Mn„[Me„Mn 2 -J 04 . 
t[ 1 denote les sites B). 

3.1 Manganites de manganese Mn;,0| et 
de zinc ZnMn .^04 

Mn ;,04 est le compose le plus simple a 
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preparer car il est )a phase stable a haute 
temperature du syst^me binaire Manganese- 
Oxygene. L’oxyde dont nous disposons 
MnO |,365 commence par s’oxyder en Mn^O., 
stable entre I’ambiante et 900°C, ^ partir 
de cette temperature il se reduit rapidement 
meme sous atmosphere d’oxygene et, fait 
place a Mn ;,04 pur, cette reaction est ir¬ 
reversible et ce dernier reste stable au- 
dessous de 900°C. 11 est inutile d’insister 
sur cette preparation mais, il est interessant 
de noter que ce corps qu’il soit trempe de 
1300°C ou bien refroidi lentement (30“/hr) 
jusqu'a I’anibiante possede les memes 
caracteristiques cristallographiques et mag- 
netiques. II cristallise dans le systeme quad- 
ratiquea = 8,149 A, c = 9,456 A et cia = 1,16. 
Les temperatures de Curie (T,. = 46“K) et 
les courbes d’aimantation de 0 a 20kOe 
entre 4,2°K et sont identiques pour les 
deux echantillons, II est done fort probable 
que le taux d’inversion de ce spinelle soit 
constant et nul quel'que soit le mode de 
refroidissement. Le rearrangement ionique 
s’effectuant par transfert electronique, 
ce resuitat est done logique. 

Comme Mn,, 04 , ZnMnaO., se forme facile- 
ment a partir de 900‘’C et reste stable jusqu’a 
I’ambiante, les parametres de la maille sont 
en accord avec ceux trouves par Sinha et al. 
[6]; a = 8,10 A, c' = 9,25 A et da = 1,14. De 
plus, la diffraction des neutrons confirme 
I’hypothese tres souvent donnee dans la 
litterature de la localisation du Zn^^ dans les 
sites A quel que soit le traitement thermique. 

3.2 Manganite de cuivreC\\Mn.,0^ 

CuMnjO^ est sans doute le compose de 
la serie le plus difficile a former. 11 nous a 
ete impossible de I’obtenir pur en phase 
cubique par notre methode, rejoignant en 
ceci Blasse[7] et autres[8,9]. 

Par contre, il peut etre prepare en phase 
unique telragonale par frittage a 940'’C et, 
trempe depuis des temperatures comprises 
entre cette derniere et 750°C. Au-dessous de 
750°C, il se traifsforme progressivement en 


spinelle cubique mais avec apparition de 
phases parasites qu'il est impossible d’eviter 
quelle que soit I'atmosphere utilise (Fig. 1). 



Fig. I. Analyse thermogravimelrique de la reaction 
2MnO|.,„-.-K'uO; (1) refroidissement 4 ('air, (2) refroidis¬ 
sement sous azote el sous vide. 

L’existence de CuMn.i 04 quadratique 
n’ayant jamais ete signalee auparavant, nous 
donnons ici les parametres de I’echantillon 
tremp6 a 940°C: o = 8,24A, c = 8,56A 
(c/a= 1,03). Les parametres de I'oxygene 
determines par diffraction de neutrons sont: 
x — y = 0,322 et y = 0,394: le taux d’inversion 
est »< = 0,24 ±0,02. Le facteur de veracite 
R calcule sur 14 inlensites absolues corres- 
pondant a 30 reflexions differenles du spectre 
de diffraction de neutrons a la temperature 
ambiante, est de 5,7%. 

La preparation de CuMnjOj quadratique 
est parfaitement reproductible et I’analyse 
chimique en confirme la stoechiometrie a 
mieux que 0,5%. 

La stability de la phase quadratique a des 
temperatures superieures a celle de la phase 
cubique est contraire a I’effet de I'agitation 
thermique et doit done s'expliquer par un 
autre mecanisme. 

La variation de I'inverse de la susceptibilite 
paramagnetique en fonction de la temperature 
(Fig. 2) permet de determiner la constante 
de Curie moleculaire; C** = 4,75 beaucoup 
plus proche de celle calculee pour une 
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Fig. 2. Variation de I'inverse do la Misceplihililc para- 
magnitique par gramme dc CuMn.O, en fontlion do la 
temperature 


configuration ionique: ru + Mn»+Mn^^( I^ 
4,88) que pour Cu^^Mn'^Mn'* ((’,,, = 6,38) 
on aboutit done a la meme conclusion que 
celle Sinha et «/.(10, II |. 

En tenant compte du degre d’inversion et 
du fait que le.s constanles de (urie sont 
voisines, on peui ecrire CuMn^O, des deux 
maniercs suivantes; 

(a) Cu,l,;«Mnilt,,[('u,U,Mnil,^ 7 „Mn"] O, 

(b) Cu,!,„iMnilt,[Cuii,^,Mn''"Mn?,V„] (),. 

On peut remarquer que les ions Mn'" dans 
les sites A sont assez dilues pour ne pas 
entrainer de distorsion (c/tt < I) appreciable. 
Dans les sites B, Cu^ et Mn''*^ n'entrainant 
pas de distorsion, la proportion de Mn" 
dans la formule (a) est inferieure a celle 
determinee par Irani ei al.[\2] environ 60% 
a partir de laquelle un effet Jahn-'leller 
coop6ratif apparaft. Dans la formule (b), 
Mn'*^ et Cu*^ ont des effets additifs et con- 
duisent a une quadratisation qui doit etre 
faible car leur proportion est legerement 
sup^rieure & la valeur critique. Le rapport 
da obscrv6 6tanl de 1,03, la formule (b) 
est done la plus probable conformement aux 
hypotheses de BIasse[7]. 

L’apparition de la phase cubique pour des 
temperatures inf6rieures a 750°C est lide ^ 
la variation du taux d'inversion; le spinelle 
tendant k devenir normal, la quantite d’ion 


Cu^+ dans les sites B diminue alors que celle 
de augmente, la proportion d’ions dis- 

tordants (Cu^*^ et Mn'*+) devient alors 
inferieure a la valeur critique et I’eAFet Jahn- 
TelJer coopdratif disparait. 

On pouvait s'attendre d’apres la forme de 
la courbe \jx=f(T) a I’apparition d’un 
ordre magnetique vers 20°K, il n’en est rien, 
a 4,2°K la diffraction neutronique ne montre 
aucun ordre magnetique a longue distance. II 
faut noter que le manganite cubique (bien qu’il 
ne soit pas en phase unique pour esperer en 
tirer des conclusions quantitatives) devient 
magnetique a basses temperatures. Le point 
de Curie augmente atteignant -“115°K pour 
I’echantillon refroidi lentement dans fair. 
Le taux d'inversion diminuant en fonction du 
traitement thermique de refroidissement, les 
sites A sont peu ou non magnetiques. Dans les 
sites B I’ion Cu''^''' doit empecher I’etablisse- 
ment d’un ordre a longue distance entre Mn^^ 
et Mn^+ quand il est en proportion sufiisante 
comme I'a deja constate Blasse dans des 
composes semblables. D’autre part, le change- 
ment de phase tetragonale-cubique perturbe 
les interactions magnetiques B-B pouvant 
faire apparaitre un ordre Mn’* Mn^* res- 
ponsable des proprietes ferrimagnetiques. 

3.3 Manganite de nickel NiMnzO, 

L’etude detaillee de la preparation de 
NiMn.,0, pur suivant notre methode a deja 
ete decrite[13] et comparee a celles d’autres 
chercheurs (par exemple(14]). Nous rappel- 
lerons simplement que sa temp6rature de 
formation; 94()°C est assez critique, que la 
reaction est lente et que ses proprietes 
cristallographiques et magnetiques sont 
fortement influencees par les traitements 
thermiques. Les mesures de diffraction de 
neutrons au-dessus de la temp6rature de 
Curie (1 Li < < 165°K suivant les echan- 

tillons) ont montre que le degr6 d’inversion 
variait entre 0,74 et 0,93 suivant le mode de 
refroidissement[15]. L'explication des pro¬ 
prietes a pu etre fournie par la decouverte 
d’une structure magnetique, k basse tempera- 
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ture, d’un type nouveau dit ‘en 6 toile’, 
constitu 6 e de trois sous-r 6 seaux magnetiques 
dont la r 6 sultante g 6 n 6 rale n'est colin 6 aire 
k aucun d’entre eux[16, 17], Un article 
detaill 6 ecrit en collaboration avec B. Boucher 
et M. Perrin, discutant de toutes les propri- 
et^s de NiMozO^ sera public prochainement. 

3.4 Manganites de cobalt el de far 

Les preparations de CoMn 204 et FeMn 204 
sont assez semblables en effet, ils sont .stables 
en phase unique k haute temperature et se 
decomposent partiellement par refroidisse- 
ment lent. La reaction de formation de CoMn-^ 
O 4 est lente et se termine a 850°C (Fig. 3) 
alors que celle de FeMn 204 est tres rapide 
et s’acheve a 980‘’C (Fig. 4). 

Bien que I’analyse thermogravimetrique ait 
pu laisser prevoir la stabilite du manganite 
de cobalt entre 1250°C el I’ambiante, il 
commence k apparaitre des phases parasites 
au-dessous de 800°C, la plus importante en 
est le cobaltite de manganese MnCo 204 . 
L'apparition de Co. 2 Mn 04 se traduit naturelle- 
ment par de nouvelles raies sur les spectres 
X Debye-Scherrer, mais egalement par un 
nouveau point de Curie (~ 180°K) beaucoup 
plus eleve que celui du manganite (Tr ~ 
1(X)°K). II n’est done possible d’obtenir 
CoMn 204 pur que par trempe depuis des 
temperatures comprises entre 12.‘50'’C et 
8 (X)°C. Trois echantillons ont ete etudies 
et les resultats sont donnes dans le Tableau 1. 
D’apres Irani et a/.[18] CoMn 20 , est cubique 
entre 900° et 1250°C, cette structure n’est 
done pas conservee par trempe prouvant 
ainsi la grande instability a tempyrature am- 
biante du spinelle non distordu. Cet etat 
metastable n’est d’ailleurs pas conserve 



Fig. 3. Analyse thermogravimetrique de la reaction 
2MnO| .„s + CoO, 34 dans I'air. Vitesse de chauffage 
300'’/hr. 



Figure 4, Analyse thermogravimetrique de la reaction 
2 MnOi,TB5+FeOi.s dans lair. Vitesse de chauffage 
3007hr. 

sur une grande gamme de temperature, en 
effet, des 180°C apparaissent les phases 
parasites. 

Les propriytys magnetiques de ce manganite 
ont pu etre expliquees par une structure du 
type Yafet-Kittel dyterminye par diffraction 


Tableau ! 



(A) 

a 

(A) 

C 

da 

x = y 

1 

V 

R% 

(°K) 

Tr 

CoMnjO, T 1250 

8.168 

8,958 

1,097 




.3,7 

105 

riooo 

8,137 

9,041 

1,111 

0,325 


na 

-5,3 

too 

rsoo 

m 

8,096 

9,133 

1.128 

0,325 

ESI 

0,22 

5,0 

95 
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de neutrons [19], Les valeurs exp6rimentales 
des moments des sous-reseaux correspon¬ 
dent k la formule ionique Co^l„Mn„^^ 
[Co,='^-MnglJ 04 . 

Comme le manganite de cobalt, FeMn .204 
n’est pas stable en phase unique au-dessous 
de 850°C, ii apparait principalement le ferrite 
de manganese FcaMnOj, ce qui a pour effet 
d’augmenter la temperature de Curie d’une 
maniere tres sensible-ainsi que le moment 
magnetique. De meme que pour CoMn^O,, 
r^tat metastable des echantillons trempes 
de hautes temperatures est assez precaire: 
des 120“C ils commencent a evoluer et a 
250°C apparaissent des phases parasites. 

La temperature de C'urie d’un echantillon 
trempe depuis I2.‘'()° etant de 117“C, il a 
ete necessaire d’effectuer un traitement de 
stabilisation k 20()°C pendant 48 hr pour ne 
pas avoir de spectres de diffraction de neutron 
en zone paramagnetique sur un corps en 
Evolution. 

Comme ("oMn.X),, le manganite de fer 
cristallise dans le sysleme quadratique, les 
resultats concernant deux echantillons sont 
resumes dans le Tableau 2. 

Les aimantations spontanees deduites des 
courhes d’aimantation a, 4,2°K en champs 
statiqucs jusqu'ii 80kOi'(.‘'| et en champs 
pulsesl41 sont 1,65 fxB/mol. et 1.55 p,,(/mol. 
pour les deux echantillons ci-dessus, valeurs 
bien inferieures ^ cellc trouvee par Fschcn- 
felder[20] 2,1 /x/,/mol. suggerant une certainc 


proportion de Fe. 2 Mn 04 due sans doute a sa 
methode de preparation. 

3.5 Manganite de chrome CTMn 204 

CrMn^Oj, d6ja signale par Bongers[8], 
dernier element de la s6rie etudi6e ici est le 
produit de la reaction 2 MnO,. 3 B 5 -bCrO,,r, 
doni le diagramme thermogravimetrique est 
donne Fig. 5. La reaction debute vers 800° 
et se termine a 1000°C, le manganite pur est 
stable entre 1250°C et I’ambiante. Deux 
echantillons, I’un trempe k 1250°C, I’autre 
refroidi lentement, ont 6te etudies. Les 
caracteristiques cristallographiques de ces 
deux corps changent tr^s peu et en particulier 
I’inversion constante et egale a I (Tableau 3). 



Tableau 2 


FeMrijOi 

(A) 

a 

<A) 

( 

cla < - V z 

r 

R% 

(°C) 

Tr 

Tremp6 a I2.S0°( 
+ recuit 2(K)°C' 

8.402 

8.36? 

8.799 

8.879 

1.047 0.319 0,385 
1,062 0,315 0,387 

0,91 

0,91 

5,1 

3,9 

117 

120 

Tableau 3 


(A) 

(A) 





CrMn..O, 

a 

C 

da x = y z V 

R% 

T°K 

T 1250° 

8..3.55 

8,752 

1,047 0,314 0,387 I 

4,0 

65 


Refroidi 







lentement 

8,343 

8,760 

1,050 0,314 0,387 I 

4.6 

65 
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4. CONCLUSION 

La connaissance precise des degrds d’in- 
version des manganites purs decrits dans cet 
article nous permet de comparer nos r6sul- 
tats ^ ceux d’autres auteurs. II est ainsi 
possible de confirmer quantitativement le 
role de I’ion (3<f) occupant les sites 

octaedriques, dans I'apparition de I'effet 
Jahn-Teller cooperatif deja etudie en par- 
ticulier par J. B. Goodenough[21 ]. 

La Fig, 6 montre la variation du rapport 
cla en fonction de la concentration de I’ion 
Mn^^ dans les sites octaedriques pour tous 
les composes MeMnjjO^ et leurs differents 
degres d’inversion (courbe I). La courbe II 
tir6e des traveaux de Wickham et Croft [22] 



Variation de en fonction de la 
^ 3 + 

concentration de Mn dans les sites B 

• NiMn^O^ ■ CoMn20^ 

T MnjO^ i ZnMn^O^ 

yCrMn^O^ o CuMn20^ 

D FeMn20^ 

Fig. 6. Variation du rapport da en fonction de la concen¬ 
tration d’ion Mn"^ dans les sites fl(n Mn'*)/2. 

(I) nos resultats. 

(II) syst^me Znj.“*Getlj.(Co,V_sj.,Mn33^)0, d'apr^s 
D. G. Wickham et W. J. Croft [221. 

(III) systeme MgMnjOj-MgAljO, d'aprjs Irani. 

(IV) MgMn 204 d’aprds^anaila[28]. 


est relative au systeme Zn^^GeJljlCoJijj. 
Mn^J;) O^. Cet exemple est particulierement 
significatif car Zn^^ et Ge"*^ sont connus pour 
leur preference tres marquee pour les sites 
tetraedriques, eliminant ainsi dans ce systeme 
la possibilite de migration de Co^^ et Mn^+. 
Ce n’est pas a priori le cas pour MnjCO;,-x04 
oil les ions ne sont pas forcement localises 
sur un type de site determine, surtout au 
voisinage de CoMn.j04 qui n’est pas normal 
(cf. 3.4). On peut remarquer que ces deux 
courbes sont en excellent accord. La courbe 
III donnee par Irani et u/.[12] pourle systeme 
MgMn204-MgAl204 est egalement reproduite. 
Ces auteurs ont d'ailleurs etudie plusieurs 
systemes du meme type, c’est-a-dire le rem- 
placement progressif de Mn^+ par un ion ne 
produisant pas d’effet Jahn-Teller mais les 
resultats sont tres voisins entre eux. Bien 
qu’elles aient meme allure generate, la courbe 
III presente un certain ecart par rapport aux 
courbes 1 et 11; la precision sur la determina¬ 
tion par rayons X de la localisation des ions 
sur les differents sites n’est pas tres grande 
et de plus I’ion Mg*’^ peut migrer sur les sites 
octaedriques (cf. Manaila[28]), ceci peut 
expliquer I'ecart relatif entre ces courbes. 

On constate bien que la transition cubique 
—* quadratique s’effectue dans la meme zone 
de concentration de Mn'*^ c’est-a-dire environ 
0,65. II faut noter que les trois seuls composes 
qui n’obeissent pas a cette loi sont ceux 
pour lesquels Mn®^ n’est pas le seul ion 
distordant dans les sites B. En admettant 
pour FeMn..04 la formule determineee par 
effet Mdssbauer[23]: 

Feii:„„Mnf,:„,[Mn?i„FeS.';.,FeiU«] O4 

et, pour CuMn.jO, (cf. 3.2); 

Cu?,™Mni',t4 [Mn-^^ MO4 

les ions Fe^^ et Cu’*^ ont un effet de distorsion 
supplementaire a celui de Mn-*^I24,25]. 
II faudrait done tenir compte de cet effet 
qui est difficile a chiffrer car comme font 
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montr^ des travaux recents[26,27], I’effet 
Jabn-Teller cooperatif depend de la nature 
mime des ions en presence. 

Pour CrMn^O^, si on admet la formu/e 
ionique Mn*+[Cr"+Mn’+JO,, Cr’+ dans les 
sites B, sefon[24], ne participe pas a I'effet 
Jahn-Teller cooperatif et il ne devrait done 
pas y avoir de distorsion. La conslante de 
Curie experimentale Cw = 7,J6 est plus faible 
que celJe calculee pour la formule ci-dessus 
(Cju = 9,24), et pourrait correspondre a un 
6tat partiel de 'spin bas’ pour le chrome 
entrainant une modification des orbitales et 
une participation it I’effet Jahn-Teller. 

Pour terminer, nous avons reporle egale- 
ment Fig. 6, les courbes deduites des travaux 
de Manaila[28] sur la variation de c/a en 
fonction de (’inversion de MgMn^O,: 

(a) en prenant la formule adoptee par lui (4(a)) 

(b) en prenant une configuration ionique plus 
simple (4(b)) 

Mg?l„Mn''^[Mg/-^Mn.il(.,] O,. 

II est remarquable de constatcr que cettc 
dernifere est en excellent accord avec les 
courbes I, II et III alors que la premiere 
est en net disaccord. 

Je remercie Messieurs Herpin et Meriel 
de m’avoir accueilli dans leur laboratoire 
ainsi que de leurs conseils fructueux. J’ai 
pu ainsi travailler en collaboration avec 
Messieurs Boucher et Perrin en Diffraction 
de Neutrons au C.E.N. Saclay, je les en re¬ 
mercie aussi vivement. 
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PHONON SCATTERING IN MAGNESIUM FLUORIDE* 
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Abstract-The thermal conductivity of monocrystalline magnesium Ruonde has been measured 
between 1-4 and ITK. for directions parallel to and perpendicular to the c-axis. Anisotropy in the 
thermal conductivity has been observed and correlated with anisotropic features of the phonon 
spectrum and phonon-phonon umkiapp scattering using a modified Callaway model 


INTRODUCTION 

The low temperature thermal conductivity 
of a crystal can be analyzed in terms of the 
scattering processes which are active in the 
phonon gas. In most applications of the 
Callaway model[l] the scattering rates and 
the phonon spectrum are assumed to be 
independent of the direction of heat flow 
and the orientation of the crystal relative to 
the heat flow direction.' For crystals of non- 
cubic crystal structure the conductivity is 
anisotropic and cannot be accounted for by 
such a model. 

In this paper we report the results of 
measurements on magnesium fluoride crystals, 
which are of the tetragonal, rutile structure [2]. 
In our analysis we have incorporated some 
features of the phonon spectrum into the 
Callaway formalism; anisotropy in the sound 
velocities, as measured by Cutler, Gibson 
and McCarthy[3]; anisotropy in the phonon 
frequencies at the zone boundary, as calcul¬ 
ated by Katiyar and Krishnan[4]. We have 
also allowed for anisotropy in the adjustable 
parameters which characterize the scattering 
rates, as determined by computer fit to 
experimental data. 


•Supported in part by a grant (G-7694) from the 
Nation^ Science Foundation. 

tPresently at United States, Army Natick Laboratories, 
Natick, Massachusetts. 


EXPERIMENTAL DETAILS 

The thermal conductivities of two magnes¬ 
ium fluoride crystals were measured in the 
temperature range 1-5 to 77°K. The specimens 
were provided by the Optovac Company, 
North Brookfield, Massachusetts, in the form 
of rectangular parallelopipeds .V15x3-20x 
62-5 mm. One of these samples (# 1) had been 
cut so that the t -axis was parallel to the long 
dimension; in sample #2 the t’-axis was per¬ 
pendicular to the length. Since the heat 
current and temperature gradient were parallel 
to the sample length, the conductivities of 
these two samples are referred to here as 
Kr and K„. respectively. 

Steady-state measurements were made in 
a cryostat of conventional design[5]. In the 
sample chamber a copper block connected to 
the helium bath by thin copper wires served 
as a variable-temperature heat sink. The 
block temperature was measured by a 
platinum resistor above 16°K and by a ger¬ 
manium resistor below 20°K. The bottom of 
the specimen was clamped to the block in a 
vertical position, and a manganin wire heater 
was attached to the top of the specimen. For 
temperature gradient measurements, 0-1 W 
carbon resistors were attached to the speci¬ 
men using spring-loaded, indium-faced, 
copper clamps. Platinum and germanium 
resistances were measured by a d.c. potentio- 
metric method; carbon resistance was 
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measured on an a.c. Wheatstone bridge(61. 
We would estimate the errors in the thermal 
conductivity values to be less than 10 per 
cent at temperatures below 40“K, and less 
than 20 per cent at temperatures above 40°K. 

EXPERIMENTAL RESULTS 
The thermal conductivity data for k,. and 
K„ are plotted in Figs. 1 and 2. Ihe solid 
lines on these figures represent the theoretical 



I'ig. I 1 he thermal eandutlivily of magnesium fluoride 
(eryslal # I) T he heal flow for lhe^e data is parallel lo the 
( -axis of the sample. The solid line represents fils C’-l 
and ('-2 ', the parameters for these eompntci fits arc given 
in Table 2 (on this scale Ihe fits are not di.slmgmshable). 

fits the source of which we shall describe 
below. Here we point out some of the qualita¬ 
tive features that are common to these curves. 
At the lowest temperatures, k is proportional 
to the cube of the temperature as expected 
from Casimir boundary scattering[71. A 
maximum is reached at T 19°K, beyond 
which unklapp scattering dominates. At the 
peak K is approximately 25 W cm ' °K'', 



I ig 2 The thermal eondtietiviiy of magnesiom fluoride 
(crystal #21. The heat flow for these data is perpendicular 
10 the f-axis of the sample. The solid line represents fit 
A-2: Ihe dashed line represents the departure of fit A — I 
.It high temperatures The parameters for these computer 
fils are given in Table 2. 

and is limited by isotope and impurity 
scattering. 

SOtJNl) VELOCITIES AND DEBYE 
TEMPERATURE.S 

fheoretical dispersion curves have been 
calculated for the (001) and (010) directions 
in magnesium fluoride by Katiyar and Krish- 
nan(4I. In their calculations, which are based 
on the Born rigid-ion model[8], the force 
constants and effective ionic charges have 
been adjusted to agree with the Raman spectra 
measurements [9-11] which yield the optical 
phonon frequencies at q = 0. 

We are interested in two sets of quantities 
which may be obtained from their calcul¬ 
ations: the sound velocities, v„, and the 
maximum frequencies at the edge of the first 
Brillouin zone, (u„)max- for each polarization 
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branch p in the (001) and (010) directions. 
We have calculated the velocities from the 
slopes of the acoustic branches in the long 
wavelength limit; these can be compared with 
the velocities measured by Cutler el al.l3] 
From the maximum frequencies we have cal¬ 
culated a set of Debye temperatures defined 
by 

Op h (0 

These quantities are listed in Table 1. 


For the tetragonal symmetry of magnesium 
fluoride we have calculated (v) according to 
a formulation by Betts el a/.|13]. The pro¬ 
cedure is to expand the integrand in equation 
(3) in a series of tetragonal harmonics which 
can be related to the elastic constants. Using 
the elastic constants from reference (3], 
equations 3 and 2 give (ti) = 4-34 x 10* cm 
sec~' and $ = 584“K. 

The lattice parameters (a equal to 4-62 A 
and c equal to 3 05 A) and the density (equal 


Table 1. Maf>nesium fluoride: the sound velocities, maximum phonon 
frequencies at the edf’e of the first Brillouin zone, and the calculated 
Debye temperatures for the several polarization branches 


Polarizudon 

branch* 

Propagation 

direction 

(hkl) 

Sound velocities 
theory experiment 

ItV'cmsec ' lO'cmsec"' 

Max. phonon 
frequency 
lO'-'sec ' 

Debye 

temp. 

(“K) 

L 

001 

7-27 

7-46 

6-44 

490 

r 

001 

41<) 

416 

4-27 

32.5 

L 

010 

6-.56 

6-24 

.304 

300 

T, ■ 

010 

5-55 

5-.5.5 

2-56 

19.5 


OKI 

3-65 

416 

2-27 

173 


* Notation ot'Katiyar and Krishnan: 

L refers to longitudinal acoustic waves, propagated along (001) and (010) 
directions respectively. 

T refers to a transverse acoustic wave, propagated along the (001) direction, 
r, and 1. refer to transverse acoustic waves, propagated along the (010) directions. 


The usual Debye characteristic temperature 
can be written as [ 12] 

e = ~(2N/47rV)''Hv) (2) 

k 

where NjV is the number of atoms per unit 
volume and (o) denotes an average sound 
velocity. In the general case of an anisotropic 
crystal, the average velocity is given by 

where the summation is over the polarization 
branches and dD is the solid angle element in 
the direction assoi^ted with (0, (jb). 


to 3-177 g cm" ’ at 18°C) of magnesium fluoride 
were taken from a paper by Duncanson and 
Stevenson [14], 

AVERAGE FITS 

Usually the procedure is to fit the experi¬ 
mental data to the function 

K=(G'j{v))T^ I J'flx)T, doc (4) 

which is the ki of the Callaway expression! 1]; 
G’=kV2irW and J'flx) x^e^ie^-\)-K 
where x = hvjkT. ' is the combined relaxa¬ 
tion rate, equal to + where the sub¬ 
scripts N and R denote normal and resistive 
processes, respectively. Since the magnesium 
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fluoride crystals are isotopically impure, 
resistive scattering dominates at all temper¬ 
atures. In this limit (r^ ' ')«..>, the cor¬ 

rection term for normal processes, may be 
neglected and ‘ may be written as 

Tf"' = T,r' + T;."*-t-Tr“‘ 

where B, P and U denote boundary, point- 
defect and umkiapp scattering, respectively. 
The boundary scattering rate is assumed to 
be frequency-independent; t,, The 

point-defect scattering is assumed to be 
Rayleigh-like; t;> ' -= Px' l*. f'or the umkiapp 
scattering, we choose t,"' — Ux'T' (exp 
(—FIT)). The frequency dependence (v-) is 
that suggested by Herring! 1.^] for crystals 
of the appropriate symmetry; the temperature 
dependence is chosen to agree with experi¬ 
mental observations at temperatures on the 
order of (-')/ 10. 

In our computer programs, which are 
modifications of those of Aldrich|61 and 
Burke] 16), we treat B, P. / and U as adjust¬ 
able parameters, l or the conductivity in each 
of the crystallographic directions studied 
(kc and K,i), the computer is given a set of 
four experimental values of k( 7'). An assoc¬ 
iation is made between each of these experi¬ 
mental points and one of the parameters, with 
B corresponding to the lowest temperature 
point, and so on. This association, which 
will be made clear below, is made because at 
the lowest temperatures k is most sensitive 
to B, at temperatures near the peak to P and 
F, and at the highest temperatures to U. 

In developing the fit to the data, the com¬ 
puter is first provided with an initial set of 
parameters from which it calculates k (accord¬ 
ing to equation (4)) at each of the temperatures 
corresponding to the experimental points. 
The integration is performed by Simpson’s 
rule, using a grid for which dv = 0-1 between 
ar = 0-05 and x=9/T. At each of the four 
points the computer adjusts the associated 
parameter to minimize the deviation of the 
calculated k from the experimental value. 
The nature of equation (4) is such that a 


change in one of the coefficients affects k 
over a wide temperature range; the program 
must continue to make adjustments in one 
parameter after another until the entire set 
of parameters results in a set of k’s which 
agrees (within, say, 0-1 per cent) with the 
experimental values. When this condition is 
satisfied, the program generates a set of suffi¬ 
cient (in this case, fifty six) values of k(T) 
between 0-1 and 95-4°K so that the theoretical 
curve can be compared with the experimental 
one over the entire temperature range. 

In fits C-l and A-l, for Kc and respec¬ 
tively, we have used equation (4) with the 
average values of v and 6 which were cal¬ 
culated above. These fits are shown in Figs. I 
and 2; the sets of coefficients that were 
required are given in Table 2. We note that 
the values of B are in reasonable agreement 
with those expected from Casimir boundary 
scattering. The values of P are more than three 
times higher than expected from a mass defect 
calculation of isotopes alone. A semi-quantita¬ 
tive analysis of the magnesium fluoride crystals 
revealed six elements present in concentra¬ 
tions of about one ppm and one element (Mn) 
in a concentration of 1-10 ppm. These im¬ 
purities may account for the large values of 
P required to fit the data. A quantitative 
calculation cannot readily be performed, 
however, because the impurities cannot be 
treated as mass defects only. 

The different values of F and U for the 
two crystals are significant. The anisotropy 
in K at temperatures above the peak is due in 
large part to the intrinsic anisotropy in 
umkiapp scattering and to a lesser extent to 
the anisotropy in v and 0. Since equation (4) 
does not exhibit the anisotropy in v and 0, 
fits C-l and A-l give a ratio of UjUc which 
is slightly larger than the one given in the 
model below, 

SEPARATION FITS 

In order to express k in a form which 
exhibits the anisotropy in v and 0, we write, 
in place of equation (4), 
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Table 2. Coefficients used to fit equation (4) for the thermal 
conductivity of magnesium fluoride, B is associated with 
boundary scattering, P with point-defect scattering; U and 
F are associated with umklapp scattering 


Coefficient 

Fit C-l* 

Fit A-l* 

■ Fit c-2* 

Fit A-2* 

B 

3 S5X KF 

3 I2X KF 

3 I8X l(F 

2-58 X I(F 

P 

9-81 

11-5 

8’66 

9-87 

F 

106 

ni 

10.S 

125 

U 

2-37 X I0< 

.S 90 X 10‘ 

2 07x 10* 

413x10* 


*Fit C-l applies to the thermal conductivity data with the heat flow 
parallel to the c-axis. and in which average values of the velocity of sound 
and the Debye temperature are used; fit A-1 is for heat flow perpendicular 
to the c-axis, and is otherwise similar to C-1. Fits C-2 and A-2 result from 
using the appropriate values of velocity and the Debye temperature given 
in Table I in the form described by equation (6). 


«i,P/T 

/<, = G'PJp,J J T(-^'(-t)dj:; (5) 

here the summation is over all phonon polar¬ 
ization branches p in the heat flow direction 
i. Equation (5) is actually an adaptation from 
Holland [17], We have included the directional 
separation in v and 0 but have relaxed the 
polarization separation in tr. 

For i in the (001) and (010) directions, 
equation (5) gives Kc and k„, respectively; 

K, = ^G'rV''(001)f''""'’'’'^ t.J'Ax) dx 
•' 0 

+ iG'T%r'm\)] TrJ',(x)dx; 

•'0 

K„ = iC TX-'(OIO) r.J'Ax) dx 

+ iG'T^VrC'{0l0)r^J'Ax} dx 

. r s,(0i0){T 

+ iC'Pp/,~‘(0l0)J^ TrJi{x)dx. 

In fitting the experimental data to equation 
(6) we have not had to use any more adjust¬ 
able parameters than for equation (4). The 
appropriate values of v and d are those in 
Table I. We have used the same form for the 
relaxation rate as iifthe average fit procedure. 


The calculated coefficients for the separation 
fits C-2 and A-2 are given in Table 2. 

DISCUSSION 

In Fig. 3 we have plotted the anisotropy 
ratio KclKji as a function of temperature. To 
avoid scatter in the graph we have used the 
best theoretical fits. C-2 and A-2. The ratio is 
less than unity only in the boundary region. 
It is nearly unity in the point defect region, 
about the maximum in the conductivity curve. 
For T & 25°K, kcIka increases linearly with 
temperature: 

--1 - (1-5X 10^2)(r-25). 

^(1 

The extrapolated value at 7 = 90°K is kc/k^ = 
2. This behavior is similar to that of manganese 
fluoride, as reported by Slack[18]. 

Recent measurements on He[4] crystals 
by Guyer and Hogan[19] have shown ani.so- 
tropy in the umklapp region in excess of that 
expected from velocity anisotropy. In the 
case of magnesium fluoride, the anisotropy 
is not as severe, but a similar interpretation 
may be invoked. In addition to the anisotropy 
in V and 6, we find that T(r‘(010) > Ttr'fOOl) 
for all temperatures. In terms of the dispersion 
curves, at a given temperature, phonons of 
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t ig. 3 The lalio III K, 10 K„ as a Uinclion of icmperaHire The tils C-2 and A-2 were used rather than 
ihc acliial data to reduce the scalier, kJk„ is less than unity only in ihe boundary scattering region; it is 
nearly unity in Ihe point-defect region, about Ihe thermal conductivity maximum, and above 25°K 

increases linearly with temperature. 


higher values ol'q will be excited for the (010) 
direction than for the (001). 

Since both the average and separation 
iinalyses result in theoretical curves which 
are in reasonably good agreement with experi¬ 
ment, we cannot prefer one over the other on 
this basis. In fact, the nature of the fitting 
procedure is such that one could obtain, 
through a variety of schemes, a number of 
theoretical curves among which the experi¬ 
mental data could not accurately distinguish. 
Since the separation analysis is more faithful 
to details of the phonon spectrum, however, 
it is likely to yield a better estimate of the 
anisotropy in the phonon-phonon scattering 
rate. 
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Abstract— Mdssbauer spectra of bulk C 03 O 4 . doped with ’'Co, show the two spinel sites. Above the 
N 6 el temperature. Tv. the spectra are composed of two quadrupole-split lines corresponding to Fe“' at 
both the tetrahedral (/() sites and octahedral (B) sites. The isomeric shifts relative to Fe at the/t and 
B sites are (—O-3I6 + OOI0) and (—0-393± 0-005)mm/sec. respectively. A comparison with other 
spinels indicates a higher electronic charge density at the nucleus which is attributed to the smaller 
interatomic distances jn Co.iO,. Below Ts, the A site Fe-" spectrum is magnetically split due to the 
antiferromagnetic Co" sublattice. The Fe”' spectrum of the B site remains as a single somewhat 
broadened line that can be partially split by an external field of 6 kOe. This effect is attributed to slow 
relaxation of the Fe spin which results from a slight canting of the spins at the A sites. Experimentally 
one finds Ty = (33-0 I -Ol'K, and the field at the nucleus for the A sttes is (438 ± 3) kOe at O^K. This 
value for Fc" in tetrahedral coordination is lower than that found in other spinels. In one sample 
prepared from different starting materials, some evidence was found for Fe'* at the A sites. 

Above 7\. the spectra of ultrafine Co-iO^ particles, with a diameter of 100 A. are essentially the 
same as those of the bulk material. Below 7\.. the ultrafine particles display superparamagnclic behav¬ 
ior and the B site spectrum broadening is enhanced. The anisotropy constant estimated from the 
superparamagnetic-antiferromagnetic transition is 4 x 10* erg/cm-’. 


INTRODUCTION 

In a series of recent investigations [I-5) we 
have made a comparison of bulk and ultrafine 
magnetically ordered materials using the 
Mdssbauer effect to establish some of their 
properties. It has been of interest to extend 
these measurements to C 03 O 4 because of its 
unusual magnetic exchange interactions. 
Co ;,04 has the normal spinel structure. 
From a study of its magnetic susceptibility, 
and that of related compounds, Cossee[ 6 ] 
proposed that the Co^*^ ions occupy the 
tetrahedral {A) sites and the Co“^ ions the 
octahedral (B) sites. Cossee based his ex¬ 
planation on the Co®^ ion having zero moment 
in a crystal field of tJttahedral symmetry. Roth 


(7] extended the susceptibility measurements 
of Cossee to liquid helium temperatures and 
showed that a magnetic transition occurred at 
a Neel temperature, Ty. of about 40°K. In 
addition, from an extensive neutron diffraction 
study, he confirmed Cossee’s interpretation, 
established the magnetic structure of 00^04 
below Ty. and showed that the magnetic 
ordering occurred with an unusually highA-A 
interaction. Roth’s analysis showed that 
below Ty the ions form an antiferro- 

magnetic sublattice having the diamond struc¬ 
ture. The magnetic interactions in Coa 04 have 
been studied by Miyatani, Kohn, Kamimura 
and lida[ 8 , 9] by nuclear magnetic resonance. 

The Co-'+ ions are diamagnetic due to the 
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crystal field splitting of the 3d® orbitals 
(A ~ 27,000‘’K) in the octahedral field. This 
results in a pairing of the electrons in the lower 
triplet tia levels leading to a diamagnetic'/4, 
state. 

On the basis of these results, it is antici¬ 
pated that the Mossbauer spectrum of ”Fe in 
C 03 O 4 should consist of two superimposed 
spectra arising from the ^ and B sites. Further, 
in passing through T^/to the antiferromagnetic 
region, the A site spectrum should split and the 
B site spectrum remain unchanged. Each 
spectrum will, of course, depend on the charge 
state of the "Fe after electron capture by the 
parent ”Co. For example. Auger processes 
could lead to a highly charged Fe ion, although 
no evidence has yet been found for such 
states in Mossbauer spectroscopy[5, lOj, so 
that these states must decay very rapidly to 
either the stable Fe^^ or Fe'"^ state. Therefore, 
in an interpretation of the composite spectrum, 
one of the problems consists in establishing 
the valence state at each site after decay. The 
interpretation must be consistent with the 
intensity of the A site spectrum being half that 
of the B .site. 

Above Tv ultrafine particles of CO ;,04 are 
expected to show the same features as the 
bulk material. Our interest is mainly in their 
behavior below 7^. For sufficiently small 
particles superparamagnetism will be ob¬ 
served, the transition from superpara- 
magnetic behavior to antiferromagnetic 
behavior depending on the particle size and 
temperature. From Mossbauer studies of 
such systems information is obtained on 
relaxation effects and magnetic anisotropy [ 2 ] 
as well as stoichiometry [5]. 

In this paper we describe Mossbauer spec¬ 
tra on bulk C 03 O 4 doped with ®'Co measured 
from 7-6® to 596°K. Spectra of ultrafine parti¬ 
cles above and below 7^ are given. The data 
are analyzed on the basis of the above 
discussion. 

EXPERIMENTAL 
Sample preparation 

Two samples of bulk C 03 O 4 were prepared 


by different methods. For the first, the carbon¬ 
ate was precipitated from a solution of 
cobaltous nitrate, which contained 2 me of 
”Co^^, with an excess of ammonium carbonate 
solution. After washing, the carbonate was 
converted to the oxide by heating in pure 
flowing oxygen at 850°C for 10 hr. Most of the 
spectra were obtained on this sample. Only 
C 03 O 4 lines were present in an X-ray diffrac¬ 
tion pattern of an identically prepared sample 
which contained no radiocobalt. The second 
sample was prepared by the decomposition of 
CoClj-bH^O, doped with ®'Co“+, at 800°C in 
oxygen for 3 hr. This sample also displayed 
only C 03 O 4 X-ray lines. 

The ultrafine particle samples were made on 
a high area silica support in the manner 
described previously for a-Fe 203 [ 2 ]. The 
silica gel was impregnated with a solution of 
cobaltous nitrate which contained 
After drying at 100°C, the samples were 
calcined at 5.50°C for 2 hr in air. Two samples 
containing 11 and 7 per cent C 03 O 4 , respec¬ 
tively, were made. For two duplicate non- 
ratioactive samples, X-ray diffraction patterns 
showed the presence of Co ,.,04 only. Electron 
microscope studies of thinly sliced sections 
indicated the majority of particles were in 
clusters of 10-50 particles. The particles 
resolved by the microscope ranged from 60- 
200 A with 100 A particles predominating. 

Apparatus 

The Mossbauer spectrometer used has been 
described elsewhere [2]. The simple arrange¬ 
ment shown in Fig. 1 was used to control the 
sample temperature in the dewar tail during 
measurement. The sample, potted in wax, is 
mounted in the holder with good thermal 
contact. The holder is partially thermally 
insulated from the helium cold finger with a 
Teflon spacer. The temperature is measured 
with a copper-constantan thermocouple which 
is also used to control the temperature. The 
difference e.m.f. between the thermocouple 
and a variable bucking voltage is amplified 
and supplies power to the heater; the control 
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Fig. 1. Arrangement of Mossbauer source In liquid helium 
dewar tail. 

temperature is set by the bucking voltage. This 
eirrangement leads to a temperature stability 
of ±0 rC at any point between liquid helium 
and room temperature with a low helium 
consumption rate. The absorber used was 
enriched Na^ FetCNIg-lO H^O. 

Mossbauer spectra — bulk samples 
Some representative spectra taken below 
and just above for the bulk sample pre¬ 
pared from the carbonate are shown in Fig. 2. 
It is seen that Ts lies between 25° and 36°K. 
Below Tfi, the spectra consist of an unsplit 



VELOCITY IN mm/sec 


Fig. 2. Low temperature Mossbauer spectra of CojO, 
prepared4om the carbonate. 


component, the rather broad center line, and a 
hyperhne split component. 

In Fig. 3, the field at the nucleus H(0) for 
the hyperfine split component is plotted 
against the temperature for all the spectra 
that were taken. The temperature dependency 
of H(0) approximates a Brillouin function 





Fig. 3. Relative intensity of hyperfine split component 
and field at the nucleus versus temperature for bulk CojO,. 

With 7’a,= (33-0±10)°K. At 0°K. the field at 
the nucleus is (438±3) kOe. 

Also plotted in Fig. 3 is the ratio of the 
intensity of the hyperfine split component to 
the total intensity, the contribution of this 
component under the center line being cal¬ 
culated from the intensities of the outer lines 
and the transition probabilities. The ratio 
/,. = 0-33 ±0 02 is in agreement with the 
conclusions derived from magnetic suscepti¬ 
bility measurements [6]: the hyperfine spec¬ 
trum arises from the antiferromagnetically 
coupled A sites and the center line from the 
diamagnetic B sites. 

In order to ascertain the valence state of the 
daughter ®^Fe, it is necessary to establish 
the isomer shifts of the spectrum at each site. 
To make a detailed analysis, a number of 
spectra were measured above Ts- These 
spectra were computer analyzed with a least 
square fit program on the basis of three sets of 
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alternative assumptions. These consisted of 
taking the spectra to be composed of: 

(a) Two unsplit lines with the same half 
width arising from the A and B sites. 
This fit involves six adjustable para¬ 
meters; the base line, two amplitudes, 
two line positions, and the width. 

(b) Three lines of equal width (eight 
parameters). 

(c) One quadrupole split line pair corres¬ 
ponding to the B site and a single line 
corresponding to the A site (8 para¬ 
meter). 

(d) As in (c) with the three lines having the 
same width (7 parameters). 

(e) As in (c) with the three lines having 
equal area (7 parameters). 

(f) As in (c) with the three lines having 
equal width and area (6 parameters). 

In all cases, the line shape was taken to be 
Lorenlzian. 

The fit made with the set of assumptions in 
(e) gave the best representation (lowest 
Chi-square) of the observed spectra. This fit 
corresponds to the necessary condition that 
i of the cations are at A sites having cubic 
point symmetry and therefore no quadrupole 
interaction and 'i of the atoms are at B sites 
which has trigonal symmetry. An example of 
the fitting with these assumptions is shown in 
Fig. 4 for the room temperature spectrum. The 
solid line through the experimental points is 



08 CM -0* CM 08 

VELCCnY IN mm/sec 

Fig 4. I.easl square fit of room temperature spectrum of 
bulk CO;,0| on the basis of a quadrupole split line at the B 
site and a single line al the A site. I' is the half width of the 
Lorentzian curve. 

the composite spectrum calculated from the 
best fit parameters. It shows the degree of 
exactness of the set of assumptions used. The 
quadrupole splitting obtained from the B site 
is quite reasonable. The slightly different 
width of the A and B site spectrum may be 
explained by impurities and lattice distortion 
and is similar to the one found in other spinels 
and garnets. The results of curve fitting 
on this basis for all the spectra above are 
given in Table 1. Included in the table is a set 
of values for one spectrum below /V This 
shows that the high temperature assignments 
agree with those obtained from a direct 
measurement of the shift at the two sites. 

With the isomer shifts established, the 


Table I. Quadrupole spill ling unci shift for ihe A and B 
site of Co^Oj as a func tion of temperature 



Octahedral site 

Tetrahedral site 

7 

shift'"’ 

O.s. 

shift'’" 

CK) 

(mm/.sec) 

(mm/sec) 

(mm/sec) 

7-6 

-0-600 + 0-050 

0-7 ±0-3"” 

-0-450 ±0-030 

80 

-0-506 + 0-005 

0-5.50 + 0 010 

-0-439±0-0l0 

295 

-0-397 ±0-005 

0-536±0-010 

-0-323 ±0-010 

476 

-0-243 ±0-005 

0-515 ±0-010 

-0-l95±0-0l0 

595 

-0-184 + 0-005 

0-5I5±0-010 

-0-124±0-010 


“"Relative to a NaiFetCNViOHaO absorber at 295°K. To get 
values relative to metallic Fe add (+0-057 ±0-001) mm/sec. 

“’The uncertainty in this value depends on the angles between the 
magnetic field and the electric held gradient. 
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valence state of the daughter ’'Fe at each site 
can be determined from a comparison of 
shifts measured in other oxides. Table 2 gives 

Table 2. Isomer shifts of^'’Fe in NiO* 

Shift relative to Na^FetCN^-lOHjO 


Temperature 

at 295°K in mm/sec 

(°K) 

Fe>+ 

Fe^* 

9 

— 

-0-53+006 

78 

- 1-2 + 0 ' 10 

-0-53 + 0 06 

296 

- 1-03 ±006 

-0-40±006 

433 

-110 + 008 

-0-29 + 0-06 

537 

- 

-0-24 + 0-04 


*See reference f5], 

isomer shifts for divalent ahd trivalent Fe in 
bulk NiO, where the valence states are 
unequivocal [5J. Comparison of the shifts and 
their temperature dependency given in Table 
2 with those listed in Table 1 indicates that the 
daughter '’Fe in CojiO^ at both sites is tri¬ 
valent. This is the case at all temperatures 
investigated, in contrast to ”Fe in NiO in 
which the ratio of Fe’+; Fe'^ varies reversibly 
with the temperature [5]. 


essentially the same Mossbauer spectrum as 
bulk C 03 O 4 . However, below Ts> there are 
notable differences between the behavior of 
particulate and bulk material. This is demon¬ 
strated in Fig. 6(11 per cent C 03 O 4 ) and Fig. 7 



10 "'6 '2 - 0 + 2 6 10 

VELOCITY IN mm/sec 

Fig. 6 . Mossbauer spectra in the vicinity of T^; ultrafine 
particle sample containing 11 per cent Co,©,. 


Mossbauer spectra — ultrafine particles 
A room temperature spectrum of the ultra- 
fine particle sample which contained 11 per 
cent Co ..)04 is shown in Fig. 5. Here again the 
least square fit parameters are indicated. 
Comparison of Fig, 4 with Fig. 5 shows that 
above Ty ultrafine particle C 0 . 1 O 4 gives 



1-2 06 



VELOCITY IN mm/sec 



Fig. 5. Least square fit at room temperature of ultrafine 
particle sampl^with 11 per cent CosO,. 


'\ ' I” 



VELOCITY IN mm/sec 

Fig. 7. Mossbauer spectra in the vicinity of Tvi ultra- 
fine particle sample containing 7 per cent C 03 O,. 
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(7 per cent C03O4). First, the spectra do not 
split until temperatures appreciably below 
are reached. This is a manifestation of super- 
paramagnetic behavior in which thermal 
fluctuations transfer enough energy to the 
particle to flip the magnetization vector of 
the particle. If flipping occurs at a high enough 
rate then the nucleus experiences zero net 
field during the Mdssbauer event. On this 
basis, it is evident from the spectra that the 
7 per cent CoaO^ sample has a smaller average 
particle diameter than the 11 per cent sample. 
Second, at the lowest temperature used, the 
discreet center line seen with bulk C 03 O 4 is 
not present. In its place is a very broad center 
line that traverses the whole width of the 
spectrum. We have observed this effect 
previously in ultrafine NiO^. and Ni metal', 
and have attributed it to small particle 
relaxation effects. 

The field at the nucleus and isomer shift for 
the A sites are the same for the ultrafine 
particles as for the bulk. For example, at 
80°K, the measured field is (433±3)kOe; 
and the isomer shift is (-0-41 ±0-05) mm/sec. 


DISCtlSSION 

The Mdssbauer spectra of Co,i 04 clearly 
show the two cation sites in the spinel struc¬ 
ture and also that the "'^Fe ion after decay is 
trivalent at both sites, at least for the sample 
prepared from the carbonate. The measured 
field at the nucleus of 438 kOe for the Fe"'^ ion 
in the tetrahedral site appears to be surprising¬ 
ly low. For example, in a summary of the 
pertinent Mdssbauer and NMR data. Van 
Loef[ 12] has shown that the hyperfine fields at 
ferrite A sites are generally close to 500 kOe. 
At the B sites, the field is typically 550 kOe. 
The lower value of the A site field is attributed 
to a smaller FeO distance in tetrahedral than 
octahedral coordination. However the re¬ 
lative fields at the two sites also depend on the 
orientation of the 3 d orbitals with respect to 
the nearest neighbor O-ion. The effect of the 
orientation is to lead to an increased covalent 


transfer of O electrons to the Fe 4 ^ orbitals 
of the tetrahedral site. 

In Table 3 a comparison is made between 
the pertinent data for CuFe 204 [ 13 ] and 


Table 3. Comparison of Mdssbauer data 
for Cu Fe 204 '“' and C 03 O 4 



Cu FCjO, 

C 03 O 4 

Site 

A 

B 

A B 

(nterat. Dist. [A] 

1-99 

2-18 

1-93 1-92 

IS Imm/secV'" 

-0-44 

-0-61 

-0-32 -0-39 

H(0)(0°K)[k0e] 

SO.'i 

545 

438 — 


'"’See reference 113]. 

''"The isomer shift is given relative to Na, Fe(CN)„- 
10 HiO. 


C 03 O 4 . From the table it is seen that the field 
decreases with interatomic distance. This is 
generally true also for the effect of the inter¬ 
atomic distance on the isomeric shift, but is 
modified by the orbital orientation effect. Thus, 
although the interatomic distance of the A and 
B site in Co ,.,04 are approximately the same, 
the isomeric shift at the A site is less, which 
indicates higher covalency. This leads to a 
lower spin density, and hence lower field at 
the nucleus. Therefore the Mossbauer data 
for C 03 O 4 agrees with the conclusions of Van 
Loef which were based on a study of the 
ferrites and garnets. 

In Co 304 the Fe"^ site spectrum consists of 
a fairly broad center line below T^. As the 
temperature is reduced, the line broadens even 
further. This seems to be anomalous in that it 
appears to require some alignment of the 
daughter ”Fe spins, notwithstanding the fact 
that the Fe is located in a diamagnetic sub¬ 
lattice. In order to examine this aspect of the 
results. Mossbauer spectra with and without a 
magnetic field were taken on the bulk C 03 O 4 
sample at 7'6'’K. The spectra, given in Fig. 8 , 
show that the application of a field of 5-9 kOe 
does begin to split the center line. We ten¬ 
tatively attribute this effect to a slight canting 
of the Co*^ spins at the A sites. The resultant 
magnetization produces a field at the B site 
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VELOCITY IN mm/sec 

Fig. 8. Mossbaoer spectra of bulk CojO, at 7-6°K with 
and without an applied external held. 

tending to align its spin. Some support of 
this view is suggested by the magnetization 
measurements on normal C 03 O 4 below 
given by Roth[7]. At 4-2“K. he reported a 
residual magnetization* o-o of 0 041 e.m.u./g 
and considered that this arose from a small 
amount of spinel inversion. However, a slight 
canting of the Co*+ spins would also account 
for it. The broadening is an indication of a slow 
relaxation process. Using arguments described 
below it has been estimated that at zero field 
the relaxation time is 5 nsec, and at 5-9 kOe it is 
10 nsec. Turning to the small particles, it then 
follows that the enhanced broadening of the B 
site center line can be attributed to a slightly 
larger canting of the A site spins. For the small 
particles, the slow transition from the single 
line to the hyperfine split line at the A site 
is due to changes in the relaxation time of the 
antiferromagnetic magnetization vectors. It 
has been shown by Neei[14] that the relaxa¬ 
tion time To of the magnetization vectors in a 
small ferro- or antiferromagnetic particle may 
be written as to = (,\lf)exp(KvlkT), where/ 
is a frequency factor of the order of 10® Hz, K 
is the crystalline anisotropy constant, v the 
particle volume, and kT the thermal energy. 
The magnetic hyperfine splitting observed in 
a Mossbauer experiment depends on the ratio 


of nuclear Larmor time relative to t#. The 
formal treatment of this motional narrowing 
has been given by Wickman, Klein and Shirley 
[5]. Their calculations have been repeated 
here for the case of a field at the nucleus of 
430 kGe and are given in Fig. 9. From a 



VELOCITY IN mm/sec 


Fig. 9. CompuleJ Mossbauer spectra for an internal field 
of430 kOe at various relaxation times t. t is given in nsec. 

comparison of the curves in this figure to the 
measured spectra of Fig. 6 , it is possible to 
estimate a kind of average relaxation time of 
the magnetization vector. For instance, the 
16- FK spectrum indicates that tq is equal to 
6±2nsec. Substitution of this value into the 
Neel relationship, along with an average 
particle size of 100 A, leads to an anisotropy 
constant K of approximately 10* erg/cm®. 
Taking (100> as the easy axis yields to a value 
of of about 4 x 10* erg/cm®. This value is an 
order of magnitude less than that given by 
Roth [7] for bulk C03O4. The estimation of K, 
from Mossbauer data depends critically on 
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Fig 10 Mossbaucr spectrum ut 5°K for bulk Co ;,04 
prepared from ihe chloride. 


the particle volume, possible surface effects, 
impurities in the small particles, and the 
assignment of the easy axis of magnetization 
in the crystal. All these uncertainties may 
account for the discrepancy from the bulk 
value. The bulk value of Af, yields a particle 
diameter of 50 A, well outside the observed 
particle size distribution. 

In the case of'’^Co-doped nickel oxide, we 
have shown that the ratio of Fe^+: Fe^^ after 
the decay depends on the method of sample 
preparation, presumably because of non- 
stoichiometry [5]. In this work, we have found 
a similar, but less marked, effect in bulk 
C 03 O 4 . A spectrum taken at 5°K of a sample 
prepared by decomposition of the chloride is 
given in Fig. 10. The spectrum is seen to have 
some extra lines not present in the spectra for 
the sample derived from the carbonate. The 
decomposition of the spectrum shown in the 
figure indicates that this sample has a small 
amount of Fe'^^ at the >4 site. 


REFERENCES 

1 CONSTABARIS G., LINDOUIST R. H. and 
KUNDIG W., App/. Ph\s. Leu. 7. 59 (1965). 

2 KUNDIG W., BOMM'eI. H.. CONSTABARIS G. 
and LINDQUIST R. H.. Phys. Rev. 142,327 (1966), 

3. LINDOUIST R, H., CONSTABARIS G., KUN¬ 
DIG W. and PORTIS A. U..J. uppl. Phy.\.}9. 1001 
(1968). 

4. KUNDIG W,. ANDO K. J., LINDQUIST R. H. 
and CONSTABARIS G,. Czech. J. Phys. B17. 467 
(1967). 

5. ANDO K. J.. KONDIG W., CONSTABARIS G. 
and LINDQUIST R. H., J. Phn. Chem. Solids 28. 
2291 (1967). 

6 . COSSEE P .J. inorg. nucl. Chem. 8,484 (1958). 

7. ROTH W. I ..J. Phvs. Chem. Solids 25, 1 (1964). 

8 . MIYATANI K.. KOHN K., KAMIMURA H. and 
11 DA S.,y. phys. Soc. Japan 21.464 (1966). 

9. KAMIMURA H.,J. phys. Soc. Japan 21.484 (1966). 

10. TRIFTHAUSER W. and CRAIG P. P., Phys. Rev. 
162.274(1967). 

11. KUNDIG W.. Nucl. Inst. Melh. 48,219 (1967). 

12. VAN LEOFJ.J..P);>>4/ca32.2102(1966). 

13. EVANS B. J.. HAFNER S. and KALVIUS G. M.. 
Phvs. tell. 23.24 11966). 

14. Nteu L.. J. phys. Soc. Japan 17, Suppl. B-l, 676 
(1962). 

15. WICKMAN H. K.. KLEIN M. P. and SHIRLEY 
D. A.. Phys. Rev. 152,345 (1966). 



J. Phys. Chem. Solids Pergamon Press 1969. Vol. 10. pp. 827-832. Printed in Great Britain. 


AN H- IMPURITY IN KBr 


M. E. STRIEFLER and S. S. JASWAL 

Behlen Laboratory of Physics, University, of Nebraska, Lincoln. Nebr. 68108, U.S.A. 


{Received 13 June in revised form 1 August 1968) 

Abstract - A substitutional H ' (4/ center) and an interstitial H“ at the 4,4.4 position in KBr are con¬ 
sidered separately. The relaxations of the neighbors of the impurity are calculated The lattice vibra¬ 
tion local mode frequencie.s are computed both for the unrelaxed and relaxed lattice. The computed 
local mode frequencies are compared with the appropriate experimental results. 


1. INTRODUCTION 

In his infrared absorption studies of H" 
ions in alkali halide crystals, Fritz[l] observed 
a band of frequencies around 1 -7-1 -9 times the 
LI center frequencies in the corresponding 
crystals. In KBr. he attributed one of the 
frequencies (I4-9X 10*''rad./sec) to an inter¬ 
stitial H~ ion located at the i, i, i position 
shown in Fig. I and the rest of the structure to 
more complicated defects. An interstitial at 
the i. i, i position will give rise to triply 
degenerate local modes. Recently Gross and 
Bron(2] have also investigated the infrared 
absorption of this system and they observe 
three absorption peaks at the frequencies of 
{14-9, 15-8, 16-9) X 10'^ rad./sec. They tenta¬ 
tively propose this absorption to be due lo the 
H~ ion being displaced from the i.i.J position 
along one of the (100) directions. 

In the present work, we consider a U center 
in KBr and an interstitial H“ at the i, i, i 
position in KBr separately. In each case we 
study theoretically the distortion of the lattice 
and the local mode frequencies due to the 
impurity. The distortion of the lattice is con¬ 
fined to the nearest neighbors of the U center 
and nearest and next-nearest neighbors of the 
interstitial H~. The displacements of the 
neighbors, which are assumed radial with 
respect to the impurity, are computed by 
minimizing the potential energy of the im¬ 
perfect crystal. The local mode frequencies 
for the unrelaxed and relaxed lattice are 
calculated in thelholecular model approxima¬ 


tion[3]. The calculated local mode frequencies 
are compared with the appropriate experi¬ 
mental results. 


2. METHOD 

The potential energy of the crystal is 
treated in the rigid ion approximation. In this 
case cf} is the sum of Coulomb, short-range 
repulsive overlap and Van der Waals parts. 
The coulomb term is the electrostatic inter¬ 
action between point ions. The repulsive 
overlap interaction between ions A and B is 
approximated by the Huggins-Mayer potential 

^'HM(f) = A e\p{--rlp) 

where 

X = />{ I + {Z JP.,)+ [ZhIPu)} exp [(r .4 + rg)lp] 

with b, p= the empirically determined para¬ 
meters; ZJ^,B — the valencies of ions A and B\ 
Pa.b — the number of valence electrons in the 
outer shells of ions A and B, and = ionic 
radii of ions/4 andB. 

The Van der Waals potential between the 
ions/I and B is of the form [4] 


where 


Fvw{r) = -(C,B/r«)-(/),»/r'‘) 


^ _ 3/i v^vg 

L-AH ~ -s I 

2 va + Vh 

„ _ 9hCAi,[vAaA , VBaBl 

4e-^ La. Pb J 
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Fig I. An inicrsiitial H inKBi. 


with i> = the series limit frequency of the dis¬ 
crete spectra of the ion a= Ihe crystal polar- 
isability of the ion, h — Planck's constant, and 
e = electronic charge. 

In the harmonic approximation, the poten¬ 
tial energy of the perfect crystal is given by 


= d>ll J (I) 

iW 

a'I' 


where 4>o is the potential energy when ions are 
at the equilibrium position; ii^ (/) is the a-th 
component of the displacement of the l-th 
atom from its equilibrium position; and 






is the coefficient evaluated at the equilibrium 
position in the perfect crystal. 

In a lattice with a defect we take the defect 
as the origin of the coordinate system. If the 
position vector of undisplaced ion is r{/), the 
potential energy of the distorted lattice can be 
written as 

d >' = Si /»{ r (/) + «(/)}+0 ( 2 ) 


where the first term on the right hand side is 


the change in the energy due to the defect. The 
equilibrium configuration of the distorted 
lattice is determined by minimizing </>' with 
respect to the displacements, i.e. by solving 
equations 


or 

<^<^iinuAn = 0 ( 3 ) 

simultaneously. The number of equations is 
determined by the number of ions displaced 
from their equilibrium positions in the perfect 
crystal. In both the problems considered in 
this work, we assume that the displacements 
of the neighbors are radial with respect to the 
impurity. In this case simultaneous equations 
(3) can be solved analytically if one knows the 
interaction potential for the system. 

The detail of the molecular model used to 
calculate the local mode frequencies are 
given in [3]. In this method the equations of 
motion for the system give the dynamical 
matrix whose order is determined by the 
number of degrees of freedom. Once again, 
one can form the dynamical matrix if one 
knows the expression for the potential energy. 
The matrix thus formed is diagonalised to get 
the local mode frequencies. 

Three sets of parameters[5,6], given in 
Table 1, are used in the Huggins-Mayer 
potential for the repulsive overlap interactions. 
Additional input data required are given in 
Table 2. The value of r^- in an alkali hydride 
can be determined by using the equilibrium 
condition in that crystal. The values of re¬ 
used in Khmi and are obtained by taking 
the average of r^- in LiH, NaH and KH. In 
Vum the value of the th- is that calculated for 
KH. The nearest neighbor distances in KBr 
[6], LiH, NaH and KH[9] are 3-298, 2-042, 
2-44 and 2-854 A respectively. 

3. 1/ CENTER IN KBr 

We assume that the overlap repulsive and 
Van der Waals forces act between the nearest 
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Table 1. Huggins-Mayer potentials 


b 

(10 "’® ergs/ion pair) 

P 

(A) 

rK* 

(A) 

^Br~ 

(A) 

'' h - 

(A) 

Km, 100 

0-333 

1-235 

1-560 

1-405 

0-2S4 

0-3394 

I-539 

1-736 

1-511 

0-338 

0-335 

1-463 

1-716 

1-546 

*Reference[5]. 

•Referencefb]. 

Table 2 , Additional input data 

* 


U* 

Na* 

K* 

Br 

H- 

Polarisability 

a(IO-®<cm®) 0029 

0-255 

1-201 

4-130 

1-864 

Series limit frequency 

u(lO'-’cps) 13-7 

8-55 

5-75 

2-14 

2-13 


*Polarisabilitie.s of alkali and halide ions are from |7] while that of H~ ion 
has been calculated using the Clausius-Mussotti relation In l.iH. Senes limit 
frequencies are from [8], 


and next-nearest neighbors only. By sym¬ 
metry, the radial displacements of the nearest 
neighbors of the impurity (K^ ions) will be the 
same and their valuo is obtained by solving 
equation (3) analytically. Here t/t determines 
the change in potential energy when a Br" ion 
replaced by an H“ ion. Since the charge re¬ 
mains unchanged, the only changes are in the 
short-range repulsive and attractive terms. We 
subtract these contributions due to Br" ion 
as included in the perfect crystal potential 
energy and add the corresponding interactions 
of the defect with its neighbors. We do not use 
the series expansion for the latter. 

Timusk and Klein[10] have shown that the 
triply degenerate local mode frequency due to 
a U center in KBr is essentially due to the 
vibrations of the impurity in the field of the 


stationary host lattice. In this case the dynU- 
mical matrix is a diagonal 3x3 matrix whose 
matrix elements are determined by short-range 
repulsive and attractive forces only. The 
local mode frequencies are calculated for both 
the unrelaxed and relaxed lattice. 

The displacements of the nearest neighbors 
of the impurity and the local mode frequencies 
for the unrelaxed and relaxed lattice are 
computed for three Huggins-Mayer potentials 
and the results are given in Table 3. In all the 
cases nearest neighbors of the impurity are 
displaced towards it. We see that k'HM 2 ' a 
potential due to Fumi and Tosi[6], gives a 
local mode frequency for the relaxed lattice 
which is in very good agreement with the 
experimental value[l 1]. (For this potential the 
inward relaxation of the K+ ions is 3-7 percent 


Table 3. U center calculations for various Huggins- 
Mayer potentials 


Displacement of a n.n. Local mode frequency 

ion towards H" (10'® rad./sec) 

(A) Unrelaxed Relaxed Expt. 



0-099 


9-25 



0-122 

7-13 

8-53 

8-37 


0-107 

8-028 

9-39 
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of the nearest neighbor distance). It is not 
surprising that the present model works so 
well for the U center because highly localised 
U center vibrations are essentially determined 
by the short range forces. Thus, so far as the 
calculations of the local mode frequency due 
to an H' in KBr are concerned, the present 
potential with the repulsive part being given 
by Thm 2 should be quite a reasonable represen¬ 
tation of the interactions in the crystal, so long 
as the distances of the from its nearest 
neighbors are of the same order as those of the 
V center. 

4. AN INTERSTITIAL H IN KBr 

Once again we assume that the repulsive 
and Van der Waals forces act between the 
nearest and the next-nearest neighbors. The 
radial displacements of the neighbors of the 
impurity are considered in two approxima¬ 
tions: (a) the relaxation.s of the nearest neigh¬ 
bors only, (b) the relaxations of the nearest 
and next-nearest neighbors only. Equation (3) 
gives us two simultaneous equations in the 
former case and four in the latter case. In each 
case the simultaneous equations are solved 
numerically to determine the relaxed positions 
of the neighbors. 

The computed results for the relaxations of 
the neighbors for the three potentials are given 
in Tables 4 and In both the approximations 
ions are displaced towards the impurity 
while Br ions are displaced away from it. In 
(a) the cartezian component of the dis¬ 
placement is ~6 per cent of the nearest neigh¬ 


bor distance while the corresponding quantity 
for Br~ is ~8 per cent of the nearest neighbor 
distance. In (b) the nearest neighbor displace¬ 
ments are somewhat reduced while the largest 
components of second-neighbor displace¬ 
ments, which are of the order of the displace¬ 
ments themselves, are ~2 per cent of the 
nearest neighbor distance. Thus we can safely 
neglect the displacements of the further neigh¬ 
bors in the local mode calculations. 

Here also the local mode is triply degen¬ 
erate. The order of the dynamical matrix to be 
diagonalised is equal to the number of degrees 
of freedom. If we let the impurity and its eight 
neighbors vibrate, the 27 X 27 dynamical 
matrix is made up of Coulomb and short-range 
repulsive and attractive parts. However, if 
only the impurity ion is vibrating in the field of 
the static lattice, we get a 3x3 diagonal 
matrix which is determined by the short-range 
repulsive and attractive forces only. We find 
that the local mode frequencies in these two 
cases differ by less than 1 per cent. Thus the 
approximation that only the impurity vibrates 
while the rest of the ions are held fixed is even 
better here than in the last section and our 
local-mode frequency calculations are based 
on this approximation. 

The computed values of the local mode 
frequency for the three potentials are given in 
Tables 4 and 5. The contribution of the second 
neighbor interactions to the local mode 
frequency is negligible. We note that as the 
crystal relaxes, the local mode frequency 
increases. Another interesting point is that 


Table 4. Calculations for an interstitial H for various Huggins- 


Mayer potentials in the nearest neighbor approximation * 



Displacements of nearest neighbors 

(A) 

Br- 

Local mode frequency 
(10” rad./sec) 

Unrelaxed Relaxed Expt. 


-0-294 

0-502 

19-38 


^Hm 



14-71 

18-65 14-9t 


-0-294 

0-485 

17-94 

19-83 


“Positive displacements are away from the impurity and negative displacements 
are towards it. 
tReference[l]. 
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Table 5. Calculations for an interstitial H~ for various Huggins-Mayer 
potentials in the next-nearest neighbor approximation* 


Displacements (A) Local mode frequency 

Nearest neighbors Next nearest neighbors (10” rad./sec) 

K-* Br K* Br' Unrelaxed Relaxed Expt. 

E„„, -0-2()0 0-464 - 0 063 0-070 19-38 19-39 

VHm -Q-ni 0-438 -0-053 0-063 14-71 18-02 l4-9t 

-0-260 0-454 - 0-050 0-070 17-94 19-09 


* Positive displacements 'are away from the impurity and negative ones are towards it. 
t Reference [1]. 


after relaxation the contribution of the H"-K+ 
interactions to the local mode frequency is of 
the order of 93 per cent. Thus the accuracy of 
our calculated local mode frequency depends 
essentially on the accuracy of the 
interactions. We saw in the last section that 
^HM 2 is a good representation of the short 
range interactions when the distances are of 
the order of perfect crystal spacings. In the 
present case distance is somewhat 

smaller than the nearest neighbor distance in 
KBr. Thus the short range potential may be 
somewhat harder than FuM-i- Unfortunately we 
are not in a position to estimate this effect 
quantitatively. However, we do not expect it 
to be very much different from Vnm- Since 
potentials Vhm, and Vnm ttre quite similar and 
somewhat harder than V,m 2 ’ either one of 
them may be a better potential for the inter¬ 
stitial. Thus Vtm 2 determines the lower limit 
to the local mode frequency due to an inter¬ 
stitial H“ in KBr and the actual frequency is 
probably closer to the one given by either one 
of the other potentials. Comparing Tables 4 
and 5 we find that the local mode frequency is 
somewhat lowered when we let the next- 
nearest neighbors of the impurity relax. As 
pointed out earlier the approximation (b) 
should be quite good for the local mode fre¬ 
quency. We note from Table 5 that the local 
mode frequency of the relaxed crystal for all 
the repulsive potentials are quite high as com¬ 
pared to the frequency that Fritz attributed to 
an interstitial H~ in KBr. 


S. CONCLUSIONS 

Our calculations for the U center in KBr 
show that repulsive potential Khmj predicts the 
experimentally observed local mode frequen¬ 
cy within 2 per cent after the nearest neigh¬ 
bors of the impurity have relaxed lo their new 
equilibrium positions. (The relaxation of K^ 
ions towards the impurity is 3 -7 per cent of the 
nearest neighbor distance in KBr.) Such a 
good agreement on the basis of the present 
model is not surprising because the highly 
localised V center vibrations are essentially 
determined by the short range forces. 

In the case of an interstitial ion at the i. 
i, i position in KBr, the nearest and next- 
nearest neighbor Br^ ions relax away from the 
impurity while the corresponding K'^ ions 
relax towards it. Since the next-nearest neigh¬ 
bor relaxations are quite small, one can neglect 
the distortion of further neighbors for the 
purpose of local-mode frequency calculations. 
After relaxation most of the contributions to 
the local mode frequency come from the 
nearest-neighbor H“-K^ interactions. Thus 
the accuracy of the calculated frequency 
depends essentially on the accuracy of these 
interactions. Since the H"-K^ separation here 
is somewhat smaller than the nearest neighbor 
distance in KBr, the actual repulsive potential 
may be somewhat harder than ynm'< perhaps 
it is more like the potential Khmi or F„m 3 . Thus 
the local mode frequency due to an interstitial 
is either 18-Ox 10'“rad./sec or somewhat 
higher. This is about 20 per cent or more 
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higher than the frequency that Fritz attributed 
to an interstitial H" in KBr. Thus the present 
calculations indicate that none of the observed 
infrared absorption peaks may be due to a 
simple H~ interstitial at the 4,4.4 position but 
due to more complicated defects. This con- 
clu.sion is similar to that of Gross and Bron 
except that we do not know whether their 
proposed model is correct. 
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Abstract —Experimental studies have been made of the pholoelectronic properties of mercury sulphide 
crystals grown in an argon atmosphere by a slow convection technique. Peak photoconductivity for 
Hg,S (p - 10‘^flcm) occurred at ~ 6000 A at room temperature; the temperature coefficient of the 
edge being —9 x 10*'' eV/deg. Emphasis is placed on the techniques of space charge conduction and 
quenching of photoconductivity which have been used to determine the location of localized levels in 
the energy gap. Results indicate that some degree of compensation is present in HgS. Combined 
measurements of thermally activated ohmic and space charge limited conduction yield dominant 
electron and hole levels 0-62 and I -08 eV, respectively, from the conduction band while the two band 
quenching spectra (characteristic of other ll-VI semiconductors) show thresholds for optical quench¬ 
ing at 0-67 and 108eV. Some results are also presented for crystals grown in the absence of any 
gas at 300°C but doped with the elements Ag, In and Cu. 


INTRODUCTION 

Extensive literature exists concerning the 
optical and electrical properties of several 
group ll-Vl compounds possessing either 
the zinc blende or wurtzite structure [ I ], 
However, very little information is available 
describing the properties of single crystal 
mercury sulphide whose stable form at room 
temperature has symmetry. HgS is 
therefore the diatomic analogue of the 
trigonal elemental semiconductors, Se and 
Te. The preparation in this laboratory of 
thin single crystals of HgS has enabled us to 
investigate how this material fits into the 
general energy configuration picture for II-VI 
compounds and to determine the effect, if 
any, of the different crystal structure. 

Trigonal mercury sulphide (aHgS) consists 
of parallel helical chains of alternating Hg 
and S atoms which spiral around axes parallel 
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to the crystallographic, c-axis[2]. At approxi¬ 
mately 280‘’C. the trigonal modification under¬ 
goes a polymorphic transformation to the 
cubic form. We have confined our investi¬ 
gation to aHgS; results are presented for 
samples grown by two different techniques. 

To date the majority of the detailed measure¬ 
ments on HgS have been carried out on 
natural samples (cinnabar). The early work 
of Gudden and Pohl[3] has only recently 
been supplemented by photo-Hall measure¬ 
ments [4] which showed samples to be n-type 
with a mobility '-30cmVVsec. and cathodo- 
luminescence studies[5]. Zallen. in a recent 
publication (6], reported on a study of elec¬ 
tronic interband transitions in natural HgS 
crystals. His optical measurements revealed 
a pronounced dichroism at the fundamental 
absorption edge, interpreted as a consequence 
of the polarization-dependent selection rules 
for trigonal symmetry. The few reports on 
synthetic crystals of HgS that have appeared 
in the literature have been confined mainly 
to measurements on highly doped crystals 
(p ~ 10” n cm). The impetus for these investi¬ 
gations appears to have stemmed from the 
growth of solid solutions of HgS^Sei-j and 
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the subsequent study of the semiconductor- 
semimetal transition [7], in this paper we 
report the first comprehensive study of the 
steady state photoelectric properties of high 
resistivity (p~10''^Ocm) synthetic HgS. 
Some emphasis is placed on the techniques 
of space charge conduction and optical and 
thermal quenching of photoconductivity 
which have been used to determine the 
location of localized levels in the energy gap. 
Some results are also presented for crystals 
doped with elements such as silver, copper 
and indium. 

PREPARATION OF CRY.STALS 

Undoped crystals of HgS were grown by 
a slow convection technique in an argon 
atmosphere. Quartz ampoules containing 
polycrystalline HgS prepared by reaction 
from the elements were sealed with argon 
at room temperature at a pressure of 200- 
400 mms Hg. The ampoule was then placed 
in a horizontal furnace for periods up to ten 
days with the charge end at 300-330°C and 
the crystal growth end at 270-280°C. Crystal 
growth thus occurred at temperatures below 
the polymorphic transition temperature of 
HgS|8J. The crystals obtained were of mm 
dimensions. A semi-quantitative spectro- 
graphic analysis indicated the absence of 
metallic impurities of concentration greater 
than 10 parts in 10". 

While the argon sublimation technique was 
suitable for pure material, it could not be 
used for doping with heavy metals since 
the vapour pressures of the sulphides of 
these elements are so low relative to the 
vapour pressure of HgS. For HgS doped with 
Ag. Cu and In. these elements were sealed 
in heavy wall quartz ampoules with pure Hg 
and S under vacuum. The ampoule was placed 
in a vertical furnace and heated to 450°C 
over 8 hr and held at 450°C for 16 hr. Reac¬ 
tion at this point was essentially complete 
and the temperature measured at the bottom 
of the ampoule was raised rapidly to 700°C. 
The gradient was so arranged that the upper 


end of the ampoule was at approximately 
300°C. Under these conditions, platelet type 
crystals grew in the upper part of the ampoules 
in 3 days. Heavy doping of the charge (0-5- 
1 per cent) with Cu, In and Ag, resulted in 
crystals with at most, a few parts per million 
of dopant. Thermal probe measurements 
indicated that conduction was n-type in ail 
samples. 

Bismuth, indium and nickel electrodes, all 
of which gave good noise free ohmic contacts, 
were evaporated at a pressure of about 
I0“''Torr. The crystals were mounted on 
small teflon plugs which fitted conveniently 
into a helium exchange gas cryostat. The 
temperature in the cryostat could be con¬ 
trolled to better than TK between 77°-400°K. 
All measurements were carried out for 
current flow in a direction perpendicular to 
the crystalline t-axis using a sandwich type 
configuration. Spectral response and infra-red 
quenching measurements were made using a 
Bausch and Lomb grating monochromator 
and a tungsten (quartz-iodine) light source 
plus suitable filters (calibrated to give a 
constant flux of 2 X 10''* ph/cmVsec. using a 
thermopile). 

LNDOPED SAMPLES 
Pholoconduclivily 

Synthetic undoped HgS. whose crystal 
growth is described above, has a resistivity 
of about lO’^ticm. the same as that of 
natural samples. For this reason we concen¬ 
trated our experimental study on the photo- 
electronic properties of these particular 
crystals which were grown in an argon 
atmosphere by a sublimation technique. 

In Fig. I we have compared the room 
temperature photoconductivity and optical 
transmission to unpolarized light of a 0-8 mm 
thick HgS crystal. The dark current contri¬ 
bution to the conductivity was eliminated by 
using a.c. excitation and synchronous detec¬ 
tion. The transmission cutoff at about 6000 A 
corresponds to a room temperature band gap 
(£„) of approximately 2-0 eV. In Fig. 2 the 
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Fig. ). Compari.son of spectral response of photocon¬ 
ductivity (full curve) and transmittance (doited curve) 
for undoped crystal of HgS at room temperature. 


where A/ is the photocurrent and F is the 
total number of electron-hole pairs created 
in the photoconductor per second, we cal¬ 
culate fjLT = 2x 10~® cmVV. Taking a mobility 
value of lOcmVVsec, an electron lifetime 
T = 2 X 10"^ sec is obtained. 

No structure in the photoconductivity due 
to impurities or higher energy transitions was 
observed for the undoped crystals but an 
interesting variation with temperature was 
observed below approximately 160°K. This 
behaviour, namely a decrease in the total 
photocurrent with increasing temperature, 
has been previously noted in HgS by Butsko 
fI2J and is shown in the inset to Fig. 6. A 
suitable choice of wavelength of the incident 
light eliminates the possibility that the edge 
shift is causing the effect. It is probably 
associated with either a change in the per 
product or the variation in the surface 
recombination. 

Space charge conduction 

A well defined field of study has developed 
in connection with electronic currents pro¬ 
duced by space charges injected into a wide 
band gap semiconductor at one or both 
electrodes [13, 14]. A basic requirement 
for such a flow of injected carriers to take 
place and be detected is that the contribution 


peak energy of photoconductivity using 
unpolarized light is plotted as a function of 
temperature. The linear variation gives 
8£„/8r = —9x 10”^eV/deg, which compares 
favourably with the value —8 x 10““ eV/deg 
quoted by Dovgii and Bilen’kii[9] for un¬ 
polarized light and Zallen(6j for light 
polarized with £ 1 c, and the value —9 x 10"“ 
eV/deg determined from a diffuse reflectivity 
spectral analysis by Gross and Kreingol’dl 10]. 

Using the standard expressions for the 
photoconductive gain[ll], G, and assuming 
unit quantum efficiency, 


„ _ A/ _ prV 
• Fe 


(1) 



Fig. 2. Variation of HgS photoconductivity peak energy 
with temperature giving bEgjBT = -4 0 x 10'* eV/deg. 
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of thermally generated carriers be small. 
Another stringent condition for space charge 
conduction is that the electrodes furnish 
ohmic contacts to the material. Both these 
requirements are satisfied for HgS with 
evaporated indium electrodes and Fig. 3 
presents the first report of space charge 
limited currents (SCLC) in this compound. 

The complete treatment of current flow in 
a metal-semiconductor-metal system is so 
complex that no explicit expressions have 
yet been obtained relating the current and 
voltage. Approximations based on reasonable 
assumptions have necessarily been intro¬ 
duced and it is found that one would expect 



Fig. 3. Current-voltage curves at several different 
temperatures for undoped single crystal HgS: L = 0-IS 
mm; electrode area = 4-5 mirf. 


the following power relationship between 
current, voltage and thickness for a true space 
charge limited current, 

9 

where fi is the mobility and k the dielectric 
constant. 

One general result of these theoretical 
investigations is that the introduction of deep 
trapping centres into the forbidden band 
usually results in a higher power dependence 
of current on voltage than the square law 
relation above. It is evident that as more and 
more electrons are injected into a solid, the 
traps will gradually fill up and eventually no 
further injected electrons can be trapped. 
The first approximate treatment of this 
problem was by Lampert[15] who neglected 
diffusion and considered a single deep 
trapping level together with the conduction 
band. By making these simplifying assump¬ 
tions he was able to show that the logy vs. 
log y curve following a low field ohmic region 
should consist of three parts: a space charge 
current region lowered by the presence of 
traps, followed by an almost vertical rise 
through several orders of magnitude and 
finally a high current region showing the 
characteristic square law dependence of 
current with voltage [16, 17], which may or 
may not be a trap free SCLC. We see that 
the curves in Fig. 3 conform to this general 
picture (experimentally well defined square 
law regions tend to be obscured in this plot 
by the wide current and voltage range pre¬ 
sented). Unfortunately, all the crystals of 
HgS available were approximately of the 
same thickness and therefore no systematic 
variation of the thickness of the material 
was possible to confirm the law. Although 
this would have been highly desirable we 
feel that the general features of the curves 
prohibit an analysis in terms of any other 
known effects. 

The value of the critical applied potential 
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at which the current increases rapidly, 
corresponds to the filling of traps and can be 
related to the trap density, A/^, in the solid by 
the expression 

(3, 

The complete problem can be treated 
numerically [ 18] and it is thus possible to 
assess the accuracy of Lampert’s [ 15] simpli¬ 
fied expression that neglects diffusion effects. 
For the crystal parameters appropriate to 
HgS we find it is a good approximation to 
ignore diffusion. Equation (2) then gives a 
trap density N,„ = 10’^ cm*^ while the high 
field square law region may be analyzed to 
give (1 = 1 cm'^/Vsec. This value for the 
microscopic mobility compares favourably 
with that obtained from transient space 
charge measurements made on natural 
samples of HgS [19], The discrepancy with 
the photo Hall value-[4] may be attributed to 
the anisotropy of HgS. 

In a recent publication 120] it has been 
shown that the combination of measurements 
of SCLC and ohmic conduction can be an 
effective technique for locating localized 
levels in a wide band gap material but measure¬ 
ments of ohmic conduction alone are in¬ 
sufficient for unambiguous interpretation. 
Schmidlin and Roberts [20] show that a 
simple empirical activation energy (if it 
exists) for ohmic conduction in a compen¬ 
sated material should be interpreted as half 
the energy required to raise an electron from 
a ‘dominant’ hole level to a ‘dominant’ elec¬ 
tron level, plus the energy required to raise 
an electron from the ‘dominant’ electron level 
to the conduction band (or the equivalent 
situation for holes). They conclude that a 
sufficient condition for a material to be non- 
extrinsic is that the activation energies for 
ohmic and SCL conduction be different. A 
transition voltage. Vac, af which the current 
converts from ohmic to SCL behaviour can 
be defined by ftjuating the two currents. It 


is clear that this voltage will have a thermal 
activation energy equal to the difference 
between the activation energies for the 
ohmic and SCL regions. Accordingly it is 
equivalent to say that a temperature dependent 
Vac implies a sample which is either com¬ 
pensated or intrinsic. Figure 4(a) shows log 7 
vs. lOVT plots for F = 2 V where the current 
is ohmic and F== 100 V where the current is 
SCL, the respective activation energies being 
0-85 and 0-62 eV. From the latter activation 
energy we conclude that the trap which can 
be filled by injected charge lies at an energy 
distance 0-62 eV from the conduction band. 
Figure 4b shows that the activation energy for 
the transition voltage, V^c, is approximately 
equal to the difference between the two 
individual energies shown in Fig. 4(a). The 
material is thus non-extrinsic and therefore 
the activation energy value, 0-85 eV, for the 
ohmic region is indicative of a compensated 
level at an energy depth —£, = 2 x 0'85 — 
0-62= 1 08 eV from the conduction band. 
Results presented later in this paper also 
indicate that the material is compensated 
and confirm the presence of an energy level 
at this position. Further application of the 
theory [20] yields the density of the deep 
trap, N,„ to be 10”* cm^'* and (x = 10 cm^/Vsec. 
The latter is consistent with the value deduced 
from the ‘traps filled’ region. 

Optical quenching 

The models favoured for the explanation 
of high photosensitivity and quenching of 
photoconductivity in various compounds 
have been summarized by Bube[21j. The 
sensitizing process is dependent on there 
existing within the material a class of centres 
that have a large capture cross section for a 
hole when occupied by an electron and a 
.subsequent small cross section of a trapped 
hole for a free electron. Below temperatures 
at which holes are thermally freed from sensi¬ 
tizing centres, optica) quenching, corres¬ 
ponding to excitation from the valence band 
to the sensitizing centres, can result in an 
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f i|j, 4 . (Ill VariiiiKin of turrcnl with temperature for = 2V (ohmie region) iinii 
I' - lOOV (sqiiaie Idw region) for HgS crystal described in Fig, 3. (h) Variation of 
liansilion voltage, t',,,, with temperature for curves shown in Fig. .3. 


attenuation of the photocurrent. 'Fhe typical 
transient behaviour usuttlly found in HgS 
crystals at 77“K is shown in Fig. 5. The 
sample is illuminated by light of wavelength 
near the absorption edge of the material 
(in our case 5660 A) producing a certain bias 
photocurrent. When a second source is 
allowed to illuminate the sample it is seen 
that the dynamic current variation depends 
on the wavelength of the secondary radiation. 
For wavelengths less than about 1-5^, the 
light produces both excitation and quenching 
of photoconductivity while for wavelengths 
greater than this only quenching is found. The 
imbalance between excitation and quenching 
accounts for the initial maximum and mini¬ 
mum when the secondary radiation is turned 
on and off respectively. (A theory describing 
the dynamic effect of the different electron 
transitions induced by the quenching agent 
has been developed by Matossi[22].) We 
note that the time required to reach an equili¬ 


brium state is an order of magnitude longer 
than that reported for CdS(23]. Using the 
standard definition of percentage quenching, 
(2, as the ratio of the difference between the 
maximum current and the long time steady 
current, with the secondary radiation on, and 
the bias current, we show in Fig. 6 the quen¬ 
ching spectrum for HgS. A similar dynamic 
characteristic for HgS was reported pre¬ 
viously by Shneider[24] but no systematic 
variation with temperature, intensity or 
wavelength was undertaken. It may be seen 
that, despite its different crystal structure, 
HgS exhibits the characteristic two band 
quenching spectra observed for other II-VI 
compounds [21 ]. The lower energy threshold 
can be fixed at 0-67 eV while the upper energy 
threshold is less clearly defined due to the 
overlap of bands but lies at approximately 
1-08eV (Lashkarev and Rybaika[25] in¬ 
vestigated doped HgS crystals and reported 
the lower quenching energy for Cu doped 
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Fig. 5. Dynamic quenching curves for an HgS undoped 
crystal at 77°K for several secondary radiation wave¬ 
lengths. 

samples and the higher quenching energy 
for Ag doped samples). The dotted lines for 
high photon energies in the secondary 
radiation indicate a decrease in the per¬ 


centage quenching due to competing exci¬ 
tation effects. It was thought that as two levels 
were participating in the quenching, an inter¬ 
mediate value of X = 115/x, might produce 
two distinct slopes in a plot of log Q vs. time. 
However the smooth nature of the curve 
obtained indicated that the two centres 
remain in equilibrium throughout the quen¬ 
ching process. The variation of i.r. quenching 
with temperature is also shown in Fig. 6. 
The temperature range is necessarily limited 
due to the onset of thermal quenching. We 
note that both quenching peaks vanish 
simultaneously, the ratio of the peak maxima 
being the same for each temperature. The 
inset shows the temperature variation of the 
unquenched photocurrent, measured at an 
intensity which gave a conductivity at 77°K 
equal lo thal used in the quenching measure¬ 
ments. The quenching was also studied as a 
function of increasing primary light intensity. 
Conventional behaviour was obtained i.e,, as 
the bias current, which is a measure of the 
light intensity, increased the quenching 
decreased. 



PHOTON ENERGYUV) 


Fig. 6. Infra-red quenching spectra at three different temperatures for undoped HgS. The 
curve in the inset shows the temperature dependence of the pholocurrent at constant 
* primary radiation intensity. 
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/t is instructive to compare the two quench¬ 
ing levels we observe with those reported in 
other JI-VI compounds. In CdS[23]. as for 
ZnS(26]. two characteristic optical quenching 
levels are observed but in both cases the lower 
energy quenching hand vanishes at lower 
temperatures implying a thermal step in this 
process. Hence the favoured interpretation 
of the lower energy spectrum found in these 
compounds is that it represents quenching 
from the valence band to the sensitizing centre. 
Two band quenching spectra have also been 
reported for some samples of ZnSe and CdSe. 
For these materials the temperature depend- 
dences of the quenching peaks suggest that 
the energies involved represent actual energy 
distances between the valence band and the 
sensitizing centres. However, it is generally 
believed that in these two compounds, the 
sensitization is associated with specific 
impurities or preparation conditionst26]. 

It would, of course, be desirable to see if the 
lower energy quenching band in HgS persists 
for temperatures below 77°K. However our 


experimental arrangement does not permit 
measurements to be carried out below liquid 
nitrogen temperature. It is interesting to note 
however that if one interprets the quenching 
spectra of HgS in the same way as those of 
CdS and ZnS then one arrives at almost the 
same two characteristic energies reported for 
these two materials. If this interpretation is 
correct, the important values for HgS are the 
maximum of the lower energy quenching 
band. 0-86 eV. and the threshold of the higher 
energy quenching band. 1 08 e V. 

Thermal quenching 

The thermal quenching experiment consists 
of looking at the photoconductivity as a 
function of temperature for different light 
intensities. In our case the intensity of the 
light was adjusted using neutral density filters 
in conjunction with a band pass filter in the 
region of the absorption edge. A typical set 
of curves is shown in Fig. 7. Compared to a 
material like CdS. the quenching in HgS is 
much feebler and. in order to emphasize that 




Fig. 7 (a) Photocurrent as a function of temperature for different levels of 
light intensity for undoped HgS crystal, (b) Photocurrent versus temperature 
for curve with an optical density of 2-5 in (a). 
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well defined break points do exist for this 
material, the curve for an optical density of 
2-5 is redrawn in Fig. 7. Two thermal quench¬ 
ing regions are apparent. Following an ap¬ 
proximate rate equation analysis by Bube[21], 
the energy of the lower quenching level can 
be determined from the first break to low 
sensitivity occurring near 100°K, while for 
the upper energy level one has the choice of 
looking either at the break from high sen¬ 
sitivity or the second break to low sensitivity 
as a function of temperature. The right hand 
curve in Fig. 8 shows that a well defined activa¬ 
tion energy, 0-60 eV, is obtainable for the level 
closer to one of the bands. The left hand plots 
in Fig. 8 yield activation energies, 0-84 and 
0-88 eV, which should of course, be equal, for 
the second quenching level. 



Fig. 8. The photocurrents at the break-point from high 
sensitivity and the two break-points to low sensitivity as 
a function of the temperature at which these break-points 
occur for the data in Fig. 7. 

It would be tempting to relate the energies 
obtained from thermal quenching with those 
deduced from the optical quenching studies. 
However, thermal quenching associated with 
levels lying 0-86 and T08eV above the 
valence band would be expected to be ob¬ 
served above room temperature. In CdS for 
example, for normal excitation intensities 


thermal quenching occurs ~100°C. For HgS, 
the thermal quenching is complete below 
200°K and this indicates that the sensitizing 
centres involved are different from those re¬ 
sponsible for the optical quenching. It must 
therefore be construed that the attenuation 
of the photocurrent as the temperature is 
increased from 77°K is a consequence of 
electron traps at the approximate energy 
locations deduced from the rate equation 
analysis. 

Doped samples 

Some of the measurements on doped 
samples provide added confirmation to the 
conclusions arrived at earlier concerning the 
undoped samples. Figure 9 illustrates the dark 
current as a function of temperature for 
several different samples of HgS. For com¬ 
parison, the activation energy for an undoped 
sample grown in an argon atmosphere is also 
shown in the same diagram. These results 
represent the average values obtained for 
several samples: the linearity over many 
decades should be emphasized. Although Ag 
and Cu might be expected to produce acceptor 
type impurities and In to produce a donor 
type impurity in HgS, it may be seen that there 
is only a slight difference in conductivity 
between the three types of samples. This 
tends to support the fact established from the 
space charge conduction measurements that 
compensation could be operative in these 
crystals. It appears that, in common with other 
11-VI compounds, there exists a difficulty in 
preparing low conductivity HgS without the 
occurrence of compensation. The doped 
samples have a conductivity ~-IO'®fl cm 
compared to lO’^fi cm for the undoped 
variety. 

It IS worth noting that only the Ag doped 
samples exhibit the same activation energy as 
the undoped samples. One may conclude that 
as in the latter, the 0-83 eV activation energy 
relates to a trap located at about T08eV. It 
is significant that of the three types of doped 
samples looked at, only the silver variety 
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showed optical quenching (this was observed 
at the same energies as reported in Fig. 6). 
This suggests that the I 08 eV level deduced 
from the logo- vs. IO'’/7' plot is one level which 
contributes to the quenching. It is important 
to realize that in the case of the Cu and In 
doped samples, the observed activation energy 



Fig. Dark current density us a I'unclion of temperature 
for several eiystals of HgS doped with the elements In. 
C'u and Ag (K 1 V cm ' for all samples). 

probably corresponds to a deeper level than 
this but. in the absence of SCLC measure¬ 
ments on these crystals, the exact location 
cannot be determined. 

Figure 10 shows a plot of the spectral re¬ 
sponse of photoconductivity at three different 


temperatures for a silver doped sample. The 
shift of the photoconductive edge with tem¬ 
perature was the same for all the samples 
investigated. The shoulder observed at 
energies above the photoconductivity peak 
is probably associated with surface recom¬ 
bination effects but it could conceivably be 
due to the first allowed direct transition. 



Fig. 10. Spectral response of photoconductivity at three 
different temperatures for a silver doped crystal of FIgS. 


Zallen’s edge-absorption spectra at 77° K 
indicate the onset of direct transition at 2-26 
eV for£ 1 c'lb]. 

Conclusions 

The physical processes which have been 
used to determine the location of the localized 
levels in HgS have been those of space charge 
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conduction and infra-red quenching. Some of 
the conclusions reached were: 

(a) From SCLC flow, there exists a level, 
£„,,0-62 eV from the conduction band. 

(b) From an analysis of the activation 
energy in the ohmic region of a com¬ 
pensated semiconductor, Ec — E,,= 
lOSeV. 

(c) Optical quenching yields energy levels 
located at E,„ and 1 08 and 0-22 eV, 
respectively above the valence band. 

(d) The energy location of the photocon¬ 
ductivity peak varies from 2-20 eV at 
77°Ktol-92eVat400''K. 

A pair of schematic energy level diagrams 
illustrating these data is presented in Fig. 11. 



Eig i I. (a) Energy level scheme for HgS deduced from 
combined measuremenls of thermally activated ohmic 
and SCI. conduction, (b) Energy level scheme lodescribe 
photocondtictive quenching in HgS. 

Two factors suggest that the level labelled 
is in fact the sensitizing level located at 
approximately mid-band. 

(1) In the doped HgS samples which do 
not exhibit a 0-85 eV slope in a logo- vs. 
[(PIT plot, no optical quenching is 
observed at 1-08 eV, 

(2) The summation of E„= 108eV from 
the conduction band plus = 1 -08 
eV from optical quenching, yields a 
value close to the band gap energy. 
(The Frank Condon principle could 
reduce the value of by a small 
amount). ^ 


The nature of the defects or impurities con¬ 
tributing to these energy levels is not known. 
In fact, even the atomic configurations re¬ 
sponsible for the well documented sensitizing 
centres in the better known II-VI semicon¬ 
ductors are not, at present, well understood. 
However, the data presented here do indicate 
that the photoelectronic properties of single 
crystal HgS are strikingly similar to those of 
other ll-VI compounds. 
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ON THE ENHANCEMENT OF y-RAY COLORATION 
BY Mn2+ AND Mg2+ IN LITHIUM FLUORIDE 

CARLO LAJ and PIERRE BERGE 

Service de Physique du Solide et de Resonance Magnetique. Centre d'Etudes Nucl6aires de Saclay, 
BP n° 2 —91, Gif-.sur-Yvette, France 

iReceived2S June 1968) 

Abstract- Experiments of y-ray coloration with variable irradiation rates of I.iF doped with Mg**' and 
Mn*'* give new evidences that the vacancies created by charge compensation are converted into F- 
centers after dissociation of an impurity-vacancy complex. The results are supported by EPR and 
ITC parallel measurements. 


1. INTRODUCTION 

The enhancement of X-ray or -y-ray colora¬ 
tion by divalent impurities in alkali halides 
has been extensively studied by several 
authors. On the basis of their results on the 
therrrial stability of the Cla“ molecular center 
in KCl and of electrostatic considerations. 
Crawford and Nelson[l] have suggested that 
a positive ion vacancy is converted into an 
F-center by ^ irradiation. The positive ion 
vacancies are present in great number in a 
crystal doped with divalent cation impurities 
to insure electrical neutrality. They can be 
either free or associated in an impurity- 
vacancy complex, according to the dissociation 
reaction 

EB ^ -FEB. (I) 

The question arises whether isolated or 
associated vacancies are converted to anion 
vacancies. Crawford[2], Sibley and Russel 
[3], and more recently Ikeya et a/.[4] all 
find evidences that isolated cation vacancies 
are converted to F-centers. However Hayes 
and Nichols [5] by ESR measurements, and 
Beltrami, Cappelletti and Fieschi[6] by the 
1 .T.C. method have evidences that the bound 
vacancies participate to the early-stage 
coloration process. Therefore this question 
cannot be considered closed as yet. 

The present paper is a report of some 
additional resulfl on this subject, obtained 


by ESR. ionic conductivity, optical absorption 
and I.T.C. measurements. 

2. EXPERIMENTAL TECHNIQUES 

All the samples used in the present ex¬ 
periments were grown in a dry helium 
atmosphere from optical-purity powders 
purchased from Riedel or Johnson-Matthey 
17]. Prolonged heating in vacuum was used 
to remove water. No treatment however was 
attempted to remove hydroxyl ions, which 
are known to exist in small amount in the 
powders. 

The EPR experiments were performed 
using a Varian V;4502 spectrometer with 
100kHz modulation and the optical ab¬ 
sorption measurements with a Cary 14 
spectrophotometer. Measurements of ionic 
conductivity and I.T.C. were made with a 
Cary 31 CV vibrating reed electrometer. 
The lowest detectable current was about 
10~'®A. For I.T.C. typical polarizing fields 
were about 15 kV cm~'. 

All the irradiations were made with a "“Co 
y-ray source. 

3. EXPERIMENTAL RESULTS 

It was felt that new valuable information 
about the early-stage coloration could be 
obtained by irradiating in a temperature 
range where the time necessary for the 
dissociation reaction (1) to attain thermo- 
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dynamical equilibrium is longer or comparable 
to the time needed to obtain appreciable color¬ 
ation of the samples by y-irradiation. 

The first step has then obviously been the 
obtention of an estimate of the time constant 
of equilibrium (1). This has been done in the 
following way. 

Some lightly doped (c = 10“^) LiF; 
samples were properly annealed at about 
600“C and then quenched into liquid nitrogen. 
In these samples the aT=/{llt) curve at 
low temperature consists of only the associ¬ 
ated region’(8,9], The slope of the line in a 
semi-log plot then gives (EI2)h+U. where 
£ft is the binding energy of a complex and U 
the mobility activation energy for a free 
vacancy. In LiF U — 0 75 eV as determined 
by ionic conductivity[8] and nuclear mag¬ 
netic resonance! 10], and = 0-40eV|9i. 
The slope of the line is thus — 0-95cV. It 
is clear however that this holds for equi¬ 
librium conditions. If the sample is cooled 
down at a steady rate, at a sufficiently low 
temperature the time constant of the dis¬ 
sociation reaction (1) will become long enough 
so that some vacancies will be partially 
quenched in excess over thermodynamical 
equilibrium. The slope of the irT=J{\IT) 
curve is then expected to decrease and 
eventually approttch 0-7.‘' eV when the equi¬ 
librium is completely quenched 

Figure 1 shows that such a break in the 
aT plot is elfeetively observed in LiF; Mg^^ 
at about — 15°C for a cooling rate of TC sec '. 
From this result it was estimated that the time 
constant of the dissociation reaction (I) is 
of the order of several minutes at about 
—25°C. It was also assumed that for LiF: Mn'^* 
this figure should not be significantly different. 

The y-ray source having a maximum flux of 
3-3 . 10* rad/hr. appreciable coloration can be 
obtained in a time shorter or comparable to 
the time constant of the equilibrium at —25“C. 

Typical experiments were then conducted 
in the following way: six samples of LiF: Mn'**^ 
or LiF:Mg^+ were cleaved from the .same 
ingot, annealed at 600'’C in a nitrogen atmo¬ 


sphere and quenched into liquid nitrogen. 
Three samples were irradiated in a flux 
of =“ 1-1.10* rad/hr, the three others in a flux 
of =0-40.10® rad/hr for a longer time in such 
a way that the integrated dose was approx¬ 
imately the same in both cases. In each case 
one of the three samples was irradiated at 
~77°C, one at —25°C and one at -f25°C. Be- 
cau.se of the difficulty of positioning the dewar 
flasks around the y-ray source, some differ¬ 
ences in the real irradiation doses for the 6 
samples were to be expected. For this reason 
each sample was accompanied by a pure 
Harshaw LiF crystal which was used as a 
dosimeter. 

Table I. gives a typical result obtained with 
an integrated dose of about 10* rad, in the 
case of LiF: Mn'*^ (c = I ^.IO"*) 

Table I. Optical density in rnnr' of irradiated 
LiF.'Mh'**. Figures in parenthesis refer to 


Harshaw samples 

rads/hr T = -77“(' 

T = -2.S'C 

T = +2S‘ 

0-56 

0-8.7 

2-1 

(0-54) 

(0-65) 

(1-03) 

:> 0-4 

1-25 

1-.S8 

(0-57) 

(0-65) 

(0-74) 


It can be seen that at —ITC the coloration 
is only slightly affected by the presence of 
Mn’* in both cases. At —2.5°C the coloration is 
much more enhanced in the case of a slow 
irradiation rate, at -f25°C the irradiation rate 
has no influence, coloration is enhanced much 
in the same way in both cases. 

Parallel measurements by EPR show that 
the intensity of the fine structure (i.e. the 
dipoles) is only slightly reduced by irradiation 
at —77°C, while it is completely destroyed 
when irradiation takes place at -i-25°C. In 
this last case the EPR spectrum (Fig. 2) is 
composed of six hyperfine lines, with super¬ 
imposed SHF structure, with an hyperfine 
constant A = 90.10'^ cm“'. This spectrum is 
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Kig. I. Plot of the iT —/(I/7 ) curvy for LiF Mg** Applied vol¬ 
tage : 40()V. I he region of the break in the curve is given on ii larger 
scale in the upper right hand corner. 


characteristic of in a cubic field*[lll. 
However, the EPR spectrum shows an un¬ 
explained overall decrease of almost an order 
of magnitude. 

At the same time the ITC technique[13] 
[14] was used to measure the concentration 
of impurity-vacancy dipoles. A typical result 
obtained with LiF;Mg^+ (c = 2-2.10"') is 
shown in Fig. 3. It can be seen that the re.sults 


in a cubic field after X irradiation, has also been 
observed in NaCI and KCI by Beftica el «/.lt2]. These 
authors however attributed this spectrum to preexisting 
isolated Mn*+. while we think that it has been formed 
during irradiation. ^ 


of ITC measurements agree fairly well with 
the optical absorption measurements, i.e. a 
much greater effect is observed at •f25'’ than 
at —70°C and a marked effect depending on 
irradiation rate is observed at —25°C. No 
effect depending on irradiation rate was, on 
the contrary, observed at —70° or at +25°C, 
within the accuracy of the measurements. 
(= 10 percent)t. 


tBecause of technical problems the samples could not 
be irradiated in the ITC container, and had to be reheated 
to RT before the measurements. The number of dipoles 
and the accuracy of the measurements are then affected 
by the displacement of equilibrium (I). 
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to be taken in performing and analyzing these 
experiments if they are to support a suggested 
mechanism of conversion [4]. 

More sophisticated experiments are now 
under way to check on an eventual conversion 
of bound vacancies. 


REFERENCES 

1. ( RAWFORD J. H. Jr and NF:1 SON C M., P/iv.v. 
Rfr.Ct'//. 5. 314(1960). 

2. ( RAWFORD .1. H. Jr.. J. phvx. Soc. Jttptin 18. 
Suppl. 111. 329(1963). 

3. SIBLEY W. A. and RUSSEL J. R.. J. iippl. Phvs. 
36,810(1965) 

4. IKEYA M.. ITOH N , OKADA T. and SUITA T.. 
J.phv.s. Sof.Jppan 21. I 304 (1966) 

5. HAYES W. and.NK’HOI S Ci. M.. /’/jvi. Kev 117. 
993(1960). 


6. BELTRAMI M.. CAPPELLETTl R. and FIESCHI 
R., Phys. Leu. 10. 279 (1964). 

7. ADAM-BENVENISTE M.. BERGE P., BLANC 
G.. DUBOIS M. and LAJ C.. 7. Phys. AppUqu^e 
To be published. 

8. ADAM-BENVENISTE M.. Thesi.s. Parts (1967). 
Unpublished. 

9. ADAM-BENVENISTE M.. LAJ C.. BERGE P. 
and DUBOIS M.. C. r. hebd. Seanc. AcadSci. Paris 
2648,875(1967). 

10. STOIBE T. G., GURTANI T. O. and HUGGINS 
R. A., Phys. Rev. 134.963 (1964). 

11. BERGE P., GAGO C.. BLANC G., ADAM- 
BENVENISTE M. and DUBOIS M.. 7. Phy.s. 27. 
295(1966). 

12. BE7TICA P., SANTUCCl S. and STEFANANl 
A., NuovoCim. 48. 3 16 (1967). 

13. BUCCl C. and FIESCHI R., Ph\s. Rev. Lett. 
12, 16 (1964): BELTRAMI M., BUCCl C. and 
FIESC HI R.. Rendiconli I.XV Riunione AE,111964). 

14. LAJ C. and BERGE P.. 7 Phy.s. 27, 295 (1966). 



J. Phys. Chem. Solids Pergamon Press 1969. Vol. 30, pp. 851-858. Printed in Great Britain. 


SIGNE ET GRANDEUR DES INTEGRALES D’ECHANGE 
DANS LES SOLUTIONS SOLI DES MnXr,_^S 

P. BURLET* et E. F. BERTAUT 

Centre d’Etudes Nucleaires. B.P. 269, Grenoble, France 

(Received lOApril 1968) 

R6sum^ —L'etude par diffraction neutronique des solutions solides Mnj.Cr,^j.S au-dessus dc la 
temperature de Neel et retude de la structure magnetique de Mg,i..,Crii,jS permettent d'evaluer les 
integrates d'echange 7, entre premiers voisins et Ji entre seconds voisins relatives aux liai.sons Mn-S- 
Mn, Cr-S-Cr et Mn-S-Cr. Trois types d'approximations ont eie utilises; un modele semi-classique 
d'Ising. la theorie semi-classique de Stanley et Kaplan (sene haute temperature) et I'approximation 
"random phase" de Fines (fonctions de Green). Le fait remarquable est le caractere fortement posi- 
tifde I’integrale d'echange JjiCr-S-Cr) a 180°de I'ordrede 15°K. 

Abstract-The neutron diffraction study of the .solid solutions Mnj.Cri-j.S above the Neel temperature 
and the study of the magnetic structure of MgosCrn.jS allow to evaluate the exchange integrals J, 
between nearest neighbourgs and between next nearest neighbourgs for the ligands Cr-S-Cr. 
Mn-S-Mn and Mn-S-Cr. Three types of approximation have been used: a semiclassical Ising model, 
the semiclassical theory of Stanley and Kaplan and the random phase approximation of Lines (green 
functions). The most striking fact is the strongly positive exchange integral 7j(Cr-S-Cr) at 180° 
which is of the order of 15°K. 


Dans une etude anterieure(l] nous avons 
montre comment I’analyse de la diffusion 
magnetique des neutrons par une substance 
en etat d'ordre magnetique k courte distance 
permet de mesurer les correlations de spins. 
Nous avons alors etudie le compose Mn „.;,3 
Cru,j 7 S. Nous nous proposons ici d’etendre 
cette etude aux solutions solides Vtnj.Cr,_jS 
oil X prend les valeurs 1; 0,66; 0,60; 0„50; 
0,33. Nous chercherons comment les cor¬ 
relations de spins peuvent s’exprimer theori- 
quement et nous en deduirons les valeurs des 
integrale d’echanges relatives aux liaisons 
Cr-S-Cr, Cr-S-Mn, Mn-S-Mn. Enfin nous 
confirmerons les resultats trouves pour la 
liaison Cr-S-Cr par I'etude de la structure 
magnetique de la solution solide Mgfl...vCro. 5 S. 

THEORIE 

Nous avons montre[l] que I’intensite 
de la diffusion des neutrons par une substance 


*Ce travail fait partie d'une th6.se de Doctorat es 
Sciences Physiques, enregistree au Centre de Documen¬ 
tation du C.N.R.S.. sous le n° A.O. 1768 "a paraftre”, 
qui sera soutenue proeKainement par P. Burlet. 


en etat d’ordre magnetique a courte distance 
est dans I'hypothese de couplages isotropes 
donnee par (1): 


Hh) = CtePSiS -t- 1 ) 2 Cigfr.) ( I ) 


avec 


h = 


4tt sin 6 
K 


gtfi) = 


■Sn,y,- 
5(5-1-1) 


( 2 ) 


r, est la distance entre un atome et ses temes 
voisins. 

Nous avons donne dans la referencefi] 
un calcul tres simplifie des g, en function des 
Ji et de la temperature reduite: 

UT UT 
5(5-1-1)~ X^' 

Des calculs plus eiabores permettent d'ob- 
tenir des approximations plus exactes de la 
relation entre les gi et les 7,. Stanley et Kaplan 
[2] ont donne I’expression (5) du developpe- 
ment en serie de puissances de llkT de la 
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fonction de correlation dans I'approximation 
semi-classique {S = =»), exacte a quelques % 
prfes selon ces auteurs 

trace(5tf5;, exp(- /SiH) 
trace exp (—/3^ 

0 

ou ui est donnee par (6); 

/! 

p. = (s„s„,r<) (6) 


faut enumerer le nombre de diagrammes 
d’ordre / et de forme donnee J qui peuvent 
etre construits a partir d’une ligne brisee 
reliant les deux spins. 

Soit njj’ ce nombre. Puisque nous nous 
limitons a J, et non nuls les lignes droites 
des diagrammes doivent joindre des premiers 
ou des seconds voisins. Remarquons encore 
que le terme / = 0 repr6sente l’autocorr61a- 
tion des spins et ne doit pas etre pris en 
consideration dans le calcul des g, tels qu’ils 
ont ete definis. On peut alors ecrire g. sous 
laforme(8); 

^r, = i (8) 

/“t i 


(7) 

Stanley [3] a calcule les a, jusqu’a I’ordre 
9 en utilisant la “representation diagram- 
matique” de Rushbrook et Wood [4). Le 
Tableau 1 rapporte les valeurs des a/jusqu’k 


Tableau 1. Coefficients a/ et diagrammes 
associes (d'apres Stanley[3]) 


e 

"1 

1 

2 

3 

4 



7 

AXAA | VW | 



1 

2 

2 2 

ess 


3 

9 

13 9 

_ 



I — 4 ainsi que les diagrammes correspondants 
dans lesquels la ligne brisee represente le 
produit SaSu et les lignes droites les facteurs 
leur nombre egalant I’exposant de 

APPLICATION AC RESEAC CCBIQCE A 
FACES CENTRM;ES (C.F.C.) 

Considdrons dans le reseau c.f.c., les deux 
seuls couplages non nuls 7, et 7^ ^insi qu’une 
paire d’atomes /^"''Voisins. Pour calculer le 
terme d’ordre / du d^veloppment de g, il 


avec (9); 

S' = S' 2J,n- 27^)". (9) 

Ici m ei p sont les nombres de lignes droites 
joignant respectivement des premiers et des 
seconds voisins dans le diagramme envisage. 
Le Tableau 2 montre les dilTerents diagrammes 


Tableau 2. Diagrammes et coefficients 
associes dans le reseau c-f-c 


rn— 

7 

HIHHHHEIHHHIiH 1 

I 

a B 

0 0 a n 

"l,--” "if” "i3='' "i,= ’ 

o 

’ n> = . 

11 

BhHHIi 

q0sn 

r»*r74 n* =7* n* =i 

13 a) 37 43 

II 

® e 

12 22 
*-:-As 


II 

SH 

"m=> 
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ainsi que les nj/ et les A/ pour / = 1,2,3. 
Grace a (4) on obtient les formules (10); 

2 J^ , , 8J. 

X [21,3A" + 36y,y2 + 127j“] + ... 

27, 16J,2 8 

+:^ 

X [247,*(J,+Jj)+2,37j»] + ... 

( 10 ) 

8 SJ 

83 = ;^,/i (,/i +,/2) +-;j^ 

X [147,2+1172(7,+ 72 )] + ... 
g, = ~ ( 2 / 2 “ +7,^) + ^ (27, + 3J,) + .... 

Par ailleurs Lines [5] a utilise la methode 
des fonctions de Green (“Random phase 
approximation”) dans le cas de I’antiferro- 
magnetisme et a applique ses resultats au 
reseau c.f.c. que noiis resumons brievement 
(formulesd 1)): 

j pXKia-h) \ 

P = 2 -/jf-'lexp [ik{j-g)]- I}. 

J-o 

Le symbole (.)k represente la moy- 

enne sur k prenant toute valeur a I’interieur 
de la premiere zone de Brouillin du reseau 
r6ciproque. Pour des temperatures elevees 
{SffSi,} peut etre developpe en serie de 
puissance de I/t et Lines [5] obtient (es 
formules (12): 


X [217,^+367,72+ 1272"] 


g3 = ^(7i+72) + .. . 

g4 = ^(A^ + 272") + .... (12) 

Les formules (10) et (12) sont extremement 
semblables, il faut aller jusqu’aux termes du 
3e ordre pour noter de tr^s legeres differences. 

APPLICATION AUX SOLUTIONS SOLIDES 

MiiiCr,.,* 

Lors de I’dtude des structures magnetiques 
de ces composes [6] nous avons vu que les 
ordres antiferromagnetiques de premiere et de 
seconde espece du reseau c.f.c. peuvent 
coexister dans une solution solide nucleaire- 
ment desordonnee. Ceci s’explique[7] par la 
formation d’amas infinis d’atomes lies positiye- 
ment ou negativement avec leurs seconds 
voisins. Le signe de cette liaison depend de 
la composition statistique du second voisinage 
de I’atome considere. Dans une telle substance 
en etat d’ordre magn^tique k courte distance 
I’intensite diffusee est la somme des intensites 
diffusees par chacun des deux types d’amas. 
Dans I'hypothdse de couplages isotropes les 
correlations mesur6es sont des correlations 
moyennes et les valeurs des integrales 
d’echange deduites de ces mesures sont aussi 
des valeurs moyennes. 

La Fig. 1 montre les courbes /(/i) et Cfr) 
transformes de Fourier de /(fi) pour les 
differentes concentrations etudi6es. Le 
Tableau 3 donne les valeurs des correlations 
deduites de ces courbes. 

Nous sommes en possession d’une part des 
valeurs numeriques des fonctions de correla¬ 
tions g, et d’autre part des expressions reliant 
ces fonctions aux int6grales d’echange 7, ei72. 

Dans le cas des solutions solides Mnj.Cr,_j.S 
nous devons modifier ces formules* pour 
tenir compte du fait que les liaisons Mn-S-Mn, 
Cr-S-Cr et Mn-S-Cr sont caracteris^es 


2 J, 

g2 = —+ 



[247," (7,+72)+372"] 


*Nous tenons ft remercier J. Villain pour une formula¬ 
tion plus correcte du probleme des solutions solides. 




854 


f>. BURI.ET el E. F. BERTAUT 







respectivement par les integrales d'echanges d’obtenir les formules valables dans notre cas 
J'lJ'i, J'lJ'i, J'”J't" et aussi de ce que les est de reprendre le calcul a partir de la 
modules des spins des ions Cr^* et Mn** ne methode semi-classique de Stanley et Kaplan, 
sont pas identiques. La facon la plus simple Ainsi, par exemple pour les termes en du 
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Tableau 3. Fonctions de correlations dans 
les solutions solides Mnj;.Cri_j.S 


X 

T 

Si 

fti 

S3 

S4 

1 

200 

-0,06 

-0,19 

0,02 

0,05 

0.66 

30() 

-0,07 

0,04 

0,02 

0,05 

0.60 

300 

-0,06 

0,05 

-0,01 

0,07 

o,.so 

300 

-0,04 

0,107 

0,03 

0,04 

0.5J 

273 

-0,114 

0,125 

0,04 

0,06 


developpement de g, nous devons tenir 
compte des diagrammes suivants: Mn^uxa^Mn, 
Mndt»&a.Cr, Cr4«Mi.Cr ayant les probabilites 
respectives x^,2xll~x) et (1 — jc)^. Si S' et S" 
sent respectivement les spins des ions Mn*+ et 
Cr^+ les developpements de S^i et S 0 S 2 , 
limites aux lermes en s’ecrivent 

= B\\\ r-' 4- ( B\\i+B',',1, ) r-n ^ 

avec(14); 


mentales des g 2 . Ceci pour deux raisons: d’une 
part les fonctions sont exp^rimentalement 
plus pr6clses que les fonctions g, (les errenrs 
de sommation finie et les erreurs s\it 1 (h) sont 
reportees vers I’origine de la transform^ de 
Fourier au voisinage de laquelle est determinee 
g,), d’autre part les calculs sont facilit^s en 
remarquant que SaS 2 ne contient pas de terme 
du second ordre en JJJ et di" ni de terme JiJ^. 
Apres elimination des termes en Jl eXJ'i" des 
equations du type (13) nous aboutissons a des 
equations du second ordre en J'[ et J\" dont la 
resolution graphique conduit a revaluation de 
J'[ et i,'" k partir de laquelle on determinedj” et 
J!^'. Ces resultats figurent dans le Tableau 4. 

Les valeurs de g, calculees a I'aide de ces 
valeurs et de des formules (14) sont comparees 
dans le Tableau 5 avec I’exp^rience. Lecart 
constate est fort compatible avec les jm- 
precisions des mesures. 

Nous remarquons les fortes valeurs posi¬ 
tives trouvees pour/^ety^'. 


W = if i)2-(-2y;"5'(i-'-(-1)5"(5"+ iKt-x) -hy'(s''^(s''+ dhi-x)^] 

B'A' = BVi’ = [ 4 V; 25 '^(S' + !)■'+ .r'^d -.r)(j;"’*-l-2/;yi")5'M5’ + 1)25"(S"-1-1) 

+41 -^)'(yi"'+2y;7i")5'(5'-i-1)5"2(5"+ 1 )" + (i -A-)V"'r^(5"-Hi)=>] 

5<2V = 'S[x-y',j'2S'HS' +1 )^+xH\-x){J',j:2" +j\"j:2+j',"J!/')S'HS' + \)^S"(S"+ d 

+ 41 -^)'(r^i"+yi'72-l-Ji'7.r')5'(5' + 1)5"’‘(5"+ 1)'+ (1 -A-)7?y25"^(5’'-l- !)•’] 

= i [xy^s'ys' + 1)" + 2^( 1 -x)J:/'S'(S' -I-1 )5"(5"-f-1) + (1 - x)yiS"^{S"+ 1 )*] 


avec 5' = I et 5" = 2. 

Pour un X donne on peut calculer les co¬ 
efficients de ces equations. En vue de reduire 
le nombres des inconnues nous allons utiliser 
les valeurs tr^s probables de J[ et y2[91 a 
savoir: 


y^ = -3.5‘’K et yi = -6,3°K. 


Tableau 4. Integrales d’echange 
relatives aux liaisons Mn-Mn, 
Cr-Cret Mn-Cr 



Mn-Mu 

Cr-Cr 

Mn-Cr 

7, 

-3,5 

-10 

- 1 

A 

-6,3 

+ 14 

+9 


(Dans tout ce travail nous exprimons les 
intdgrales d’echange en degr^s Kelvin). 

Pour determiner les valeurs de J" JiJ',” et 
y^", nous allon? utiliser les valeurs experi- 


SOLUTION SOLIDE Mg„jCro„,S 
En vue de verifier les resultats precedents 
relatifs a la liaison Cr-S-Cr nous avons 
prepare la solution solide Mgo. 5 Cro,.,S. Cette 



f, m/HiKf 

S. </«* €‘€*rr^iaiiOftS Si 

C‘€:r/r^/g^f^s' e*/" €^,*y7^rY>rr^/f/a/^s 


X 

g, calcuie = SoS,/S(S-l- !) 

jif, exp^rimenruJ 

066 

-0,050 

-0,07 

060 

-0,055 

-0,06 

050 

-0,062 

-0,04 

033 

-0,095 

-0,114 


solution solide est du type NaCI (a = 5,15 A) 
et ne presente pas d’ordre nucleaire a longue 
ou courte distance mais une s^gregetion des 
atonies de magnesium et de chrome donnant 
lieu a une deformation des pics de Bragg 
(Fig. 3). (Remarquons que CrS a une structure 


ce qui donnerait l^ur Cr*^: S^2.2. u 
Tableau 6 compare les valeurs observees ct 
cak'uldes des in tensitSs magnctiques. 


Tableau 6 . /ntensltds magne- 
tiques observees et calculees 
dans Mgc. 5 Cr 0 .sS 


hkl 

^observ^e 

^cu)cui6e 

00 1 

33400 

33000 

1 1 0 

I4S00 

13700 

20 1 

8400 

6400 

t 1 2 

6800 

5800 

00 3 

22 1 

1100 

2000 

301 

550 

560 



intermediaire entre CuO et PdS(10]). Des 
diffractogrammes neutroniques energistres 
aux temperatures de 4,2° et 3(K)°K montrent 
I’existence d'un ordre antiferromagnetique 
de premiere esp^ce, e’est-a-dire tel que 
7, < 0 et ^2 > 0. A 300°K cel ordre n’a pas 
totalement disparu, ce qui laisse supposer des 
valeurs tr^s fortes des integrales d’6changes. 
La structure magnetique est decrite par un 
empilement de plan ferromagnetique (001) 
dont le signe alt^roe selon la direction [001 ]. 
Les spins selon cette direction, 

leur grandeur moyenne est 5 = 1,1 


/,„,= «/.(0,539 S / ,x 4)» sin^a/C-. n. 
mulliplicile; L. facieur de Lorentz; K. 
facteur de normalisation deduit des 
mlensiles nucleaires:/ = /j ,^84 [11]. 

DISCUSSION 

Dans nos etudes precedentes nous avons 
toujours consider^ pour interpreter les liaisons 
magnctiques des processus de transfert de 
2 spins de I'anion vers le cation et vice-versa. 
Ceci conduisait a une valeur negative du 
couplage Cr-S-Cr a 180°, la partie positive 
Ctant fournie par la liaison Cr-S-Mn. Seul le 
mecanisme d’Anderson par transfert d'un 
spin de I'anion vers le cation peut expliquer la 
forte valeur positive trouvee ici pour la 
liaison Cr-S-Cr. Dans ce mecanisme le 
transfert a lieu entre une orbitale p^ de I’anion 
et une orbitale vide e„ = d^ 2 du cation Cr, 
tandis que P, est orthogonale aux 3 orbitales 
tig et a I’orbitale du cation Crj. De 

toute maniere le transfert d’un spin a une 
probabilite plus elevee que celui de deux 
spins[12]. Un tel transfert pourrait expliquer 
aussi la forte valeur de S(Cr^+) observee 
dans Mgo„,Cro,.^S. 

Par ailleurs il semble y avoir contradiction 
entre notre etude precedente[7] et les resultats 
presents. Nous trouvions alors y 2 (Cr-Cr) 


•On prend I'axe Cr,-S-Cr 2 comme axe de quantifi¬ 
cation Oz. 





Fig. 3. 







/ 



s/a<fus //ttraduisons nos encorc eti sccofd fl V'CC / experience. Notre 
nouve/fes valeurs (Tab/eau ‘fj (fans /e ca/ci// app/fcat/oM de Ja thcorib des '‘smas Jnfinis" 
de la probabifit^ d’ainas d’atomes s’ordonnant [I3J au probfeme de /brdhg /Paignd//fae de.v 
selon I’ordre de premiere espece nous solutions solides desordonndes se vdrifie done 


obtenons les resultats representes Fig. 4, bien. 
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Abstract—To discuss the remarkable variation of the Hal! coefficient (R/,) of noble metals with tem¬ 
peratures near 100°K, the R„ of copper was calculated on the basis of a simple twoband model due 
to the anisotropy of the relaxation time. 

In order to examine how an impurity contributes to the variation, the R,, of dilute copper alloys 
containing about I at. %. In, Ge, Sn andO-5 - 5 atomic percent AI was measured over the temperature 
range 77°-3()0°K. It was found that the variation of R„ in pure copper is reduced by a small addition 
of various solutes and it was discussed through the scattering mechanism. 


I. INTRODUCTION 

At present we have very little information 
about the anisotropy of the relaxation time 
over the Fermi surface, though there have 
been some experimental or theoretical in¬ 
vestigations f 1-9] whh respect to anisotropies 
of the relaxation time of noble metals and its 
dilute alloys. 

Now, the Hall coefficient {R„) of noble 
metals(10-12] show a relatively rapid varia¬ 
tion with temperatures below approximately 
I00°K, as shown in Fig. 1. Thi.s remarkable 
temperature-variation of the Hall coefficient 
cannot be caused by the non-sphericity of the 
Fermi surface. Ziman[l] suggested that it 
can be explained qualitatively by introducing 
the anisotropic relaxation time. Moreover, 
Kushibe and Yokota[13] inferred that the 
temperature-variation of of alkali metals 
is caused more dominantly by anisotropies of 
the relaxation time. Thus the anisotropy of 
the relaxation time seems to reflect on the 
temperature-variation of Rh and it is interest¬ 
ing to investigate this. 

In this paper, we shall actually calculate 
the Hal) coefficient of copper as a function of 
the anisotropic relaxation time and use the 
result to explain the remarkable temperature 
variation successfully. It is of particular 
interest to exalhine how an impurity contri- 



Fig. I. Variation of the Hall coefficient of noble metals 
with temperature at moderately low temperatures; 
circular points: present work: [21 after Koster el al. 
tl963);(31 after Berlincourt (1958); [4) after Fukuroi 
and Ideda (1956). 

butes to the variation of the Hall coefficient 
with temperature, from which we must be 
able to expect some information about the 
anisotropy of the impurity scattering. In 
order to ascertain the above expectation, the 
Hall coefficient of dilute binary copper alloys 
containing about one atomic percent Ge, In, 
Sn and 0-5 ~ 5 at. % Al was measured over 
the temperature range 77°-300‘’K. 






860 


T. MATSUDA 


2. EFFECTS OF ANISOTROPIES OF THE 
RELAXATION TIME UPON THE HALL 
COEFFICIENT 

2.1 A numerical calculalion of the Hall coeffi¬ 
cient of copper 

Ziman[3] assumed a constant relaxation 
time in his calculation, by the eight cone 
model, of the Hall coefficient of noble 
metals. To consider the variation of the Hall 
coefficient with temperature we shall modify 
his calculations by introducing an anisotropic 
relaxation time. Ziman|2] also tried from a 
theoretical point of view to make some esti¬ 
mate of the anisotropy of the relaxation time 
in a noble metal. To do so, he considered two 
extreme groups of electrons on the Fermi 
surface. Along these lines we shall make a 
simplification of the anisotropic relaxation 
time. We consider two groups of states; The 
belly states and the neck states. Let us assume 
that the electrons in each state have averaged 
relaxation times t/, and tv respectively. The 
anisotropy we assume here, can be expressed 
aST,v/T„. 

Our notations are almost same as Ziman’s 
(3], that is, L/||,: {III} component of Fourier 
coefficients of the lattice potential; p: the 
distance from the origin to midpoint of a 
hexagonal face (See Fig. 2). 

The electron energy in unit of (h'^p’^jlm) is 
given in dimensionless form + 

-^2f(:.)\ where x = kjp\ y s kjp-, r. $ kjp: 



r 

Fig. 2. A section, containing the axis of revolution 
(z-axis), of a cone. 


2f(z) = 1-h (1 -z)2-[«2-4(land 
u = [/j,i/(^V“/2m). The hypothetical Fermi 
surface is divided by the z = Zo plane into 
two regions, i.e. the belly states and the neck 
states, as shown in Fig. 2. Zo represents a 
value of ordinate z at which aY(z)/az^=0. 
z, denotes a value of ordinate z at which the 
surface terminates on the sloping sides of the 
cone. 

The Hall coefficient is calculated from the 
well-known formula (for instance, equations 
(7.1) (7.4) in reference [3]). but as a function 
of t.v/t/,. By a trivial algebraic manipulation 
we obtain 


1 . F|+ {'TNlXltYF'! 

»n'„ceN {F., -f (ta/t^) 


=-0-673 X 10-” 


F, + 

{Fa-I- (tsIt„)F^V 


( 1 ) 


(m^/C) 


where N is the number of atoms per unit 
volume; c is the light velocity; e is the elec¬ 
tronic charge; and n'„ is the number of elec¬ 
trons per atom contained in the inscribed 
sphere to {111} planes, and 

F, = /,« + 4/,''+(e-2/(Zo))/'(z«) 

-(€-2 /(z,))/'(z.) (2) 


F, = /.''-f 4//+ (2/(z„) -e)/’(z„) (3) 

F,= If+l/ (4) 

F,^ If-1-1/ (5) 

=/[e-2/(z)] dz (6) 

/•i = J[/"U)]^d2 (7) 

/.''=/.(z«)-A((z,) (8) 

lf = IAl)-Iiiz/ (9) 

Zo is given by 

Zo = 1 - («/2) [2^'^u-^i^ - 1 ](10) 


The primes and double primes denote, 
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respectively, the partial and second partial 
derivatives of f with respect to z. When n 
and u are given, z, and € are decided by 
solving the simultaneously equations, 

«= (3V37r/2){(7/27)z,»+[/,]>,} (11) 
and 

{7l9)z,^+2fiz,). (12) 

Thus we can compute R„ for various values 
of u and ta/ta- 

In Fig. 3 we plot the Hall coefficient cal¬ 
culated as a function of Tv/th for various 
values of u. In our computation, 0-30, 0-35 
and 0-40 are taken as values for «, and 
T/v/Tft are changed from 0-40 to 2 00 at inter¬ 
vals of 0 05. The numerical relation of u 
with the energy gap (2t/,,j) at the zone face 
is shown in Table I. Our values for u are 
based on the following backgrounds: 



Fig. 3. The Hall coefficient calculated as a function of 
tm/tb, the ratio of the relaxation time on the neck states 
to that on the Iftlly states, for various values of u. 


Table 1. The numerical relation 
of u with the energy gap at the 
{111} zone face 


u 

2t/,„(eV) 

0 30 

5-25 

0-35 

6-12 

0-40 

700 


(1) For copper, the contact on the {111} 
faces at the zone occurs only when the value 
of 2f/,,, is more than approximately 5-2 eV. 

(2) The calculated value of the neck radius 
for u = 0-40 is close to the measured value 
due to the de Haas-van Alphen effect of 
Shoenberg[14]. 

We find in Fig. 3 that the /?„ decreases 
rapidly with decreasing tv/tj? for the range of 
Tv/Tfl < 1 and has a maximum at about 1-4 
in T,v/r„. When we return the measured Hall 
coefficient of copper, it reminds us of the fact 
that the Rh decreases rapidly with decreasing 
temperature at about 10()°K and has a maxi¬ 
mum at around 200°K. It is interesting to note 
that the two curves (calculated and measured) 
are very similar to each other, although they 
have different abscissas. The calculated Hall 
coefficient shifts somewhat in absolute value 
from the measured one, but the difference 
can be winked within our approximations. 
Figure 4 shows the Hall coefficient calculated 
as a function of for various values of 
n (the number of conduction electrons per 
atom) for the case u = 0-40. provided that the 
theoretical values are normalized to the 
measured ones by fitting both maxima. 

Thus, present calculations suggest that if 
t,v/t« is a monotonic function of temperature, 
we may be able to explain the observed 
temperature dependence of the Hall coeffi¬ 
cient in terms of t v/tr. 

2.2 The remarkable temperature variation of 
the Hall coefficient of copper 

It is found from preceding calculations that 
(1) the Rh varies considerably with varying 
thItb in the range of tv/tr less than unity. 
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Kig. 4. f he Hull cocfticient culeulated us a ftinelion of 
T^/T/| for various values of n for Ihe case u =• 0-40. pro¬ 
vided lhal the ihcorclicul values are normali/ed to the 
measured ones by fitting both maxima of those curves. 

and (2) if. in fact, the value of Tv/r„ decreases 
effectively, from unity below around IOO°K, 
the remarkable temperature variation of 
observed experimentally, may be success¬ 
fully explained. 

Consequently, we shall consider how 
Tv/t,! depends on temperature. According 
to MacDonald 115], the probability of the 
occurance of electron-phonon C-processes 
at low temperature diminishes very rapidly, 
more or less as exp(—fii*/7), where 6** is a 
characteristic temperature, which relates 
very roughly to the distortion of the Fermi 
surface from the ideal sphere corresponding 
to perfectly free electrons. Typically B* 
is assumed to be about 20‘’-50°K in metals. 
Figure 5 illustrates exp {—0*IT) forfl* with 
as a function of temperature. It is well- 
known that if the Fermi surface does not touch 



r. 

the zone boundary there is a lower limit to the 
wave vector of a phonon participating in a 
C-process. This is easily understood on a 
repeated zone scheme as shown in Fig. 6. 
Now. let us consider two extreme groups of 



Fig. 6. The lower limit of a wave vector of a phonon 
participating in a (7-process. 


electrons on the Fermi surface. We assume 
that probabilities of occurance of electron- 
phonon {/-process in these two bands (say 
a, j8) can be represented by two different 
curves as shown in Fig. 7. When the tempera¬ 
ture falls from T-i to T,, the probability 
in band /3 decreases markedly more than 
Pa in band a. In this case, both relaxation 
times (say t^, t^) become longer with decreas¬ 
ing temperature, but the increase of is 
more marked. 

In fact, we can make the belly state and the 
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Fig. 7. Probabilities of the occurance of the electron- 
phonon L/-process in two bands. 

neck state correspond approximately to ^ 
and a respectively. For, as argued by Ziman, 
the (/-processes on the belly states are rapidly 
quenched with decreasing temperature and 
the relaxation time th, governed by A^-pro- 
cesses, increases promptly, since at low temp¬ 
eratures only the long wave phonons are 
excited. There is no lower limit of the wave 
vector on the neck states, and (/-processes 
occur down to the lowest temperature. In 
fact, both Th and t\ become longer with 
decreasing temperature, although the increase 
of T„ is more marked. Therefore, at low 
temperatures, the ratio ts/t;, decreases 
rapidly with falling temperature. At high 
temperatures, where large values of the wave 
vector are allowed, we may expect that the 
scattering will be rather isotropic. 

Thus the temperature variation of t.v/th 
is ascribed to the fact that the probability 
of an occurance of (/-processes on two ex¬ 
treme groups varies differently according to 
temperature. This situation is reflected in the 
remarkable temperature variation of the Hall 
coefficient. 

Also, it is interesting to estimate the temp¬ 
erature dependence! of t„Its on the connec¬ 
tion between the observed Rh — T curve and 
the calculated Ru—tsHb relation. The results 

tConforming to Ziman [21, we shall refer to T»/THhere. 
instead of ^ 


are compared to other estimates due to Ziman 
[2] on a theoretical calculation, due to 
Haussler and Welles[16] on Azbel’-Kaner 
cyclotron resonance experiments, and due to 
Dugdale and Basinski (8) on experiments of 
departures from Matthiessen's rule. As seen 
from Fig. 8, they are in fair agreement. 

The result of this calculation indicates that 
the remarkable variation of the Rn of pure 
copper with temperature may be explained 
through the change of the ratio, tv/th, due to 
the rapid increase of Tg. In the next section, 
we shall see how an impurity contributes to 
the variation of the Hall coefficient with 
temperature and how anisotropies of the im¬ 
purity scattering reflect on it. 

3. EFFECT OF THE IMPURITY SCATTERING 
ON THE HALL COEFFICIENT 
3.1 Experiments 

In order to examine the effect of impurity 
on the temperature variation of /?». the Rh 



Fig. 8. Variation of t„/tv with temperature, estimated 
by the observed Rii~T curves and the calculated 
Rm — tv/t# relations with the aid of the data observed by 
Berlincourt. 
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of dilute copper alloys containing about 1 at.% 
In, Ge, Sn and 0-5 ~ 5 at.% A1 was measured 
over the temperature range 77°-300°K. 
The experimental procedure and results 


are summarized in Tables 2 and 3 respectively. 
The small Hall voltage necessitated very care¬ 
ful measurement. The error in the measured 
Hall coefficient is almost ±0-5 per cent. 


Table 2. Experimental procedure 


Purity of 

constituent metals 
Weight of samples 
Melting 


Weight loss after 
melting 

Heat treatment 


Specimen size 
Measurement of/?« 


99-999 per cent or better 
30 g 

by induction furnace in a high purity graphite 
crucible 

under vacuum or argon atmosphere 

negligible, 0-06 per cent at most 
ingots: annealing at about 650°C for 

7 days 

specimens: annealing at about 400°C for 
10 hours 
40X 4x 0-3 mm 

hy usual d.c. technique primary current: 

I amp. magnetic field: 1 - 2 x 10'' Oe 


Table 3. Experimental data for the Hall coefficient of dilute copper alloys 


Specimen 

Tempera¬ 

ture 

(“K) 

(10 ■' 
m'VA-s) 

Specimen 

Tempera¬ 

ture 

(°K) 

-Rh 

(10-” 

m-’/A-s) 

Specimen 

Tempera¬ 

ture 

(“K) 

(10” 

m’/A-s) 


77 

5-56 


77 

4-99 


77 

4-56 


90 

5-32 


93 

4-97 


93 

4-54 


100 

5-23 


107 

4-95 


107 

4-50 


no 

5-15 

0-63 

121 

4-92 


119 

4-52 

Pure 

120 

5-13 

at.%Al 

133 

4-86 

2-00 

132 

4-56 

<'u 

150 

5 00 


161 

4-90 

at.%AI 

154 

4-58 


200 

4-97 


213 

4-92 


179 

4-64 


250 

4-97 


251 

4-92 


200 

4-65 


292 

5 01 


298 

5 04 


245 

4-69 


77 

4-34 


77 

4-84 


299 

4-76 


98 

4-36 


93 

4-80 


77 

4-57 

0-96 

119 

4-43 


103 

4-81 


94 

4-56 

atS/fin 

150 

4-,56 


119 

4-78 


108 

4-55 


247 

4-71 

107 

135 

4-76 


121 

4-57 


289 

4-77 

at.9fAl 

157 

4-77 

2-.55 

135 

4-58 


77 

4-59 


205 

4-82 

at.%AI 

157 

4-58 


96 

4-82 


246 

4-87 


178 

4-60 

0-97 

120 

4-89 


300 

4-97 


197 

4-61 

at,%Sn 

198 

4-95 


77 

4-70 


244 

4-66 


246 

5-03 


88 

4-68 


299 

4-68 


293 

5 16 


104 

4-64 


77 

4-29 


77 

5-35 


117 

4-62 


95 

4-28 


% 

5-35 

1-56 

132 

4-62 


109 

4-31 


117 

5-33 

at.%Al 

153 

4-65 


121 

4-31 

1-00 

150 

5-27 


175 

4-70 

5-00 

135 

4-30 

at.%C5e 

200 

5-27 


202 

4-73 

at.%Al 

158 

4-31 


245 

5-29 


249 

4-78 


180 

4-34 


290 

5-52 


298 

4-86 


202 

4-33 








250 

4-36 








299 

4-35 
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Figure 9 shows the change of the tempera¬ 
ture dependence of the Hall coefficient of 
copper caused by the addition of about 1 at% 
of various impurities. The curve of the 
copper-zinc systems is estimated from the 
measurement by Kbster and Rave [17]. 
Figure 10 also shows the temperature varia¬ 
tion of the R„ for dilute Cu-Al alloys. 

In order to show the characteristic features 
more clearly, we note the deviation, 
from a straight line obtained by extrapolat¬ 
ing the high temperature (200° ~ 300°K) 
branch of the /?«. Figures 11 and 12 show 
ARfi, estimated from Figs. 9 and 10 respec¬ 
tively, as a function of temperature. 

Figure 13 shows the R„ of alloys of present 
interest, plotted against the electron-atom 
ratio (eja), where (i) indicates the behavior 
at room temperature and (ii) the behavior 
at liq. N-i temperature. It should be noted 



TEMPERATURE (*K) 



TEMPERATURE CK) 

Fig. 10. Variation of the Hall coefficient of Cu-Al 
alloys with temperature. 



Fig. 11. Deviation, of the observed Rn. of various 
copper alloys, from a straight line obtained by extra¬ 
polating the high temperature branch (200° - 300°K). 


Fig. 9. Temperature dependence of the Hall coefficient 
of copper and its binary alloys containing about one 
atomic percent Zn, Ge, In and Sn. The curve for Cu-Zn 
is estimated ^m the data of Koster and Rave. 


that (i) and (ii) have very different features. 

We find from the above re.sults that (1) 
the rapid increase in |/i«| at about 1(X)°K 
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Fig. 12. Deviation. A/f,, of the observed R„. of Cii-AI 
alloys, from a straight line obtained by extrapolating the 
high temperature branch (200° .WrK). 


that of pure copper (Fig. 9(a)). For In or Sn, 
it shows different behavior (Fig. 9(b)). A/?h 
decrea.ses with an increase of the solute 
concentration and vanishes in the case of 5 
at.% of A1 (Fig. 12), and (3) the e/a-depen- 
dences of R„ are different at different tempera¬ 
tures (Fig. 13). 

To understand these results we must take 
into consideration anisotropies of impurity 
scattering as well as those of phonon scatter¬ 
ing. 

3.2 Introduction of anisotropic impurity 
scattering 

3.2.1 Temperature dependence of the R„ 
of dilute copper alloys. As in the case of a 
dilute alloy, in the absence of better informa¬ 
tion it is natural to assume that 



Fig. 13. The Hall coeffieienl of dilute copper alloys, 
plotted against the electron-atom ratio; (i) at room 
temperature (ii) at liq. /Vj temperature. 


in pure copper is relieved or stopped by a 
small addition of various impurities. (2) the 
extent of reduction depends on the sort of 
impurity and on its concentration; For the 
case of alloys containing Zn and Ge as an 
impurity, the R^ shows a similar tendency to 


and 


T'v' = Tv/'" + Tv; 

t7i' = rgl. + Tnl (13) 


where tm- and t\i denote the relaxation times 
for phonon scattering and for impurity scatter¬ 
ing. respectively, on the neck states and thc’ 
T,„ those on the belly states. T.spandxK,.depend 
upon temperature, but tm and t,,/ are almost 
independent of temperature. We obtain from 
equation (I 3) that 

r\(T)lT„( T) = (t,vM7’)/t;(,.(T)) ! 

I +Tw(/)/ t>, 

(14) 

We shall define the ratio 


= (15) 

which denotes an anisotropy parameter for 
impurity scattering. We can express the 
impurity resistivity as 


P/= [Ctb, 4-C'tw] ' (16) 

where C and C' are constants which are al¬ 
most independent of the sort of impurity. 
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Substituting (15) and(16) into (14) we obtain 

Tv(r)/T«( 7 ) = (t„at)It„at)) 

{ \+P,iC + C'A,)THP ] 

1i+P,(CM,+ C')t.vJ‘ 

Conveniently we express 

rAT)lT„{T) = (r,,.(7)/7„p(7)) -cPlT) (18) 

where 

*(7-) = * + C'A,)thi> 

]+p,iCIA, + C')T,f.' 

Two limiting cases can readily be considered; 
(a) For pure copper, p, = 0; thus the tempera¬ 
ture variation of tv/tb is governed only by 
that of tupIth,,. (b) For high impurity con¬ 
centration, tjv/tb «= Ap 
The case which is of more interest to us is 
an intermediate one, i.e. we are interested 
in dilute alloys. For pure copper we have 
already seen that the remarkable variation of 
the R„ with temperature may be ascribed to 
the rapid decrease of t^pItdp due to the 
abrupt increase of t„p at low temperatures. 
For a dilute alloy it is not Tup/tpp which 
contributes to the temperature variation of 
R„, but rather in equation (17), namely 
Tf/phpp multiplied by d>(T). For dilute alloys, 
the maximum impurity content being a few 
at.% we can almost neglect the change of 
tspItbp due to alloying. As seen from the func¬ 
tional forms of equations (17) and (18), 
4> has a tendency to compensate for the 
variation of TspItup with temperature. Thus 
it is expected that the temperature varia¬ 
tion of Rh in dilute alloys will be smaller than 
that in pure copper. The extent which «1>(7) 
compensates for the temperature variation of 
'TnpItbp depends on the magnitude of the coeffi¬ 
cient of tbp in if this is small, the extent of 
compensation is small. In expression (17), 
therefore, there are two factors that determine 
how Rh depends on impurity: one is the 
impurity resistf^^ity pi and the other is /4,. 


If p; and A , are small, the extent of compen¬ 
sation is small, hencei the temperature varia¬ 
tion of R„ of the alloy approaches that of pure 
copper. As seen from Figs. 9 or 10, the temp¬ 
erature variation of /?„ of Cu-Zn and Cu-Ge 
approaches that of pure copper, and those of 
Cu-In and Cu-Sn do not. Let us pursue the 
situations of p; and At for these various 
impurities. 

pt may be seen from the following data 
taken from Linde’s measurements, where x 
denotes the solute concentration and 

Solute Zn Ge In Sn A1 

dp,/dr 0-32 3-79 1 06 2-88 1-25 

Apildx is expressed in pO cm/at.%. From 
this fact with respect to p„ we can explain, 
qualitatively, the experimental results (1) 
and (2), with a further assumption for A, 
as follows; (cf. Appendix) 

Impurities Zn Ge In Sn A1 

' a , <1 >1 

(I) Zn\ As seen from equation (17), the 
extent of compensation may be small since 
Pi is extremely small for this alloy. Hence, the 
temperature variation of the Rh would 
approach that of pure copper. 

(II) Ge: Pi is very large for this case. But, 
if /I, is considerably small so that the extent 
of compensation may be small, the tem¬ 
perature variation of the Rh is also com¬ 
prehensible. 

(III) In: Pi is not so large. But, if Ai is 
large so that the extent of compensation may 
be large, the experimental result can be 
understood. 

Similar explanations are available for the 
case of other impurities. In Fig. 12 |Ay?B| 
decreases with increasing of/11 concentration. 
This would be ascribed to the increase of p; 
with increasing ofA \ concentration. 

Our assumption for Ai may be assured by 
the fact that it is able to satisfy also the 
result (3) as can be seen in the next. 



868 


T. MATSUDA 


3.2.2 eja dependence of the R„. Inspecting 
the data in the past it is found that there 
is a tendency for the curve of R,, plotted 
against eja to have a ‘cusp' or a ‘valley’ 
at the eja corresponding to pure metal 
[18-20]. Figure 14 shows schematically 
this behavior of Rn. It has been explained 
mainly due to anisotropic impurity scattering 
by many authors[l,3,18-25]. Generally 
speaking, different impurities produce differ¬ 
ent shapes of the cusp (or valley). It is 
plausible that the steepness of the cusp 
(or valley) depends on the difference of the 
anisotropy of impurity scattering with that 
of phonon scattering at the temperature. 
If the anisotropy of impurity scattering is 
largely different from that of phonon scatter¬ 
ing, it is expected that a large cusp (or 
valley) appears. 

In Fig. 14, (A) indicates the case of the 
large difference, (C) the case of almost same 
anisotropy and (B) the intermediate case. 



t—•/• CORRESPONOINO 
TO PURE HCTAI. 


e/a 

Fig. 14. Characteristic behaviors of the Hall coefficient 
drawn schematically against eja of usual dilute alloys. 


Since the anisotropy of phonon scattering 
varies with temperature and that of impurity 
scattering is independent of temperature, 
the shape of the cusp (valley) is to depend 
on temperature. 

We shall express the anisotropy of phonon 
scattering as 

^p — ThpItbp (19) 

in contrast to It should be 

remembered that 

= 1 at room temperature, 

< 1 at liq. Na temperature. 

Figure 13 corresponds to the part of the 
initial slope enclosed with broken line in 
Fig. 14. Thus we shall show that the result 
(3) can be plausibly explained if we use our 
assumption for W/. 

(I) Zn {assumed A, = 1). In Fig. 13 (i), 
where Ap 1, we can infer A, = Ap since the 
slope for Zi) is close to the free electron 
slope. Therefore, A, In Fig. 13 (ii), 
where Ap < 1, it is reasonable that slope for 
Zn is more steep than the free electron slope. 

(II) Ge {assumed /!;</). In Fig. 13 (ii), 
where A^ < 1, we can find A, « Ap, since the 
slope for Ge is near to the free electron slope. 
Therefore, A,<\. In Fig. 13 (i), where 
Ap = 1, the slope for Ge is reasonable. 

(III) In (assumed Ai> I). Figure 13 (i) 
tells us that A, > 1 for this case. Figure 13 
(ii) is also the case. 

Similar explanations are available for the 
case of other impurities. 

Thus, our assumptions for A/ are likely to 
satisfy both the concentration dependence at 
different temperatures and the temperature 
dependence of for copper alloys. Here we 
must refer to the work of Barnard [25], 
who derived that A, < 1 for all of copper 
and silver alloys. It is difficult to under¬ 
stand the present result by his suggestion, as 
seen from this section. The origin of this 
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discrepancy is not so clear at the present 
stage, but we may say that it comes partly 
from the fact as follows; Barnard’s estima¬ 
tion of /4/ is made on rather uncertain assump¬ 
tion that elfective number of free electrons 
are separated into two terms associated with 
impurity scattering and with the band struc¬ 
ture produced by alloying. 

3.3 Au-Ag alloys 

This explanation is also applicable for the 
comparison between Au in Ag and Ag in Au 
dilute alloy systems. These elements both 
have the same valency and also nearly same 
atomic volume. Both alloys have the same 
dpildx, 0-36 in pfl cm/at.%. Hence it is 
expected that the effect of only A, reflects 
directly on the temperature dependence of 
the Hall coefficient. For the case of such 
parent metal and such impurity, impurity 
scattering is well known to be predominantly 
j-like symmetry [2,8). On the neck the 
electrons are in p-state for Ag and rather 
.v-like for Au according to Cohen and Heine 
[26]. For Au in Ag, therefore, the neck 
electrons would scarcely be scattered by this 
impurity (Au) though for Ag in Au they would 
not. Thus we may be able to predict about 
/</ of both alloys as follows; 

1 >1 forAuinAg, 

<I forAginAu. 

This situation is reflected in the R„ of these 
alloys, which are plotted against a solute con¬ 
centration measured by Koster, Hagman and 
Saeger (10), as shown in Fig. 15. Figure 16 
shows the temperature variation of the Rh 
measured by them. This behavior would also 
confirm the above predictions about A,, 
although the comparison between both alloys 
is inappropriate because of the different 
concentrations of these alloys. 

4. CONCLUSION 

We calculated the Hall coefficient of 
copper as a function of the anisotropic 



Fig. LS. The Hall coefficient of Au-Ag dilute alloys, 
plotted as a function of solute concentration. Data taken 
from Koster, Hagman and Saeger (1963). 


AFTER kOSTER (tM. 



Fig. 16. Temperature variation of the Hall coefficient of 
Au-Ag dilute alloys. After Koster, Hagman and Saeger 
(1963). 
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relaxation time. In the analysis, (1) We 
considered two extreme groups of electrons 
on the Fermi surface; the belly states and 
the neck states. (2) We assumed that the 
electrons in each state had average relaxation 
times (t„ and tv). (3) We expressed the 
anisotropy of the relaxation times as T\Ith- 
Obviously our division into extreme 
groups of electrons on the Fermi surface 
may be an oversimplification, hut we can 
expect to find from this simple two-hand 
model the qualitative effects caused by an 
anisotropic relaxation time. We found, as 
a result of a numerical calculation, that 
varies considerably with varying rv/r« 
in the range of this ratio less than unity. 
The temperature vanafion of t^It„ was 
ascribed to the fact that the probability of 
the occurence of a U-process on two extreme 
groups varies difTerenlly with temperature. 
This situation is reflected by the remarkable 
temperature variation of the below a 
temperature of about 20()”K. 

In order to examine how an impurity contri¬ 
butes to the variation of the Hall coefficient 
with temperature, the Hall coefficient of 
several dilute copper alloys containing about 
al.% solute were measured over the 
temperature range 77'’-300'’K. We found that 
the remarkable temperature variation of in 
pure copper is reduced by a small addition 
of various solutes and that the extent of this 
reduction depends on the sort of impurity and 
its concentration. It was stated that this 
reduction depends on the impurity resistivity 
(p/) and also upon an anisotropy parameter 
for impurity scattering, /i, = Ttihm- As for 
this matter, however, further systematic 
experiments would be required. 
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APPENDIX 

This assumption for A, is likely to be justified by 
the following rough estimation of Using A,, given 

by equation 119) 


where 


Vn/th — a,* • fp. 


l+TsePiiC + C'A,)/Ap 
1 +T,7,p,(C/A,4-C') 


(A-l) 


(A-2) 


Let us estimate values of <t> at about 80°K for each alloys 
containing about 1 at.% impurities as a function of A,. 
From the discussion m Section 2.2 we postulate that 
Ap * 0-6 at 80°K. We note how Ty/T„ is modified by <P in 
the case of alloys. 

Constants C, C are given by 


C = 


NpHe‘ 


and C 
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where (m,), {mu) are average effective masses of the 
belly and the neck electrons respectively, ng and are 
numbers of belly and neck electrons per atom respectively 
and are given using the eight cone model as follows; 

(€-y(Z))dz] 

(A-3) 

n.v = ^^r U-2/(Z))dZ. 

When u = 0-4 and n(= n« + Wv) = 1-0, we have «« — 0'745 
and n,v = 0-255. Using {m„) == 1-2 and <m,) 0-5 (in 

electron mass unit) expected from the cyclotron mass 
measurement, we obtain (’=13-4x10'“’ and C' = ll 
X 10®’ in c.g.s./e.s.u. unit. We shall use an appropriate 
value of Tup at about g0°K, perhaps ~5 x 10 '^sec. For 
111 we can use dpildx from Linde's measurements. Thus 
(t> can be calculated for various alloys as a function of 
A/. TviT;, is obtained by multiplying <l> by 0-6, Therefore, 
on the basis of the discussion in Section 2.2 wc can 
roughly estimate at about 80°K as a function of A,. 



Fig. A-l. ]IiRh] at about 80°K calculated as a function 
of A,: arrows represent the range of experimental values. 


The result is shown in Fig. A-l. As can be seen from 
the figure, we can approximately assume for/4i as follows; 


A 


»= 1 

>1 

<1 


for Zn or Sn as impurity 
for In as impurity 
for Ge as impurity. 
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SUPERCONDUCTIVITY IN NIOBIUM AND 
NIOBIUM-TANTALUM ALLOYS 
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Abstract —From magnetization measurements in superconducting Nb and Nb-rich Nb-Ta alloys, 
it was found that the discrepancies between experiment and theory in the upper critical held and 
two Ginzburg-Landau parameters as a function of temperature in pure Nb are directly related 
to the anisotropy of the superconducting energy gap. and not to its non-weak coupling nature. 

Besides the above-mentioned conclusion, several electronic parameters were deduced from the 
measurements. The temperature coefficient of the electronic specific heat, y, as a function of Ta 
concentration has a peak at several atomic per cent of Ta, whereas the superconducting transition 
temperature drops very rapidly from 9-23°K for pure Nb as Ta is added. An estimation of the carrier 


concentration in Nb showed that all carriers in the 
state at sufficiently low temperatures. 

1. INTRODUCTION 

Rather extensive studies have been made of 
the magnetization behavior of the type 11 
superconductors. One of the remarkable 
facts is[l-6J that the variations of the upper 
critical field, Hd, and the two Ginzburg- 
Liindau parameters, ki and k-^, as a function of 
temperature do not agree at all in pure Nb 
with any theoretical predictions given so far 
[7-10] based on the Ginzburg-Landau- 
Abrikosov-Gor'kov theory [11-13]. 

There is an experimental indication that 
Nb has two bands which are both in the 
superconducting state at sufficiently low 
temperatures[14]. However, it is not likely 
that the peculiar superconductivity charac¬ 
teristics of pure Nb come from its two-bands 
character, since the multi-band nature is 
very common in metals and alloys. Rather, 
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ials Research Laboratory, University of Illinois, Urbana, 
111. 61803, U.S.A. 

^Present address: Department of Physics, Rutgers. 
The State Univeoaty, New Brunswick, N.J. 08903, 
U.S.A. 


normal stale probably go into the .superconducting 

it seems to be more reasonable to consider 
that it comes from the non-weak coupling 
nature of Nb and/or the anisotropy of the 
electronic structure. 

Here, we would like to report an experi¬ 
mental result of magnetization measurements 
in pure Nb and several Nb-rich Nb-Ta alloys 
in their superconducting states, which were 
carried out in order to shed some light on the 
above-mentioned interesting problem. A 
brief report has already been given 115]. 

We chose the Nb-Ta system because it 
is very simple in the sense that Nb and Ta 
form solid solution alloys over the entire 
range of the composition [16], that the val¬ 
ence of Nb and Ta are the same, and that the 
lattice parameter does not change in three 
decimal places over the entire composition 
range [17]. The maximum Ta concentration 
in the present work was 19-7 at. %. This was 
determined because the electronic mean free 
path in that alloy was found to be short 
enough to correspond to the theoretical 
dirty limit. Recently Ogasawara[l8] has made 
an investigation similar to this over Ta con¬ 
centrations from 12-5 to 92 at. %. 
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2. EXPERIMENTAL PROCEDURE 
Specimen 

The specimens were made from zone- 
refined Nb and Ta. The resistivity ratios of 
these starting materials were about 1100 
and 600, respectively. They were melted 
to alloys of desired composition in an elec¬ 
tron-beam melting furnace in a vacuum of 
1 X lO'” Torr., and then drawn into wires 
of about 2 mm dia. The alloy wires were then 
finally annealed in an ultra-high vacuum 
furnace with a vacuum of I x 10 "’ Torr. 
just below the melting temperatures for about 
1 week. The final dimension of the specimens 
was about 2 mm dia. and 22 mm length. 

By the usual 4-points method with a d.c. 
potentiometer, the residual resistivities 
of the specimens were measured at 4-2°K 
while applying a magnetic field just above 
H,:i of each specimen. Table 1 lists the meas¬ 
ured results for the residual resistivity 
p,., the resistivity ratio 1', and the mean free 
path of the electrons /,r. derived from p, 
as described in the last part of the next sec¬ 
tion. 

Magnetization mea.surementl 19] 

Magnetization as a function of the magnetic 
field, M(H), were deduced from the dift'eren- 
tial permeability. Varnish coated, thin copper 
wire of 0-05 mm dia. was wound around the 
specimen about 100 times as a pick-up coil. 
A magnetic field was applied in the longi¬ 
tudinal direction of the specimen and was 
increased or decreased at a constant rate. 
The electromotive force from the pick-up 
coil was amplified and fed to the K-axis of 


an X-Y recorder. The A'-axis of the recorder 
was the intensity of the magnetic field, so 
the recorder tracing obtained was dBIdH 
vs. H, where B and H are the magnetic induc¬ 
tion and the magnetic field in the specimen, 
respectively. Then, we could deduce the 
magnetization curve, M{H), by integrating 
the recorder tracing. 

The measurements were always made after 
demagnetization of the specimen by elevat¬ 
ing the temperature above T^- 

As was already mentioned, the size of the 
present specimens was 22 mm length and 2 
mm dia. So, by taking into account the de¬ 
magnetization field, the correction of the 
magnetic field in the specimen was estimated 
to be 1-75 per cent at the lower critical field, 
H,.,, and of course was smaller than this 
figure at any other field strength [20]. 

The measured magnetization curves were 
found to be almost reversible: If we express 
the magnitude of the hysteresis as the differ¬ 
ence of the area under the magnetization 
curve, J„HciM{H)dH. for the increasing and 
decreasing magnetic field, this difference was 
about 2 per cent in pure Nb and 5 per cent in 
the specimen of the largest Ta concentration. 

X EXPERIMENTAL RESULTS 
Superconductinf' transition temperature 

The transition temperature from normal to 
superconducting state was obtained by 
extrapolating the relation of W,., and vs. 
temperature down to Hr, — Hr 2 = 0. Figure 1 
shows the transition temperature plotted as a 
function of Ta concentration. The steep drop 
of Tr near pure Nb is remarkable. 


Table I. Specimens in this work 


Specimen 

No. 1 

No. 2 

No. 3 

No. 4 

No.-S 

No. 6 


pure Nh 

0-87 

1-56 

4-22 

6-23 

19-7 

pAitilcm) 

0016 

0-219 

0-373 

0-843 

1-29 

2-56 

y 

noo 

80 

46 

20 

12 

7-6 

yu.(10 "cm) 

3-78 

0-27 

0-16 

0-070 

0-046 

0-023 
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Fig. 1. Superconducting transition temperature. T,, 
plotted vs. Ta concentration in the Nb-Ta system. 


Critical fields and Ginzburg-Landau para¬ 
meters 

The lower critical field, was defined in 
this study as the field strength at which the 
derivative dMIdH took on its maximum value. 
The thermodynamical critical field, He, was 
determined in the usual manner from {hr)H/ 
= SaMcM(H)dH. ■ 

In Fig. 2 are plotted the magnitude of three 
critical fields extrapolated to O^K as a function 


cm) 



A 

Fig. 2. Lower critical field W,.,. upper critical field and 
thermodynamical critical field H, extrapolated to 0°K 
plotted vs. the residual resistivity Pr and the reduced 
collision frequency A. 


of the residual resistivity and the reduced 
collision frequency, ‘ A = hl{2TTki,TeT,e.) — 
0-882 ^,j//tr., where Tu. is the collision time of 
electrons, /t,. is the mean free path of electrons 
estimated from the residual resistivity, and 
fo is the coherence distance in pure Nb esti¬ 
mated from the magnetization measurement. 
See Tables 1 and 2 and the. last part of this 
section. 

Figure 3 is the variation of the temperature 
derivative of the upper critical field at T,., 
(dHe 2 ldT)r^r,, as a function of A, together 
with the theoretical curve given by Helfand 
and Werthamerl21]. The agreement is bad for 
A less than unity. 



Fig. .1. 1 emperature derivative of the upper critical field 
at T,. plotted vs. ,\ together with a theoretical curve given 
by Helfand and Werthamer|21]. Here. /i is a reduced 
magnetic field defined in reference [21). and is propor¬ 
tional to Hri. and ( = F/T^- 

From the measured results, we can calculate 
the two Ginzburg-Landau parameters. 
Figures 4 and 5 are the plots of these quantities 
in various alloys as a function of temperature. 
In these figures are also shown the theoretical 
curves recently calculated by Eilenberger(10]. 
In Fig. 6, are plotted the experimental K,(0)/Kr 
and Kz(0)/Kr vs. A again with the theoretical 
curves for the parameter l^jl in Eilenberger’s 
treatment equals to unity, where = 

K-ilTf). As is indicated here, the agreement 
between the experimental results and the 
theory is again bad for A smaller than unity. 
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Electronic parameters 
Some electronic parameters can be deduced 
from the measured results. First of all, the 
temperature coefficient of the electronic 
specific heat, 7 , is known from the expression: 

= HA0)-{4',rylVjr 

where V,„ is the molar volume and equals to 
10-8 for any Nb-Ta alloys, y for Nb was 
obtained to be ( 7-65 ± 0 - 2 ) mJ/mol. deg^ which 
agrees with the magnitudes so far obtained 
[4, 14, 24, 25]. Figure 8 shows the change of 7 


Fig. 4. Ki in various Nb-Ta alloy.s plolled vs. reduced 
temperature together with theoretical curves for the pure 
limit and the dirty limit given by Eilcnhergerl 101. 



Fig. Ki in vanou.s Nb-Tii alloys plotted vs. reduced 
temperature together with theoretical curves. 


It should be worth noting that the anisotropy 
in the superconducting energy gap is smoothed 
out by the impurity scattering and disappears 
when / ^o[ 22 ]. 

Finally, as a function of the residual 
resistivity or A obeys well the theoretical 
predictions. In Fig. 7, the variation of k,. as a 
function of A is compared with Eilenberger’s 
result, which is equivalent to the well-known 
Gor’kov equation[23]. From this, the mag¬ 
nitude of K,. for ideally pure Nb was extra¬ 
polated to be 0-79. 
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Fig. 7. Kr plotted vs. A together with the theoretical curve 
given by Eilenbergerl 10]. 
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thus obtained as a function of Ta concentra¬ 
tion. It appears that y has a peak at a Ta 
concentration of several at. per cent. The 
value obtained from the magnetization 
measurement is accompanied by a rather targe 
experimental error. In the Nb-Ta system, y 
has also been measured by a direct specific 
heat method in the group of the present 
authors and the co-workers [26], the result of 
which, also shown in Fig. 8, makes it safe to 
conclude that there exists a peak in y vs. Ta 
concentration. This variation of y should be 
compared with the steep drop of on the 
Nb-rich side of the present system. 

We get the superconducting energy gap at 
0°K, 2A(0), from the expression[27]: 

A“(0) = (yj47r)-[NA0)/^/(E,.)] 

where N{E^■) is the density of states at the 
Fermi energy derived from y, which should be 
magnified to some extent by the electron- 
phonon interaction 128]. 

Figure 9 gives the plots of 2A(0)/^»r,., 
TjOo (6u, the Debye temperature) and T,. vs. 
A [29]. The ratio, Tcl&n, is considered to be a 
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Fig. 8. Temperature ciiefficient of the electronic specific 
heat, y, plotted vs. Ta concentration in the Nb-Ta system 
together with the et^rimental result in the specific heat 
measurements [26]. 


good measure of the strength of the coupling 
in a superconductor. As is shown here, the 
variations of 2A(0 )//cb 7<. and are both 
unrelated to the discrepancies between theory 
and experiment in HrAT)- kAT)Ikc and k-AT)! 

Ke. 



Fig. 9. 2A(0)M«T. Tcje„ and T, plotted vs. A and the 
residual resistivity. 

Abrikosov [31] and Tinkham[32] obtained 
the following expression for the upper critical 
held. 


, 47TXHt)H,Ht) 1 -/^ 

l+f^ 

where \(f) is the penetration depth as a func¬ 
tion of the reduced temperature t=TITc, 
and d>„ is the flux quantum. This yields a value 
of X(0). U.singthe expression for the Ginzburg- 
Landau parameters, k = 0-96 \;,(0)/f,„ and the 
BCS expression [33] for the ratio \/X/, as a 
function of where Xj, is the London 

penetration depth, we estimate X;,(0) and fo. 
Using this result, the Fermi velocity e, is 
calculated from another BCS expression: 

= i^iv/ttACO). 
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Since the value of depends on whether 
the electrons are scattered randomly or specu¬ 
larly at the specimen surface, and also 
depend on this. It is hard to say which is more 
realistic, so we tentatively assume here that 
the scattering is specular. This assumption 
does not affect the matter much. 

For Nb, calculated results are: X(0) = 
390 A. X,.(0) = 370A, f„ = 450A and r, = 

3- 3 X 10’cm/sec. Finally, the effective mass 
ratio of the electrons w*/w,„ and the carrier 
concentration n in Nbare found to be m*lnia = 

4- 9 and « = 9-8 X Iff” cm ' (see Table 2). 
Combining this value of the carrier concen- 


without any ambiguity, but that in alloys 
cannot be estimated without making some 
assumption. We assumed here that the carrier 
concentration is unchanged by the alloying 
ofTa with Nb. 


4. DISClJSSIO^ AND CONCLUSION 
From the informations obtained here, we 
can conclude that the peculiar character 
which pure Nb shows in k^(T) and 

K-iiT) does not come from its non-weak coup¬ 
ling nature, but is directly related to the 
anisotropy in the superconducting energy gap. 


Table 2. Summary of the results 


Specimen 

No 1 

No. 2 

No 3 

No. 4 

No. 5 

No. 6 

at.'/r'la 

pure Nb 

0-87 

1-56 

4.2.S 

6-22 

I9’7 

Ar (10 'em) 

,3-78 

0-27 

016 

0070 

0 046 

0023 

/|r /^il 

84 

60 

3-5 

1'6 

10 

0..52 

m, 

0012 

017 

0-28 

064 

0-98 

1.9 

y(mi/niol dcu'l 

7-6., 

80.. 

7-9, 

8 0, 

8 0„ 

7'.3, 

l.rK) 

9-23 

8-87 

8-76 

8-.S.S 

8'42 

7-.50 

//,i(())(k()e) 

1-8,S 

1-75 

1-70 

1-37 

112 

0-83 

//,.,(()) (kOe) 

4-10 

4-40 

4-50 

530 

5-56 

7.50 

//,(()) (kOc) 

2(>, 

20, 

20., 

1-9, 

1-8, 

1-7, 

-<d//,s/dn, ,(kOc) 

2-7, 

41„ 

4 A. 

6 0, 

6'9, 

9’7„ 

K. 

080 

0-94 

10, 

)-3« 

1-6. 

2-6 


1-7, 

1 

lA 

i-s- 

l-.r, 

1-2 


2-7„ 

2-2, 

20„ 

1-7., 

1-5, 

1-2 


3-8„ 

T9, 

3-9, 

3-8, 

3-7, 

40 

a((|)(Ai 

350t 

410 

420 

460 

500 

630 

Pure Nb: \,(0) = 370 A. 

f„---450A. 

V, 3-3 X 10’cm/sec, m* 

lm„ = 4-9, 

/( = 

9-8 X 10“' cm ■' 








tSce reference l.t8|. 


tration and the value of \,,(0) = 4tTnjl0)e^l 
m*c-, where rt,(0) is the density of the super¬ 
conducting electrons at 0°K, e is the electron 
charge and c is the light velocity, we find that 
the ratio nA0)ln in Nb is 1 0. Therefore, almost 
all electrons seem to go into the super¬ 
conducting state at sufficiently low tempera¬ 
tures. 

Finally, the electron mean free path which 
we have been already using in this paper can 
be derived from what we have obtained so far. 
The mean free path in Nb can be calculated 


Anisotropy in the superconducting energy gap 
of Nb has been clearly revealed, for example, 
by the ultrasonic experiment [34], although the 
anistropy shown by these ultrasonic experi¬ 
ments is not exactly the same thing as that 
which we are discussing here. It should be 
also worth noting that pure V has been found 
to show the same discrepancies between 
experiment and theory as discussed here, 
whereas the ratio Trl0„ in V has a typical 
value for the weak coupling superconduc- 
tor[35]. 
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From the theoretical standpoint, Werthamer 
and his co-workers [36,37] treated the present 
problem, concluding that the discrepancy 
cannot be accounted for by the strong¬ 
coupling nature of the superconductor, but 
can probably be explained by the anisotropy 
of the electronic structure. The remaining 
problem would then be to show how the 
anisotropic superconducting energy gap is 
related to the anisotropic electronic structure. 
Fermi surface studies of pure Nb or V would 
be most desirable in making the present dis¬ 
cussion more quantitative. 

Finally, Table 2 summarizes some numeri¬ 
cal results obtained in this study. 
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the Asada Hundamenlal Research Institute, Kobe Steel 
Co,, Dr, K. Yasukochi and Dr. f Ogasawara of the 
Nihon University and Mr. T. Odaka of Kobe University 
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FORMATION OF POINT DEFECTS IN CALCIUM 

TITANATE 
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School of Materials Science and Metallurgical Engineering, Purdue University, 

Lafayette, Ind. 47907, U.S.A. 

(Received \3 August t96S, in revised form \9 September 1968) 

Abstract-The electrical conductivity and Seebeck coefficient of single crystal calcium titanate were 
measured as a function of temperature and Ptuoll’u,- electrical conductivity was determined at 
temperatures from 1100° to HOO^C. The Pm,o/Ph, ratio extended from 2 x 10"* to 8 x 10"“. At 1200”C 
the electrical conductivity was 3'70n"'cm~‘ at PnedPn, = 10"’ and ITSO-'cm"' at Ph^IP„, - lO"’; 
the Seebeck coefficients were - 500 and — 580 pVfV. under the same conditions. The electrical con¬ 
ductivity was proportional to the -J power of Ph^Ph,- The sign of the Seebeck coefficient indicated 
the mtOotity carriers to be electrons. The results may be described by a m^orily defect model consist¬ 
ing of doubly ionized oxygen vacancies and electrons. The standard enthalpy of formation was found 


to be 93,000 a: 4000 cal/mol. of oxygen vacancies. 

INTRODUCTION 

The purpose of this investigation was to study 
the defect structure of non-stoichiometric 
calcium titanate, CaTiO,,. It was desired to 
gain information concerning the identity and 
formation of the predominant point defects. 
Although the perovskite structure compounds 
derive their name from calcium titanate, 
this compound is slightly distorted from the 
cubic structure and exhibits orthorhombic 
symmetry [1]. This distortion tends to be re¬ 
duced at high temperatures, and the lattice 
becomes more nearly cubic. Linz and 
Herrington[2] investigated some low tem¬ 
perature electrical and optical properties of 
calcium titanate. They found no observable 
anisotropy, and the properties investigated 
were quite similar to those of strontium 
titanate. 

Walters and Grace [3] examined the 
electrical conductivity and Seebeck coefficient 
of strontium titanate in water-hydrogen atmos¬ 
pheres. They concluded an oxygen vacancy 
defect model was applicable to their results. 
Paladino et a/.[4] studied oxygen self-dif- 


*Preseni address: Motorola Semiconductor Products 
Division, Phoenix, Aiz. 85008, U.S.A. 


fusion in single crystal strontium titanate. 
PaladinolS] also investigated the oxidation 
kinetics of single crystal strontium titanate 
and concluded that an oxygen vacancy defect 
model was applicable at high temperatures. 

In this study measurement of the high tem¬ 
perature electrical conductivity and thermo¬ 
electric power in water-hydrogen atmospheres 
was chosen as a means of examining the 
behavior of point defects in single crystal 
calcium titanate. The dependence of the 
point defect concentrations in ABO 3 com¬ 
pounds upon various thermodynamic vari¬ 
ables was derived for a variety of defect 
models. Identification of the predominant 
defects was accomplished by matching the 
experimental data to predicted behavior based 
upon the thermodynamic relations. 

EXPERIMENTAL 

Samples of single crystal calcium titanatet of nominal 
dimensions 4x7x1 mm were first polished with 15 ft 
diamond paste, then with 6 p. diamond paste, until all 
dimensions were uniform to within ±0-01 mm. The 
samples were ultrasonically cleaned in benzene and rinsed 
in ethyl alcohol, Thermocouples, whose low alloy legs 


fObtained from the National Lead Company, South 
Amboy. New Jersey. Their synthesis has been described 
by Merker[6]. 
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served as voltage probes, were inserted into two 0-4 mm 
dia. holes drilled into the samples with a Sheffield Cavi- 
tron. Current leads were spring-loaded by means of 
mullite rods against the sample ends as shown in Fig. I. 



Fig. I Sample holder for electrical conductivity and 
Seebeck coefficient measuremenls. 

l.ead wire combinations used were Ft. Pt-1()% Rh; 
l>t-b% Rh, Pt-.10% Rh, and Re, W-26% Re. 

Results obtained from each system were the same, but 
the tungsten-rhenium alloys gave service of at least 
three weeks at temperature, whereas the Pt-Rh combina¬ 
tions lasted only a few days in water-hydrogen atmos¬ 
pheres. 

The sample and holder were placed horizontally m a 
Kanthal tube furnace controlled to ±2'’f'. A gas train 
which allowed control of the Puiu/^mi connected 

to the furnace tube. Variatton of the P|i,(i/Pii, ratio was 
accomplished by saturating a stream of hydrogen with 
watci at one of several pi escribed temperatures and then 
mixing this stream with essentially dry hydrogen in a dual- 
flowmeter gas-proportioncr. The P,wll’n, ratio was 


calculated from the known dew point of the wet stream 
and the flow rates of wet and dry streams. To study hydro¬ 
gen solubility in the crystals and to extend the range of 
Piiai/Ptii ratios, mixtures of argon and hydrogen of 
nominal compositions 1% Hi-99% Ar, 10% H2-90% 
Ar, and 100% H.^ were used. The total pressure in the 
system was typically 750 mm Hg. A range of PHto/Pat 
ratios from 2 x 10''' to 8 x 10'" was attained, and the gas 
system was stable for hours with ±0-5°C variation in 
dew point as measured in the effluent gas with an Alnor 
dew point meter. 

RESULTS 

The electrical conductivity as a function of 
PhioIPhi fatio lit temperatures of 1100°, 
1200° and 1300°C is shown in Fig. 2. The 
data represents results from eleven experi¬ 
ments using six single crystals. Least squares 
slopes of the lines are shown in Table 1. 

The temperature dependence of the 
electrical conductivity is shown in Fig. 3 for 
six values of the PtwIPn, ratio. 

The Secbeck coefficient is plotted as a 


Table 1. Slopes of isotherms of\n 
electrical conductivity vs. In P^ylP^i 


lemperalurc 

fC) 

Slope 

Standard deviation 
of the slope 

1100 

-0'325 

0-002 

1200 

-0-329 

0-006 

1300 

-0-326 

0-004 
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Fig. 3. Temperature dependence of the electrical con¬ 
ductivity. 

function of Phso/^hi ratio at a temperature 
of llOO^C in Fig. 4. Figure .“i shows the 
temperature dependence of the Seebeck 
coefficient for two values of PutolPih- All 
Seebeck coefficient measurements and room 
temperature hot point probe measurements 
performed after the experiments showed the 
crystals to be n-type. 

The electrical conductivity showed no 
dependence upon P,u in the range 7-5-750 
mm Hg at fixed Phjo/Piii ratio and tem¬ 
perature. The solubility and/or dissociation of 
dissolved hydrogen are thus negligible. Also, 
two-probe d—c polarization measurements 
showed no observable transient in the elec¬ 
trical conductivity after switching the current. 

DISCUSSION 

In order to specify the thermodynamic state 
of a system the number of independent vari¬ 
ables which must be fixed is given by the 
Gibbs phase rule. If the gas phase over an 
ABO 3 crystal consists of a water-hydrogen 
mixture, the number of components is four; 
A, B, O, H»*for a two phase crystal-gas 



Fig. 4. dependence of Ihe Seebeck cpefficieni 


T CO 

1300 1200 1100 1000 



1000/T CK’') 

Fig. 5. Temperature dependence of the Seebeck co¬ 
efficient. 

equilibrium the number of independent ther¬ 
modynamic variables is also four. The two 
most obvious variables are temperature and 
total pressure. 1 n this work the other variables 
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are /*hio/^Hi. the water-hydrogen pressure 
ratio, and aja^, the chemical activity ratio 
of two independent components. 

The method of Schmaizried and Wagner 
[7] yields the following independent relations 
between fully ionized point defects* in ABOa 
crystals equilibrated with a water-hydrogen 
gas phase: 

d In (I Al") -t- d In (IBI'"') -I- 3 d In (lOl") = 0 ( 1 ) 
dln(A") + dln(|A|'') = 0 (2) 

dIn(B •)-l-dln(|Br"') = 0 (3) 

dln(0'') + dln(|0| ■) = 0 (4) 

dln(A-)-f-dln(|B|'''')-dln(A|B|") = 0 (5) 
d In (B - •)d In (1 Al")- d In (B|A| ) = 0 (6) 
dln(e')-f-d ln(|e| ) == 0 (7) 

4d In (A ) -it d In (B ) = d In —-d In^ 

" Hi 

( 8 ) 

dln(|0|) + 2dln(e') = -dln^. (9) 

' H. 

The tenth equation is the electroneutrality 
condition: 


defects, the observed results can be compared 
with the logarimthic derivatives given in the 
Appendix. The experimental results agree 
with the defect model of oxygen vacancies, 
jO| , charge-compensated by excess electrons, 
e'. The formation reaction for the majority 
defects is as follows: 

Ha(g) + 0(0| HaO(g)+|Or +2e' (11) 

with the equilibrium constant: 

*-[9;^](|0|,(.T-exp[-^. (12) 

The condition of electrical neutrality, 2(10|’ ) 
= (e’), results in the following: 






[1r\ ""p 

L 2Rt\' 



(13) 


Two probe polarization measurements in¬ 
dicated that the observed conductivity was 
predominantly electronic. Thus the electrical 
conductivity becomes 


(e') + 2(|A|")-t-4(lBr"')-^2(A|B|")4-2(0") = 

(k|)4-2(A -)+4(B- ■) + 2(B|A| -)-l-2(|0|-). 

( 10 ) 

This set of ten equations has been solved for 
all possible combinations of positively and 
negatively charged defect pairs, and the results 
are given in the Appendix. 

Since the electrical conductivity of an oxide 
is proportional to the concentration of mobile 


(T — e(i2 



-1/3 


exp 


1 

- A//“-] 


3Rt\' 


(14) 


The partial logarithmic derivative of the elec¬ 
trical conductivity with the Ph^IPh, ratio is 
given by 


3 In cr 


ain^ 

« Ht J 


= -i 


(15) 


*The notation is as follows: 

A" A on an interstitial site 
|A|" vacancy in the A sublattice 
B' " B on an interstitial site 
IBI"” vacancy in the B sublattice 
BIAI Bona regular lattice site in the A sublattice 
AIBI" A on a regular lattice site in the B sublattice 
|0|' vacancy in the O sublattice 
O" O on an interstitial site 
(e| free electron hole 
e- free electron. 


which is in agreement with the results shown 
in Fig. 2 and in Table A-2 of the Appendix 
for the oxygen vacancy defect model. 

The partial logarithmic derivative of the 
electrical conductivity with respect to re¬ 
ciprocal temperature is 
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if the mobility, fi, varies slowly 
with temperature. The slopes of Fig. 3 give 
a value of the standard enthalpy of formation, 
of 93,000± 4000 cal/mol. of oxygen 
vacancies. Walters and Grace [3] found a 
value of 86,500 ± 3000 cal/mol. for the similar 
term in strontium titanate. 

The Seebeck coefficient given by Johnson 
[8] for an extrinsic, n-type semiconductor is 

a = -^[^-ln(e') + lnNc] d^) 


where a is the Seebeck coefficient, Ne is 
the thermally available density of states, and 
is a term which depends upon the particular 
scattering mechanism. Substitution of equa¬ 
tion (13) into equation (17) yields 



3RT 


— In A^e+const 


(18) 


The dependence of the Seebeck coefficient 
upon the Phio/Fh. ratio is given by 


d a 


ain^ 


Ht J 


3e' 


(19) 


The plot given in Fig. 4 is linear with a slope 
of — 32-5 ;iV/°K and a standard deviation of 
L8ju,V/°K. This value is in reasonable 
agreement with the calculated values of 
-(^/3e) =-28-89 mV/‘>K. 

If one ignores the relatively small tem¬ 
perature dependence (*= T®'*) of Nc, the 
partial derivative of the Seebeck coefficient 
with respect to reciprocal temperature is 



Thus the Seebeck coefficient data permits an 
independent determination of A//® for equa¬ 
tion (11). The slopes of Fig. 5 give an average 
value of the standard enthalpy of formation of 
80,000 cal/mol. of oxygen vacancies with a 
standard devidtton of 6500 cal/mol. 


The difference in AW® as determined from 
electrical conductivity and Seebeck coefficient 
measurements may be a result of experimental 
uncertainties. In this case the value of AW® = 
93 Kcal/mol. is to be preferred. An alternate 
possibility is small polaron conduction with an 
exponential temperature coefficient of the 
mobility, /jl, in equation (14). The activation 
energy for such polaron motion may be esti¬ 
mated by inserting AW® = 80 Kcal/mol. into 
equation (14); this results in an activation 
energy for motion of approximately 4000 cal/ 
mol. However, Frederikse and Hosler[9] have 
found dual optical mode scattering in stron¬ 
tium titanate in the range from 200-1000°K; 
because of the similarities of the compounds 
the mobility in calcium titanate is not likely to 
be activated. 

Although the effective mass is not known 
for CaTiOs, the value of m* = 16mo for 
SrTiOsllO] was used to estimate the carrier 
concentration from the Seebeck coefficients. 
Equation (17) for simple lattice scattering was 
used with A =^2 and Nc = 2{l7rm*kTlh^)^'*. 
At r= 1100®C and Phk)/Ph.= 10'® the See¬ 
beck coefficient is — 570 fiVTK. The carrier 
concentration, (e'), is approximately 10“ 
cm”®. Although this estimate indicates only 
the order of magnitude of the electron concen¬ 
tration, it shows that reduction in water- 
hydrogen is likely to overcome compensation 
due to minor impurities. 

CONCLUSIONS 

The defect structure of calcium titanate at 
high temperatures may be described by 
majority defect pairs of oxygen vacancies and 
excess electrons. The experimental results 
which support this are summarized as follows; 
(1) The partial logarithmic derivative of the 
electrical conductivity with the Fhio/Fh, ratio 
at constant temperature was linear with a 
slope of—i This dependence of the electronic 
conductivity agreed with the predicted value 
for the majority carriers. (2) The Seebeck 
coefficient was negative in sign and was a 
linear function of the logarithm of the /’hioZ/’h, 
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ratio at constant temperature with a slope of 

— 32-5/iV/’K and a standard deviation of 
1-8 /aV/°K. iV-type behavior and a slope of 

— 28-89/iV/°K were predicted from the defect 
model of oxygen vacancies and excess 
electrons. 
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APPENDIX 

The partial logarithmic derivatives of point defect 
concentrations with respect to the fittio and the 

chemical activity ratio ajou have been calculated for the 
ternary oxide ABO., with the method of Schmalzried and 
Wagnerl7] Twenty-five choices of fully ionized defect 
pairs were considered. As Schmalzried and Wagner 
noted, the defect models fall readily into several classes 
according to the type of majority defects: 

Class I. Both majority defects are ionic. 

C lass 2. One majority defect is ionic; the other is 
electronic. 

Class .1. Both majority defects are electronic. 

Table A-1 gives the logarithmic derivatives for Class I 
defect models. An important contribution to transport 
properties may be made by minority electrons or electron 
holes, because the mobilities of these species are normally 
much larger than ionic mobilities. The logarithmic deriva¬ 
tives of the minority electron concentrations arc thus 
tncluded in Table A-1. The electron hole derivatives are 
equal in magnitude but opposite in sign to the electron 
derivatives 

Tables A-2 and A-3 give the logarithmic derivatives 
of defect concentrations for crystals containing electronic 
majonty defects In Table A-.1 the logarithmic derivatives 
for minority ions are also included for completeness 
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Table A — ^. Lofiorithmic derivatives for class 3 defects 
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DIFFUSION OF POINT DEFECTS IN CALCIUM 

TITANATE 

W. L. GEORGE* and R. E. GRACE 
School of Materials Science and Metallurgical Engineering. Purdue University, 

Lafayette, Ind. 47907. U.S.A. 

(Received d August \ in revised form )9 September 1968) 

Abstract - Single crystal samples of calcium titanate were equilibrated with water-hydrogen atmos¬ 
pheres of a known P„,o/Ph, ratio at temperatures of 1100“, 1200“ and 1300“C. After a step in the 
Phio/Phi ratio over the sample, the electrical conductivity was measured continuously until a new 
equilibrium was attained. Diffusion coefficients were determined by analysis of the transient electrical 
conductivity data. The effective diffusion coefficient at I200“C and Ph^,IPh,= 10^’ was S-2x 10'* 
cm’sec"'; the enthalpy of motion of oxygen vacancies was 13,000 cal/mol. 


The electrical conductivity and thermo¬ 
electric power of single crystal calcium titanate 
equilibrated with water-hydrogen atmospheres 
were presented in a previous paper[I]. It 
was shown that when calcium titanate is 
reduced in damp hydrogen at elevated temp¬ 
eratures, the predominant point defects are 
doubly ionized oxygen vacancies and excess 
electrons. This paper presents transient elec¬ 
trical conductivity measurements taken as the 
stoichiometry of CaTiO, crystals was varied 
between equilibrium states. 

Since the electrical conductivity is propor¬ 
tional to the concentration of oxygen vacan¬ 
cies, it is possible to use the transient 
conductivity to follow the kinetics of inter¬ 
diffusion. This has been done by several 
authors [2-4]. 

EXPERIMENTAL 

Details of the general experimental procedure were 
presented in the previous paper!I]. The electrical 
conductivity was measured with a four probe d.c. 
technique. A small current (less than 10 mA) was allowed 
to flow through the sample by means of lead wires 
spring-loaded against the sample ends. The voltage drop 
was measured between the low alloy legs of two thermo¬ 
couples embedded in the sample. First the crystal was 
held at a prescribed temperature and /'hio/^’hi ratio until 
equilibrium was established and the electrical conductivity 
did not change with time. A new Ph,oIPh, ratio was then 


*Present addre^: Motorola Semiconductor Products 
Division. Phoenix, Ariz. 85008, U.S.A. 


established rapidly over the sample, and the voltage drop 
at constant sample current was recorded until the con¬ 
ductivity again became constant. The crystal could then 
be returned to the original equilibrium state by re'estab- 
lishing the original PmolPa, ratio, or further excursions 
could be introduced before returning the crystal to its 
original state. The electrical conductivity was monitored 
continuously during all steps, and no hysteresis was 
observed. Experiments were performed both in water- 
hydrogen atmospheres and in water-hydrogen-argon atmo¬ 
spheres made from a 10 per cent hydrogen, 90 per cent 
argon mixture. 

RESULTS 

Figure 1 shows representative transient 
electrical conductivity data. The points are 
values of electrical conductivity calculated 
from the recorded voltage and current. The 
initial horizontal portion represents equili¬ 
brium of the sample at 1200°C with gas of 
Auo/f’H,= 1-71 X 10-2. The PhJPh, ratio 
was changed to 1-I2X lO'^ and the electrical 



Fig. I. Transient electrical conductivity data at 1200“C. 
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conductivity increased to the new equilibr¬ 
ium value. After equilibration the original 
PhioIPh 2 ratio '''as reestablished, and the 
electrical conductivity returned to the origi¬ 
nal value. The zero times shown in Fig. 1 are 
arbitrary since several minutes were required 
to purge the system with new gas. 

The solid curves of Fig. I represent the 
solution to the diffusion problem as described 
below. A slab of dimensions — a, < x, < a,, 
— a.j < Xi < a-i, —a,, < Xi < O;, is in equili¬ 
brium with a gas of known composition. The 
conductivity, (r,„ is proportional to the 
initial uniform concentration of vacancies, 
C|,. At time zero, through a step function 
change in the composition of the gas phase, 
the surface concentration is changed to Q, 
and the sample approaches a new equili¬ 
brium conductivity, a-f, proportional to Cf, 
as time approaches oo. 

Fick's second law was solved for the above 
boundary conditions by NewmanfS), who 
found that the fractional saturation is given by 

^pP—^-sM)X.U)S:tU). (I) 


The functions in the right hand side of equa 
tion (I) are defined by 


i i [sTip] ■ 


(n + tF.r';)/l 


where D is the effective diffusion coefficient 
and t is the time. 

Campbell, Kass and O’Keeffelbl calculated 
the quantity S = (cFft) —<r^)/(o-o—<//) and com¬ 
pared it with {C(t)-C)}l(C„-Cr) as a function 
of Dtjai^ for various shapes of samples and 
values of CTo/<t/. For long, thin samples anda«/ 
(Tf ratios not very different from unity, the two 
quantities are substantially the same function 
of Dlta{^. In view of the above analysis the 
series solutions of Newman can be used to 
obtain diffusion coefficients from conductivity 
data for appropriately chosen sample shapes. 


A computer program was written to calculate 
(C{t)-Cf)l{C„-Cf) vs. Dtiai^ from New¬ 
man’s solution, then to compare the theoretical 
curves with experimental data to yield 
Dlla,^ as a function of t. Figure 2 is this 



0 © 20 30 40 SO 60 


TIME (min) 

Fig, 2. Dltat‘ v.s. time from data in Fig. I. 


plot for the data of Fig. 1. The data are linear 
up to values of in excess of 0-6; scatter 

above this point reflects the magnified sensi¬ 
tivity of the expression, (cf(f) —(7/)/(o-|,-o-/), 
to small errors as equilibrium is approached. 

Figure 1 shows that the agreement between 
the measured conductivity and that calculated 
from Newman's solution to the diffusion 
equation is generally quite good. This agree¬ 
ment indicates that the difference between the 
X function above and the three dimensional 
fractional saturation is very small for the 
sample geometry employed. At short times 
there is a small difference between the meas¬ 
ured and calculated conductivities. This arises 
primarily from the time required to establish 
new boundary conditions at the crystal/gas 
interface. 

Figure 3 shows the dependence of the effec¬ 
tive diffusion coefficient upon the Ph 2 oIPh 2 
ratio: D is a slowly varying function of the 
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Fig. 3, /’hiii/F’ii. dependence of the diffusion coefficient. 


pressure ratio, i.e. There was 

no observable difference between steps where 
the original PhmIPh^ ratio was greater than 
the final Phm/Ph, ratio and vice versa. Also, 
steps in which the original Pn^olP», ratio 
differed from the final PiwIPw^ ratio by less 
than a factor of two minimized errors caused 
by assuming a constant diffusion coefficient 
in the analysis. Figure 4 shows the tempera¬ 
ture dependence of the diffusion coefficient 
for Ph^JPhi = 10"^. The dashed lines show 
the estimated uncertainty in the diffusion 
coefficient arising from the standard devia¬ 
tion of D from the least squares 1200“C 
isotherm of Fig. 3. The activation energy 
calculated from the slope of Fig. 4 is 13,000 
cal/mol. 

DISCUSSION 

As shown by Wagner[7], the effective 
diffusion coefficient, D, reflects the ambi- 
polar diffusion of both anion vacancies and 
electrons. Tife effective diffusion coefficient 


T CCl 



O-fiO 0-64 0>68 0-72 0-76 


lOOO/T Ck') 


Fig. 4. Temperature dependence of the diffusion coeffi¬ 
cient. 

is related to the vacancy diffusion coeffi¬ 
cient, D-j, by £> = (1-Fz) Da. i.e. D = iDa 
for ionized oxygen vacancies. 

The dependence of In upon reciprocal 
temperature is given by 

d In 


Since the effective diffusion coefficient is 
proportional to the vacancy diffusion coeffi¬ 
cient, the activation energy from Fig. 4 may 
be interpreted as the enthalpy of motion of 
oxygen vacancies, i.e. A//,,, = 13,000 cal/mol. 

Although few experimental investigations 
have been made of calcium titanate. oxygen 
vacancy diffusion in CaTiO.-, may be compared 
to diffusion in the similar ABOj compound, 
strontium titanate. As Linz and Herrington[8] 
pointed out, the Ti-O bonds in CaTiOa 
are shorter than in SrTiO:,; such tighter 
binding should lead to a larger enthalpy of 
motion for oxygen vacancies in calcium 
titanate than in strontium titanate. Walters 
and Grace [4J reported an enthalpy of motion 
for oxygen vacancies in strontium titanate 
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of 6000 cal/mol., which is approximately half 
that found for calcium titanate. 

CONCLUSIONS 

Transient electrical conductivity measure¬ 
ments were used to study interdiffusion in 
calcium titanate. The effective diffusion coeffi¬ 
cient was a slowly varying function of 
and the enthalpy of motion of 
oxygen vacancies was 13000 cal/mol. 
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MAGNETO-ACOUSTIC INVESTIGATION OF THE FERMI 
SURFACE AND SPIN SPLITTING OF THE LANDAU 
LEVELS IN p-TYPE AND /i-TYPE PbTe 
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Philips Zentraliaboratorium Hamburg, Hamburg 34, Vogt-Koilnstr. 30, Germany 

{Received lAAugust 196S; in revised form 17 September 1968) 

Abstract —Quantum oscillations of the magneto-acoustic attenuation have been measured in p-type 
and n-type samples of lead telluride. From the periods of these oscillations, measured as a function 
of the angle <l> between the direction of magnetic field and the 1100] axis of the crystal, the shape of 
the Fermi surface has been investigated as a function of the carrier concentration. A strong non- 
ellipsoidal behavior was observed for both p-type and n-lype material. Furthermore, spin splitting 
of the Landau levels was measured. The splitting was found to be around i of the Landau-level 
spacing and decreases slightly with decreasing carrier concentration. 


1. INTRODUCTION 

The semiconducting compound PbTe 
has been the object of extensive investigations 
for over a decade. Measurements of the weak- 
field magnetoresistance, piezoresistance, 
de Haas-van Alphen and Shubnikov-de 
Haas effect and cyclotron resonance experi¬ 
ments [1] are each consistent with a multi¬ 
valley model of the Fermi surface in which 
the extrema of the principal conduction and 
valence band are located at the L-points of 
the Brillouin zone. The constant energy 
surface consists of four prolate ellipsoids 
directed along the[lll] axes of the f.c.c. 
crystal (see Fig. 1). These experimental results 
are in good agreement with theoretical energy- 
band calculations of lead telluride [2-5]. 
Furthermore, nonparabolicity of both the 
conduction and the valence band has been 
reported [la, 6-9], and spin splitting of about 
i of the Landau-level spacing has been ob¬ 
served in Shubnikov-de Haas experiments 
[7, 10,11]. Quantum oscillations of the 
magneto-acoustic absorption in PbTe were 
first observed by Shapira and Lax [12]. 

We have performed measurements of the 
quantum oscillations of the magneto-acoustic 
attenuation in various samples of p-type and 
n-type PbTe*of different carrier concentra¬ 



tions. The carrier density ranged from 10'' 
cm'" to 6 X 10'" cm ". In these measurements, 
a strong nonellipsoidal behavior of the Fermi 
surface of p-type and n-type PbTe was ob¬ 
served. The deviation from ellipsoidal shape 
was found to increase with increasing carrier 
concentration. A similar nonellipsoidal be¬ 
havior of the Fermi surface of the lead com¬ 
pound PbSe has been observed by Shapira 
and Beckmann[13]. Furthermore, we have 
measured the amount and, partially, the aniso¬ 
tropy of the spin splitting of the Landau 
levels in p-type and n-type PbTe as a function 
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of the carrier density. This paper is organized 
as follows; in Section 2 we discuss theoreti¬ 
cally the influence of the non-ellipsoidal and 
the non-parabolic behavior of the Fermi 
surface on the periods of the quantum oscilla¬ 
tions and the dependence of the extremal 
cross section of the Fermi surface on the 
carrier concentration. Section 3 deals with 
the experimental procedure and in Section 4 
the experimental results are reported and 
discussed. 

2. THEORETICAL 

The theory of the acoustic quantum oscil¬ 
lations was developed extensively [ 14-18]. 
Sharp spikes occur in the ultrasonic attenu¬ 
ation as a function of the magnetic field 
whenever a Landau level, accompanied by a 
singularity in the density of states of the charge 
carriers, crosses the Fermi energy. Since 
the attenuation peaks are very narrow at 
low temperatures, the oscillation patterns due 
to the four ellipsoids of the Fermi surface of 
PbTe can be separated by means of the 
magnetic field. 

For a single ellipsoid of the Fermi surface 
in the parabolic approximation the energy 
levels in the presence of a quantizing magnetic 
field are given by; 

- («+ l/2)^<a,.-Fr- —+sgfi„B. (1) 


The first term describes the quantization 
of the cyclotron motion in the plane perpen¬ 
dicular to B with orbital quantum number 
n = 0,1,2,.. where; 

cu,. = = cyclotron frequency 

Wo = free electron mass 

Wo = (det[m]/^mfe)''“ = cyclotron mass (2) 

m = tensor of effective mass in units of m„ 

h — unit vector in the direction of B. 

The second term in equation (1) refers to 
the translational motion of the charge carriers 


in the direction of the magnetic field, where kt, 
and m,,= (hmh) are the wave number and 
effective mass parallel to B, respectively. 
The third term gives the spin splitting of the 
Landau levels due to an anisotropic g factor, 
where is the Bohr’s magneton and r = ±i 
the spin quantum number. The anisotropy of 
the spin splitting can be expressed by a spin 
mass w, which is related to the spin mass 
tensor m, by; 

w, = (det[ms]/b m, (3) 


The spin mass is related to the ^-factor by; 


g = 2/w,. (4) 


In the ellipsoidal parabolic model (r’p-model) 
the shape of the Fermi surface in ^-space is 
given by; 

(5) 

Wrf = (det m)''’’ 


where £,.• = Fermi energy, n = carrier concen¬ 
tration, Wrf = density of states mass in units of 
Wo, kf = wave vector at the Fermi surface 
and N — number of equivalent ellipsoids of 
the Fermi surface. As can be seen from 
equation (1) and (5), the period A(l/B) of 
the quantum oscillations is inversely pro¬ 
portional to the extremal cross section a of 
the Fermi surface; 


A(l/B) = 


eh 


2 

a 


( 6 ) 


since the relation between the extremal cross 
section a and the cyclotron mass is given by; 


{hV2n),^ I 

Wr =-|da/d£/,| —alEf. (7) 

Wo 

The extremal cross section increases pro¬ 
portional to with increasing carrier 

density n. The angular dependence of a in 
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the ep-model for spheroids of the mass ratio 
Km = milnii is given by the following equation: 

^ X [(/^„.-l)cos*0+l]-‘'* (8) 

for a in units of KfG and n in units of 10'" 
cm"". 0 is the angle between the direction of 
the magnetic field and the mayor axis of the 
ellipsoid. In the ellipsoidal nonparabolic 
model (cnp-model) the dispersion relation of 
equation (5) in the second order approximation 
reads [ 19] 

(A"/2/«„)k m~' k = y(E) ~ n"'" (9) 

where y{E) = £( 1 + EfE,,), E„ = energy gap 
to the energy band causing the non-parabol- 
icity. In this case the mass ratio is not 
affected by the nonparabolicity and thus is 
independent of the carrier density. As a 
consequence, the extremal cross section o 
increases proportional to n"" as in the ep- 
model. Introducing equation (9) into equation 
(I) shows that the energy difference between 
adjacent Landau levels is no longer constant 
but depends on the energy. In the case of 
relatively low magnetic fields (i.e. if the orbital 
quantum number n^’ of the Landau level, 
located at the Fermi energy, is large enough to 
prevent oscillations of the Fermi energy as a 
function of the magnetic field) the Landau 
level spacing, neglecting spin splitting, is 
given by: 


= (eBfilniame.o) 


X 



AeBhn 

E„mr.nm„ 


- 1/2 


( 10 ) 


where m^.o = cyclotron mass at the bottom of 
the band. As can be seen from equations (5), 
(9) and (10), the Landau level spacing at the 
Fermi energy is given by: 

A£'''> = = (eBhlm„mr.„) 





2ft" 



( 11 ) 


The square root of equation (11) is the ratio 
of the density of states mass at the Fermi 
energy to the density of states mass at the 
bottom of the conduction band, as has been 
calculated by Zhitinskay et al. [6] and Kolod- 
ziejezak el u/.[19]. As can be seen from the 
above calculation in cyclotron-resonance 
experiments i.e. the cyclotron mass at 
the Fermi energy is measured (An = 1 transi¬ 
tion in equation (1)), however, the period of 
the quantum oscillations is inversely propor¬ 
tional to the cyclotron mass at the bottom of 
the band [19]. (An = 0 transition in equation 
(D): 

^1 =- ^ -. 

B mi,m,,,„£f (l-(-£,■/£„) . (12) 


The kind of nonparabolicity discussed above 
cannot be investigated by measurements of 
the quantum oscillations at constant temper¬ 
ature. A second kind of nonparabolicity has 
been observed in PbTe[7] when the de¬ 
pendence of the effective mass on carrier 
concentration is different for the transverse 
and longitudinal mass components. In this 
case, the mass ratio and thus the components 
of the effective mass tensor in equation (9) 
become a function of the carrier density and 
the proportionality a ~ is violated. As 
can easily be seen from equation (8) a in- 
crea.ses stronger than n"'" for 0 - 0° and less 
than for 0 = 90° when K,„ decreases with 
increasing carrier concentration. In contrast 
to this, the extremal cross section of spheroids 
with different K,,, and n = const, remains 
nearly constant at 0= 75°, as shown in Table 
1 . 

_ Table I _ 

Extremal cross section 


0 

A„, = 15 A ,, 

= 

10 A.',,, = 5 

0° 

0-87 1 

•00 

1-26 

75° 

2-42 2' 

50 

2-50 

90“ 

5-38 3- 

IS 

282 
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At high carrier densities, the Fermi energy 
becomes comparable with the energy gap in 
PbTe. In this range the non-ellipsoidal be¬ 
havior of the Fermi surface becomes impor¬ 
tant. For simplicity, we consider only the 
transition from ellipsoidal to cyclindrical 
Fermi surface. The mass ratio of the cylinder 
may be given by (Udy where / and d are the 
length and diameter of the cylinder in A:-space, 
respectively. The angular dependence of the 
extremal cross section of an infinite cylinder is 
given by; 

a'’~(cosfl)-‘ (13) 

where 6 = angle between the axis of the 
cylinder and the direction of the magnetic 
field. Assuming constant carrier concentration 
(i.e. constant volume of the Fermi surface) 
and constant K„ for ellipsoid and finite cy¬ 
linder the following relations between the 
extremal cross sections of ellip.soid and 
cylinder can be deduced; 

«„'■/«»• = 0'825 (d = 0°) 

07 .,W = 3-19/f„,'‘'^[(K,„- 1) cos^75°+l]''’-‘ 

(6 = 75'’) 

(14a) 


075^/Oo^ — 3"87 

1) cos* 75“-b 1]"*'*. 

(14b) 

These equations are valid when the Fermi 
surface is cylindrical up to an angle 8 = 75“. 
The indices e and c refer to ellipsoid and cylin¬ 
der, respectively. These relations will be 
necessary for the discussion of the experi¬ 
mental results in Section 4. 

3. EXPERIMENTAL PROCEDURE 

The experiments were carried out at 
T = 4-2 and 1-9“K in static magnetic fields up 
to 56 kG and in the frequency range between 
60 and 420 MHz. Ultrasonic pulses where 
excited and detected by F-cut quartz trans¬ 
ducers, attached to both sides of the sample. 
The amplitude of the transmitted signal was 
recorded as a function of the magnetic field 
by use of a standard sampling technique. An 
example of such an x-y recorder plot is given 
in Fig. 2. The samples could be rotated in the 
bore of a superconducting solenoid, thus 
varying the angle <t> between the crystal axis 
and the direction of the magnetic field. In 
all experiments reported in this paper the 
wave vector of the transverse ultrasound was 
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Fig. 2. Recorder plot of the quantum oscillations of the magneto-acoustic attenuation. Sample: 
n-type, n = 2-8 X lO" cm-», T = l-9°K,/= 140 MHz. <)) = < q,B = 75°. 
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directed along a [100] axis with the polar¬ 
ization along a[110] direction of the crystal. 
The magnetic field was rotated in a <110) 
plane. All samples were cut from one ingot, 
grown by the Stockbarger method [20]. The 
ingot was p-type material having a carrier 
concentration of 2-15 X 10‘*cm"® and a 
carrier mobility of about 5 x 10® cm*/V sec. 
The sample dimensions were generally about 
5X5X10 mm®, the long axis was directed 
along the [100] axis of the crystal. The carrier 
concentration of the samples has been varied 
by doping and annealing in a lead rich atmo¬ 
sphere at temperatures up to 750“C. Thus 
carrier concentrations between 10‘^cm“* and 
5 X 10'® cm"® for p-type and between 8 X 10*^ 
cm~® and 6 x 10'* cm ® for n-type material 
have been obtained. The carrier concentra¬ 
tion was determined with high accuracy by 
means of helicon resonances. 

The magnetic-field dependence of the ultra¬ 
sonic attenuation was measured for various 
directions of the‘magnetic field with respect 
to the crystal axis. Generally, the angular 
range B ||q to B 1 q (q = phonon wave vector) 
was investigated. From the x-y recorder plots 
of the quantum oscillations up to three 
different periods A(l/B) have been obtained 
as a function of the magnetic-field direction. 
The oscillation periods with light cyclotron 
masses could be determined with the best 


4ii[k»| 
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accuracy. Spin splitting of the Landau levels 
was observed in this^ range only. As an ex¬ 
ample, the angular dependence of the periods 
A(l/B) of a p-type sample is shown in Fig. 3. 

4. EXPERIMENTAL RESULTS 
AND DISCUSSION 
(A) Shape of the Fermi surface 
The results shown in Fig. 3 have been 
obtained with a p-type sample having a 
carrier concentration of 2-14 X 10'* cm"®. 
For this sample good agreement with the cal¬ 
culated angular dependence of A(l/B) for 
an ellipsoidal Fermi surface with K„=13 
has been obtained (calculation: full curve in 
Fig. 3). In contrast to this behavior, all n-type 
samples and the highly doped p-type samples 
show a marked deviation from ellipsoidal 
shape. In order to demonstrate the deviations 
from an ellipsoidal Fermi surface, the experi¬ 
mentally determined extremal cross sections 
a are plotted as a function of the angle 8 
between the direction of the magnetic field 
and the major axis of one of the Fermi 
ellipsoids (i.e. a [111] direction of the crystal). 
By this procedure all experimental points 
contribute to one curve, as shown in Fig. 4. 



Fig. 3. Angular dependence of the period AtUB) of the 
quantum oscillations versus ^ < q3. (sample: p-type, 

p = 2-14 X 10‘*cm"’,/ = 140 MHz, T = 4-2°K) and sketch 
of the sample ar^ngement (q: wave vector, S: polarization 
vector). 


Fig. 4. Polar diagram of the angular dependence of the 
extremal section a. S = angle between the magnetic field 
direction and the major axis of the energy surface (Carrier 
concentrations; p-type: 1-80x 10**cm"®, n-type; 2-ISx 
I0‘*cm"’). 
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it can be seen from equation (13) that the 
angular dependence of the extremal cross 
section for an infinite cylinder gives a straight 
horizontal line in the polar diagram. In ad¬ 
dition, the calculated angular dependence of a 
for an ellipsoidal Fermi surface is plotted in 
Fig. 4. Both theoretical curves are compared 
with experimental results of two samples 
(plotted in arbitrary units). The w-type crystal 
shows nearly cylindrical behavior of the 
Fermi surface up to angles 0 = 75°, while the 
p-type sample within good approximation has 
an ellipsoidal Fermi surface. As can be seen 
from the scattering of the measuring points in 
the vicinity of 0 = 90°, the experimental 
accuracy is very low in this region. Since the 
heavy cyclotron masses contribute to the 
quantum oscillations in this angular range, a 
better accuracy is to be expected from 
measurements at higher magnetic fields. At 
present, due to the inaccuracy of the results 
near 0 = 90°, the cover of the ‘cylinder’ cannot 
be determined exactly. 

The experimental results for most of the 
samples are summarized in Fig. 5, (the curve 
for the p-type sample p = F7 x 10'^ cm'-’ was 
enlarged by a factor of two) showing the 
angular dependence of the extremal cross 
section « as a function of 0 in a polar diagram. 



tig, 5. Polar diagram of Ihe exlremal cross section a vs. 
the angle 6 between B and the major axis of the energy 
.surface (the curve p - ()■ 17 x 10'" has been enlarged by a 
factor of two) 

The p-type material shows a transition from 
exactly ellipsoidal to nearly cylindrical Fermi 
surface in the carrier density range between 


l-7xl0'^cm““ and 60x 10'*cm"“. Similar 
results have been obtained for n-type material 
(Fig. 5). Only at the lowest carrier concen¬ 
tration (n = 118 X lO’^cm"®) the Fermi sur¬ 
face can be approximated by an ellipsoid. 

In order to get a more quantitative infor¬ 
mation about the shape of the Fermi surface, 
the extremal cross sections at 0 = 0° and 
0 = 75° (a,) and a^i) have been plotted as a 
function of the carrier density. The results 
obtained from n-type samples are shown in 
Fig. 6 on a double log. scale. Both experi¬ 
mental curves deviate from the law which 



Fig. 6. Carrier concentration dependence of the extremal 
cross sections «,) ando,., of n-lype PbTe as compared with 
the law. 


is indicated by the straight lines. The experi¬ 
mental «„ increases weaker than n'^'^ and 07 .-, 
increases stronger than which is to be 
expected when a transition from ellipsoidal 
to cylindrical Fermi surface takes place. The 
experimentally determined ratio cxjjau 
increases with increasing carrier concen¬ 
tration; 

n = 10'" cm = 2-73; 

« = 5 X 10'“ cm = 3-93. 

This is in good agreement with the theory 
(equation (14)) which gives; 
for the ellipsoid; a^Jao 2 - 62 ‘, 
for the cylinder; amho = 3-9 
with a mass ratio = 12 . 
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The results forp-type material are plotted in 
Fig. 7. The extremal cross sections ao and a^i 
increase proportional to in the carrier 
density range between 10 ’^ cm"^ and 2 X 10 ’* 
cm“*. Ellipsoidal shape of the Fermi surface is 



CARRIER CONCENTRATION 

Fig. 7. Carrier concentration dependence of the extremal 
cross sections a, and a^i of p-type material as compared 
with the law. 

to be expected in this range. By use of equation 
(14) a mass ratio = 11 -2 can be calculated 
from the experimental ratio 075/00 = 2-57. 
At higher carrier concentrations the 075 curve 
shows a deviation from the law, however, 
the oo remains proportional to n*'*. This may 
be explained by a non-parabolicity which 
results in a decrease of the mass ratio K„, with 
increasing carrier density. Non-parabolicity of 
this kind has been reported for PbTe and is to 
be expected on theoretical grounds!I] in the 
carrier concentration range around 3 x 10'" 
cm"*. 

It has been shown in Table 1 that the 
extremal cross section a 75 is insensitive to 
variations of Km- Therefore, the deviation of 
the 075 curve in Fig. 7 is due to a non-ellip- 
soidal behavior. A comparison of the experi¬ 
mental cross section ratios and the relations 
given in equation (14) is shown in Table 2. 

These results indicate a nearly cylindrical 
shape of the Fermi surface in accordance with 
the a(d) curves in Fig. 5. Therefore, the 
absence of a negative deviation of the oo curve 
in Fig. 7 haAo be explained by a decrease of 


Table 2. Ratios of extremal cross sections 


Calculated (equation (14)) 

Experimental 

A„ = 9 

Km= 11-2 

p = 5 X 10'" cm”" 

OrJai, 1 -35 

1-25 

1-28 

oJsM 

3-87 

*3-40 


the mass ratio Km- As it has been shown in 
Section 2, the ratioao''/a:o‘ = 0-825. In order to 
compensate this effect by a variation of Km 
(since the experimental ratio aflaf = 1 in 
Fig. 7), a mass ratio around 7 would be neces¬ 
sary at p = 5 X 10'" cm~*. 

{B) Spin splitting of the Landau levels 
Spin splitting of the Landau levels has been 
observed in the carrier density range above 
10 '* cm"* and 4x 10 '* cm"* for n- and p-type 
material, respectively. The spin splitting is 
nearly i of the Landau-level spacing and thus 
leads to a doubling of the attenuation peaks as 
shown in Fig. 8 . The spin splitting could 



Fig. 8. Ouanlum oscillalions of ihe magneto-acoustic 
attenuation showing the doubling of the attenuation peaks 
due to spin splitting. 


be resolved in the light cyclotron mass region, 
i.e. along the upper curve of Fig. 3. As an 
example, the reciprocal cyclotron mass and 
spin mass, both in units of 10~*kG~' for an 
n-type sample are plotted in Fig. 9 as a func¬ 
tion of the angle between the [ 100 ] axis of 
the crystal and the direction of the magnetic 
field. It can be seen from Fig. 9 that the cyclo¬ 
tron mass TMr iind the spin mass m, have nearly 
the same anisotropy in the angular range con- 




scmul 



ANGLE 

Fig. 9. Cyclotron mass spin mass m, and relative spin 
splittings vs. the angleforann-type PbTe sample. 

sidered here. As a consequence the relative 
spin splitting 6 = can be assumed to be 
independent of the angle (f> (see Fig. 9). The 
carrier-density dependence of 8 including 
experimental error is plotted in Fig. 10 for 
both p-type and «-type material. The splitting 
is found to be always close to i of the Landau 
level spacing as has been reported previously 
[1] but decreases with decreasing carrier 
density. Usin^ effective mass parameters from 
literature [lb] the ^-factor ^|, was calculated 
from the experimentally determined 6 and is 
shown in Table 3. 



Fig. 10. Relative spin splitting 6 of p-typc and n-type 
PbTe versus carrier concentration. 

indicate a strong decrease of the spin splitting 
with decreasing carrier concentration in 
p-type PbTe. 

4. SUMMARY 

It has been shown by magneto-acoustic 
measurement of the quantum oscillations that 
the Fermi surface of p-type and rt-type PbTe 
is strongly non ellipsoidal. The transition from 
ellipsoidal to a nearly cylindrical Fermi 
surface was found in the carrier density range 
between 10'* cm~* and 6 X 10'" cm"". In agree¬ 
ment with previous investigations non-para- 
bolicity of p-type PbTe has been found 
resulting in a decrease of the mass anisotropy 
ratio Km with increasing carrier concentration. 
The combination of the nonparabolic and non 
ellipsoidal behavior of the Fermi surface 
makes the exact determination of the mass 
anisotropy very difficult. This may explain 
some discrepancy about the mass anisotropy 
which exists in the literature between cyclo- 


Table 3. Experimental g-factors 



p-type 


n-iype 


carrier con. 

6X Iff" 

4x 10'" 

6X 10‘" 

1-5X 10'» 

IkiiI (0 = 0°) 

45-5 ±2 

360 + 2 

41-5±2 

33-0+1-5 


Recently, a g-factor g|| = |11-6|, (8 = 0-13) , tron resonance and Shubnikov-de Haas 
has been reported for p-type PbTe with a experiments. Spin splitting of the Landau 
carrier concentration of 2-85 x 10'"cm""[l 1]. levels has been observed in both p-type and 
In connection with our results, this would n-type PbTe. The splitting was found to be 
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around i of the Landau level spacing and 
decreases slightly with decreasing carrier 
density. 
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STRUCTURAL AND MAGNETIC PROPERTIES OF NON- 
STOICHIOMETRIC PRASEODYMIUM MONOPHOSPHIDE 
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Istituto di Chimica Fisica, Universita' di Genova, Genova, Italy 

{Received 5 August \96H-, in revised form 13 September 1968) 

Abstract—An investigation on the occurrence of non-stoichiometry in solid praseodymium mono- 
phosphide was carried out by evaluating the variation of the lattice constant and density with the 
composition. A range of solid solution by vacancies in the phosphorus sub-latttce was found between 
the compositions corresponding to PrP and PrP„ ^ phases. Magnetic properties and their dependence 
on non-stoichiometry were determined in the temperature range 4-2°-.SOO°K: for the quasi-stoichio- 
metric phases there is no evidence of magnetic ordering and a superconducting transition seems to 
occur below 7°K, while an antiferromagnetic coupling of praseodymium ions becomes possible when 
the interionic distances decrease by introduction of vacancies in the phosphorus sub-lattice. 


INTRODUCTION 

The existence of the NaCI structure type 
praseodymium monophosphide has been 
known since 1936[1]. Recently Mironov 
et al.[2] pointed out that this phase may 
exist in a non-stoichiometric state; however, 
a search of the literature failed to reveal 
any information about an exhaustive study 
on this subject. In the present work the ex¬ 
tent and kind of the praseodymium mono- 
phosphide homogeneity range and the mag¬ 
netic properties (between 4-2° and 500°K) 
of its intermediate solid solutions have 
been determined. 

EXPERIMENTAL PROCEDURE 

Praseodymium 99-9 per cent supplied by 
Lindsay Co., and distilled white phosphorus 
were used for direct synthesis of different 
samples near to the PrP composition. 

An X-ray examination was made after 
each of the following three reaction steps; 
(1) the constituents, sealed off in evacuated 
silica tubes in weighed amounts, were 
combined at 600°-800°C until complete 
phosphorus disappearance; (2) the resulting 
powders were pressed into cylindrical tablets 
and then sintered at 800°-110()°C for at 
least 48 hr,** in tantalum crucibles under 


vacuum; (3) some of these sintered samples 
were melted in a tantalum resistance furnace 
under argon atmosphere (the melting point, 
determined by means of an optical pyro¬ 
meter, appeared to be about 24(X)°C). 

The effective composition of the samples 
was determined by chemical analysis. 
Mironov et a/. [3] have already emphasized 
the difficulties of an accurate analytical 
determination of phosphorus. In the present 
work the two elements were determined 
on separate samples of each phase as follows: 
the praseodymium was precipitated as oxalate 
from a phosphorus free solution (obtained 
by dissolving the alloy with dilute hydro- 
cloric acid in a non-oxidizing atmosphere), 
ignited to form oxide and weighed; the phos¬ 
phorus, oxidized to orthophosphoric acid by 
dissolving the sample with concentrated 
nitric acid and KMnO^. was precipitated as 
ammonium phosphomolybdate and titrated 
against standard sodium hydroxide solution. 

The lattice constant determination was 
carried out by the powder method, using 
Cu Ka radiation. 

The susceptibility measurements, between 
500° and 77°K. were made using equipment 
and techniques that have been already describ¬ 
ed by Iandelli(4]. For the determination of 
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magnetic properties at lower temperatures 
(77“-4-2°K), an a.c. mutual inductance bridge 
supplied by Cryotronics Inc., adapted for 
susceptibility measurements, was used. 

RESULTS 

X-ray diffraction and density data 
The low-temperature products were 
black powders, very unstable under atmos¬ 
pheric conditions, and generally gave non- 
homogeneous diffraction powder patterns. 

All the sintered and melted samples were 
more stable in air and appeared well crystal¬ 
lized and of bright grey color. 

During the melting treatment some loss 
in phosphorus was always observed, and all 
attempts to obtain melted samples richer in 
P than PrPo.88 were unsuccessful. 

The X-ray and analytical results (listed in 
Table I) show that the lattice constant of 
praseodymium monophosphide decreases 
gradually from 5-908 to 5-875 A as the phos¬ 
phorus content decreases from 50 at.% 
(PrP) to 46 at.% (PrPnns)- Outside this 
range of compositions the lattice constant 


stops at the value reached, and the diffraction 
powder patterns exhibit some extra-lines, 
corresponding to free Pr metal for the samples 
with less than 46 at.% of phosphorus, and to a 
complex phase (probably PrPj) for those 
containing more than 50 at.% of phosphorus. 

From these results, which are plotted in 
Fig. 1, one deduces that praseodymium mono¬ 
phosphide can exist in non-stoichiometric 
compositions: the homogeneity range is in 
the metal-rich side, and its extent, which 
obviously depends on temperature at equili¬ 
brium conditions, lies between PrP and PrPo.gj 



Fig. I. Lattice spacing vs. x for PrP,. phases O = sintered 
samples: • = melted samples. 


Table 1 .Analytical and X-ray data for PrPj. samples 


Sample 

Heat treatment 

Analytical 

formula 

Lattice spacing 

(A ±0-002 A) 

Remarks 

1 

reaction at 600°C 

PrP, 40 

5-909 

two phases!PrP + PrPj?) 

2 

sintering at 800°C 


5-909 

two phases(PrP+ PrPjV) 

3 

reaction at 760''(' 

PrP,.:>,, 

5-909 

two phaseslPrP + PrPj?) 

4 

reaction at 600°C 

PrP I JO 

5-908 

two phases(PrP+ PrP,?) 

5 

sintering at 800°C 

PrP, ,0 

5-909 

two phases(PrP+ PrP,?) 

6 

sintering at 600°C 

PrP, ,„ 

5-909 

two phases(PrP+ PrP,?) 

7 

sintering at 600°C 

PrP.™ 

5-908 

two phases(PrP+ PrP,?) 

8 

sintering at 900°C 

PrP 

5-908 

no extra lines 

9 

sintering at 1100°C’ 

PrPo»7 

5-905 

no extra lines 

10 

sintering at I000°C 

PrPpoT 

5-903 

no extra lines 

II 

sintering at 1000°C 

PrpQw 

5-903 

no extra lines 

12 

sintering at 1100°C 

PrPosa 

5-898 

no extra lines 

1.1 

sintering at 1100°C 

PrPQ»3 

5-896 

no extra lines 

14 

sintering at I000°C 

PrP© w 

5-883 

no extra lines 

15 

melting 

PrPoss 

5-876 

no extra lines 

16 

sintering at 1100°C 

PrPfl »i 

5-873 

no extra lines 

17 

sintering at I000°C 


5-876 

two phases! PrPo m + Pr) 

18 

melting 


5-873 

two phases! PrP„ , 5 + Pr) 

19 

melting 

PrPo-74 

5-877 

two phases(PrP„ ,5 + Pr) 

20 

sintering at 1000°C 

PrpQoo 

5-875 

two phases! PrPo.M+ Pr) 

21 

sintering at I000°C 

PrPo-3» 

5-875 

two phases! PrPo ™ + Pr) 

22 

sintering at 1000°C 

PrPo j7 

5-875 

two phases! PrPo« + Pr) 
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for samples quickly cooled to room tempera- In all cases, between about 500® and 220°K, 
ture from about 1000°C. the Curie-Weiss law dependence was observ- 

In order to decide the solid solution mecha- ed, and the effective magnetic moments 
nism, the densities were gravimetrically deduced for praseodymium are rather less 
determined and calculated from lattice para- than the theoretical value for a free tripositive 
meters on a basis of vacancies or substitution, ion (^b = 3-62). The dp extrapolated values 

As it will be seen from the data in Table 2, are positive, indicating the predominance of 


Table 2. Density data for PrP^ phases 


Phase 


by vacancies 

by substitution 

dIK' 

for PrPo sj - Pr mixture 

PrP 

5-5, 

5-54 

5-54 


PrPo-a? 

5-4. 

5-51 

5-60 


PrPo-as 

5-4, 

5-50 

5-64 


PrpQ.ga 

5-4, 

5-49 

5-69 


PrPo-BT 

5-4, 

5-48 

5-86 


PrPo-81 

5-5„ 



5-53 

PrPo-7fl 

5-So 



S-58 

PrPfl« 

5-So 



5-54 


the experimental values are in good agreement 
with calculations carried out on the basis 
of vacancies, u{5 to the PrPosa compound. 
The higher values found for praseodymium- 
richer samples are consistent with those 
calculated for the corresponding Pr-PrPo-gs 
mixtures, emphasizing that the latter phase 
must be near to the limit of the homogeneity 
range. 

Magnetic measurement data 
The magnetic results for samples within the 
solid solution range are summarized in Table 3 
and Fig. 2. 

Table 3. Magnetic properties 
for non-stoichiometric praseo¬ 
dymium monophosphide in the 
Curie-Weiss region 


Compound 


9p 

CK) 

PrP 

3-31 

+38 

PrPo .97 

3-36 

+49 

PrPoM 

3-27 

+59 

P*’Po-87 

3-30 

+56 


3-22 

+36 


ferromagnetic interactions. 

Below about 220®K the inverse suscepti¬ 
bility-temperature relationship shows a 



•K 

Fig. 2. Inverse susceplibilily-temperature data for non- 
stoichiometric praseodymium monophosphide. 
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positive deviation from the Curie-Weiss 
law. The nature of this anomaly was investi¬ 
gated in two ways; 

(a) the crystal structure of PrPo .97 between 
300° and 77°K was investigated. The results 
allow us to exclude that the magnetic anomaly 
which occurs in that temperature range, 
is due to a crystallographic transformation 
or to a praseodymium valency change; in 
fact, down to 77°K the NaCI structure type 
is stable, and its lattice constant versus 
temperature behavior is linear without any 
singularity, as plotted in Fig. 3. 


_ ^ 91 

»< 

■5590 
5 89 

100 200 300 

T CK) 

Fiij. 3 l attice spacing vs. temperature for PrPn,,. 

(b) magnetic measurements were made, 
up to 4-2°K, on two phases close to both 
limits of the solid solution range: PrP «.97 
and PrPfl.H,,. The results, plotted in Fig. 2, 
show that the x vs. T behavior from about 
220° to I0°K can be interpreted as being 
wholly due to crystal field interaction. At 
very low temperatures the two phases have 
different properties: (I) PrP„.„, is para¬ 
magnetic above 7°K and below this tempera¬ 
ture it suddenly becomes strongly diamagnetic. 
This seems to be a superconducting transition: 
a further investigation on this subject is in 
progress; (2) PrP„.»u exhibits a susceptibility 
peak near 10°K, that must be regarded as an 
antiferromagnetic ordering (the low tempera¬ 
ture measurements were carried out at very 
low magnetic field, and their field dependence 
was not determined). 

DISCUSSION 

The possibility of deviation from ideal 
stoichiometry of praseodymium mono¬ 
phosphide, by vacancies in the metalloid 
sublattice, is like that which occurs also for 
some other NaCl structure type compounds 


of rare earths [5]. 

From the magnetic properties of PrP, 
phases (I ^ x & 0-85) it can be deduced that 
the praseodymium electronic configuration 
corresponds to a valency greater than three. 
In fact the low moments, obtained from the 
Curie-Weiss dependence in the upper portion 
of the temperature range covered, can be 
interpreted in terms of further ionization of 
some of the 4/electrons. The effective valency 
of Pr, which appears to be independent of the 
P-content, is approximately 3-3. This result 
shows that the praseodymium monophos¬ 
phide, even in the ideal stoichiometric com¬ 
position, cannot be regarded as a simple 
ionic compound. 

The high value of magnetic moment 
{/ifl = 3-77) reported by Tsuchida and 
Wallace [ 6 ] for a sample of praseodymium 
monophosphide does not seem to be correct 
because it was deduced from a linear x vs. T 
interpolation outside the Curie-Weiss 
region. 

The deviation from the Curie-Weiss 
law below about 220°K, due to crystal field 
interaction, is difficult to explain quantita¬ 
tively owing to the presence of free electrons 
and to the field asymmetry produced by the 
random distribution of vacancies. 

It is interesting to observe that the very low 
temperature properties of praseodymium 
monophosphide exhibit a strong dependence 
on the composition: for the quasi-stoichio- 
metric phases there is no evidence of magnetic 
ordering; while an antiferromagnetic coupl¬ 
ing of praseodymium ions becomes possible 
when the inlerionic distances decrease by 
introduction of vacancies in the phosphorus 
sub-lattice. 
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Abstract—The rate of formation of single crystal MgCriO, from MgO single crystal and polycrystal¬ 
line CrjOj in air can be described by the expression 1: = 16-3 exp(80,000 ± 9,000/^7') cm® sec"'. The 
single crystal of MgCrjO, grew by the advancement of (110) planes at the MgCr,0,/Cr,0, interface. 

Two different methods were used for the calculation of interdiffusion coefficients of CP* in MgO 
in the temperature range 1340-I640°C. Wagner's recent analysis was applied for the calculation of 
interdiffusion coefficients in the MgO-Cr,Oj system where an intermediate spinel phase exists. A 
different mathematical treatment was derived for the calculation of interdiffusion coefficients at the 
saturation concentration of CrjOj in MgO single crystal. 

The interdiffusion coefficients increased linearly with increasing mole fraction of CP* cations and 
with increasing mole fraction of cation vacancies. For a concentration of one mol.% Cr^Os in MgO,. 
the interdiffusion coefficient can be expressed as Z) = 5'50x 10"* exp(67,000 ± 2,000/^7) cm* sec"'. 
The enthalpy of activation was independent of cation vacancy concentration while the entropy of 
activation increased with increasing vacancy concentration. The measured interdiffusion coefficients 
were deduced to be the intrinsic diffusion coefficients for Cr** cations in MgO. Interdiffusion coeffi¬ 
cients were in the range of 10"'*-10"* cm* sec"' for the temperatures and concentrations studied. 


1. INTRODUCTION 

Most investigations of diffusion in oxides 
consisted of the determination of self¬ 
diffusion coefficients [1-4], Relatively little 
work has been done on interdiffusion studies 
between oxides. Practically all the inter¬ 
diffusion studies involved systems which ex¬ 
hibited complete miscibilities[5-9]. 

A more complicated type of interdiffusion 
study consists of the diffusion of a higher 
valent cation into a host lattice, with the 
accompanying formation of a new phase. 
The reaction of particular interest is the one 
between the binary oxides MgO and CrjOa to 
form the normal spinel MgCr 204 . Alper et al. 
[10] have shown that appreciable solubility 
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of CfiOs in MgO exists at temperatures 
above 1200‘’C while Schmalzriedfl 1] 
pointed out that the formation of MgCtjOi 
from the reactants MgO and CrjO^ occurs 
by counterdiffusion of Mg*"' and Cr*" cations 
through the spinel layer. If the concen¬ 
tration in MgO is fairly low but not extremely 
low, the intrinsic disorder of MgO can be 
neglected and only chemical defects created 
by the presence of Cr*"" cations need be taken 
into consideration. In order to conform to the 
principle of electrical neutrality, the sub¬ 
stitution of 2Cr*'" for 3Mg*'" cations creates 
one cation vacancy, similar to the solubility of 
AP"^ in MgO [12]. Obviously a concentration 
gradient of Cr*" cations in MgO implies a cor¬ 
responding gradient of cation vacancies. 

The purpose of this investigation was to 
determine the interdiffusion coefficients of 
Cr*'" cations in MgO as a function of compos¬ 
ition. An appropriate and convenient mathe¬ 
matical solution was desireable for the calcul¬ 
ation of the interdiffusion coefficients. 
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2. EXPERIMENTAL PROCEDURES 

Single crystals of MgO obtained from 
Norton Company were cleaved along the 
(1(K)) planes. Spectrographic analysis indi¬ 
cated the presence of the following major 
impurities: Ca = 0 048%, Fe = 0-46%, Al < 
0 01%andTi < 0 005%. Highly pure(99-999%,) 
Cr.jO.i powder was obtained from Spex 
Industries, Inc., and contained the major im¬ 
purities of Mg, K and Na in the 1-3 ppm range. 

The MgO crystals and sintered Cr.jO;, 
pellets (I450°C for 2 days) were gound and 
polished as described previously 113]. MgO 
crystals were then annealed for 2 days at 
I I00°C and stored in a desiccator until used. 

The diffusion couple consisted of wrapping 
Pt foil around a MgO crystal whose (100) 
plane was placed in contact with a sintered 
Cr^O;, pellet. The wrapped couple was then 
wedged in a stabili 2 ed zirconia holder, placed 
in a Pt bucket and introduced into a preheated 
vertical furnace with Pt-40% Rh wire as the 
heating element. Diffusion runs were conduc¬ 
ted in air at 1340°C' for 97 hr, 1410°C for 
159 hr, I46.5°C: for 96 hr, 1465°C for 144 
hr, 1520‘’C for 72 hr, and 1640°C for 48 hr. 
After the desired heat treatments, the dif¬ 
fusion couples were rapidly quenched to 4(X)°C 
below the diffusion annealing temperature so 
that the spinel structure could not precipitate 
from the supersaturated MgO crystals. The 
diffusion couples were then slowly cooled to 
room temperature, mounted in the Bioplas¬ 
tic medium and ground and polished as des¬ 
cribed previously [13]. 

Diffusion couples were prepared for elec¬ 
tron microprobe analysis by exposing a 
surface parallel to the diffusion direction and 
cutting to the central depth of the couple. An 
ARL electron microprobe analyzer was used 
to determine the diffusion profiles of chro¬ 
mium in MgCr 204 and in MgO. 

The thickness of the spinel layer which 
developed during the diffusion anneal was 
measured with a calibrated micrometer at 
200X magnification on a U nitron metallo- 
graphic microscope. At least 10 thickness 


measurements were used to calculate an 
average apparent thickness. When a sintered 
pellet of Cr^O;, was used as a reactant, the 
spinel boundary at the spinel/Cr.jOi) inter¬ 
face was corrugated. Thus, thickness meas¬ 
urements were in error by approximately 
± 2 per cent. 

Homogeneous polycrystalline standards 
containing 0-55, 1-4 and 2-3 mol.% Cr. 20 ., in 
MgO were prepared by pressing the powder 
mixtures into pellet forms, sealing the pellets 
in Pt tubing, firing the sealed tubes in an in¬ 
duction furnace and quenching the specimens 
in water at room temperature. X-ray diffrac¬ 
tion indicated that only a crystalline solution 
phase existed in each of the standards. These 
standards were properly mounted and pre¬ 
pared for the electron microprobe. The gen¬ 
eral procedure was to analyze two diffusion 
couples and immediately afterwards run the 
standard compositions. In every case, all 
intensity measurements were made by point- 
count analysis for 10 sec. At least 10 analysis 
points were used to calculate an average in¬ 
tensity for the known standards. The standard 
calibration curve for the CrK„ intensity as a 
function of mol.% Cr^O:) in MgO was linear 
and essentially did not change because all 
diffusion couples and standards were analyzed 
within 4 hr on the same day. 

No concentration gradient of Cr^Oj across 
the spinel MgCr 204 could be detected with 
the electron microprobe technique. 

X RESULTS AND DISCUSSION 
3.1 Reaction kinetics for MgCr.,0^ formation 

The reaction between MgO single crystals 
and poly crystalline CrjOa pellets resulted in 
the formation of the normal spinel MgCr .204 
(see Fig. I). This photomicrograph is viewed 
perpendicularly to the diffusion direction. The 
gap at the MgO/MgCr .204 interface occurred 
on fast cooling because adherence could be 
attained on slow cooling. At the MgCr 204 / 
CfjOa interface a gas gap occurred as pre¬ 
viously found by Sockel and Schmalzried[14]. 
The grown spinel was single crystal with the 




Fig. 1. Typical photomicrograph of the MgCr-^O, reaction 
layer viewed perpendicularly to the diffusion direction. 
The MgCr^O, reaction layer (b) is formed from MgO 
single crystal (a) and polycrystalline CrzO, (c). 


[Facing page 910] 
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<100) directions of MgCr204 parallel to the 
< 100) directions of MgO, in accord with refer¬ 
ence [14], Furthermore, close examination 
revealed that the MgCr204 spinel at the 
MgCr-iOJCr^Oi interface is corrugated with 
planes intersecting at approximately OO". 
Since the view perpendicular to the diffusion 
direction was a < 100) direction and since the 
diffusion direction was also a < 100) direction, 
the growth of the spinel layer at the MgCr204/ 
Cr^Oj interface may be caused by the ad- 
advancement of (110) planes. 

The growth of single crystal spinel obeyed 
the parabolic rate law initially expressed by 
Tammann[15]. A plot of the spinel thickness 
squared versus time at 1465°C was approxi¬ 
mately linear with a reaction rate constant 
k= 1-9 X 10“® cm^ sec"‘. It appeared that the 
MgCr^O^ formation was diffusion-controlled 
in accord with Schmaizried’s results [11]. 

The reaction rate constant varied with tem¬ 
perature according to the Arrhenius equation, 

k = 'Aexp(-QIRT) (1) 

where k = reaction rate constant;/! = the pre¬ 
exponential factor; Q = the experimental 
activation energy. A plot of In k vs. l/T is 
shown in Fig. 2. The graph approximated a 

TEMP ("Kl 

1900 1800 1700 



Fig. 2. Natural logarithm of the reaction rate constant as 
a function of reciprocal temperature for the MgCrjO, 
* reaction layer. 


linear relationship with an activation energy 
of 80:t9Kcal/mole and a pre-exponential 
factor of 16-3 cm^sec'*. 

3.2 Diffusion of cations in MgO 
The concentration-penetration data ob¬ 
tained from the electron microprobe for three 
diffusion couples are given in Figs. 3 and 4. 
All curves were linear with the exception of 
the diffusion anneal at 1640°C. The deviation 
from linearity in Fig. 4 is perhaps caused by 
vapor transport of chromium oxide to the 
Mg0/MgCr204 interface and surface diffusion 
of Cr“+ cations down the interface. 



Fig. 3. Concentration of Cr,0| vs. penetration distance 
(microns) in MgO at 1463X^7 96 and 144 hr. 



Fig. 4. Concentration of CrjO., vs. penetration distance 
(microns) in MgO at 1640°C for 48 hr. 
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Diffusion in a binary isotropic system at 
constant pressure and temperature can be 
described in terms of a single parameter D 
called the interdiffusion coefficient which, in 
general, depends on the composition as does 
the molar volume (Kml. Since the Boltzman 
[16], Matano[17] and Appel[18] treatments 
require knowledge of a designated reference 
plane (x = 0) without considering molar 
volume changes with composition, a more 
generalized treatment which has been re¬ 
cently developed by Wagner [10] will be 
used for the diffusion of cations in MgO. 

The generalized equation is 


D(Nl) 





X"0 X-X‘ DISTANCE km) —- 


Fig. 5. Concentration (YIV„) of Cr^* cations vs. distance 
for the diffusion couple MgO/CnO, after a ditfusior 
anneal. Heavy dark lines represent the experimenta 
concentration profile while the dashed part represents thi 
probable theoretical profile. The hatched areas are needet 
for the integrals in equation (3). 


( 2 ) 

where = the particular mole fraction of 
cation 2 on the concentration profile at the 
particular distance x*; = the molar 

volume of cations at the particular mole frac¬ 
tion of interest N^\t = time of diffusion anneal; 

= tangent to the profile curve at 
the particular distance x*; Y — — 

—iVu") and is an auxiliary variable of 
composition; T* = a unique value for the 
above relation when = N*- The evaluation 
of the integrals in equation (2) can be accom¬ 
plished quite easily by graphical integration if 
the concentration profile is plotted in terms 
of Yiy^. 

If the diffusion couple of MgO and CrjO., is 
considered after a diffusion anneal, the experi¬ 
mentally determined shape of the concentration 
profile for Cr®+ cations is illustrated in Fig. 5. 
Equation (2) can be simplified because the 
diffusion couple consists initially of the pure 
components. Subsequently, if (mole frac¬ 
tion of cations in CrjOj) is 1 and 
(mole fraction of Cr®+ cations in MgO) is 0, 
the auxiliary variable Y equals the mole 
fraction N 2 . Hence, the actual working 


equation becomes 


^ 2i(dNJdx)^ 


X* 00 

c[(1-N2*) I ^^dx + N} I -^^dx 


Since equation (3) contains only values < 
dx, the distance from any arbitrary referent 
plane can be used for the calculation of tl 
slope and integrals. 

The general procedure is to read off a co 
centration in mol.% CrjOj from the conce 
tration profile, calculate correspondii 
Nj and y„ values, form the ratio Yll 
{Y = Ni) and plot YlV^ vs. penetratii 
distance for each diffusion couple as in F 
5. The first integral in equation (3) equals t 
vertically hatched area while the seco 
integral equals the horizontally hatched ares 

The interdiffusion coefficients D as 
function of concentration are given in Fig. 
The D values increase linearly with concent 
tion of Cr®"*^ cations for all specimens exci 
the one annealed at 1640°C. An increase ir 
value with an increase in Cr®+ concentratioi 
expected because there is a correspond 
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Fig. 6. The variation of the interdiffusion coefficient D 
with mole fraction of Cr®* ions (A/^) for various specimens. 

increase in cation vacancy concentration. The 
D value increases linearly with increasing 
cation vacancy concentration as shown in 
Fig. 7. 

In order to check if thermodynamic equi¬ 
librium was established at the Mg 0 /MgCr 204 
interface, diffusion anneals for different times 
were done at the same temperature. Both 
concentration profiles in Fig. 3 indicate that 



Nq(«IO'’) 

Fig. 7. The variation of interdiffusion coefficient D with 
mole fraction of cation vacancies for the diffusion anneal 
At l465”Cfor 144 hr. 


the maximum solubility of CruO.., in MgO 
at 1465°C was approximately 2-5 mol.%, 
a value in agreement with the phase diagram 
provided by Alper et a/. [10]. For the diffusion 
couples annealed for 96 and 144 hr at 1465°C, 
the D values were found to be essentially the 
same for identical compositions. 

Empirically, the interdiffusion D can almost 
always be described by the Arrhenius 
expression for an activated process, 

D = D„exp(-A//*//?T) 

where D„ = pre-exponential factor; A/f * = 
the enthalpy of activation. A plot of In D vs. 
1/r for several mole fractions of Cr^^ cations 
is shown in Fig. 8. The curves are straight 
and essentially parallel to each other. The 
calculated value for A//* is 67±2Kcal/mol. 
and is independent of temperature and mole 
fraction of Cr*^ cations. From the foregoing 
information, there apparently is no change 
in the diffusion mechanism over the tempera¬ 
ture range 1340-1640°C. It should be pointed 
out that for a high concentration of cation 
vacancies created by the presence of Cr®+ 
cations, AW* actually equals the enthalpy 
of activation for motion. 

A few comparisons can be made with the 
diffusion data. Bickelhaupt [20] found that 
the activation energy for the diffusion of Cr** 

TCMP 

1900 1900 1700 



Fig. 8. Natural logarithm of the interdiffusion coefficients 
plotted as a function of reciprocal temperature. 
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ions in MgO was 59-9 Kcal/mol. For a con¬ 
centration of one mol.% CraOj, the inter¬ 
diffusion coefficient was expressed as D = 
218xi0-»exp (-59,900//?r)cm“sec-‘. The 
interdiffusion coefficient which was found 
in this research for the same concentration 
can be expressed as D = 5-50 x 10'® exp 
(-67,000 ± 2000//?7) cm® sec'*. At 1340*0 
the D value found in this research was nearly 
3 times smaller. Probably the much higher 
purity of Cr^O^, the electron microprobe 
technique and the availability of Wagner’s 
119] analysis all contributed to lower and more 
reliable D values. 

According to Eyring’st21] absolute rate 
theory for diffusion the entropy of activation 
(AS*) was calculated by taking the jump 
distance as 2-97 A and using an average value 
for the temperature, 1763°K. The entropy of 
activation increased with increasing cation 
vacancy concentration (see Fig. 9), Between 
the vacancy concentrations of 4 95 X 10'® 
and 2'39xl0 ® (mole fraction), the entropy 
of activation ranged from -I- 5-4 to 7-3cal/deg 
mol. 



Fig. 9. Entropy of activation as a function of mole frac¬ 
tion of vacancies. 


The /> value increased linearly with in¬ 
creasing cation vacancy concentration as 
experimentally shown in Fig. 7. This suggests 
that A//* and AS* should be independent of 
vacancy concentration in accord with Eyring’s 
absolute rate theory for diffusion[21]. Since 
A//* and AS* are experimentally found to 
be independent and dependent of the cation 
vacancy concentration, respectively, this 
implies that the quantity A5* in Eyring’s 
formulation should be a function of vacancy 
concentration. In the diffusion process 
between iron and magnesium cations [22], an 
increase of entropy of activation was also 
noted with increasing vacancy concentration. 

The measured interdiffusion coefficient 
will be, at any Cr®+ concentration, determined 
by the slowest diffusing cation. In fact, the 
interdiffusion coefficient will be equal to the 
intrinsic diffusion coefficient of the slowest 
diffusing cation (ideal solution assumed). 
The question to be answered is which cation, 
Mg®'^ or Cr’+, is the rate determining cation. 
An answer to this question may be provided 
by extrapolating the curves to = 0 in Fig. 6. 
Linder and Parfitt[23] have shown that the 
self-diffusion coefficient of Mg®+ in MgO at 
1520*0 is about 70X 10"'® cm® sec"', a value 
which is more than an order of magnitude 
higher than the corresponding extrapolated 
values of 5 X 10~'® cm® sec"'. This suggests 
that the measured interdiffusion coefficient 
D is probably the intrinsic diffusion coeffi¬ 
cient for Cr®+ cations. Furthermore, the 
interdiffusion coefficient is 46 X 10"'® cm® sec"' 
for N 2 = 1 -98 X 10"® (or An = 9-8 X 10'®) at 
1520°C, a value which is still smaller than 
the self-diffusion coefficient quoted for Mg®^ 
in MgO. It appears that the measured inter¬ 
diffusion coefficient is probably the intrinsic 
diffusion coefficient for Cr®^ cations in MgO. 

It was further desirable to find an ap¬ 
propriate different method of calculating 
interdiffusion coefficients of Cr®^ cations in 
MgO. With the help of Professor Carl 
Wagner [24] the following mathematical 
analysis is provided which will yield an inter- 
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diffusion coefficient at the point where the 
MgO crystal is equilibrated with the MgCr 204 
spinel phase. 

If the diffusion coefficient is assumed to be 
proportional to concentration, then Pick’s 
second law for non-stationary, one-dimen¬ 
sional diffusion is 



where c' is the saturation concentration of 
Cr®* in MgO equilibrated with the MgCrjO^ 
phase and x' is given by the Wagner [26] 
mechanism. Further, let the diffusivity D' be 
fore = c', which is related to Do by 

D' = D(c = c') =Do(f7c„) (7) 

if D is proportional to c. In view of equation 
(7), equation (6) may be rewritten as 


where Do = the diffusion coefficient for a 
reference concentration Cq. 

Wagner[25] has found a solution of the 
differential equation (5) for the initial condition 

c=0 at x>0, f = 0 
and the boundary condition 


Letting c = 0 and x = x*, equation (8) can be 
transformed to 

- = 4D7/(l-23x+)^ (9) 


c = Co at X = 0, t > 0. 


Substituting equation (9) in equation (8) and 
regrouping, 


In view of the graph in Fig. 2 (Wagner’s 
paper [25]), which is practically a straight line, 
the solution may be approximated as 


£. = 1 123x 

Co 2(Dor)'«' 


( 6 ) 


dc' =\-2yx*(x*-x)IAD't. (10) 

Letting x = x' and c = c', equation (10) 
transforms to 

D'= l-23V(x+-x')/4r. (11) 


This solution is provided for the diffusion of 
lead chloride dissolved in silver chloride. 

For the diffusion of Cr^+ cations into MgO 
with the accompanying formation of MgCr 204 
(moving boundaries), equation (6) cannot be 
used directly but is nevertheless helpful as is 
shown in what follows. The following symbols 
are introduced; x, distance from the boundary 
CriOj/MgO at t = 0; x', distance of the boun¬ 
dary MgCr 204 /Mg 0 at / > 0 from the boun¬ 
dary CraOj/MgO at r = 0; x^, distance x at 
which the concentration of Cr^^ tends to zero 
at / > 0. 

The problem now is to obtain a solution of 
equation (5) for the boundary condition 

c = c at X = X 


Hence, if x' and x+ are observed, then D' 
can be calculated where D' denotes the inter¬ 
diffusion coefficient at the saturation concen¬ 
tration of Cr-iO-i in MgO equilibrated with 
MgCr204. 

A hypothetical concentration profile of 
Cr^* cations for the diffusion couple MgO/ 
Cr,j 03 is given along with the x^ and x' desig¬ 
nations in Fig. 10. The original concentration 
profile data and the MgCr 204 thickness 
measurements were used for the determina¬ 
tion of the interdiffusion coefficients D'. In 
order to determine the x^ values, the con¬ 
centration profiles were extrapolated to c 
equals zero. 

The data in Table 1 compares the inter¬ 
diffusion coefficients calculated according to 
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Table 1. Comparison of the interdiffusion coefficients calculated 
according to equations (11) and (3) 


Interdilfusion 

DescripCion coefficients 


Temp. 

(°C) 

Time 
(sec X 10*) 

concentration 
Mol.% CtjO, in MgO 

O' 

(cm*/sec) 

D 

(cmVsec) 

1640 

1-73 

4-65 

1-6X10-* 

20 X 10-' 

1520 

2-59 

2-70 

1-2X 10-"> 

MX 10-‘» 

1465 

5-18 

2-50 

8-4X I0-" 

8-3 X 10-" 

1465 

3-46 

2-44 

81X10-" 

8-4 X 10-" 

1410 

$■12 

2-08 

31x10-" 

30 X 10" 

1340 

3-49 

tl6 

8-2 X 10-" 

90 X 10-'* 




X' 

Fig. 10. A hypothetical concentration profile of 
cations for the diffusion couple MgO/CrjOj (a) at t = 0 
and (b) at i > 0. 

equation (3) and (11) at the saturation con¬ 
centration of CraOs. If the same concentration 
and temperatures are considered, the inter¬ 
diffusion coefficients D' and D are evidently in 
good agreement. Consequently, equations (3) 


and (11) are appropriate for the calculations 
of interdiffusion coefficients. Both equations 
may be applied to any diffusion-controlled 
system where a spinel reaction layer forms 
and a linear concentration gradient of one 
reactant in another exists. The interdiffusion 
coefficients D calculated according to equa¬ 
tion (3) appear, then, to be quite acceptable as 
valid values for the counterdiffusion of Mg*"^ 
and Cr^"^ cations in MgO. 
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ON THE SCATTERING OF X-RAYS BY STRUCTURES 
CONTAINING A RANDOM DISTRIBUTION OF DEFECTS 

C. R. HALL 

Cavendish Laboratory, Free School Lane, Cambridge, England 
(Received 20 August 1968) 

Abstract-An approximation made in a recent treatment of the scattering of X-rays by defect struc¬ 
tures (Keating 1968) is examined and shown to be incorrect. It appears that if the treatment is modified 
to allow such an approximation to be made then it leads to results consistent with those found by 
previous authors (Cochran and Kartha 1956). 


1. INTRODUCTION 

In a recent paper (Keatingt2]) the scatter¬ 
ing of X-rays by a crystal containing a 
random array of defects is considered. This 
treatment shows that when there is a dilatation 
of the average crystal lattice the Bragg peaks 
in the diffraction pattern are displaced by a 
corresponding amount. The diffuse scattering 
is predicted to be given approximately by the 
square of the Fourier transform of a single 
defect. However in contrast with previous 
treatments (e.g. Cochran and Kartha[l]) 
the displacements to be used are those referred 
to the original crystal lattice and not the mean 
lattice, and the atomic scattering factors are 
not multiplied by any attenuation factor. This 
causes the diffuse intensity to be located about 
the reciprocal lattice points of the original 
crystal. X-ray diffraction profiles from irradi¬ 
ated BeO and Diamond, where the Bragg 
peaks are displaced and the diffuse scattering 
is centred about directions close to the Bragg 
directions of the perfect crystal are shown as 
evidence for the effect. 

It is thought that the treatment which 
predicts the displacements of the Bragg peaks 
leads to a correct result. It is shown below that 
owing to an inadmissable approximation the 
treatment of the diffuse scattering is in error, 
and that if the treatment is modified so that 
the approximation is not made then the result 


is similar to that of Cochran and Kartha [ I ]. 

2. CALCULATION 

For the sake of clarity only the scattering 
by the matrix atoms is considered in detail. 
The notation is that used by Keating, where 
atoms located initially in the perfect crystal 
at and r„ are displaced by amounts u,^ and 
due to the presence of a defect at the >th 
defect site. The amplitude Au scattered by 
the matrix atoms is given by 

( 1 ) 

m 

The diffuse intensity /« scattered by the matrix 
atoms is then found by Keating (see equation 
(31)) to be: 

m n 

X [n{l1)} 

! 

J 

—p(I —p)(e"^"’«^— l)(e“‘^“K— 1)}]. (2) 

The products 1^ are taken over all possible 
defect sites, p is the probability that such 
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a site is occupied, K is the scattering vector 
and /, is the scattering factor for a matrix 
atom. We now use the fact that: 

(1 +jrj) = 1 + 1! 

J ' Mk 

i^k*l 


Keating uses this expansion also, but takes 
only the first two terms. Including the third 
term as well gives; 


Ik, S S 

m n 


2 p(l ~p) (e'^ “mj— 1) 1) 

j 


I + {ip(I —p) (e'*' “nu— 1) (e“"^"nj — 1) 


— p(e'*^ '“mj~“u’ — 1) } 

+ {p 2 (e"f'"mfc-“n*> - 1) 


- ipd -p) 2 (e"^ "'"*- IKe*'* "'.*:- 

k 



The approximation made by Keating corres¬ 
ponds to the neglect of all the terms within 
the square brackets except the first, the 
justification being that subsequent terms are 
multiplied by p and therefore can be made 
small compared with unity. This argument is 
valid for the second term in the square 
brackets, but not for the third, as although 
each term in the summation is small for this 
reason, there are a very large number of 
these terms (as many terms as there are defect 
sites), and their sum is not necesssarily 
negligible. If this term is included and the 
exponentials expanded then approximately: 


1m =// 2 2 

m n 

^ 2p(l —p)(e'^“mj— l)(e“'*'‘'ii— 1) 
j 

X [l-f-ipK. 2 («»»*-«»*)]• (5) 


This is similar to the corresponding inten¬ 
sity obtained by Keating except for the second 
term in the square brackets, which he neglects. 
Now the sum over k of pwm* is just the mean 
displacement of the atom originally at r^, i.e. 
the displacement due to the dilatation of the 
mean crystal lattice. This displacement 
depends both upon p and upon the distance 
of the atom from the origin at which the 
original and dilated lattices coincide. For 
any value of p, however small, this displace¬ 
ment can be made large for some atoms by 
making the crystal large: thus this term cannot 
be neglected. 

There are two ways in which this and sub¬ 
sequent terms can be taken into account. One 
method is to expand as in equation (3) but 
taking more terms, then to expand the ex¬ 
ponentials to several terms each, and then to 
group and sum the resulting set of terms. It 
is however simpler to split the displacement 
Unj at the outset into two parts: 7)^,, which is 
that part of the displacement corresponding 
to the lattice dilatation caused by the defect, 
and which is the residue and depends upon 
the position of the defect in the crystal. 
Equation (1) then becomes: 

m 

r'm is a vector in the dilated lattice. The treat¬ 
ment proceeds as before, and equation (5) 
becomes approximately: 

/m=/ 4^2 2e"^"'”-''"'P(l-p) 

m n 

X 2 1) 

j 

^ k 

+ ( 6 ) 

The second term in the squtire brackets is 
now zero, as expected. The third term is 
approximately 



SCATTERING OF X-RAYS 


921 


k 

Making the usual approximation the contents 
of the square brackets in equation (6) can be 
written as a Debye-Waller factor, so that for 
I„ we get: 

J ' m 

X (e«-.mj-l)|2. (7) 

This is effectively the same equation as 
equation (13) of Cochran and Kartha (1956), 
the displacements in each case being from 
the mean lattice and the amplitude being 
attenuated by the same Debye-Waller type 
factor. The two equations are slightly different 
in that an additional factor (1 —p) is obtained 
by Keating: this factor also results from the 
treatment of Cochran and Kartha if it is 
modified to prevent two defects occupying 
the same site. 

The other terms in equation (31) of Keating 
can be treated in a similar manner to give 
an expression for the diffuse intensity similar 
to his equation (32), except that the displace¬ 
ments are now all referred to the mean lattice 
and the scattering factors are multiplied by 
attenuation factors. The main term in that 
equation is therefore correctly: 

/n = P(l-p) 2 I/if 

m 

+ P 2 /fle“*'<e''^'■u(e‘''‘a— 1)P. (8) 

t 

Being now expressed in terms of the mean 
lattice, this equation predicts that the diffuse 
intensity should be located about the dis¬ 
placed Bragg peak, and therefore does not 
explain the experimental results. 

3. DISCUSSION 

Thus it is still not clear what is the correct 
explanation for experimental observations 
of the type considered by Keating. The solu¬ 
tion to this problem could lie in one of two 
directions. 


In the first place there may be some other 
incorrect approximation in the treatment as 
it now stands. However the intensity distribu¬ 
tion does not seem to be appreciably affected 
either by including more of the terms obtained 
by expanding quantities like exp(/K.2(M„fr- 

u„k), or by including in the the displace¬ 
ments due to the image fields (except for when 
the defect lies at a distance from the surface 
comparable with the defect size). The treat¬ 
ment also makes the approximation that the 
displacements due to the different defects can 
be added: i.e. that the strain is always elastic. 
This is not true very close to a defect, and as 
the concentration of defects in the cases 
being considered is probably very high an 
appreciable proportion of the crystal is likely 
to be in a state of anharmonic strain. Whether 
or not taking this into account can change 
the theory sufficiently to explain the experi¬ 
mental results is not clear. 

Alternatively it may simply be that the 
internal state of the irradiated material is 
different from what has previously been 
supposed. The intensity distributions shown 
by Keating, where there is a sharp peak with 
a diffuse peak nearby, is the type of distribu¬ 
tion one might expect to get from a two phase 
material in which almost coherent precipitates 
give a sharp peak while the matrix, having 
a slightly different lattice constant, is highly 
strained causing its diffraction peak to be 
considerably broadened. There are of course 
difficulties in applying this model to the cases 
under consideration, but it could be that a 
correct detailed description of the internal 
state of the material would lead to a predicted 
diffraction pattern of the type observed. In 
which of these two directions the solution 
lies is as yet not obvious. 

Arknowledgemenls—The Author is grateful to Drs. A. 
Howie and L. M. Brown for helpful discussions. 
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Abstract-The reciprocal lattice sum which occurs in the calculation of the spin wave Green's function 
appropriate to a body-centered, two sublattice antiferromagnet, having next-nearest neighbor inter¬ 
actions only and arbitrary local anisotropy, has been evaluated for 10 lattice points at various energies 
below, within and above the spin-wave band. 


In A NUMBER of dynamical problems in 
magnetically ordered systems, such as those 
connected with the interaction of elementary 
excitations or with the presence of impurities, 
one encounters the response function of the 
homogeneous system to a local impulse. Such 
a pure crystal Green’s function is associated, 
clearly, with .some specific assumption about 
the dynamics and it will be a functional of 
the dispersion relation for the elementary 
excitations. Spin wave theory yields one 
such relation and there are other, slightly 
more sophisticated, methods which give the 
same general form of dispersion. This paper 
is concerned with the evaluation of the 
reciprocal lattice sum involved in calculating 
the Green’s function associated with a dis¬ 
persion relation of the spin wave type in a 
definite system, a body-centered orthor¬ 
hombic, two sub-lattice antiferromagnet. 

We define the two simple orthorhombic 
sub-lattices to have identical spins at sites r = 


’Supported in part by the Advanced Research Projects 
Agency and by the National Science Foundation under 
Grant No. GP 6771. 

tAt the Department of Physics, University of Pennsyl¬ 
vania, Philadelphia, Pennsylvania when this work was 
initiated. 


— lai + mhj + nek and r = (/ -I- i)ai + (m -F i)hj + 
(/i-fi)ck, respectively, where (/, 
is a triplet of integers and i, j, k are three 
mutually perpendicular unit vectors. The 
Green’s function, G(e. r) is proportional to 
the function (/(e, r) [or, equally well. U(e, 
p)] which is a function of the energy e, where 
this is expressed in dimensionless units.t and 
of a particular lattice displacement, r.§ The 
latter is defined by 


r) = 77 lim 2) 


(«-Fn?)*—€*(«) 


( 1 ) 


where N is the number of sites on one sub¬ 
lattice and the K-summation is carried over 
the first Brillouin zone appropriate to the 
sub-lattice. 6 (k) describes the assumed 
dispersion relation and is taken to be [ 1 ] 


e(K)= [(l+a)*-yM*f)]''* (2) 

with 

y(K) = i 2) exp K ■ 6|. (3) 

a, 


FThe ‘energy’ is more properly a frequency and as 
such runs fi om — »to -f 

§Thc relationship between G and U is; C(«, r) = 
(l/ir)(5')(«-fa-t- l)U(e,r) (see e.g. reference [5]equation 
(3.16)). 
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Here a is an anisotropy parameter, greater 
than zero, and the S, are the dispJacements 
from a given site to its 8 nearest neighbors 
on the other sub-lattic.* The S; are clearly 
of the form, al± ±ck). It is convenient 

to introduce the vector 
where 

~ <}>3 = k^c. (4) 

The Brillouin zone is then described by 
— 77 « TT, / = 1,2, 3. One now has 

-ylif) = yl*!*) = cos hkt cos cos hka- (5) 

If N is allowed to become infinite, (/(e, p) 
assumes the form 


»^(€.q) =42 t/(€,q + 6,) (8a) 

Cl 

[e*-(H-a)^]t/(c,p) 

= 8(p)-45:K(6.p + 6,) (8b) 

Ci 

where S is the (vector) Kronecker delta. The 
first relation may be used to derive V from 
other f/’s. By eliminating V between (8a) 
and (8b) one may obtain the relation between 
the t/'s; 

[«*— (1 +a)*]L'(c,p) 

= S(p)—^(P + ®( + Sj). (9) 

This provides a useful check upon the con¬ 
sistency of independently calculated U's. 



There is, in addition to L/(e, p), a second Certain features of the dispersion relation 
type of reciprocal lattice sum which also (2) should be kept in mind. e(K) has its 
occurs in practice. This function, labelled minimum value, (2a-fa^)''^, at the center 
F(e, q) is defined by of the zone, /e = 0, and achieves its maximum 



where q is now of the form (/' + i, m' + i, 
n' + i), with /', m' and n' being integers. The 
functions U and V are connected by the easily 
verified relationships 


•We are considering here only the dispersion relation 
arising from an interaction between such nearest neigh¬ 
bors on different sublattices. This has the disadvantage 
for practical applications that in certain cases other 
interactions are not, in fact, negligible; it has the advan¬ 
tage, as we shall see below, that the function we calculate 
may be used for a system with arbitrary anisotropy by 
a simple change of variable. 


value of 1-1-a at the points where y{K) 
vanishes. These occur whenever any one of 
cos 4d>,, cos 4 ^) 2 . cos i<j )3 is zero and, therefore, 
the whole surface of the Brillouin zone, con¬ 
sisting of the cube faces |<^>(| = 77, is a surface 
of constant energy. For each energy within 
the spin wave band, (2a -I-a*)*'® is € « H-a. 
there is a surface in #f-space on which e = 
|€(k)| and it follows that, since t) -»0+, 
U is complex for such energies. (Note that 
since €(k) = €(— k) the numerator e'* ^ 
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could be replaced by its real part.) Below 
the band. 0 < |e| < (2a+ and above 
the band, 1+a < |e|, |e| is never equal to 
|c((c)| and U is purely real.* 

The method chosen to evaluate f/(e, p) 
was such as to transform away the singular 
denominator at the expense of introducing 
a four-dimensional integral. We distinguish 
two slightly different procedures according 
as is less than or greater than (1-t-a)^. In 
the former case one first writes 

r+TT r+ir ^+it 

X dd), d</)j I d<f>:,e">* 

J ~‘tT J ~1T • —IT 

^ [>(*)- [(l+a)2-(e-|-/,,)^]''» 

■y(4')+ [(1 +a)*- (e-f IT))-]''=']■ 

( 10 ) 

A new variable may now be introduced 
which simplifies the following algebra and 
also will be seen to remove the parameter a 
from most of the formulae. We write 

jc = -l-[(l-f-a)''-€^]‘'^ (11) 


j d''«l>e'»’»’|” 


dAe~”’e''’-'*‘'"‘ 


X 2 cos sy (4>) = — / 


y -!- ( 




J 0 


d^ipe*’’* cos .^/(d*). 

( 12 ) 


We shall define 


t;(t.p)= 0«e«l-t-a 


=; 


X 

.F(x,p) 


— 1 — a ^ e « 0 


(13) 


where the tilde denotes complex conjugation 
and 

F(x, p)= e-‘“(2(5.p)d5 (14) 

and 

I l-tJT f + ir f+n 

X dd>ae"’*cos5-)'(4>).t (15) 

Proceeding in a similar way for > (I + a)* 
and here defining 


and find for U{€, p) the representation 


(7(e,p) = 


1 

{27tV 


(- 


.igne 
' 2.r 


lim 


♦If we suppose that two of the integrations in (6) 
have been carried out over a surface of constant y then 
(6) becomes 


y = -f[e2-(H-a)^]''* 
one obtains for either sign of e 

(/fe,p)= ^//(y.p) 
H{y.p)= e-'''G(5.p)d5. 


(16) 


(17) 

(18) 


U(t. p) = 

V 



' _ /l(y, p)dy _ 

„(« + /Tj)* — (1 + a)* + y'' 


Making use of this form we can derive an expression for 
U(z, p) where z is now complex: 


U(z. 


rr J., 


{ImUtt.p) 


d{. 


V(2a+o') 

A knowledge of Iml/ («, p) within the band thus deter¬ 
mines U everywhere. 


We remark again that U is evaluated as a 
function of x or y, independently of a; the 
dependence upon energy in a particular 
problem is restored by expressing x and y 


tit should be noted that in this method of calculation, 
ImU or ReF is not explicitly zero for jt > 1 as it has to 
be. Any departure of the computed value from zero 
provides a check on errors. 
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in terms of e. However, since we frequently 
wish to integrate expressions containing 
Green’s functions over e. it is more con¬ 
venient to transform the variables of integra¬ 
tion to X and y. 

The evaluation of Q(s, p) is carried out 
by rewriting cos explicitly as 

ij^exp/12 e‘**f-l-c.c.j 
and expanding each factor 



in powers of s. The 4>-integrations are then 
carried out and the resulting terms rearranged 
to produce the series 


Q(J,P) = 2 i 


iIt( + Uim-’Tl + (m-fn-Tl + (n+/-T( 



(19) 


which is real for all integral I, m, n. The J’s 
are Bessel functions. For /, m, n small, which 
is the case we have considered, the orders of 
the four Bessel functions in each term are not 
appreciably different and each falls off rapidly 
when the order exceeds the argument. Thus 
the summand of (19) cuts off very sharply at 
this point and the number of significant terms 
increases more or less linearly with j. Since 
the Bessel functions are computed from their 
recursion relation all the orders needed for a 
given s in (19) are generated essentially simul¬ 
taneously and the evaluation of the sums is 
quite efficient. Q(s, p) has been calculated in 
the interval 0 « s « 3(X) tt in steps of irllO 
between 0 and IOtt and in steps of tt/IO 
between 10 tt and 300 rr. 

Beyond 300 77. falls off rather 

slowly, behavior which is directly related to 
the vanishing of y(<P) over the whole zone 
boundary. In the Appendix it is shown that 


(2(i, p) ~ (-1)[ In - .f/(i) 

,1-1 • m-1 , n-1 , 

2 27+t)J 

r-O r-O r*0 ' 

where ip is the digamma function. The 
stationary behavior of -yf^*) at the origin 
produces in Q(s, p) at large s an oscillatory 
term of small amplitude. It behaves like 
and is important in the evaluation of 
F(x) when x is close to 1, for then the product 
^-uxQ(^ p) is slowly varying. To sufficient 
accuracy we may evaluate this term by 
writing 

e««.(i.p)= i(27r)-^ 

= - (1 -f /) + 0(j-*«). 

( 21 ) 

The integral contribution to U (e, p) from 
s > 3(X) 77 = Jo which arises from the slowly 
decaying part of Q(s, p) has been evaluated 
in two ways. For x not too small we have used 
the formula 



e“*"/(j)dj 



(ixy 


ruo) 

(ixY 






( 22 ) 


which is valid for functions /(j) which vary 
much more slowly than e~'". In the present 
case,/(j) is taken to be j~"(a-l-In s), with 
a and h given by (20). The derivatives in (22) 
may be found explicitly. Equation (22) is 
asymptotic in character and one should not 
take too many terms of the series. For a very 
small jf, we have evaluated 


f 

J ft 


a + blns, 
;-«» -dj 


numerically after integrating by parts in such 
a way as to improve the convergence. The 
smallest x value for which F has been com- 
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puled is 0-0040114, which is the first point 
in a 16-point Gaussian quadrature scheme 
covering the range x = 0-0035 to Jt = 0-1. We 
outline below a procedure to be used for 
carrying out integrals of F over the un¬ 
calculated range from jr = 0 to jc = 0-0035. 

F(x, p) (and U(x, p)) are, of course, 
singular at jr = 0 and It is useful to have 
explicit expressions for their behavior at that 
point. We need consider only the integral 


f 




where a and b are the coefficients of Ms and 
In sjs in (20). We write this as 

(a — blnx)f e~“— + bf 

The first integral may be rewritten in the form 


(a — ft In jr) 1^— -y — In xso 

-I- - df-i - dt\ 

Jo f Jx.o f J 


where y in Euler’s constant. The last two 
integrals now converge. The divergent part 
of the second integral above is, if c is some 
arbitrary constant >xao, 



cos t 
t 


In / dr = 


cos r 


(Inr)^ ^’ 

2 . xto 


given in (21) yields a correction to F(x) of the 
form 

-^{^e"-'’'”±2/(27r)‘'^(|l-x|)>'^ 

x[—-C(r) + /5(/)j} (23) 

where / = (2 jo| 1 — x|/7r)‘'“, C and S are 
Fresnel integrals and the upper sign is to be 
taken for x < 1, the lower for x > 1. It is 
also possible to derive explicit approxima¬ 
tions for U{t,p) near x= 1. The imaginary 
part of U goes to zero like (1—x*)''*asx-» r, 
while the real part is regular for x -► 1 “ and 
goes as (x^ —1)’'^ for x—► 1+. We have the 
results 


Ret/(e, p) = Ret/(e„ p) ■+- (x* - 1) *'* 

TT 

forx-» 1^ [where e, =e(x = l)= (2a-!-«*)''*] 

(24a) 


and, more exactly 

lmt/(e, p) =--(1-x^)1 + (I - jc*) 

TT 

X [1 —S(/^+J} for X— ►!“. (24b) 

For large {x,y > 2) values of x or y another 
method of computation has been used, which 
is much faster for such cases. For x > 1, 
the original U-integral is non-singular and 


r (In/)", 

-t- I sin —dt 


t/(€, p) = 


1 

(27r)=> 



e*pv 

y'‘(«l>)-x* • 


(25a) 


and the divergent part is —i[(lnx)"-l-21n5o 
Inx]. Collecting the divergent terms we are 
left with 

^(lnx)"-l- (by — a + i'tTbl2)\nx. 

Netir x = 1 the contribution of Qok be¬ 
comes significant integration of the first term 


Similarly in the range e" > (I -f a)" 

The denominator may be expanded in powers 
of z"" where z" = y* or —x* and the <I>-integra- 
tions carried out. The resultant formula is 
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t/(e,p) = 


S(P) 

z* 


CD 

s 

rafnaxC^m.n) 


(-!)’■ 


J_ (2r!)3 _ 

2^’-{r-l)Hr+iy.{r-m)Kr+my.(r+ny.(r-n)y 

(26) 

We have evaluated F(x, p) (see equation (13)) 
and H{y, p) (see equation (17)) for all lattice 
vectors p = {I, m, n) with /, m, n « 2 at the 
following energy values: 


3 0« y « 10 0 
0-2 v « 3 0 
0 < y « 0-2 

0 0035 < X < 01 


0-1 < X < 0 2 

0-2 < X < 0 9 


(0-5) 

( 0 - 2 ) 

( 002 ) 

at 16 points corre¬ 
sponding to the ordi¬ 
nates for 16 point 
Gaussian quadrature in 
this interval f2] 

at 12 Gaussian ordi¬ 
nates 

at 24 Gaussian ordi¬ 
nates 


0-9 < X < 0-99 at 8 Gaussian ordinates 


The results are given in Tables 1(a) and 1(b). 
The use of ordinates corresponding to 
Gaussian quadrature procedures is indicated 
within the spin wave band, 0 « x ^ 1, since 
one is very frequently called upon to integrate 
expressions containing the Green’s functions 
over this range. The use of the variable x, in 
place of e, while allowing one to use Green’s 
functions evaluated at a set of x’s independent 
of a, has possible disadvantages. It may turn 
out that the integration net in terms of e is 
undesirably coarse in certain ranges. It is 
also true that the particular net division into 
four ranges for separate Gaussian routines 
which has been adopted here is far from 
optimum in some cases. 

Integrals over the range from x = 0 to 
X = 0-0035 require special attention because 
of the singular character of (7 at x = 0. If one 
is integrating a product of U (or F) and a 
relatively slowly varying function of x over 
this range, the latter function may be removed 
from under the integration and we are con¬ 
cerned with 

/ 0 003S 

, FW<bt. 


0-99 < X < 0-999 (0-0005) 

0-999 < X < 0-9999 (0-0001) 

1-0 ^x=e 1-02 (0-004) 

l-02=ex«I-10 (0-02) 

110^x^20 (0-10). 


This has been evaluated in the following 
manner. F(x) is divided into two parts, Fi(x) 
and Fz(x). F, (x) is the part arising from the 

/ 0'Q03S 

F|(x) dx, Fi(x) is written as a power series in 


Table 1(a). The real and imaginary parts of the function F(x.p) {see equation {13)), where 

x= V'((l-|-a)*-e2) 


000 100 no 111 


X 

ReF 

ImF 

ReF 

ImF 

ReF 

ImF 

ReF 

ImF 

0-0040114 

11-1985 

-4-8370 

-5-8503 

3-5638 

2-1235 

-2-2906 

-0-0167 

1-0492 

0 0061743 

9-9082 

-4-5625 

-4-9095 

3-2892 

1-5325 

-2-0162 

0-2257 

0-7916 

0 0099833 

8-5594 

-4-2566 

-3-9499 

2-9832 

0-9631 

-1-7106 

0-4080 

0-5152 

00153017 

7-4391 

-3-9848 

-3-1756 

2-7112 

0-5360 

-1-4393 

0-4934 

0-2840 

0-0219375 

6-5517 

-3-7555 

- 2-5797 

2-4816 

0-2340 

-1-2109 

0-5108 

0-1046 

0 02%507 

5-8499 

-3-5639 

-2-1216 

2-2894 

0-0225 

-1-0205 

0-4884 

-0-0304 

0-0381626 

5-2904 

-3-4034 

-1-7660 

2-1281 

-0-1253 

-0-8619 

0-4451 

-0-1298 

0-0471656 

4-8407 

-3-2687 

-1-4873 

1-9926 

-0-2286 

-0-7295 

0-3930 

-0-2012 

0-0563344 

4-4777 

-3-1559 

-1-2674 

1-8787 

-0-3004 

-0-6194 

0-3392 

-0-2512 
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Table \ (a),(contd.) 

000 100 DO Dl 


X 

ReF 

ImF 

ReF 

ImF 

ReF 

ImF 

ReF 

ImF 

0-0653374 

4-1844 

-3-0618 

-1-0935 

1-7833 

-0-3497 

-0-5284 

0-2882 

-0-2851 

0-0738493 

3-9489 

-2-9841 

-0-9565 

1-7044 

-0-3831 

-0-4539 

0-2423 

-0-3070 

0-0815625 

3-7623 

-2-9211 

-0-8498 

1-6402 

-0-4053 

-0-3940 

0-2031 

-0 3205 

0-0881983 

3-6183 

-2-8715 

-0-7685 

1-58% 

-0-4196 

-0-3474 

0-1712 

-0-3282 

0-0935167 

3-5120 

-2-8344 

-0-7093 

1 5516 

-0-4284 

-0-3127 

0-1468 

-0-3323 

0-0973257 

3-4404 

-2-8092 

-0-6697 

1-5256 

-0-4335 

-0-2893 

0-1300 

-0-3341 

0-0994886 

3-4012 

-2-7952 

-0-6481 

1-5113 

-0-4361 

-0-2764 

0-1207 

-0-3348 

0-1009220 

3-3758 

-2-7862 

-0-6342 

1-5020 

-0-4376 

-0-2681 

0-1146 

-0-3352 

0-1047941 

3-3094 

-2-7624 

-0-5980 

1-4774 

-0-4411 

-0-2462 

0-0986 

-0-3356 

0-1115049 

3-2011 

-2-7231 

-0-5395 

1-4369 

-0-4454 

-0-2105 

0-0720 

-0-3349 

0-1206341 

3-0661 

-2-6734 

-0-4676 

1-3853 

-0-4483 

-0-1658 

0-0383 

-0-3313 

0-1316084 

2-9196 

-2-6185 

-0-3908 

1-3280 

-0-4479 

-0-1173 

0-0013 

-0-3236 

0-1437383 

2-7743 

-2-5629 

-0-3163 

1-2697 

-0-4438 

-0-0693 

-0-0354 

-0-3119 

0-1562617 

2-6396 

-2-5103 

-0-2485 

1 2141 

-0-4364 

-0-0251 

-0-0692 

-0-2970 

0-1683916 

2-5213 

-2-4633 

-0-1902 

1-1641 

-0-4268 

0-0134 

-0-0981 

-0-2807 

0 1793659 

2-4232 

-2-4237 

-0-1428 

1 1216 

-0-4166 

0-0448 

-0-1214 

-0-2645 

0-1884951 

2-3471 

-2-3926 

-0-1067 

1-0880 

-0-4070 

0-0689 

-0-1388 

-0-2504 

0-1952059 

2-2941 

-2-3707 

-0-0818 

1-0643 

-0-39% 

0-0855 

-0-1505 

-0-2397 

0-1990780 

2-2645 

-2-3584 

-0-0681 

1-0509 

-0-3951 

0-0947 

-0-1569 

-0-2334 

0-2016845 

2-2450 

-2-3502 

-0 0591 

1-0420 

-0-3921 

0-1007 

-0-1610 

-0-2291 

0-2088450 

2-1930 

-2-3284 

-0-0353 

1 0181 

-0-3834 

0-1166 

-0 1717 

-0-2173 

0-2216039 

2-1058 

-2-2914 

0-0040 

0-9773 

-0-3673 

0-1426 

-0-1886 

-0-1958 

0-2397546 

1-9921 

-2-2424 

0-0539 

0-9227 

-0-3432 

0-1753 

-0-2081 

-0-1648 

0-2629993 

1-8614 

-2-1849 

0-1090 

0-8577 

-0-3108 

0-2106 

-0-2261 

-0-1250 

0-2909565 

1-7223 

-2-1224 

0-1648 

0-7857 

-0-2705 

0-2446 

-0-2388 

-0-0783 

0-3231672 

1-5817 

-2-0577 

0-2177 

0-7094 

-0-2234 

0-2742 

-0-2431 

-0-0270 

0-3591025 

1-4443 

-1-9931 

0-2654 

0-6312 

-0-1711 

0-2%8 

-0-2370 

0-0257 

0-3981723 

1-3133 

-1-9301 

0-3063 

0-5527 

-0-1155 

0-3109 

-0-2199 

0-0766 

0-4397351 

1-1903 

-1-8700 

0-3397 

0-4752 

-0-0586 

0-3156 

-0-1922 

0-1225 

0-4831084 

1-0763 

-1-8134 

0-3655 

0-3997 

-0-0025 

0-3109 

-0-1555 

0-1606 

0-5275801 

0-9713 

-1-7609 

0-3836 

0-3269 

0-0508 

0-2969 

-0-1118 

0-1889 

0-5724199 

0-8752 

-1-7125 

0-3946 

0-2575 

0-0997 

0-2747 

-0-0640 

0-2063 

0-6168916 

0-7875 

-1-6685 

0-3989 

0 1919 

0-1428 

0-2454 

-0-0148 

0-2122 

0-6602649 

0-7078 

-1 -6288 

0-3970 

6-1305 

0-1789 

0-2105 

0-0329 

0-2072 

0-7018277 

0-6355 

-1-5934 

0-3898 

0-0738 

0-2076 

0-1718 

0-0767 

0-1924 

0-7408975 

0-5702 

-1-5621 

0-3780 

0-0222 

0-2284 

0-1310 

0 1146 

0-1697 

0-7768328 

0-5117 

-1 5350 

0-3626 

-0-0241 

0-2418 

0-0900 

0-1453 

0-1413 

0-8090435 

0-4597 

-1-5119 

0-3448 

-0-0646 

0-2483 

0 0505 

0-1681 

0-1099 

0-8370007 

0-4144 

-1 -4926 

0-3258 

-0 0992 

0-2492 

0-0143 

0-1834 

0-0780 

0-8602454 

0 3762 

-1-4771 

0 3070 

-0-1275 

0-2459 

-0-0172 

0-1921 

0-0482 

0-8783961 

0-3456 

-1 -4654 

0-2902 

-0-1494 

0-2404 

-0-0425 

0-1958 

0-0230 

0-8911550 

0-3235 

-1-4573 

0-2771 

-0-1646 

0-2348 

-0-0608 

0 1964 

0-0042 

08981155 

0-3109 

-1-4528 

0-2692 

-0-1731 

0-2309 

-0-0712 

0-1959 

-0-0068 

0-9017869 

0-3047 

-1 -4506 

0-2651 

-0-1772 

0-2288 

-0-0762 

0 1955 

-0-0122 

0-9091500 

0-2913 

-1-4461 

0-2563 

-0-1859 

0-2239 

-0-0871 

0-1940 

-0-0238 

0-9213510 

0-2684 

-1-4386 

0-2404 

-0-2003 

0-2143 

-0-1053 

0-1899 

-0-0438 

0-9367454 

0-2377 

-1-4294 

0-2178 

-0-2183 

0-1989 

-0-1287 

0-1810 

-0-0700 

0-9532546 

0-2017 

-1-4197 

0-1892 

-0-2374 

0-1772 

-0-1543 

0-1656 

-0-09% 

0-9686489 

0-1633 

-1-4108 

0-1564 

-0-2551 

0-1498 

-0-1787 

0-1434 

-0-1284 

0-9808500 

0-1264 

-1 -4039 

0-1232 

-0-2691 

0 1200 

-0-1983 

0-1169 

-0-1521 

0-9882130 

0-0986 

-1-3998 

0-0971 

-0-2775 

0-0955 

-0-2102 

0-0940 

-0-1668 

0-9900 

0-0907 

-1-3988 

0-0895 

-0-2795 

0-0883 

-0-2132 

0-0871 

-0-1704 

0-9905 

0-0884 

-1-3985 

0-0873 

-0-2801 

0-0862 

-0-2140 

0-0851 

-0-1715 

0-9910 

0-0860 

-1-3982 

0-0850 

-0-2807 

0-0839 

-0-2148 

0-0829 

-0-1725 

0-9915 

0-0835 

-1-3979 

0-0826 

-0-2812 

0-0817 

-0-2156 

0-0807 

-0-1735 

0-9920 

0-0810 

-1-3977 

0-0802 

-0-2818 

0-0793 

-0-2164 

0-0784 

-0-1745 

0-9925 

0-0784 

-1-3974 

0-0776 

-0-2824 

0-0768 

-0-2173 

0-0761 

-0-1755 
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Table 1(a). (contd.) 


X 

ReF 

000 

ImF 

ReF 

100 

ImF 

ReF 

no 

ImF 

ReF 

111 

ImF 

0-9930 


-1-3971 


-0-2830 


-0-2181 

0-0736 

-0-1765 

0-9935 


-1-3968 

0-0723 

-0-2835 




-0-1776 

0-9940 

0-0700 

-1-3966 

0-0695 

-0-2841 



0-0684 

-0-1786 

0-9945 

0-0670 

-l-3%3 

0-0666 

-0-2847 



0-0656 

-0-17% 

0-9950 

0-0639 

-l-3%0 

0-0635 

-0-2852 



0-0626 

-0-1806 

0-9955 

0-0606 

-1-3957 


-0-2858 



0-0595 

-0-1816 

0-9960 


-1-3954 

0-0568 

-0-2863 



0-0562 

-0-1827 

0-9965 


-1-3952 

0-0532 

-0-2869 



0-0527 

-0-1837 

0-9970 

0-0494 

-1-3949 

0-0492 

-0-2875 



0-0489 

-0-1847 

0-9975 

0-0451 

-1-3946 


-0-2881 


-0-2255 

0-0447 

-0-1858 

0-9980 

0-0403 

-1-3943 


-0-2886 




-0-1868 

0-9985 

0-0349 

-1-3941 

0-0348 

-0-2892 



0-0347 

-0-1878 

0-9990 


-1-3938 

0-0285 

-0-2898 

BE^ 


0-0284 

-0-1889 

0-9991 


-1 -3937 


-0-2899 



0-0269 

-0-1891 

0-9992 


-1 -3937 

0-0255 

-0-2900 


-0-2283 

0-0254 

-0-1893 

0-9993 

0-0238 

-1-3936 

0-0238 

-0-2901 

■EiSI 


0-0237 

-0-1895 

0-9994 

0-0221 

-1-3936 

0-0220 

-0-2902 

0-0220 

-0-2286 

0-0220 

-0-1897 

0-9995 

0-0201 

-1-3935 

0-0201 

-0-2903 

0-0201 

-0-2288 

0-0201 

-0-1899 

0-99% 

0-0180 

-1-3935 

0-0180 

-0-2904 

0-0180 

-0-2289 

0-0180 

-0-1901 

0-9997 

0-0156 

-1-3934 

0-0156 

-0-2906 

0-0156 

-0-2291 

0-0156 

-0-1903 

0-9998 

0-0127 

-1-3934 

0-0127 

-0-2907 

0-0127 

-0-2293 

0-0127 

-0-1905 

0-9999 

0-0090 

-1-3933 

0-0090 

-0-2908 

0-0090 

-0-2294 

0-0090 

-0-1907 

1-000 

0 

-1-3932 

0 

-0-2909 

0 

-0-2296 

0 

-0-1909 

1-004 

0 

-1-3343 

0 

-0-2383 

0 

-0-1789 

0 

-0-1416 

1-008 

0 

-1-3088 

0 

-0-2190 

0 

-0-1611 

0 

-0-1251 

(-012 

0 

-1-2889 

0 

-0-2052 

0 

-0-1487 

0 

-0-1137 

1-016 

0 

-1-2720 

0 

-0-1940 

0 

-0-1389 

0 

-0-1049 

1-020 

0 

-1 -2569 

0 

-0-1847 

0 

-0-1308 

0 

-0-0978 

1-040 

0 

-1-1969 

0 

-0-1517 

0 

-0-1033 

0 

-0-0742 

1-060 

0 

-1-1502 

0 

-0-1301 

0 

-0-0861 

0 

-0-0601 

1-080 

0 

-1-1108 

0 

-0-1141 

0 

-0-0739 

0 

-0-0503 

1-100 

0 

-1-0762 

0 

-0-1015 

0 

-0-0646 

0 

-0-0431 

1-2 

0 

-0-9439 

0 

-0-0637 

0 

-0-0382 

0 

-0-0238 

1-3 

0 

-0-8487 

0 

-0-0445 

0 

-0-0256 

0 

-0-0153 

1-4 

0 

-0-7742 

0 

-0-0328 

0 

-0-0185 

0 

-0-0107 

1-5 

0 

-0-7132 

0 

-0-0252 

0 

-0-0139 

0 

-0-0079 

1-6 

0 

-0-6622 

0 

-0-0198 

0 

-0-0108 

0 

-0-0060 

1-7 

0 

-0-6184 

0 

-0-0160 

0 

-0-0086 

0 

-0-0047 

1-8 

0 

-0-5806 

0 

-0-0130 

0 

-0-0070 

0 

-0-0038 

1-9 

0 

-0-5471 

0 

-0-0109 

0 

-0-0057 

0 

-0-0031 

2-0 

0 

-0-5178 

0 

-0-0091 

0 

-0-0048 

0 

-0-0026 


X 

ReF 

200 

ImF 

ReF 

210 

ImF 

211 

ReF 

ImF 

ReF 

220 

ImF 

0-0040114 

4-4277 

-3-1393 

-1-2419 

1-8665 

-0-3268 


0-5415 

-1-4432 

0-0061743 

3-6033 

-2-8646 

-0-7679 

1-5924 

-0-4547 


0-1855 

-1-1704 

0-0099833 

2-7734 

-2-5584 

-0-3294 

1-2876 

-0 5118 




0-0153017 

2-1140 

-2-2859 



-0-4903 




0-0219375 

1-6149 

-2-0555 

0-1822 

0-7923 

-0-4233 

0-1646 


-0-3888 

002%507 

1-2375 

-1-8622 





-0-4450 


0-0381626 

0-94% 

-1-6995 

0-3837 

0-4528 

-0-2482 


-0-4442 


0-0471656 

0-7275 

-1-5622 

0-4249 

0-3272 

-0-1649 


-0-4211 


0-0563344 

0-5552 

-1-4463 

0-4436 

0-2249 



-0-3860 


0-0653374 

0-4211 

-1-3489 

0-4480 

0-1423 


■aSfSX 

-0-3460 

0-1630 
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Table 1(a). (contd.) 


X 

ReF 

200 

ImF 

ReF 

210 

ImF 

ReF 

211 

ImF 

ReF 

220 

ImF 

0-9925 


-0-1365 

0-0745 


0-0738 

-0-1081 

0-0723 

-0-0876 


0-0729 

-0-1377 

0-0722 


0-0715 

-0-10% 

0-0702 

-0-0893 

0-9935 

0-0704 

-0-1389 

0-0698 


0-0692 

-OHIO 

0-0680 

-0-0909 


\ j 

-0-1401 

0-0673 

Wm 

0-0667 

-0-1125 

0-0656 

-0-0926 

0-9945 


-0-1414 

0-0646 


0-0641 

-0-1139 

0-0632 

-0-0942 



-0-1426 

0-0618 


0-0614 

-0-1154 

00605 

-0-0959 

0-9955 

! 1 

-0-1438 

0-0588 


0-0584 

-0-1169 

0-0577 

-0-0976 


! k 

-0-1450 

0-0556 


0-0553 

-0-1183 

0-0547 

-0-0993 

0-9%S 

j; 

-0-1462 

0-0522 


0-0519 

-0-1198 

0-0515 

-0-1010 


0-0487 

-0-1474 

0-0485 

39 

0-0483 

-0-1213 

0-0479 

-0-1027 



-0-1487 

0-0444 

-0-1344 

0-0442 

-0-1228 

0-0439 

-0-1045 

0-9980 

0-0399 

-0-1499 

0-0398 

-0-1358 

0-0397 

-0-1243 

0-0395 

-0-1062 

0-9985 

0-0346 

-0-1511 

0-0346 

-0-1372 

0-0345 

-0-1259 

0-0343 

-0-1080 

0-9990 

0-0283 

-0-1524 

0-0283 

-0 1386 

0-0282 

-0-1274 

0-0281 

-0-1097 

0-9991 

0-0269 

-0-1526 

•0-0268 

-0-1388 

0-0268 

-0-1277 

0-0267 

-0-1101 

0-9992 

0-0253 

-0-1529 

0-0253 

-0-1391 

0-0253 

-0-1280 

0-0252 

-0-1104 

0-9993 

0-0237 

-0-1531 

0-0237 

-0-1394 

0-0237 

-0-1283 

0-0236 

-0-1107 

0-9994 

0-0220 

-0-1533 

0-0219 

-0-1397 

0-0219 

-0-1285 

0-0219 

-0-1111 

0-9995 

0-0201 

-0-1536 

0-0200 

-0-1399 

0-0200 

-0-1288 

0-0200 

-0-1114 

0-9996 

0-0179 

-0-1538 

0-0179 

-0-1402 

0-0179 

-0-1291 

0-0179 

-0-1118 

0-9997 

0-0155 

-0-1541 

0-0155 

-0-1405 

0-0155 

-0-1294 

0-0155 

-0-1121 

0-9998 

0-0127 

-0-1543 

0-0127 

-0-1407 

0-0127 

-0-1297 

0-0126 

-0-1124 

0-9999 

0-0090 

-0-1545 

0-0090 

-0-1410 

0-0089 

-0-1300 

0-0089 

-0-1128 

1-000 

0 

-0-1548 

0 

-0-1413 

0 

-0-1304 

0 

-0-1132 

1-004 

0 

-0-1068 

0 

-0-0942 

0 

-0-0841 

0 

-0-0683 

1-008 

0 

-0-0914 

0 

-0-0795 

0 

-0-0700 

0 

-0-0554 

1-012 

0 

-0-0810 

0 

-0-0698 

0 

-0-0609 

0 

-0-0472 

1-016 

0 

-0-0732 

0 

-0-0625 

0 

-0-0541 

0 

-0-0412 

1-020 

0 

-0-0668 

0 

-0-0567 

0 

-0-0487 

0 

-0-0366 

1-040 

0 

-0-0468 

0 

-0-0387 

0 

-0-0323 

0 

-0-0229 

1-060 

0 

-0-0355 

0 

-0-0288 

0 

-0-0236 

0 

-0-0160 

1-080 

0 

-0-0281 

0 

-0-0224 

0 

-0-0181 

0 

-0-0119 

1-100 

0 

-0-0228 

0 

-0-0180 

0 

-0-0144 

0 

-0-0091 

1-2 

0 

-0-0101 

0 

-0-0076 

0 

-0-0058 

0 

-0-0033 

1-3 

0 

-0-0054 

0 

-0-0040 

0 

-0-0030 

0 

-0-0016 

1-4 

0 

-0-0032 

0 

-0-0023 

0 

-0-0017 

0 

-0-0009 

1-5 

0 

-0-0020 

0 

-0-0015 

0 

-0-0011 

0 

-0-0005 

1-6 

0 

-0-0014 

0 

-0-0010 

0 

-0-0007 

0 

-0-0003 

1-7 

0 

-0-0009 

0 

-0-0007 

0 

-0-0005 

0 

-0-0002 

1-8 

0 

-0-0007 

0 

-0-0005 

0 

-0-0003 

0 

-0-0002 

1-9 

0 

-0 0004 

0 

-0-0004 

0 

-0-0002 

0 

-0-0001 

2-0 

0 

-0-0004 

0 

-0-0002 

0 

-0-0002 

0 

-0-0001 


X 

221 

ReF 

ImF 

222 

ReF 

ImF 

0-0040114 

0-4948 

0-2921 

-0-4%3 

0-0182 

0-0061743 

0-5125 

0-0807 

-0-4162 

0-1772 

0-0099833 

0-4540 

-0-1180 

-0-2669 

0-2937 

0-0153017 

0-3418 

-0-2490 

-0-1022 

0-3294 

0-0219375 

0-2137 

-0-3145 

0-0383 

0-3006 

0-02%507 

0-0933 

-0-3307 

0-1388 

0-2345 

0-0381626 

-0-0084 

-0-3140 

0-1986 

0-1536 

0-0471656 

-0-0876 

-0-2777 

0-2241 

0-0733 
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Table 1(a). (contd.) 


221 222 


X 

ReF 

ImF 

ReF 

ImF 

00563344 

-0-1451 

-0-2321 

0-2246 

0-0026 

00653374 

-0-1841 

-0-1846 

0-2090 

-0-0545 

0 0738493 

-0-2083 

-0-1398 

0-1852 

-0-0974 

00815625 

-0-2217 

-0-1005 

0 1590 

-0-1277 

0-0881983 

-0-2280 

-0-0684 

0-1344 

-0-1478 

0 0935167 

-0 2300 

-0-0439 

0-1140 

-01602 

0-0973257 

-0-2299 

-0-0271 

0-0992 

-0-1673 

0-0994886 

-0-2295 

-0-0179 

0-0908 

-0-1707 

0 1009220 

-0-2290 

-0-0118 

0-0853 

-0-1727 

0-1047941 

-0-2269 

0-0039 

0-0704 

-0-1771 

0-1115049 

-0-2212 

0-02% 

0-0450 

-0-1818 

0-1206341 

-0-2099 

0-0611 

0-0122 

-0-1827 

0-1316084 

-0-1920 

0-0938 

-0-0242 

-0-1768 

0-1437383 

-0-1683 

0-1237 

-0-0593 

-0-1632 

0-1562617 

-0-1410 

0-1479 

-0-08% 

-0-1435 

0-1683916 

-0-1130 

0-1653 

-0-1129 

-0-1205 

0-1793659 

-0-0871 

0 1765 

-0-1290 

-0-0976 

0-1884951 

-0-0657 

0-1827 

-0 1389 

-0-0777 

0-1952059 

-0-0500 

0-1856 

-0-1442 

-0-06‘29 

0-1990780 

-0 0411 

0 1866 

-0-1466 

-0-0543 

0-2016845 

-0-0352 

0-1871 

-0-1479 

-0-0485 

0-2088450 

-0-0191 

0-1875 

-0-1503 

-0-0328 

0-2716039 

00083 

0-1850 

-0-1507 

-0-0055 

0-2397546 

0-0440 

0-1753 

-0-1437 

0-0305 

0-2629993 

0-0833 

0-1545 

-0-1241 

0-0697 

0-2909565 

0-1195 

0-1205 

-0-0897 

0-1044 

0-3231672 

0-1458 

0-0744 

-0-0423 

0-1259 

0-3591025 

0-1563 

0-0204 

0-0116 

0-1277 

0-3981723 

0-1477 

-0-0348 

0-0621 

0-1073 

0-4397351 

0-1200 

-0-0834 

0-0993 

0-0674 

0-4831084 

0-0771 

-0-1181 

0-1153 

0-0159 

0-5275801 

0-0252 

-0 1339 

0-1071 

-0-0364 

0-5724199 

-0-0274 

-0-1292 

0-0772 

-0-0786 

0-6168916 

-0-0729 

-0-1056 

0-0330 

-0-1024 

0-6602649 

-0-1050 

-0-0680 

-0-0156 

-0-1042 

0-7018277 

-0-1200 

-0-0229 

-0-0583 

-0-0852 

0-7408975 

-0-1176 

0-0222 

-0-0875 

-0-0515 

0-7768328 

-0-1004 

0-0612 

-0-0994 

-0-0112 

0-8090435 

-0-0731 

0-(W98 

-0-0948 

0-0277 

0-8370007 

-0-0414 

0-1065 

-0-0780 

0-0590 

0-8602454 

-0-0107 

0 1126 

-0 0549 

0-0799 

0-8783961 

0-0150 

0-1112 

-0-0318 

0-0909 

0-8911550 

0-0334 

0-1065 

-0-0134 

0-0950 

0-8983155 

0-0437 

0-1024 

-0-0024 

0-0956 

0-9017869 

0-0485 

0-1000 

0-0030 

0-0955 

0-9091500 

0-0587 

0-0940 

0 0148 

0-0942 

0-9213510 

0-0747 

0-0811 

0-0344 

0-0885 

0-9367454 

0-0921 

0-0594 

0-0583 

0-0744 

0-9532546 

0-1050 

0-0286 

0-0800 

0-0492 

0-9686489 

0-1079 

-0-0077 

0-0923 

0-0150 

0-9808500 

0-0991 

-0-0421 

0-0909 

-0-0203 

0-9882130 

0-0852 

-0-0654 

0-0810 

-0-0456 

0-9900 

0-0802 

-0-0714 

0-0769 

-0-0522 

0-9905 

0-0786 

-0-0731 

0-0755 

-0-0541 

0-9910 

0-0770 

-0-0748 

0-0741 

-0-0560 

0-9915 

0-0753 

-0-0765 

0-0726 

-0-0579 

0-9920 

0-0734 

-0-0782 

0-0710 

-0-0598 
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Table 1(a). (Contd.) 


X 

ReF 

221 

ImF 

ReF 

222 

ImF 

0-9925 

0-0715 

-0-0799 

0 0693 

-0-0611 

0-9930 

0-0695 

-0-0817 

0 0675 

-0-0637 

0-9935 

0-0674 

-0 0834 

0 0655 

-0-0657 

0-9940 

0-0651 

-0-0851 

0-0635 

-0-0676 

0-9945 

0-0627 

-0-0869 

0-0613 

-0-0696 

0-9950 

0-0601 

-0-0887 

0-0589 

-0-0716 

0-9955 

0-0574 

-0-0904 

0-0563 

-0-0736 

0-9960 

0-0544 

-0-0922 

0-0536 

-0-0757 

0-9965 

0-0512 

-0-0940 

0-0505 

-0-0778 

0 9970 

0-0477 

-0-0959 

0-0471 

-0-0799 

0-9975 

0-0438 

-0-0977 

0-0434 

-0-0820 

0-9980 

0-0394 

-0-0996 

0-0391 

-0-0841 

0-9985 

0-0343 

-0-1014 

0-0341 

-0-0862 

0-9990 

0-0281 

-0-1033 

0-0280 

-0-0884 

0-9991 

0-0267 

-0-1036 

0-0266 

-0-0888 

0-9992 

0-0252 

-0-1040 

0-0251 

-0-0892 

0-9993 

0-0236 

-0-1044 

0-0235 

-0-0896 

0-9994 

0-0218 

-0-1047 

0-0218 

-0-0900 

0-9995 

0-0199 

-0-1051 

0-0199 

-0-0905 

0-9996 

0-0178 

-0-1055 

0-0178 

-0-0909 

0-9997 

0-0155 

-0-1058 

0-0154 

-0-0913 

0-9998 

0-0126 

-0-1062 

0-0126 

-0-0917 

0-9999 

0-0089 

-0-1065 

0-0089 

-0-0921 

I-000 

0 

-0-1070 

0 

-0-0926 

1-004 

0 

-0-0627 

0 

-0-0501 

1-008 

0 

-0-0503 

0 

-0-0388 

1-012 

0 

-0-0424 

0 

-0-0319 

1-016 

0 

-0-0368 

0 

-0-0271 

1-020 

0 

-0-0324 

0 

-0-0234 

1-040 

0 

-0-0198 

0 

-0-0133 

1-060 

0 

-0-0136 

0 

-0-0087 

1-080 

0 

-0-0099 

0 

-0-0060 

1-100 

0 

-0 0076 

0 

-0-0044 

1-2 

0 

-0 0026 

0 

-0-0013 

1-3 

0 

-0-0012 

0 

-0-0006 

1-4 

0 

-0-0007 

0 

-0-0003 

1-5 

0 

-0-0004 

0 

-0-0002 

1-6 

0 

-0-0002 

0 

-0-0001 

1-7 

0 

-0-0001 

0 

-0-0001 

1-8 

0 

-0-0001 

0 

-0-0000 

1-9 

0 

-0-0001 

0 

-0-0000 

2-0 

0 

-0-0001 

0 

-0-0000 


Table 1(b). The function H (y, p) (see equation (17)), where y = y/{e^— {\ + a)^) 


H 


y 

000 

100 

110 

111 

200 

210 

211 

0-02 

7-2742 

-3-2292 

0-8006 

0-1483 

2-2424 

-0-3457 

-0-1874 

0-04 

5-6881 

-2-2068 

0-3321 

0-1830 

1-4097 

-0-0518 

-0-1373 

0-06 

4-8504 

-1-7000 

0-1436 

0-1590 

1-0149 

0-0427 

-0-0890 

0-08 

4-2964 

-1-3816 

0-0462 

0-1299 

0-7767 

0-0794 

-0-0547 

0-10 

3-88% 

-1-1583 

-0-0098 

0-1037 

0-6158 

0-0930 

-0-0311 

0-12 

3-5723 

-0-9914 

-0-0437 

0-0817 

0-5000 

0-0% 1 

-0-0149 
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Table 1(b). (Contd.) 


y 

000 

100 

no 

H 

111 

200 

210 

211 

014 

3-3145 

-0-8612 

-0-0646 

0-0635 

0-4129 

0-0939 

-0-0038 

016 

3-0989 

-0-7566 

-0-0775 

0-0486 

0-3454 

0-0892 

0-0037 

018 

2-9148 

-0-6706 

-0-0850 

0-0364 

0-2919 

0-0833 

0-0088 

0-20 

2-7550 

-0-5986 

-0-0891 

0-0265 

0-2487 

0-0771 

0-0121 

0-40 

1-8184 

-0-2414 

-0-0703 

-0-0111 

0-0656 

0-0303 

0-0124 

0-60 

1-3674 

-0-1204 

-0-0438 

-00129 

0-0224 

0-0120 

0-0061 

0-80 

1-0938 

-0-0674 

-0-0273 

-0-0099 

0-0090 

0-0052 

0-0029 

1-00 

0-9092 

-0-0409 

-0-0176 

-0-0071 

0-0040 

0-0024 

0-0014 

1-20 

0-7763 

-0-0263 

-0-0118 

-0-0051 

0-0020 

00012 

0-0007 

1-40 

0-6764 

-0-0178 

-0-0082 

-0-0037 

0-0010 

0-0007 

0 0004 

1-60 

0-5986 

-0-0126 

-0-0059 

-0-0027 

0-0006 

0-0004 

00002 

1-80 

0-5365 

-0-0092 

-0-0043 

-0-0020 

0-0003 

0-0002 


200 

0-4858 

-0-0069 

-0-0033 

-0-0015 

0-0002 



2-20 

0-4437 

-0-0053 

-0-0025 

-0-0012 




2-40 

0-4082 

-0-0041 

-0-0020 

-0-0010 




2-60 

0-3779 

-0-0033 

-0-0016 

-0-0008 




2-80 

0-3517 

-0-0027 

-0-0013 

-0-0006 




3-00 

0-3289 

-0-0022 

-0-0011 

-0-0005 


* 


3-50 

0-2829 

-0-0014 

-0-0007 

-0-0003 




4-00 

0-2481 

-0 0009 

-0-0005 

-0-0002 




4-50 

0 2209 

-0-0007 

-0-0003 

-0-0002 




5-00 

0-1990 

-0-0005 

-0-0002 





5-50 

0-1811 

-0-0004 

-0-0002 





6-00 

0-1661 

-0-0003 






6-50 

0-1534 

-0-0002 






7-00 

0-1423 

-0-0002 






7-50 

0-1330 







8-00 

0-1248 







8-50 

0-1174 







9-00 

0-1109 







9-50 

0-1051 







10 00 

0-0999 








y 

220 

H 

221 

222 

0-02 

0-0577 

0-1447 

-0-0678 

0-04 

-0-0809 

0-0611 

0-0002 

0-06 

-0-1009 

0-0188 

0-0180 

0-08 

-0-0956 

-0-0023 

0-0207 

0-10 

-0-0839 

-0-0125 

0 0185 

0-12 

-0-0714 

-0-0169 

0-0151 

0-14 

-0-0599 

-0-0183 

0-0117 

0-16 

-0-0499 

-0-0180 

0 0087 

0-18 

-0-0413 

-0-0169 

0-0063 

0-20 

-0-0341 

-0-0154 

0-0044 

0-40 

-0-0044 

-0-0034 

-0-0007 

0-60 

-0-0001 

-0-0004 

-0-0004 

0-80 

0-0004 

0-0001 

-0-0001 

1-00 

0-0003 

0-0001 


1-20 

0-0002 

0-0001 
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X Up to X* and integrated term by term. The 

^ s’^Qis, p) 

di, for n = 0-4 and these have been evaluated, 
f 2 (•»:). which comes from the integral from 
.So to o) is evaluated in the following manner. 

Fsix) dx = dsQ(s) J* e'‘"cLr 



4. TONEGAWA T., Doctorate Thesis, Osaka Univer¬ 
sity (1968). 

5. Localized Excitations In Solids (Edited by R. F. 
WaJlis), p. 341. Plenum Press, New York (1968). 

6. TANABE Y.. GONDAIRA K-1 and MURATA H., 
J. phys. Soc. Japan 25. 1562 (1968). 


APPENDIX 

We are interested in the form of Qix. p) for large s. 
which has been shown above to determine the singular 
behavior of F at r = 0. We write the argument of the 
cosine in equation (15) as (s/2) cos iipj. cos i^!'„(e'*»'*+ 
e-'»t'j)_ expand the cosine in powers of e'*"''* and integrate 
over (fig. This yields the form 


Q(s) is now replaced by the large s approxi¬ 
mation a + hln .v/s and the remaining integrals 
are evaluated numerically. The final values 

of J F(jc) dx are listed in Tabie 2. 


/ 0-003^ 


/' 

E(p) 

Kp) 

0.0.0 

0 05358 

-0-01821 

1.0.0 

-003153 

001402 

1, 1,0 

0'0I.S)5 

-000984 

1.1.1 

-0 00445 

0-00570 

2.0.0 

0 02544 

-0-01263 

2, 1,0 

-001095 

0-00844 

2. 1. 1 

0 00214 

-0-(KM35 

2.2.0 

000739 

-0-00705 

2.2. 1 

-0 00045 

0-00.305 

2.2 2 

-0-00061 

-0-00183 


(?(r.P) 





We write 


X J2»['Cosiip, cosi^„] dv>jdy>„ 

^ i-tr/l ,irf! 

l)"j I cos (2/0j.-t-2mej) 

•'0 •'0 

xjj„[.9COsej.cos9j] d9j.d9„, (A-1) 


from which one has 


cos cos 9„ = r 
sin 9x sin 9, = / 

dr dr 


d9xd9„ 


(A-2) 


(A-3) 


tf one integrates with constant r, r increases from 0 to 
I -r and then decreases to 0 again. Introduce '1' by the 
relation 


Recently Tonegawa[4] has calculated 
values of the spin wave Green’s function for 
four lattice sites in the absence of anisotropy. 
He has also evaluated the function for several 
cases relevant to the specific antiferro- 
magnet, MnFj. Here exchange between 
nearest neighbors on the same sublattice is 
important and the dispersion relation there¬ 
fore more involved than the one used here[6]. 
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r = (I - r) sin 'P. (A-4) 

Then 


Ma _ uru-r _ 

■' ^ [(l+r)^-(l-r)«sin*'l'J'™- 

The 'P-integration will be written as f f’+f" ] and 
p) IS now given by ° 

G(..P)= 

cos {2Wj + 2m8J d'P 
[(l-(-r)*-(l-r)'sin*^]''* 
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D irlt J 


1 cos (219^-1-2ffi9„) dV 


(1 -u/j-'l 
ll +uls) 

1 sin*'4' 

1/2 


(A-5) 
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The numerator of the last term is decomposed as (-1 
+ [cos(2/P, + 2(««„)-(-l)'*”] and the two resulting 
integrals treated separately. Now choose J to go to infinity 
more slowly than s'"; then, in the range 0 < 'P < ir/2~ 
{tM/j)"“, the denominator in (A5> is of the form cos 'i' + 
0(1/3). The first’P-integral of (AS) may now he written 


2(-l)' 


pfa-WttJ,)'" r«li 

J „ cos sp ^ J „ 


cos* 'P+ V, sin* sp] 
(I + u/.s)* J 


Under the radical, cos 'P ~ (u/s)"* and to this order the 
above integral is 

2(-l)'+”[-lntan^"y" + sinh->|j - (-I)'*" 

X [!n3-logi/ + 2tn2] (A-6) 


as { -» ». 

In the second 'P-integral it is easily shown that in the 
range 0< 'P < rr/2, dj. is essenlially ■ir/2 and d„ ~ 'P 
for large s. whereas in the descending range ir/2 to 0. 

~ ir/2 and 8, ~ M*. Since the numerator goes to zero 
for large s in the range rr/2-J(u/s)"* to rr/2, the approxi¬ 


mation cos 'P may be made for the denominator for all 
W The integral now becomes 



cos2m*P-(-l)»' j.^. 

cos'? 



C05 2hP-(-l)' ^.^^ 

COSSp 


= _2(-))lr». 


2 


1 

2r+ ) 


+ 2 
r>» 



In the integrals over u it is consistent with the previous 
approximations to take the upper limit as infinite. Then 
using the results 


J,,{ii)du= I 

(A-7) 

Js,(u) In w d« = 'l'(n + -f In 2 

(A-8) 


one finally obtains 

g(,,,p) = (-t)>*”‘"^j-|^ln j + ln2-’P(n + l) -2 
X 2 5TT-2 

which may be rewritten in the form given in the text. 
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FERRIMAGNETIC STRUCTURE OF Mn^Co^C 

N. S. SATYA MURTHY, R. J. BEGUM, C. S. SOMANATHA^, 

B. S. SRINIVASAN and M. R. L. N. MURTHY 
Bhabha Atomic Research Centre, Trombay, Bombay-74, India 

(Receivedia August 1958) 

Abstract-The carbide Mn,Co,C has been found to be ferrimagnetic with a Neel temperature of 535°C 
by means of neutron diffraction. It has a cubic unit cell with an Mn atom at the cube comer and the 
carbon atom at the body centre. The face centre sites are taken up by the other Mn and the two Co 
atoms in a statistical manner. The Mn moments are aligned anti-parallel to each other while the two Co 
moments are parallel to the comer Mn moment. The most reasonable values for the moments are: 
4-0 /ib for the comer Mn atom, 3-36/ig for the face centre Mn and 1-25 ti, for each Co atom. The 
sm^ler moments of the face centre atoms arise from the influence of the cai^n atom. Polarised neu¬ 
trons were used to choose a structure having cubic symmetry over one of tetragonal symmetry. 


INTRODUCTION 

Several compounds having the composition 
(M, M'),X where one or both of the atoms M 
and M' belong to the 3d transition group and 
X is either nitrogen or carbon have been 
studied extensively^ 1-7] on account of their 
interesting magnetic properties. Fe4N[4] is 
ferromagnetic with a large magnetic moment 
of about 9 /Xfl/unit cell, while most manganese 
compounds exhibit ferrimagnetic properties 
as in the case of Mn 4 N [6,7], which has a net 
magnetic moment of l ^/ifl/unit cell. The 
crystal structure is usually cubic in which the 
metal atoms form a f.c.c. lattice and the carbon 
or the nitrogen atom goes to the body centre. 
The corner metal atom has the normal mag¬ 
netic moment but the face centre atoms always 
have different magnetic moments. This differ¬ 
ence has been attributed to the bonding inter¬ 
action between the face centre metal atoms 
and the non-metal atom, both nigrogen and 
carbon being regarded as electron donors. 
But careful X-ray scattering factor measure¬ 
ments by Elliott [8] and by Kuriyama el a/.[9] 
indicate that the valence state of nitrogen in 
Mn 4 N and (Fe,Ni) 4 N is such that it is more 
likely to behave as an ‘acceptor’ of electrons 
rather than as a ‘donor’. The present study 
^ was undertaken with a view to a further under¬ 
standing of the role of the non-magnetic atom 


in the atomic and magnetic ordering processes 
in these compounds. 

Mn 2 Co 2 C is a particularly interesting com¬ 
pound in that the binary f.c.c. alloy Mn- 
Co[10] is highly disordered and non-magnetic 
at room temperature and shows a tendency for 
antiferromagnetic ordering only at very low 
temperatures when carefully annealed. But 
X-ray and magnetisation studies by Holtzman 
[5,11] show that Mn 2 Co 2 C is an ordered 
magnetic compound. According to him it is 
ferrimagnetic with a net magnetic moment of 
3-14 /ifl/unit cell at liquid nitrogen temperature 
and a transition temperature higher than 
600°C. 

Polarised neutrons can be used to advantage 
in the study of ferrimagnetic structures to fix 
the directions of the individual moments with 
respect to the net magnetisation. The large 
intensity variations for the two states of neu¬ 
tron polarisation for the same reflections not 
only provide a clue to the correct relative spin 
arrangement but enable a more accurate 
determination of the individual moment 
values. As in the earlier neutron diffraction 
study of Mn 4 N by Takei el fl/.[6] polarised 
neutrons have been used in the present case to 
resolve the structure in favour of a cubic 
model rather than one of tetragonal symmetry 
suggested by Holtzman. 
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BXPBH,^fENTAL DETAILS samp/c at tvow tcmpetature and at liquid 

Fifty atomic per cent each of spectroscopic- nitrogen temperature with unpolarised neu- 
aily pure Mn hakes and Co chips were melted Irons. The sample was enclosed in vanadium 
in an arc furnace under a pressure of t p. The tubes with vanadium end plugs for the high 
alloy buttons so formed (about lOOg) were temperature data. With a magnetic held applied 
repeatecHy melted to ensure the formation of a parallel to the scattering vector the variation 
homogeneous alloy. They were crushed into of the (100) and (110) reflection intensities 
powder and intimately mixed with carbon of was studied. A field of 4-5 kOe was found to 
electrolytic purity (taken slightly in excess of saturate the sample. Figure 1 shows the diff- 
the required 20 at.% to ensure complete raction patterns at room temperature and at 
carbonisation) and melted in an induction bOO'C. The pattern at nitrogen temperature 
furnace at a temperature of MOO'C to allow gave relative intensities which were substan- 
carbon to dissolve in the molten alloy. The tially the same as those at the room tempera- 
resulting mass was cooled slowly in the ture showing that the magnetic mt^ments at 
furnace. The hard brittle product was pow- room temperature are not very much different 
dered to 100 mesh particles. The material was from their saturation values. The nearly 
found to be strongly magnetic. The unreacted complete disappearance of (110) reflection at 
carbon was removed by magnetic separation. bOO^C indicates that it is almost purely mag- 
An X-ray examination using Cu Ka radiation netic in origin. The temperature dependence 
revealed the presence of a single phase with a of this peak as well as that of (100) was 
cubic unit cell of Oa = 3'78b A, agreeing very followed which lead to a transition tempera- 
well with Holtzman’s value of 3 79 A. ture of 535°C. 

Thin walled flat aluminium cassettes were For measurements on the polarised neutron 
used for taking the diffraction patterns of the spectrometer the sample was pressed into 



Fig. 1. Unpolarised Neutron diffraction patterns of Mn,Co,C at room temperature and at 600°C. \ = 
I -25 A. C refers to a peak due to free carbon present in the sample. 
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pellets 16 mm in dia. and 3 mm thick using a 
pressure of 1 kbar. The magnetic field on the 
sample was 6 kOe applied at right angles to the 
scattering vector. Patterns were taken for both 
the neutron spin states, parallel and antiparallel 
to the direction of magnetisation of the sample. 
The ratio, R, of the intensites with the two 
neutron spin states is given by 

^J[N^ + M^ + 2PDNM] 

where the summation is over the number of 
reflections occuring at a particular Bragg 
angle. Here j is the multiplicity of {hkl] 
reflections, P is the polarisation of the incident 
neutron beam, D is the polarisation trans¬ 
mission through the sample and F is the 
flipping efficiency of the r.f. field used to 
reverse the neutron spin. N and M refer re¬ 
spectively to the nuclear and magnetic struc¬ 
tures factors. It should be noted that R values 
will show significant departure from unity 
only for high values of PD and hence D should 
be fairly large. In order to bring out the 
striking differences in the diffraction patterns 
for the two neutron spin states, the behaviour 
of (100) and (110) reflections with respect to 
the neutron polarisation is shown in Fig. 2. 
Also shown for comparison are the patterns 
with unpolarised neutrons at room tempera¬ 
ture (F^« + i M^), at a temperature 

beyond N^) and with an applied field 

along the scattering vector (F^ oc N'^). It can 
be seen that the intensities are strongly 
dependent on the neutron polarisation and 
depending on the signs of their structure 
factors, different reflections behave differently 
with respect to the neutron polarisation, so 
that there are, in effect, two additional sets of 
diffraction data for the same material. In the 
present case, while the (100) reflection has a 
higher intensity with r.f. on than with r.f. off, 
the opposite is the case with the (110) reflec¬ 
tion. This is due to the fact that N and M have 
opposite signs for (100) whereas they are of the 
the same sign for the (110) reflection. It should 


(100) (HO) 

I I 



Fig. 2. The diffraction patterns of the first two peaks of 
Mn,Co,C under various conditions: (a), (b) and (c) show 
patterns taken with unpolarised neutrons; (a) at room 
temperature, (b) at room temperature with a saturating 
magnetic field applied parallel to the scattering vector and 

(c) at bOO'C, above r«. Polarised neutron patterns are 

(d) with the incident neutron spin antipanillel to the 
direction of net magnetisation of the sample and (e) with 

the neutron spin parallel to the magnetisation. 

also be noted that the coherence between N 
and M enables accurate estimate of the nuclear 
component of the (110) reflection which was 
barely measurable in the high temperature 
unpolarised neutron diffraction pattern. 

RESULTS 

The data were analysed in terms of various 
possible models. Holtzman suggested that Mn 
atoms occupy (000) and (HO) sites while Co 
atoms take up (iOi) and (OH) positions, giving 
a structure of tetragonal symmetry. Although 
no experimental evidence of any crystallo¬ 
graphic distortion was found to support a 
tetragonal unit cell, the observed intensities 
were compared with the ones calculated on 
the basis of Holtzman’s model (Model I). 
Table 1 lists the observed and calculated 



942 


N. S. SATYA MURTHY etai 


Table 1. Comparison of the observed and calculated intensities o/MiijCojC 




600»C 




JLI_ 


hkl 

Obs. 

Calc. 

Obs. 


Calc. 




Model! 

Model II 


Model lA 

Model HA 

Model IIB 

1 00 

100 00 

100-00 

100-00 

100-00 

100-00 

100-00 

100-00 

1 1 0 

small 

25-63 

4-71 

25-34 

33-93 

23-58 

24-20 

1 1 1 

22-22 

20-34 

26-53 

27-88 

14-92 

28-21 

25-50 

200 

7-41 

2-73 

3-55 

7-80 

3-17 

6-15 

4-78 

210 

70-38 

64-84 

64-74 

61-01 

46-10 

61-88 

63-01 

2 I 1 

_ 

— 

— 

5-85 

13-62 

4-93 

5-38 

220 

7-41 

2-22 

2-89 

3 90 

2-21 

4-20 

3-57 

22 11 

3 0o] 

37-04 

57-05 

36-69 

39-57 

30-02 

42-20 

42-74 

3 I l' 

ll-ll 

11-08 

19-44 

22-03 

10-38 

19-72 

19-21 

320 

22-22 

16-74 

16-73 

23-39 

17-22 

24-91 

25-16 

32 1 

— 

— 

— 

3-90 

32-64 

2-36 

2-41 


Agreement 

13-8% 

9-6% 


= 1-94X 10' 

'•cm^ 



factor 



Sr... 

= 0-62 X 10' 

'“cm® 



(on F’l 








intensities. It is seen that several of the 
intensities .show agreement with Model I, the 
disagreement in the case of high temperature 
data being only for two reflections, namely 
(110) and (221,300). Model II corresponds to 
a structure with cubic symmetry in which the 
corner site is occupied by an Mn atom and the 
face centres are taken up statistically by the 
other Mn and the two Co atoms. To analyse 
the room temperature data, the following set 
of moment values were chosen; 

P-Mn, — 4-00 

pMn„ = ~3-36 p,n 

Pco ~ 1 "25 pii 

where Mni stands for the corner manganese 
atom and Mnn for the face centre atom. These 
values were based on a straight forward 
reduction of the magnetic moments of the face 
centre atoms due to bonding interaction with 
the carbon atom at the body centre. The 
moments were assumed to be directed along 
any of the three cubic axes while for the tetra¬ 
gonal case the c-axis was assumed to be the 
direction of the moments. Any ferromagnetic 
alignment of spins can be ruled out as it re¬ 
quires all the moments to have unrealistically 


small values. The fact that the (110) intensity 
is almost entirely magnetic in origin and that 
(111) and (200) have low magnetic contri¬ 
butions bears this out. The calculated inten¬ 
sities are shown in the columns IA and II A. 
The agreement of the room temperature data 
with Model II is definitely better, but it should 
be noted that only weak and outer reflections 
like (211), (311) and (321) are crucial for 
choosing between the two models. There is 
also the possibility that the compound is not 
fully stoichiometric and the amount of carbon 
deficiency can be adjusted to give a better 
agreement of the experimental data with 
Model I. Polarised neutron intensity ratios 
were examined for several reflections in order 
to choose between the two structures. Table 2 
gives a comparison of the observed R values 
with the ones calculated on the two models 


Table 2. Polarised neutron ratios, R,for 
MnzCo^C. P = 0-95, D = 0-76, F = 0-95 


hkl 

Obs. 

Model lA 

Calculated 
Model HA 

Model HB 

1 00 

5-65 

1-37 

5-51 

5-47 

1 10 

0-52 

0-29 

0-42 

0-42 

1 1 1 

3-25 

5-18 

5-16 

4-09 

210 

3-02 

1-18 

2-52 

2-66 
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for the (100), (110), (111) and (210) reflec¬ 
tions. The experimental values of P, D and F 
are also shown in the table. A single crystal of 
Co-Fe was used as an analyser to measure D. 
There is now a striking difference between the 
values based on the two models for the more 
prominent reflections and the experimental 
data clearly favours the cubic model. Also 
from the signs of the structure factors it can be 
concluded that the magnetic moment of the 
face centre Mn atom is directed opposite to 
the net magnetisation while those of Co atoms 
are along the net magnetisation. No other spin 
configuration will be compatible with the 
observed data. The magnetic structure of the 
carbide as deduced above is shown in Fig. 3. 

0.-3716 X 


netic moment values which would give almost 
the same numbers for the above two ex¬ 
pressions cannot be distinguished by neutron 
diffraction techniques from the set A mention¬ 
ed earlier. Curiously enough, this happens 
to be the case with the following set of moment 
values which were suggested by Takei et al.[7] 
(THS) for Mn.C on the basis of extrapolation 
of their data on carbon substituted Mn 4 N 
compounds; 

MMn, = 3-85/ag 

Mmi,,, = —1-23/iB 

/j-co = 0-26 fiB- 

The intensities calculated on this set of 
moment values are also shown in Table 1 as 
Model! IB. 



O 2C0 


O Mnii 


® c 


?? 


0 i i 


i ? 


Fig. 3. The unit cell of Mn.^COjC with the arrows indica¬ 
ting magnetic moment directions. 


It should be noted that the magnetic struc¬ 
ture factors for the cubic case are of two kinds: 
(PMn, +3 pm) or (pMn, -Pm), where refers 
to the magnetic scattering amplitude of the Mn, 
atom and pw = A(2pco-PMn„) is the composite 
magnetic scattering amplitude of the f.c. sites. 
In the case of Mn 4 N, however, the situation is 
simpler in view of all the face centre atoms 
being of one kind. So any other set of mag¬ 


DISCUSSION 

The fact that the binary MnCo alloy shows 
very little tendency for magnetic ordering 
while the carbide with the same proportion of 
metal atoms is highly ordered indicates that 
carbon plays an important role in stabilising 
the structure. This is a consequence of the 
difference in the carbide forming habits of Mn 
and Co. Cobalt being known to have a greater 
affinity for carbon is accommodated at the 
two face centre sites which are closer to 
carbon, while the remaining site is occupied by 
Mn. The other Mn atom is relegated to the 
comer site which is too far from the body- 
centre site to have any appreciable interaction 
with carbon. MnCo has a cell constant of 
3-615 A. A saturation magnetisation study by 
Crangle{l2] of Mn-Co alloys in the composi¬ 
tion range 18at.% Mn indicates than on 
increasing the Mn content there is a reduction 
in the magnetisation per atom suggesting an 
antiparallel alignment of Mn and Co spins. 
This can be seen qualitatively to be due to an 
overlap of Mn and Co 3 orbitals. The Mn¬ 
Co distance in the alloy is 2-55 A which is 
smaller than the sum of their radii, namely, 
1 -35 A for Mn and 1 -22 A for Co (according to 
recent self consistent Hartree-Fock calcu¬ 
lations). In the case of the carbide there is an 
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expansion of the unit cell to accommodate the 
carbon atom at the body centre and the signi¬ 
ficant interatomic distances are: 

Mni —Mn,! or Co = 2'677A 

C — Mn,i or Co = 1 -893 A 

Mn,-C = 3-279 A. 

There is now no overlap between the Mn and 
Co atoms and hence a ferromagnetic inter¬ 
action is expected between them, while 
between the Mn atoms an antiferromagnetic 
interaction persists as the Mni —Mn„ dis¬ 
tance is still smaller than twice the Mn radius. 
Any superexchange interaction among the 
face centre atoms via the carbon orbitals is 
weak because of the unfavourable, 90“’ angle. 
Thus the magnetic structure is brought about 
by direct exchange? interactions among the 
metal atoms. 

Although the two cubic models HA and HB 
cannot be distinguished by means of neutron 
diffraction, set A is preferable as these 
moment values can be explained in a sample 
way, without any ad hoc assumptions. The 
carbon 2p electrons can be assumed to spend 
some of their time in the neighbourhood of the 
f.c.c. atoms, thereby decreasing their effective 
magnetic moment values. In fact, it may be 
thought of that the two p electrons of carbon 
spend a third of their time near each face 
centre atom and this would result in an in¬ 
crease of 0-67 in the effective electron concen¬ 
tration of each atom. Thus the Mn moment is 
reduced by 0-64 from its normal value of 4-0 p-u 
while each Co moment is reduced by 0-48 p-a 
from the normal Co moment of 1 -73 pa- The 
smaller reduction in the Co moment may be 
due to its larger bonding interaction with 
carbon. Set B necessitates the assumption of a 
definite number of electrons being donated by 
the carbon atom to the face centre atoms. 
THS [7] studied the carbon substituted Mn 4 N 
system, Mn 4 N,..,C 4 : as well as partially filled 
compounds like Mn 4 No .92 and extrapolated 
their results to the case of the hypothetical 


carbide Mn 4 C. They assumed that in 
compounds, the magnetic moment 
of the comer Mn atom remains essentially 
constant, while the face centre atoms lose 3 pa 
when X is nitrogen and 2 pa when it is a car¬ 
bon atom. This was supported by their ex¬ 
perimental results on Mn 4 N, Mn 4 No.g 2 , 
Mn 3 AlC[ 2 ], Mn 4 No. 75 Co .25 etc. But this 
argument failed to explain their observed mag¬ 
netic moment values in the case of Mn 4 No. 8 . 
According to THS, this change in the face 
centre moments arises because of a reversal 
in the relative positions of the two d sub¬ 
bands, so that Hund’s Rule operates on one 
sub-band when the number of nitrogen 
vacancies is small (< 20 per cent) and on the 
other sub-band for larger number of vacancies. 
In the latter situation, THS suggested that 
even the corner moment is affected. This 
assumption is ad hoc and need not be expected 
to be followed by carbides as well. More¬ 
over, it may be pointed out that in Fe 4 N [4] the 
face centre moments have also been explained 
without recourse to any such assumptions. 
The present interpretation of the moments is 
analogous to the situation in Fe 4 N. 

The .study of compounds such as the present 
one undoubtedly leads to a better under¬ 
standing of magnetism in covalent compounds 
and of the role of non magnetic atoms in 
magnetic structures. It would be worthwhile 
to investigate carbides and nitrides for other 
concentrations of Mn and Co. 
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Abstract — In this work the results of investigations of electrotransport and diffusion of components of 
I I Mo-W alloys and of the alloys of Fe with 2 and 4 at.% of Ni over wide temperature ranges are set 
forth. F.xperiments were earned out on the basis of techniques elaborated by the authors, using the 
tracers Mo"*, W"“. Fe“ and Ni"". Using the experimental data obtained, a row of parameters which 
charactcrire the condition of ions and current carriers and their interaction in the investigated alloys 
were estimated by the authors in the approximation of two bands model. 




Investigation of ions electrotransport in 
metals and alloys offers a great practical and 
theoretical interest. 

On the one hand, as the electrotransport 
process represents a directed quickened 
diffusional movement of ions of alloys com¬ 
ponents, this phenomenon may be used for a 
row of practical purposes, for example, for 
separation of isotopes, for refinement of 
metals and semi-conductors, for activation of 
processes, of chemical-heat treatment etc. 

On the other hand, as the ions migration 
during an electrotransport process is con¬ 
ditioned by their interaction with the electric 
field and current carriers, the electrotransport 
effect measured from an experiment is con¬ 
nected directly with parameters which char¬ 
acterize the condition of ions and current 
carriers and their interaction in metals and 
alloys. A practical possibility that ensues 
from this is that of determination of those 
very important parameters by the electro- 
transport experimental data. 

In this paper are presented the results of 
investigation of electrotransport of the 
components of 11 alloys Mo-W and of the 
alloys of iron with 2 and 4 at.% of nickel over 
wide temperature ranges. 


I. THE EXPERIMENTAL TECHNIQUES 

The basic parameter of electrotransport is 
the value of the effective charge of a migrating 
ion Z*. The latter is fixed by a value of a 
partial electrotransport velocity r. of a diffu¬ 
sion coefficient D and of a specific electrical 
resistivity p. In this work all those quantities 
were determined experimentally. The tech¬ 
niques of determination of v and D on the one 
specimen in one experiment by the same 
points on the same experimental curves are 
described in details in [1] and [2]. As to 
determination ofp, see [3], In general outline 
the technique of determination of the values v 
and D is as follows. 

In the initial moment the tracer of the ele¬ 
ment under investigation is distributed along 
a specimen which represents a section of wire: 


C = Co by |jci « /. « r s R + 6.R. 


C = 0 for the rest of x and r. 


dr 


lr=«-t 4K 


= 0 . 


(I) 


These conditions correspond to a layer of 
tracer of the width £sR and the length 21 which 
is put on a specimen electrolytically. The 


947 



948 


I. N. FRANTSEVICH el al. 


graphs of such distribution of radioactivity 
must represent n-formed curves. 

The values j; and £> by a temperature T are 
determined after the heating of specimens 
with the help of direct current by a displace¬ 
ment of tracer atoms with respect to the initial 
n-formed zone, this displacement being the 
result of electrotransport and diffusion pro¬ 
cesses which by such heating are taking place 
simultaneously. 

The solution of Pick’s equation for the 
experimental conditions aforesaid leads to an 
expression for the distribution of concentra¬ 
tion of migrating substance along a specimen 
after its heating during the time t as follows: 


C(x,/) 


Co ^ x-l 

— erfc —)-. 

2 2V(D/) 


( 2 ) 


The calculation of diffusion coefficients D 
by experimental curves is carried out in the 
following way. The ratio erfcXy/erfcy (here 
\ = X, — 11x2 — I, y — X 2 — IllVOt) is figured up 
and brought into tables. Then the ratio 

ertc —z - 

Cixui) 2V(Dt) 

-^ =- ( 3 ) 

C(Xj,/) X2~l 

erfc 

is determined, the latter being equal to the 
ratio of radioactivities in the points Xi andxj of 
the curves. Using the values of c(x,,r)/ 
c(xj, t), with the help of tables y is determined 
and D is computed. 

The values of D may be as well calculated 
by the ratio of integral radioactivities in ranges 
(x,,oo) and (Xj, oo). In this case the ratio 
/erfcXy/ferfcy must be brought into tables. 

By heating of specimens with direct current 
one deals with a simultaneous migration of 
atoms in two processes namely those of 
electrotransport and diffusion. This leads to 
a displacement of diffusion curves towards the 
anode or the cathode for a distance v*t, v* 
being the velocity of the tracer migration. 

In a general case v* ^ v as electrotrans¬ 


2V(Dt) 


port of components is accompanied by general 
transport of the alloy substance. The latter 
displays itself in a shift of the lattice planes 
towards the anode or the cathode. A similar 
phenomenon takes place by diffusion in non- 
homogeneous alloys if the partial diffusion 
coefficients of components differ from one 
another (Kirkendall effect). That is why the 
value of the partial electrotransport velocity 
V must be calculated by the formula as follows 
[41: 

v = v*+J^ (4) 

where W stands for the velocity of general 
transport in an alloy. 

The value of v* may be determined by the 
displacement of the ends of the radioactive 
zone as well as by the displacement of any 
pair of points which lay on the same hori¬ 
zontal line. This value may be besides cal¬ 
culated by the displacement of the symmetry 
axis of the diffusion curves. The value of the 
velocity W may be determined by the dis¬ 
placement of some inertial mark, for instance, 
of microhardness mark, which is put in the 
zone of transport. 

The use of tracers for investigation of 
diffusion and electrotransport allows to obtain 
the most precise values of D and v. It permits 
in the same time to accomplish a control of 
results and conditions of experiments. The 
essence of such control consists in as follows: 

(1) The conditions (1) show that an initial 
radioactive zone must be strictly 11-formed. 
Specimens with the zone appreciably different 
are not used. 

(2) The value of the displacement of tracers 
in the processes of diffusion and electrotrans¬ 
port are determined with respect to several 
marks of reading. 

(3) The integral radioactivities of the initial 
n-formed zone and of active zones after 
heatings must be equal by their values. 

(4) The equation (2) shows that by x = ±/ 
the radioactivity distribution curves for any D 
and f must pass through the point CJ2 which 
corresponds to the radioactivity Ao/2. If after 
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several heatings of one specimen the curves 
will not cross in this point perverted data will 
be obtained. 

(5) All curves as well as the initial 11-formed 
one must have symmetry axes. 

(6) The radioactivity distribution curve, 
which is obtained after heating with direct 
current, being shifted on the distance v*t in 
the direction opposite to that of electrotrans¬ 
port must take the same position as in the 
result of diffusion only (by the same duration 
of heating). It means that this curve must be 
symmetrical with respect to ll-formed one and 
must cross with it in the points AJ2. 

(7) In the two-components system[4] 

IT = i;,y, + UjTj. (5) 

Here y, and Va, v, and represent atomic 
portions and partial velocities of electrotrans¬ 
port of the components. A value of W may be 
determined as well directly by a shift of an 
inertial mark. The values of W obtained by the 
data of those two independent experiments 
must coincide. 

(8) The control of experimental data may 
be as well accomplished in a way of compari¬ 
son of a large number of results of repeated 
measurements of D and v. 


2. THE EXPERIMENTAL DATA 
Investigation of diffusion and electrotrans¬ 
port of both components of the alloys of 
molybdenum with 0-1; 15; 20; 25; 35; 50; 65; 
7 5; 80; 85 and 99-9 at.% of tungsten as well as 
in the alloys of iron with 2 and 4 at.% of nickel 
over wide temperature ranges was carried out 
with the help of tracers Mo**, W*®, Fe” and 
Ni*“. Measurements of specific resitivities 
were accomplished too in the same alloys. 

Since value of the electrotransport velocity 
depends on the current density the values of 
partial and general electrotransport numbers 
are presented in Tables 1 and 2. Using the 
values of these quantities one can calculate v 
and W for any current density. 


Table 1. The partial and general 
electrotransport numbers in 
Mo-W alloys 


T emperature 
(“O 

u. 

/ 8-ion \ 

/ ^-ion \ 

V 

/ 8-ion \ 

VFaraday/ 

VFaraday/ 

VFaraday/ 

1 

2 

3 

4 


Mo-0-1 at.% W alloy 


1800 

315x 10" 

-2-75 X 10 * 

-2-75 X 10-' 

1900 

7-94 X 10“" 

-5-16X10* 

-515x 10-* 

2000 

107x 10 

- 1 65 X I0-' 

-l-65x I0-' 

2100 

2-42 X 10-'“ 

-6-37 X 10-' 

-6-37 X 10-' 

2200 

3-90 X 10-'“ 

-1-.sex 10'* 

- | ■56x 10-“ 

2300 

6-23 X 10-'" 

-3-12 X 10-“ 

-312x 10-“ 

2400 

1-34X 10“ 

-5-21 X 10'“ 

-5-21 X 10-“ 


Mo-15 at.% W alloy 


1400 

1-56 X 10-' 



1-44x10-“ 

1500 

3 66x 10 * 



2-81 X 10-' 

1600 

7-46 X 10-* 

- 1-37 X 

10* 

609 X 10'* 

1700 

2-69 X 10-' 

-4 06X 

10-' 

2-28 X 10-' 

1800 

5-38 X 10-’ 

- 1-24 X 

10-' 

4I4X 10-' 

1900 

1-24 X I0-* 

X 

1 

I0-' 

9-25 X 10-’ 

2000 

2-30 X 10-“ 

-I-09X 

10-“ 

I^IXIO-' 

2100 

3-96X 10-« 

- 2-45 X 

10-' 

1-51 X 10“ 

2200 

7-7] X 10-' 

-611 X 

10-“ 

1-60X 10-' 

2300 

1-24 X 10-' 

1 

o 

LA 

X 

10* 

1-90X 10-“ 

2400 

278X 10-' 

- 1-96X 

10-* 

8-20 X I0-“ 


Mo-20 at 

% W alloy 


1400 

I•44X 10'* 



8 I2X l0-“ 

1.500 

3-56 X 10'* 



2-11 X I0-* 

1600 

8-20 X 10'* 

- 1 80X 

I0-" 

6-40 X I0-* 

1700 

2-53X 10-» 

-6-79X 

I0-* 

l ■85x IO-» 

1800 

5-23 X lO " 

- 1-82 X 

I0-' 

3-41 X 10-' 

1900 

1-31 X 10" 

-4-52 X 

10-' 

8-58 X 10-' 

2000 

2 55 X 10-“ 

- 1-41 X 

10' 

l-Mx 10-“ 

2100 

4-59 X 10'“ 

-3 07X 

I0-“ 

I-52X I0-“ 

2200 

8-84x10-“ 

-6-99X 

10-“ 

1-85 X 10-“ 

2300 

1-29 X 10-' 

- I -OOX 

10-' 

2-30 X 10-“ 

2400 

2 09X 10-' 

- 1 -78 X 

10 ' 

3-ID X 10“ 


Mo-25 at.% W alloy 


1400 

9-62 

X 

10 

'0 



3-24 X 

I0'“ 

1500 

1-83 

X 

10 

• H 



7-99 X 

10'“ 

1600 

6-23 

X 

10- 

H 

- 1-94 X 

10-* 

4-29 X 

10'* 

1700 

1-27 

X 

10 

7 

I 

X 

10-* 

4-71 X 

10 “ 

1800 

3-16 

X 

10 

7 

- 1 -97 X 

10 ' 

119x 

10-' 

1900 

8-94 

X 

10- 

7 

-5-32 X 

10-' 

3-62 X 

10-' 

2000 

1-92 

X 

10 

e 

-1-39X 

10-“ 

5-30 X 

10-' 

2100 

3-66 

X 

10 

fl 

-2-90X 

10-" 

7-60 X 

10' 

2200 

7-75 

X 

10- 

<1 

-6-46X 

10“ 

1-29X 

10* 

2300 

1-30 

X 

10- 

-5 

-9-38X 

10-“ 

3-62 X 

10-* 

2400 

2-37 

X 

10 

5 

-1-62X 

10-' 

7-50X 

10-* 
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Table 1. (con/.) 



u. 

f/M, 

V 

Tetnperalure 

1 x-ion \ 

/ j?-ion \ 

/ y-ion \ 

(“C> 

(Faraday/ 

(Faraday/ 

(Faraday/ 

1 

2 

3 

4 


Mo-35 at.%W alloy 


1500 

9-40X 10“ 


3-25 X 10 » 

1600 

2-30 X IO-» 

-l ■77x 10 " 

5-30 X l0-» 

1700 

7-14X 10 « 

- 4-52 X 10-“ 

2 -62 X 10 “ 

1800 

l•82x Ifl-' 

-117x10-' 

6-50 X 10-” 

1900 

6-27 X I0-’ 

-4 llx 10 ' 

2-I6X 10 ’ 

2000 

1-52X I0-" 

-l ■22x l0-“ 

3-00 X 10' 

2100 

2'15x 10“ 

-1 79X I0-* 

3-60 X 10 ' 

2200 

4-97 X 10“ 

-4-43X 10-« 

5-40 X 10' 

2300 

6-63X I0'« 

-5-72X 10 ‘ 

910x 10 ' 

2400 

1-40X IQ-“ 

-latx 10-' 

I ^OX 10 “ 


Mo-.50at,%W alloy 


1700 

7'84X 10' 

-I-SUX 10-“ 

- l •U2x 10 " 

1800 

3 I0X 10 " 

-5'22x l0-“ 

-2-12x10-“ 

1900 

7-30 X 10-" 

-9-89X l0-“ 

-2-59X l0-“ 

2000 

2-80 X 10-' 

-3'.SI X 10-’ 

-7-lOx 10 " 

2100 

5 I9X 10 ’ 

-6'75xlfl ’ 

-I-SOX I0-' 

2200 

I^Ox 10“ 

- 1-33 X 10 ■' 

-3 00X I0-" 

2300 

2 43x 10 “ 

- 1 -82 X 10-" 

6IOx 10 -' 

2400 

5-42 X 10"“ 

-4 06x 10 “ 

l•36x 10“ 

2500 

8-24 X 10-“ 

- 4-97 X 10-“ 

3-27 X 10-“ 


Mo-65al.%W alloy 


1800 

1'64X I0-* 

-I-OSX 10-" 

-.3-10 X 10-“ 

I9(K) 

3 I6X 10 ' 

-3-94X 10 “ 

-7-80 X 10 “ 

2000 

969 X 10* 

-1 11 X 10 ' 

-1-41 X I0-" 

2100 

213X 10-' 

- 2-46 X 10-' 

-3-30X I0-" 

2200 

4'65x 10-' 

-4-65X 10 ' 

0 

2300 

l ■27x I0-* 

-7-61 X 10 ’ 

5-09 X 10' 

2400 

3 01 X 10-“ 

-1-73 X 10 “ 

I -28X 10 “ 

2500 

5-82 X I0-" 

- 2-66 X 10“ 

3-I6X 10 “ 

2600 

9 I2X IO-“ 

- 3 -63 X 10 “ 

5-49 X 10-" 


Mo-75at.%W alloy 


1800 


-6-19X 10-” 

- 1 -93 X 10-” 

1900 


- I lSx 10-" 

-2-96X |0-“ 

2000 

1 07 X 10'" 

- 1-73XI0-* 

-6-60x10-“ 

2100 

2 04 X 10-* 

- 3-82 X 10-“ 

-1-78x10-" 

2200 

3-60 X 10-" 

-6-41 X I0-“ 

-2-81 X I0-" 

2300 

1 03 X 10-’ 

-1-67X-10-' 

-6-40X I0-" 

2400 

2-44 X 10-’ 

-3-52 X 10-’ 

- 1 -08 X 10-' 

2500 

5-55 X 10-' 

-713X 10-' 

- 1 -58 X 10-' 

2600 

1 09 X 10-“ 

-1-25X I0-“ 

-1-60x10-' 

2700 

1 -98 X 10'“ 

-2-21 X 10-" 

-2-30x10-' 

2800 

3-31 X 10-“ 

-3-71X10-“ 

-4-00 X 10-' 


Mo—80at.%W alloy 


1800 


-6-49x10-“ 

-2-85x10-“ 

1900 


- 9-46 X 10-“ 

-5-64x10-“ 

2000 

8-88 X l0-“ 

-1-95X 10'“ 

-1-06X 10-" 

2100 

1-50X 10-“ 

- 3-68 X 10-“ 

-2-18X 10-“ 

2200 

3-62 X 10-“ 

-8-69X10-* 

-5-07X I0-“ 

2300 

8-85 X 10-* 

- 1-SOX 10-' 

-6-15x10-“ 

2400 

2-1 lx 10-' 

-3-19X 10-' 

-1-08x10-' 

2500 

418X 10-' 

-6-29X 10-' 

-2-11 xlO-' 

2600 

6-42 X 10' 

-9-16X 10-' 

-2-74X 10-' 

2700 

1 -24 X 10-“ 

-1-67x10-“ 

- 4-30 X 10-' 

2800 

218X 10-“ 

-3 -13 X 10-“ 

-9-50 X 10-' 


Mo-85at.%Walloy 


1800 


-5-97X 10 " 

-3-71 X 10” 

1900 


-9-86X 10" 

-8-79X 10-" 

2000 

6-48 X 10-“ 

- I -95X 10-" 

-I-30X 10-" 

2100 

I ^Sx 10 * 

-3-22 X 10-" 

- 1-94X I0-" 

2200 

402X 10-' 

-6-78X 10 “ 

-2-76X 10 * 

2.300 

7-12 X 10" 

- 1-33 X I0-’ 

-6-I8X 10 " 

2400 

2-13 X 10-' 

-3-08X 10 ' 

-9-50X 10“ 

2500 

312X10-’ 

- 4-63 X 10-' 

-1-51 X 10-' 

2600 

6-91 X 10-' 

-8-77 X 10-' 

-1-86x10-' 

2700 

1-24X 10-“ 

- 1-49X I0-“ 

- 2-.50 X to ' 

2800 

2 05 X 10-“ 

-2-41 X I0-" 

- 3-60 X to-' 


Mo-99-9at.%W alloy 


2200 

8 27x 10-“ 

-3-06X 10-" 

8-24 X 10-” 

2.300 

l^ex 10“ 

-6-81 X 10-" 

I-25X 10“ 

2400 

2-.36X 10-« 

- 1-IOx 10-"' 

2-.35 X 10-“ 

2.500 

1 llx 10-' 

-1-77x10-"' 

111 X 10-' 

2600 

I'SI X 10-' 

- 2-46 X 10-"' 

1-81 X 10-' 

2700 

2-67 X 10-' 

-4-52 X 10-"' 

2-67 X 10-' 

2800 

6-85 X I0-’ 

- 7-68 X 10'" 

6-84 X 10-' 


The values of partial electrotransporl 
numbers were calculated by the formula[5]: 


^ — r// 


( 6 ) 


where q is the cross-section area of a speci¬ 
men; y, atomic portion of a respective com¬ 
ponent; F, Faraday’s number; V, atomic 
volume of an alloy; /, current strength. 

The general electrotransport numbers U 
were computed as the algebraical sums of 
partial ones. In the cases when by some tem¬ 
perature electrotransport of only one com¬ 
ponent of an alloy was investigated the general 
electrotransport number was calculated by the 
velocity of the neutral mark. 
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Table 2. The partial and general electro¬ 
transport numbers in Fc-Ni alloys 



Un, 


u, 

Temperature 

/ g-ion \ 

/ g-ion \ 

/ ^-ion \ 

(“C) 

VFaradayy 

VFaraday/ 

vFaraday/ 


Fe —2 at.% Ni alloy 


1000 

l'83x 10-'" 

IIOX 10-“ 

118x I0-" 

1050 

3-44 X 10'"' 

2-29 X I0-" 

2-32 X 10“ 

1100 

6 09 X 10 •" 

5-21 X 10-* 

5-27 X I0-* 

1150 

1-20X 10-" 

8 00X 10 " 

812X 10“ 

1200 

1-88X 10" 

1-57 X I0-’ 

1 -.59 X 10 ’ 

1250 

316x 10'" 

3 04X 10-’ 

307 X 10 ’ 

1300 

3-80 X 10-" 

5-77 X 10’ 

5-81 X I0-’ 

1350 

6-47 X 10" 

7-75 X I0-’ 

7-81 X 10’ 

1400 

6-48 X 10 " 

I IOX 10 “ 

I lOx 10 " 


Fe-4 at.% Ni alloy 


1000 

5 09x10-'" 

l•39x 10" 

1-44X 10-“ 

1050 

7'37x 10-'" 

3-28 X I0-* 

3-.35X 10 “ 

1100 

M5x 10-" 

511X10" 

5-22 X I0-" 

1150 

1-46X 10 " 

1-22X 10-’ 

1-23x10-’ 

1200 

2'45xl0-" 

2 08XI0-’ 

210x10-’ 

12.50 

I .SSx 10 " 

3-27 X I0-’ 

3-29 X I0-’ 

1.300 

0 

5'87X 10 ’ 

5-87 X I0-’ 

13.50 

-4-46X I0-" 

8 53 X 10-’ 

8-49 X I0-’ 

1400 

-I•44X 10" 

l•74X IO-« 

1-74x10 “ 


The signs '+’ and —’ in the tables mean the 
transport towards the cathode and anod6 
respectively. Etching off of thin surface layers 
of specimens and repeated measurements of 


activity distribution along them have shown 
the absence of preferable surface transport. 

The analysis of the experimental values of 
the diffusion coefficients in all the alloys 
investigated here has shown that in spite of 
very large values of temperature ranges of 
experiments the temperature dependance of 
D in all the cases is very well described by the 
usual exponential law D = Dg exp [-EIRT]. 

The computed values of pre-exponential 
factors Do and activation’energies of diffusion 
E are presented in Tables 3 and 4. 

The elaborated by the authors of this piapier 
techniques of measurements of u. D and p 
allow to determine these quantities with 
errors ±(8-I2)%, ±( 14-21)% and ±(2-4)% 
respectively. The subsequent increase of pre¬ 
cision was achieved with the help of statistical 
treatment of a large number of measurements 
of V, D and p. The values of v and p were 
averaged by 24 experimental points and the 
values of D by 48 ones. When taking it into 
account, one can see that Au/r =±(2 7-^-2)%; 
AD/D = ±(3-4-5-l)%; Ap/p = ±(0-7-l-4)% 
with the trustworthiness 0-9. If the latter is 
limited to 0-7, the errors are equal to ±(16- 
2-4)%: ±(2-3)% and ±(0-4-0-8)% respec¬ 
tively. 

Durations of experiments were chosen so 
that the values Dt were not less than 2-7 X 10"^ 
cm^ and the values of displacements of tracers 


Table 3. The temperature parameters of diffusion of components of 

Mo-W alloys 


Concentration Diffusing element 

of W in the alloy Tungsten Molybdenum 


in at.% 

/3(,tcm’/sec) 

Htcal/mol.) 

D(,(cm’/sec) 

E(cal/mol.) 

0-1 

8.5 X 10 " 

71,000 

I-42X 10“ 

112,000 

15 

1-4 

73,000 

2-65 X 10’ 

106,000 

20 

1-7 

74.600 

l•46x 10’ 

102,000 

25 

2-2 

77.000 

47 

95.000 

35 

6-9 

85.000 

28 

92,000 

50 

14 

95.000 

12 

88.000 

65 

16 

102,000 

1-3 

86.000 

75 

20 

116,000 

0-2 

84..500 

80 

22 

119.000 

Oil 

82.000 

85 

25 

122.000 

8 0x 10’ 

80,000 

999 

24 

130.000 

2-5 X 10- ' 

78,000 
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Table A. The temperature parameters of 
diffusion of components o/Fe-Ni alloys 


Concentration 
of Ni in 
the alloy in 
at.% 

Diffusing 

element 

Do 

(cmVsec) 

E 

(cal/mole) 

2 

Ni 

I'l 

.59.000 


Fe 

2-5 

61.000 

4 

Ni 

1-4 

58,000 


Fe 

2-9 

59,000 


zone, not less than 0-3 mm. In the cases when 
it turned out to be not possible, the amount of 
experiments was increased so that the errors 
were in the limites aforesaid. 

Since this paper is devoted to investigation 
of electrotransport and diffusion, the values of 
p are not presented in order that the tables 
were not overloaded. 

3. THE CALCULATION OF EFFECTIVE CHARGES 

A value of an effective charge Z* of an ion 
which is migrating during the electrotransport 
process may be determined by experimental 
data using known Einstein’s correlation[6]; 

Z*eD = BkTf, (b = (7) 

where B is mobility of ions in the electric field 
of intensity of l'7cm by an absolute tempera¬ 
ture T: k \s Boltzmann's constant; e is the 
elementary charge; / is the correlating factor 

[7]. 

All quantities in equation (7) except from/ 
are to be determined in experiment. The 
quantity / according to equation (7) depends 
on the lattice type and is equal to 0-78 for 
f.c.c. and 0-72 for b.c.c. cell. It was shown 
however, for example, in the paper[8] that it is 
valid only for pure metals and dilute solutions. 
In non-dilute alloys the correlating factor/in 
general must be replaced by a complex 
quantity which can change considerably as a 
function of composition and temperature. As 
the theory of this problem is not yet finally 


elaborated the calculation of Z* in general is 
not possible at this time in non-dilute alloys. 

The difficulty above as to determination of/ 
may be overcome in a row of cases in the way 
of successive selection of values of / and of 
comparison of values of Z* calculated using 
the formers with other quantities which are to 
be determined in experiment and which do not 
depend on / but are connected with Z* by 
some correlations. 

In this work the connection between para¬ 
meters of temperature dependances of Z* and 
p was used for this purpose. It was established 
that if the values of / are equal to 0-72 for 
Mo-W alloys and 0-78 for Fe-Ni ones, takes 
place quite satisfactory agreement between 
parameters of Z*(T) and p(7) which are 
determined by independent experimental 
measurements. 

It ensues from this that in the alloys in¬ 
vestigated here the correlating factor/ differs 
apparently very little from that for metals and 
dilute alloys. 

The values of Z* are presented in Tables 5 
and 6. Taking into account the experimental 
errors in determination of quantities which 
enter in equation (7) (except from /), AZ*/ 
Z* =±(5-8)%. 

4. THE TREATMENT OF EXPERIMENTAL DATA 
ON THE BASIS OF TWO BANDS MODEL 

As it was already said above, the data 
obtained in investigations of electrotransport 
in metals and alloys may be used for estima¬ 
tions of parameters which characterize the 
condition of ions and current carriers and their 
interaction in metallic alloys. Such estimations 
may be done proceeding from considerations 
as follow below. 

The theory of electrotransport worked up in 
approximation of two bands model leads to the 
expression for the quantity Z* as follows 
[9-10]: 

Z* — z — nur-L + n+a+U (8) 

where z is the real charge of an ion of a metal 
or of a component of a metal alloy; a-, L; 
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Table 6. The effective charges of components o/Fe-Ni 
alloys 



Concentration of Ni in the alloy in at. % 

Temperature 


2 

4 


(■“O 

2n"I 

Zf, 


ZA 

tooo 

4-6 

6-2 

2 0 

4-2 

1050 

3-8 

5-2 

IS 

3-6 

1100 

3-2 

5 0 

11 

31 

1150 

2-6 

4-3 

0-7 

3 0 

1200 

1-8 

40 

0-45 

2-6 

1250 

1-5 

3-5 

0-2 

2-3 

1300 

1-2 

3-4 

0 

2-4 

1350 

0-9 

3 0 

-0 IS 

21 

1400 

0-6 

2-9 

-0-3 

2 0 


n^,a-+. /+ are the concentration, the scattering 
section and the free race length of conductivity 
electrons and holes respectively. 

A similar expression forZ* was obtained as 
well in the paperfi 1] but with an additional 
factor i introduced since only a fraction of the 
electron-atom interactions during a jump takes 
place when the atom is actually near the saddle 
point. In the way of calculations it was shown 
by the authors of this paper that as concerns 
the alloys investigated here the conformity of 
the theory with the experiment is better assum¬ 
ing that this factor is equal to I. 

To eliminate the quantities of free race 
lengths L and f from equation (8) one can use 
an expression for specific conductivities X_ 
and X+ also deduced in the approximation of 
two bands model [12]: 


Xi 


/SrtVV 
\3/ h 




(9) 


where h is Plank’s constant. 

Then putting (9) and (8) one obtains; 


Z* = z~ 



-«+''V+X+). 

( 10 ) 


By temperatures which are far enough from 
the melting point the values of z, n+, a-- 
and 0 -+ do not depend on temperature and may 
be considered as practically constant. It means 
that in the approximation above the tempera¬ 
ture dependence of Z* is fixed by temperature 


dependencies of the quantities X - = Mp- and 
X+ = l/p+ • 

in the approximation of two bands model 
the question of temperature dependence of 
specific electrical resistivity was considered 
providing that in conductivity of metals cur¬ 
rent carriers of both signs take part. This 
consideration leads to results as follow. 

in a particular case when the ratio of mobili¬ 
ties of current carriers uju^ = const over the 
whole temperature range of experiments 
specific resistivities p_ and p+ as well as 
general specific resistivity of a metal or alloy 
p depend on the temperature linearly: 


p- = po_-l-a-7 

P+ =Po++ a+T 
p =po-f«T , 


( 1 !) 


The temperature parameters po- and a-; 
po+ and a+ are connected here with one 
another by correlations as follow: 


1_JL^_L. fiSz = £2. P<l± — Ro ,j2^ 

a a_ a+’ a- a' a+ a' 

In a general case when the ratio uju+ 
changes with temperature, i.e. uJu+{T) 
const, p_ and p+ are connected with T by 
linear dependances but temperature depen- 
dance of p is described by an equation of 
hyperbola: 


T^-ATp + BT-Cp + D = Q 


(13) 
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where 

A=—+—; B = e«=+eo±. 
a_ a+ a_ a+ 


points. To calculate the concentration of con¬ 
ductivity electrons one can use the formula 

n-= CiZi + CiZi, (19) 


C = £o:;._L + eo±. JL. (14) 

a_ a+ a+ a_ a+ 

The transformation of equation (10) when 
taking into account the expressions (11-14) 
leads to the results as follow. 

In a general case when uJu+(T)9^ const 
the temperature dependence of Z* is de¬ 
scribed by the equation 

T'^Z*-zT^ + ETZ*-FT+ KZ*-L = 0 

(15) 

where 


£ _ Pu- I Po+. _ Pn- Po+. 
«_ a+' a_ a+' 



where Z\ and Zj; C, and Cj are the charges 
and the atomic portions of the alloy com¬ 
ponents. 

Besides of this one can approximately take 
that 

^ = ^ ( 20 ) 
0-2 Z2 

where indexes I and 2 mean different com¬ 
positions of an alloy. Equation (20) may be 
used as well for calculations. 

The analysis of the values of effective 
charges of the components of the Mo-W and 
Fe-Ni alloys, which are presented in the 
tables 5,6 leads to results as follow. 

In all the Mo-W alloys investigated the 
dependences 


L^Bsz. 

Po+ _ « 


a+ 




Po- 

a- 



In a particular case when «_/«+ = const 
over the whole range of T of experiments the 
temperature dependence of Z* is as follows: 


Z* = z+k 


I 


T +pja 


(17) 


where 


k = 


'*e\ \a aj 


{Snl3yi 

— ■ — . 

a__ 


(18) 


The values of /I, B, C and D; z, E, F. K and 
L; z and k in equations (13). (15) and (17) 
respectively may be determined if the values 
of p and Z* are determined from experiment 
for large enough number of temperature 


for the ions of both components are de¬ 
scribed by the linear equations (17) with good 
enough precision. In the same time by linear 
equations are described in all those alloys as 
well the functions p=f(T). It indicates an 
accordance between dependences which are 
determined by independent experimental 
data. It ensues from this that as far as two 
bands model of metals is concerned the 
temperature dependences of electrotransport 
of both components, of Mo-W alloys corre¬ 
spond to the temperature dependences of 
their specific resistivities (see (II) and (17)). 

Using equations (12) and (17-20), the values 
of the quantities n— n+,pn_,a-,pi,+ ,a+ as well 
as those of z. k. cr_ and cr+ were estimated. In 
these calculations the values of Hall-coeffi¬ 
cients R„ were used, the latters being taken 
from [13]. It was taken into account that by 
uJu+(T) = const 


Kn = -1 [ 12 , 14 ]. 

e La- n- \a aj n+J 
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The results obtained are presented in Tables 
7 and 8. 

The temperature dependences of Z*ni and 
Z*fr for Fe-Ni alloys are well described by 
the equation (15). For these alloys the hyper¬ 
bolical temperature dependences of specific 
resistivities take place. It ensues from this 
that the curves Z*(T) and p(T) are in accor¬ 
dance with one another in the approximation 
of two bands model of metals. One can see 
from equations (13-16) that in this case the 
equalities of coefficients D=K, B=E must be 
realized, the latters being calculated by in¬ 
dependent experimental data. Their values 
are presented in Tabic 9, which shows that the 


curves p(T), Z''‘ni(T) and Z*f^{T) cor¬ 
respond to one another well enough. 

Using equations (14-16, 19, 20), the values 
of n_, n+, po_, a_, po+, a+ as well as those of 
z, cr- and 0 -+ were calculated. They are pre¬ 
sented in the Tables 10,11. 

The values of po_ and po+ given in the Table 
10 refer to 850°C for the alloy with 2 at.% of 
Ni and to 800°C for the alloy with 4 at.% of 
Ni. Their extrapolation to absolute zero has 
no physical sense for by temperature values 
above the a-y transformation occurs and the 
curves p = f(T) have bend points. 

The errors of the values given in Tables 7,8, 
10 , 11 are as follow: 


Table 7. The physical characteristics o/Mo-W alloys 


Concentration 
ofW in the 
alloy in at. % 

/?„ X 10= 
(cm'1C) 

n-x I0'« 
(l/cm=) 

n* Xl0-“ 
(l/cm=) 

Qf- 

iftfl ■ cm/ 
grades) 

(nfl • cm/ 
grades) 

Po- Po+ 

ifxil ■ cm) (*iO • cm) 

01 

ll'S 

141 

2-3 

O-lOO 



004 

15 

106 

9-5 

2-5 

0103 

0 049 

041 


20 

10-2 

8-8 

3 0 

0121 

0 046 

2 06 

0'79 

25 

9-8 

7-5 

3-3 

0129 

0046 

401 

1-43 

35 

90 

51 

3-6 

0139 

0 046 

6’25 

2-08 

50 

7-8 

9-8 

4-3 

0143 

0047 

829 

2-74 

65 

80 

3-6 

3-4 

0124 

0048 

6-31 

2-47 

75 

815 

5-9 

3-4 

0117 

0 049 

4-32 

1-81 

SO 

8-2 

7-5 

3-3 

0110 

0 049 

3 09 

1-38 

85 

8'3 

9-4 

3-2 

0105 

00.50 

115 

0-55 

99-9 

8-5 

13-9 

31 

0099 

0 049 

0-27 

013 


Table 8. The physical characteristics of components o/Mo-W alloys 


Tungsten Molybdenum 


Concentration 
of W in the 
alloy in at. % 

k X 10‘ 

(el. units 

X grades) 

z 

(electronic 

units) 

0 -- X I0'“ 
(cm') 

it X 10< 

<7-+ X 10’' (el. units 
(cm') X grades) 

z 

(electronic 

units) 

(T. X 10‘ = 
(cm') 

<T+X 10' 
(cm') 

01 

4'60 

-3-3 

7-9 

6-7 

-3-42 

2-2 

5-8 

5'7 

15 

4-70 

-3-3 

7-9 

6-7 

-2-86 

2-2 

5-8 

5-7 

20 

4-20 

-2-9 

6 1 

5-2 

-2-47 

2-3 

6-4 

6-2 

25 

3-49 

-2-6 

4-9 

4-2 

-211 

2-3 

6-4 

6-2 

35 

2-60 

-2-2 

3-5 

30 

-1-60 

2-3 

6-4 

6-2 

50 

0-97 

1-4 

1-3 

11 

-0-75 

1-4 

2-4 

2-3 

65 

1-64 

1-9 

2-4 

20 

-0-84 

-20 

3-3 

3-2 

75 

1-77 

20 

2-6 

2-2 

-1-73 

-2-5 

51 

5'0 

80 

1-90 

21 

2-9 

2-4 

-2-41 

-2-7 

60 

5-8 

85 

2-01 

2-2 

3-2 

2-7 

-3-25 

-2-9 

6-9 

6-7 

99-9 

1-98 

2-2 

3-2 

2-7 

-405 

-2-9 

6-9 

6-7 
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Table 9. The values of coefficients B and E. D and K 



fl X 10 “ 

Eni X lO-i 

Ef,x 10 ■' 

/3X 10 " 

A'mX 10 " 

KkpX 10 " 

Alloy 

(grades) 

(grades) 

(grades) 

(grades') 

(grades') 

(grades-^) 

Fe- 2 at. % Ni 

1-73 

1-57 

1-85 

-2-34 

-2-13 

-2-51 

Fe —4at.% Ni 

2-89 

3-21 

2-71 

-3-47 

-3-81 

- 3-25 


Table 10. The physical characteristics of \ alloys 


X 10 n,. X 10 “ p,, p„_^ 

Alloy (l/cm^) d/cm') (pH ■ cm/grades) (pfi • cm/grades) (pfl • cm) (pD - cm) 


Fe-2at.%Ni 1-2 3-7 0-040 1-5 150 340 

Fe-4at.%Ni 1-0 3 0 0-033 1-7 160 280 


Table 11. The physical characteristics of components of Fe-Ki alloys 



z 

Nickel 


Z 

Iron 


Alloy 

(electronic 

o-.x 10'» 

o-, X 10’' 

(electronic 

<T X 10'" 

(7+X 10’' 

units) 

(cm*) 

(cm*) 

units) 

(enf) 

(cm*) 

Fe-2 at. % Ni 

-2-0 

4-0 

5-1 

1-4 

5-3 

4-2 

Fe-4at.%Ni 

-1-6 

2-6 

3-3 

1-2 

3-9 

31 


^ = ±(1-3)%: ^ = ±(10-20)%; 

Kh Z 


y = ± (3-8)%; ^ = ±( 15-30)% 

and±(20-40)% for the rest of parameters. 

The results obtained show that even in such 
complicated objects as Mo-W and Fe-Ni 
alloys, which consist of transition metals, a 
quite satisfactory quantitative accordance of 
two bands model with experimental data for 
Z*takes place. 
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OPTICAL CONDUCTIVITY IN ALKALI METALS 

H. BijTTNER and E. GERLACH 
Battelle-Institut e.V., Frankfurt/Main, Germany 

{Received 29 Muy \96S; in revised form \4AuKust 1958) 

Abstract — It is shown that the Mayer-Naby peak in the optical conductivity of alkali metals possibly 
arises from transitions from the Fermi sea to the Brillouin zone boundaries. 


1. INTRODUCTION 

Despite a large number of attempts to ex¬ 
plain the Mayer-Naby peak [1,2] in the 
optical conductivity of alkali metals, no satis¬ 
factory solution to the problem has been 
obtained as yet. An extensive critical analysis 
of the subject was given in [1]. In a more 
recent paper, Nettel[2] followed a suggestion 
by Mayer [1] and Ferrell [1] and studied 
phonon-aided optical absorption (for Na). 

We considered the general problem from a 
similar point of view using simple perturbation 
theory and taking electron phonon interaction 
explicitly into account. It is shown that the 
band gap parameter £„ = 2F is the crucial 
quantity determining the various processes of 
optical absorption. 

We find that in the framework of the nearly 
free electron approximation phonon-assisted 
transitions to the zone boundary yield a 
transition rate which is of lower order in the 
band gap parameter than those to other re¬ 
gions and is also of lower order than the direct 
interband [3] transition. (The ordinary Drude 
transition is negligible in the Mayer-Naby 
frequency range [1]). We derive a formula 
which shows that the resulting absorption 
peak has the correct position on the frequency 


scale and the correct magnitude and fulfills 
most requirements to explain the experiments. 
Nettel[2] also considers transitions to the 
zone boundaries, but does not give a detailed 
discussion of this point. 

2. THEORY 

We consider a system of nearly free elec¬ 
trons in a weak periodic potential whose wave 
functions are modified by the phonon scatter¬ 
ing operator H,. In first order we have 

|/i,k-(-K) = |n,k-f K> 

E{n.k + K)-E{n\k' + K') 

( 1 ) 

where |z7,k-l-k> is the wave function of the 
non-interacting electron phonon system of 
energy E = E^i+Ephun', k lies in the reduced 
zone; K is a reciprocal lattice vector of b.c.c. 
structures. 

Now, transitions due to an electromagnetic 
interaction 

Ho = hel\m\ • V ( 2 ) 

from the Fermi sea to unoccupied states in the 
lower and upper band are given by the follow¬ 
ing matrix element: 


{nMHv\n',k' + K')^e{ky-k)e{\k' + K'\-kF) 

V V fltlk + K l-i- , W>|k + K)<n.k + K.|/y,K.k- + K-) 

t)(|k-i-K,i Kf) £:„,(k)-£:„(k'-t-K,) 

+ . <k'-FK,|//o|k' + K')(n\k' + K.|//.|/i,k)* 

+ ;^6»(|k+K,| M £,^(k)-£e/(k' + K,) 


( 3 ) 
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Here we have neglected the small contribu¬ 
tions from the phonon energies in the 
denominators. 

First we consider the electron phonon 
matrix element using the deformation potential 
approximation 

= mj2MNc,y'Hin+ 

(4) 

where / is an energy constant of about 27 eV 
[4] (atomic unit), q is the phonon wave vector, 
M the ionic mass, N the ionic density, c, the 
longitudinal velocity of sound and n the Bose 


Hence with equations (2) and (6), the virtual 
optical transition at the zone boundary gives 
the following matrix element; 

-(K/2|H„|K/2> + =(eft/2/n) K-A (8) 

which does not depend on V. 

Now we neglect the ordinary Drude term 
[1] and all contributions proportional to V 
(indirect transitions not too close to the zone 
boundaries and direct transitions). 

Inserting (5) and (8) into (3) we obtain two 
contributions, cr- = 2ftlF-/a>|A|‘', to the optic 
conductivity arising from transitions of rate 
IF- to the upper and lower band, respectively 


47r 

talAp 



n/eA|A|\n 

{ 2MNc/_ 

L2\ 2 m I J 


(K' ■\VQ{k,-k) 


12m 





distribution for a given T (whereas the pure 
electron system is assumed to be at T = 0, if 
the Fermi level is well below the band edge). 
For 7 > 6,1 (Debye-temperature) equation (4) 
can be approximated by 

il(k,Tj2MNc,^) }. (5) 

The electron photon matrix element was 
studied by a number of authors [3] in the con¬ 
text of direct interband transitions to states 
not too close to the boundaries and was found 
to be proportional to V (first Fourier coeffici¬ 
ent of the lattice potential). In addition, in our 
problem virtual optical transitions close to the 
zone boundary have to be considered, whose 
matrix elements turn out to be independent of 
y. The nearly free electron wave functions in 
the vicinity of the band edge can easily be 
obtained from a degenerate perturbation 
treatment which yields. 

lK/2)- = (2L")''^ 

[exp (/K-r/2±exp (— /Kt/2)] (6) 

corresponding to the eigenvalues 

£e'r (K/2) = miiyilrn ±V. (7) 


The factor 2 arises from phonon emission 
and absorption, the factor i from time aver¬ 
aging the electromagnetic field. The k' sum¬ 
mation is carried out by putting k' equal to 
K72 and multiplying by the volume of a 
narrow wave vector shell at the zone boun¬ 
dary. From the breakdown of the non-degen¬ 
erate perturbation theory, the width of the 
shell is estimated to be mVIhK. In the iowest- 
order approximation a constant gap width is 
assumed to exist all over the zone boundary, 
which we take to be spherical. The constant 
gap approximation corresponds to a reason¬ 
able simplification of Ham’s [5] results (except 
for Na). This is reconfirmed later from the 
good agreement of our curves with the experi¬ 
mental ones. For a more accurate treatment 
detailed knowledge of the band structure of 
the zone boundary would be required, but 
this is expected to lead only to minor correc¬ 
tions. 

We consider only transitions between the 
conduction and the first excited band. This 
implies that K' and k' are not independent so 
that only ^ of the shell has to be considered. 
Summation over K' gives afactor 32 (lA|7r/a)* 
{a = lattice constant). 
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Carrying out the k-summation we finally 
obtain 

, _ 1 e^Pk^Tm^'^EAE^r-hiayi^ 

^ 6 h^NMa^c,^ (fioj)® 

X 6{hoi — Egt~-hEf ). ( 10 ) 

The optical conductivity o-=o-++cr‘" 
calculated for Na and K gives the order of 
10'“ sec"' in agreement with the experiments. 
However, it should be emphasized that there 
is some uncertainty in the sound velocity, the 
band edges, the interaction parameter I, and 
also in the shell width. In Fig. I an example is 



Eig. L Calculated optical conductivity in the Mayer- 
Naby frequency range (broken line: averaged by 0-4eV 
intervals). 


given for the w-dependence of cr (normalized to 
10'“ sec"'), which still has to be superimposed 
and smeared out by the ordinary Drude and 
the direct interband term. 

3. CONCLUSIONS 

We have shown that the Mayer-Naby peak 
can be explained by simple indirect transitions 
from the Fermi sea to the zone boundaries. 
We find the calculated peak for all alkali 
metals to have the correct position on the 


frequency scale and to be of the order of 
10'“ sec"' as required to explain the Mayer- 
Naby experiments. The curves in Fig. 1 show 
an asymmetry in the same sense as the experi¬ 
mental ones, the steepest descent being on the 
low energy side. The fact that our peak for Na 
is more pronounced than the experimental one 
may be due to the constant gap approximation, 
which in this case is not as well justified as for 
the other alkali metals. Further, the tempera¬ 
ture dependence of (10) is in agreement with 
experimental results obtained for Na; it does 
not explain the behavior of K and Cs. The 
interference dip[l] at the threshold of the 
Mayer-Naby peak is expected to appear if 
the I Fp-contributions and the Drude term are 
taken into account. It can be shown that there 
is no interference between the Drude term 
and our approximation. 

Since we used only small portions of the 
detailed band structure which are uncritical 
in transitions to the liquid state, no major 
deviations are to be expected in this case, in 
agreement with the experiments (see [2]). 

After completion of the present work new 
experimental data on Na and K were pub¬ 
lished by Neville V. Smith(6], which do not 
exhibit the Mayer-Naby peak. As suggested 
by the author this discrepancy may be ex¬ 
plained by the fact, that the experiments were 
performed on evaporated films rather than on 
bulk material. 
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Abstract —The results of studies by electron paramagnetic resonance of Cu-doped ZnS crystals are 
presented and discussed along with similar results of other impurities having the d“ electron con¬ 
figuration in additional crystals. There are ten copper centers in ZnS. an"d altogether properties of 
twenty-three related centers are tabulated. The observations are grouped into five classes, each having 


rather similar characteristics. Plausible models fort 
I. INTRODUCTION 

The ROLE of impurities in the luminescence of 
doped ZnS crystals has been investigated for 
many years[1]. Recently electron paramag¬ 
netic resonance (EPR) has been successfully 
applied to assist in understanding the self- 
activated luminescence in halogen and group 
III doped ZnS crystals[2], With this work for 
a stimulus, EPR studies have been conducted 
in an attempt to elucidate the role of copper 
impurities in the luminescence of Cu-doped 
ZnS crystals[3], The results of the para¬ 
magnetic resonance part of this study are 
presented here. Ten distinct EPR spectra 
involving copper have been observed in ZnS, 
seven of which are photosensitive. Identific¬ 
ation and characterization of the imperfections 
producing these EPR spectra and the associ¬ 
ation of each with a specific luminescence 
emission has not been accomplished because 
of the large number of EPR and luminescence 
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Office of Scientific Research Contract No. F44620-67-C- 
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few centers are discussed. 

spectra and because of the number of poten¬ 
tially applicable theoretical considerations. 
The infrared luminescent copper center has 
not been observed by the paramagnetic 
resonance technique, but the Zeeman effect 
in the absorption spectrum has been studied[4]. 

2. EXPERIMENT 

The ZnS crystals used in this study are 
microscopic rotational twins with the twin 
axis and growth direction being (111) „. They 
are prepared in either a vapor transport 
method or a chemical transport reaction with 
HCII5]. Intermediate regions of the crystal 
may have the hexagonal rather than cubic 
crystal structure with the c-axis coincident 
with (lll)i 4 . Individual doped samples have 
been prepared mainly by the diffusion of 
copper from an evaporated metallic layer. 
The diffusions are done at a variety of temper¬ 
atures for various lengths of time with the 
sample in a sealed quartz tube which may also 
contain a sulfur, helium, or other appropriate 
atmosphere. No definite prescription for the 
preparation of each center is known. The most 
common center is Cu-H, which appears in 
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both halogen-transported ZnS crystals and in A portion of the paramagnetic resonance 
halogen-free ones. Diffusions in the presence spectrum of the Cu-H center with the < 111)» 
of CuClj, CuS, S, H 2 and Cu(N 03)2 were crystal axis along the magnetic field (Ho) is 
successfully used in producing this center, shown in Fig. 1. For this spectrum, obtained 
The strongest EPR signal was obtained in a in the usual manner with a 10 GHz super¬ 
halogen-free crystal, which showed the Cu-red heterodyne EPR spectrometer, the sample is 
luminescence. This crystal was embedded in a mounted with a (110) cleavage surface against 
mixture of ZnS and 10'^ CuS and fired in the end of a quartz rod which protrudes axially 
flowing HjS at llOO'C for 1 hr, which is the into an erect right circular cylindrical TEoi, 
technique used for preparation of the red mode microwave cavity which is immersed in 
luminescence in ZnS powders [6]. liquid helium. In this way the dependence of 



Fig. I. EPR apectra of the Cu-H center at low temperatures. Only that portion of the spectrum 
near ; 1 , is ^wn. The spectra of the centers having gt along the remaining (111) directions not 
along H (these (III) axes are 70-5° to H for this orientation) consist of four broad non-descript 
lines similar to the corresponding lines of Cu-N (see Fig. 3). 
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the spectra on sample orientation in the mag- 
nej^ic field is obtained with the field in the 
(110) plane, by magnet rotation about a ver¬ 
tical axis. That portion of the spectrum near 
gi is shown in Fig. I. For this same orientation, 
i.e. (111)„|1H„ those centers having their 
symmetry axes along the (111) crystal axes 
not parallel to Ho are 70-5° to Ho; however, 
additional unknown spectra and broadening 
of the spectral lines obscure this spectral 
region. For this reason this region is not 
shown. In order to determine the 
orientation dependence of the spectrum is 
observed as a function of 6 for = 0° to = 
50°, where d is the angle between the (ni>n/ 
crystal axis and Ho in the (110) plane; and a 
cosine law is assumed to extrapolate the 
results to 61 = 90°. As shown by the line draw¬ 
ing below the spectrum in Fig. 1, the Cu®^ and 
Cu®* isotope hyperfine structure occurs in the 
proper intensity and splitting ratios, positively 
identifying the presence of copper. In addition, 
there is an unexplainable doubling of every 
line in the spectrum, which is even more 
evident in samples prepared using isotopically 
enriched Cu®®. This doubling occurs at all 
orientations up to ^ ~ 30°, at which point the 
breadth of the lines obscures any doubling 
which may exist. As the sample temperature 
is raised from 1-3 K the spectral lines first 
broaden, as shown in Fig. 1 for T = 2-3°K, 
and then disappear. By 4-2°K the spectrum is 
no longer observable and does not reappear 
at any higher temperature. Another striking 
feature of the spectrum is the asymmetrical 
broadening of the lines. In the Cu-H case, 
where gj_ < gn, the lowest field line of the en¬ 
tire spectrum is broadest. Quantitatively this 
asymmetric broadening is not explained by 
motional or mosaic effects, although qualita¬ 
tively these effects produce the observed 
features [7]. 

The Cu-M spectrum, see Fig. 2, appears 
in two samples, which also show the Cu-H 
center. The starting crystals were halogen-free 
and the Cu metal was evaporated onto the 
crystal. In one case, in which the diffusion 


was done with CuClj powder in the ampoule 
at 600°C for 48 hr, the Cu-M center is ob¬ 
served in the dark. When the diffusion was 
done in a sulphur atmosphere without CuCIi, 
the Cu-M center is present in the dark, but 
increased in intensity under 365 nm illumin¬ 
ation. Besides Cu-H in these samples, the 
latter also showed Cu-N. Like the Cu-H 
spectra, the Cu-M spectra also have the 
proper intensity and splitting ratios for the 
two copper isotopes. For crystal orientations 
other than those very close to g,,, i.e. (Ill) 
II Ho, the spectra rapidly broaden and dis¬ 
appear. For this reason no value is given for 
gx in Table 1, except that g^ < g,,. The Cu-M 
center is only observed with the crystal at 
l■3°K. 

The Cu-N and Gu-0 spectra, see Figs. 3 
and 4, frequently appear in the same crystal. 
The preparation of these samples is as de¬ 
scribed for Cu-M. except that a halogen- 
transported starting crystal is used. In the 
Cu-N spectrum in Fig. 3. the parallel spec¬ 
trum appears at the left side of the figure. The 
two isotopes of Cu are resolved and the spec¬ 
trum is asymmetric but not doubled as Cu-H 
is. Again the lowest field line is broadest. The 
ratios of the intensities and of the hyperfine 
splittings for the parallel spectrum are in the 
ratio of the relative abundance and the mag¬ 
netic moments of the naturally occurring 
copper. The right-hand part of the figure 
shows four broad lines corresponding to 
centers with their axes 70-5° from the mag¬ 
netic field direction. At 4-2°K the spectrum 
has broadened beyond detection. The Cu-O 
spectrum in the region of ga is shown in Fig. 4. 
The asymmetry in the width and intensity of 
the four copper hyperfine components is 
greater here than for any other copper center. 
The breadth of the lines in the region of gj^ 
prevent an accurate determination of gx. 

The Cu-L spectrum was observed in one 
halogen-free crystal on which Li has been 
evaporated and then fired in a sulfur atmos¬ 
phere at 1100°C for 16 hr. The spectrum is 
shown in Fig. 5 for Ho along the c-axis. The 
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Table 1. Paramagnetic copper centers in ZnS 


Class 


Symmetry 


Cu"" h.f.s. 

Photo- 


Center 

axis 

/f-fajlor"*’ 

(I0-*cm-')'"’ 

sensitive 

References 

111 

Cu-H 

<IM) 

2-1305(11) 

17-3(11) 

Yes 

fbi 


Cu-M 


1-99(J.) 

~ 14(1) 



1 

(HI) 

2-30(11) 

(X) < (II) 

46(11) 

Yes 



1 

Cu-N 

<111) 

2-3064 + 8(11) 

124 ±1(11) 

Yes 

(6) 




1-845 + 2(1) 

~0(1) 



1 

Cu-O 

(111) 

2-2743(11) 

<20(±) 

97-2(11) 

Yes 

lA) 

1 

Cu-L. 

C 

2-17(11) 

(1)< (ID 

57-2(11) 

(1) < (ID 

7 

(6) 

VI 

Cu-IR 

Cubic 

0-71 


(rl 

IV 

Cu-R 

Monoclinic 

K. = 2-002 

A, 0-5 

Yes 

(b) 




= 2-035 

/I. ^ 0-5 






2-027 

1-2 



II 

Cu-S 

(III) 

2-0013(11) 

66-39(11) 

No 

(b) 




2-1290(1) 

71-31(1) 



V 

(Cu,,„V,)>’ 

(111) 

2-0061(11) 

2-0026(1) 

-0-8 

Yes 

(d) 

Fe-X 

(Fe,,„Cu,„)" 

Monocimic 

a, = 1-26 


No 

<f,n 



in cubic 

g, < 0-6 






ZnS 

«1 = 9-66 




Fe-X 

(FezLCu^n)" 

Monoclinic 

g, = 4-35 


No 

tej> 



in cubic 

g2 = 4-53 






ZnS 

8n = 4-06 




Fe-X 

(Fe./.„Cu./,„)'> 

Monoclinic 

S. = 8-03 






in hexagonal 

= 3-58 


No 

if) 



ZnS 






'"'Reference [16). 

'"This work. 

''■’Reference|41. 

'"’Reference [15], 

"■'Reference 117], The spectra nears = 4 are more prominent with the sample ~1TK. 
'''Reference 19). See reference [9] for orientation of symmetry axes. 


entire spectrum is seen in this case, since the 
symmetry axis of the center is the c-axis of 
the hexagonal part of the crystal. Again, 
broadening of the lines away from gn prevents 
a determination of except that g± < gu- 
Note the opposite asymmetry in the hyperfine 
components, shown by the line drawing in the 
figure, to that observed in several other Cu 
centers. Two additional lines are present 
whose origin is not understood, although it is 
suspected these lines belong to the Cu-L 
spectrum. 

All of our samples containing these Cu 
centers frequently show the EPR spectra of 
Mn^^, Fe"', Fe®+. Cr'"f8] and Fe-Cu associ¬ 
ates [9]. The Cu centers can be generated, or 


if already present in the dark, can be enhanced 
by illuminating the sample at low temperature 
with 365 nm light. Radiation at 580 nm can 
act as both a generator of Cu-H or can quench 
this center depending on sample preparation. 
Many of the samples are quite dark after 
firing, and absorption spectra have only been 
obtained for a few of them in which case the 
Cu infrared absorption at 1-44/a is observed 
[10], The Zeeman effect of this single line has 
been measured in pure cubic halogen-trans¬ 
ported crystals [4] prepared by a Cu diffusion 
from an evaporated metal layer in a sulfur 
atmosphere at 530°C. In no sample is the para¬ 
magnetic resonance seen which corresponds 
to the same center, i.e. CufStf*) in sym- 
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metry, as that producing the absorption. 

The samples all luminesce. The samples 
that show the Cu-H EPR spectrum, some of 
which also show Cu-N and Cu-M spectra, 
have a strong luminescence band at 2-65 eV 
with a half width of 0-25 eV. There is also a 
weak secondary band in the region 2'2-2-3 eV 
of comparable width. Two exceptions were 
found, one with a band at 2-35 eV and half 
width 0-4 eV and one with three bands at 2 0, 
2-42 and 2-7 eV. On the other hand, the sam¬ 
ples which do not show the Cu-H EPR spec¬ 
trum and also do not show the Cu-M spectrum 
have two bands a strong one at 2-78 and 0-25 
eV half width and a weaker one at 2-41 and 
0-25 eV half width. Again there is an ex¬ 
ception, one of the six samples has the same 
emission as the Cu-H samples. These results 
were obtained at 77°K with 365 nm excitation 
and a quartz prism analyzer with a cooled 
S-20 photomultiplier detector and have not 
been corrected for the nonlinear response of 
either the detector or the analyzing mono¬ 
chromator. 

The Cu-R center has been seen in only one 
crystal which was neutron-irradiated, an¬ 
nealed, and the Cu®’ isotope produced by 
radioactive decay of the activated Zn at room 
temperature over a period of months. Those 
crystals have the absorption spectrum near 
l-4/x[10]. The EPR spectrum is shown in 
Fig. 6, the upper spectrum was obtained with 
H II [11 l]w and the lower spectrum with H at 
15° to [11 l],y in the (iTO) plane. Correspond¬ 
ing lines in the two spectra are marked in the 
figure. Perfect alignment of the crystal was 
not achieved, consequently the four-line 
hyperfine structure appears as five and seven 
line patterns. This results from centers made 
slightly nonequivalent, but which would have 
been equivalent if H were in the (110) plane. 
The anisotropic dependence of the spectra on 
crystal orientation in the magnetic field corres¬ 
pond to a center of monoclinic symmetry with 
a (iTO) symmetry plane. The four line hyper- 
fine structure resulting from Cu®* indicates the 
presence of copper. Although not likely, a Ga 


impurity center is possible since naturally 
occurring Ga has two isotopes with / = ? 
and one Ga isotope is also formed by radio¬ 
active decay of zinc following neutron capture. 
Unfortunately, sufficient resolution is not 
obtained completely to eliminate this possibil¬ 
ity. The Cu-S spectrum has been observed in 
a crystal, kindly supplied by Professor S. 
Shionoya, which exhibits the Cu-red lumines- 
cence[ll]. This crystal was grown from the 
luminescent powder at high pressure. The 
complete EPR spectra are shown in Fig. 7 
with H|| (lll)»_upper spectrum, and 
(111)». in a (110) plane, lower spectrum. 
Hyperfine quartets, which display resolved 
Cu*® and Cu®“ hyperfine splitting, are deline¬ 
ated by the line drawings. The spectral shapes 
are distorted by passage effects. The angular 
variation of the spectra are shown in Fig. 8. 
The ZnS crystal was rotationaJly twinned 
about the (111>h axis, the orientation of the 
magnetic field being measured from (111 >« in 
a (iTO) plane common to both twins. The 
angular dependence is characteristic of a 
center with C.,v symmetry having a (111) 
symmetry axis for both the j?-tensor and the 
hyperfine tensor. The quadrupole splitting of 
the Cu®’ is determined to be, Q^-a‘^ = 8-31 x 
10 ®cm '. 

3. RESULTS 

The results are summarized in three tables 
which contain a list of all paramagnetic centers 
involving copper observed in the Il-VI semi¬ 
conducting compounds, as well as some 
closely related centers involving other impuri¬ 
ties. More than one of these centers are often 
observed in the same crystal, as are other 
unrelated centers. To observe most of the 
listed centers it is necessary to irradiate the 
crystal at low temperatures with light of the 
proper wavelength. There may be other 
defects present, some of which involve copper, 
but which are not observed by EPR for var¬ 
ious reasons. Thus it is quite possible that a 
given luminescence process is associated 
with a defect unobserved by EPR or involves 
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Fig. 7. BPR spectra of the Cu-S center. 


primarily a diamagnetic charge state of an 
observed center. 

Table I lists the ten copper centers in zinc 
sulfide which have been observed by EPR and 
one observed only by optical absorption and 
emission. Two of these centers are nearest 
associates of substitional Cu+ and Fe^\ cire 
iron-like in their properties and probably 
play no role in luminescence. These and other 
associates with iron have been discussed 
previously [9] but are included here for pur¬ 
poses of comparison. The general features of 
^ Table 1 are; 

(1) All but one of the copper centers in zinc 


sulfide have g factors near g = 2, the 
free spin value. 

(2) No center having cubic symmetry has 
been observed in EPR; one has been 
identified by an optical Zeeman experi¬ 
ment. 

(3) The majority of noncubic centers have a 
(111) symmetry axis. Fe-Cuassociates 
and Cu-R, which are monoclinic, are 
the only exceptions. 

(4) The majority are photosensitive, Cu-S 
and Fe-Cu associates being the only 
exceptions. 

(5) No EPR spectrum can definitely be 
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0® iO® <»0® 60® 80® 

[ll l]^ Angle in (110) plone 


Fig, 8, The 9-14 G Hz angular variation of the Cu-S speetnim. 

explained with the usual crystal field centers with the spin localized primarily on 
theory of Cu(3d*) in nearly octahedral the copper impurity. These values are all 
or tetrahedral environments. smaller than the calculated one for Cu(3<l®) 

The nine centers, excluding the iron-copper in Ta symmetry which is 500xl0~^cm‘‘ 
associates, have been empirically grouped into when the free ion values for the parameters 
six classes [3] in order to simplify comparisons are used. Classes IV and V correspond to 
and discussions. Each class, indicated by the very small copper hyperfine interactions and 
first column of each Table, contains centers hence the spin is probably not localized on the 
having rather similar characteristics. Each copper. Class III is intermediate between 
class may consist of isomorphic or fairly the two extremes and might correspond to the 
similar imperfections. Classes I and II have spin on the copper or nearby, but with a fairly 
fairly large copper hyperfine interactions strong interaction. The iron-copper associates, 
and therefore most likely correspond to for which the copper is at a second nearest- 
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neighbor site from the iron where the spin is 
primarily localized, have a copper hyperfine 
interaction[9] between that of Class III and 
Class IV or V. Other features of the classific¬ 
ation include the following: 

(1) Class IV is the only one with lower 
than Cjc symmetry. It has C, symmetry. 

(2) Classes II and IV are the only ones with 
^1 < gi ^nd A < B (Class IV is con¬ 
sidered approximately axial for purposes 
of this comparison). 

(3) Class II is the only one to have shown 
no photosensitivity. 

(4) In Class III the EPR lines have ad¬ 
ditional structure. 

(5) For Classes I and III the line intensities 
are asymmetric, the spectra are poor 
in the perpendicular direction and seem 
to be quickly broadened as the temper¬ 
ature is raised above 1-3°K. 

(6) Class VI, see Table 2, has drastically 
modified g factors. 

Table 2 shows the results for copper centers 
in other II-VI compounds. A full discussion 
of these centers appears in the cited refer¬ 


ences. Table 3 gives the results for other im¬ 
purities which are thought to produce centers 
isomorphic with the copper centers. A seventh 
class is now utilized to include those centers 
having i?|( near 4. 

4. DISCUSSION 

The theoretical considerations which are 
potentially relevant to this problem are com¬ 
plex. Most of the physically reasonable simple 
models for copper centers which have the spin 
localized primarily on the copper, involve the 
copper possessing a 3d“ configuration, i.e. 
one hole in an otherwise complete 3d shell. 
The d orbitals in a cubic or nearly cubic en¬ 
vironment will split into a doubly degenerate 
e state, and a triply degenerate state. For 
substitutional copper, coordinated with a 
tetrahedron of anions, the tj level is higher 
and will lack one electron of being completely 
filled. This leads to a three-fold orbital de¬ 
generacy and a two-fold spin degeneracy in 
cubic symmetry. This degeneracy can be 
reduced either by lowering the symmetry or 
by the spin-orbit interaction (which is large in 


Table 2. Faramagnetic copper centers in other U-V] compounds 





Symmetry 


Cu"> h.fs. 


Class 

Crystal 

Center 

axis 

S-factor"*’ 

()0-‘cm-')'“’ 

Reference 

1 

CdS 

Cu-A 

c 

2-240 ±5(11) 

99±5(||) 

(6) 





I-75(±) 

28(1)"-’ 


II 

CdS 

Cu-B 

c 

1- 93(11) 

2- 14(1) 

21(11) 

tb) 

VI 

BeO 

Cu 

c 

1-712(10 

52-4(10 

(di 





2-378(1) 

108(1) 


VI 

ZnO 

Cu 

c 

0-7383(11) 

198 ±3(10 

(F> 





1-5237(1) 

224±l(l) 


Fe-X 

ZnSe 

Fe-Cu 


g, = 2-99 

S.. = 8-29 

1-52 


tf) 

Fe-X 

ZnTe 

Fe-Cu 


«, = 5-30 
«. = 7-29 

S.1 = 2 02 


</i 


'“’Reference [16]. 

‘“Reference [18]. 

"■’This work, this number is tentative since the complete spectrum was not obtained, 
‘“’de WIT M. and REINBERG A. R .Phys.Rev. 163.261 (1967). 

"’de WIT M. and ESTLE T. L., Bull. Am. Phys. Sot . 8.24 (1963) and reference [ 13]. 
‘^’Reference [9]. Also see reference [9] for orientation of center symmetry axes. 
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Table 3. Related paramagnetic centers in II-VI compounds 






g-factor'"* 

impurity h.f.s. 


Class 

Crystal 

Center 

Symmetry 

(lO-^cm-')'"’ 

Reference 

V 

ZnS 

(Agz^Vs)” 

(111) 

2-0072(11) 

2-0024(1) 

0-1(1) 

(b) 

V 

ZnS 

(Au,,„V„)" 




(b> 

VI 

ZnS 

Ni" 

Cubic 

I-40 

80±4 

(C) 

VI 

CdS 

Ag-A 

C 

1-226(11) 

1-509(1) 


id) 

VII 

ZnS 

Ni-E 

rill) 

4-185(11) 

203 ±5 (II) 

(r) 





0-0(1) 

0±20(1) 


VII 

ZnS(hex) 

Ni-D 

(111) 

4-000(11) 

I82±2(||) 

If) 




#c-axis 

1-172(1) 

0±12(1) 


Fe-X 

ZnS 

(Fez„Agz„ 

f Monoclinic 

g.=3-99 
gz = 7-48 
*:.< 1-7 


(P./) 

Fe-X 

ZnS 

(Fez.„Agz„ 

)“ Monoclinic g, = 2-27 


te.f) 





g,= l-}3 
«. = 5-85 




''"Reference! 16]. 
""Reference (15). 
"’Reference 114). 
"'’Reference] 18) 
"’Reference [17] 
''^'Reference [9], 


Cu^M. Lower symmetry can arise from defect 
association or the Jahn-Teller efFect(I2]. 
Even for certain defect associates further 
energy reduction may occur via the Jahn- 
Teller effect. Finally the states resulting from 
the Jahn-Teller effect may interact strongly, 
leading to a dynamic Jahn-Teller effect, or 
they may interact weakly, yielding the static 
Jahn-Teller effect[12]. If the copper is inter¬ 
stitial at the appropriate interstice, it will be 
octahedrally coordinated. The role of the e 
and 4 orbitals may be exchanged. Similar 
considerations then follow as in the previous 
case of e lower. All of these possibilities, plus 
those for a spin external to the copper, must 
be examined for all plausible models and 
compared to the observed spectra. 

In spite of the theoretical and experimental 
complexities, some conclusions can be drawn, 
and some rather plausible explanations can be 
suggested. The first explanation concerns the 
case of isolated substitutional Cu*^. Isolated 
copper in zinc oxide has been identified [13], 
The characteristic EPR spectrum observed is 
interpreted with the help of optical absorption 


data. The isolated Cu interpretation is given 
strong experimental support by the observ¬ 
ation of a nickel center in zinc sulfide [14] with 
a similar characteristically small g factor 
which, however, is isotropic. The latter is 
attributed to isolated nickel substituting for 
zinc with a single net negative charge, i.e, a 
Ni"^ ion. The theoretical treatment of Dietz 
et o/.[13] attributes the small g factors to a 
reduction of the orbital contribution to the 
magnetic moment. The orbital reduction 
occurs because covalency effects reduce the 
wave function density on the copper. One 
might, therefore, expect to observe one iso¬ 
tropic spectrum and possibly some aniso¬ 
tropic spectra in copper-doped zinc sulfide 
arising from the presence of Cu*"^ isolated or 
associated and all having characteristically 
small g factors. No such paramagnetic reson¬ 
ance spectra have yet been observed. How¬ 
ever. the copper infrared spectrum has been 
interpreted by Broser et al. [10] as caused by 
substitutional Cu*^. Recently the g factor of 
this absorption has been measured in an 
optical Zeeman experiment and is also found 
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to be small [14]. The reason for the absence of 
an EPR spectrum in these same samples is 
not understood. The interpretation of the 
Class VI centers in terms of the crystal field 
model and covalency effects is not too satis¬ 
fying. Large reductions of the orbital part of 
the magnetic moment are needed to explain 
the EPR data and as a consequence of using 
covalency effects to obtain these reductions, 
a large delocalization of the Cu 7id electrons is 
implied. A physically more plausible inter¬ 
pretation may be possible with the dynamic 
Jahn-Teller effect which also gives rise to 
large reduction factors but not to delocal¬ 
ization of the electron density onto the ligands 
[ 12 ]. 

It is possible to adjust the parameters char¬ 
acterizing the delocalization and the axial 
crystalline field so as to obtain a rough fit to 
the g factors of most of the observed EPR 
spectra, but the h.f.s. is difficult to fit. One way 
this may be done is by assuming a very strong 
axial field which splits an orbital singlet level 
below the orbital doublet, such as could occur 
for Cu^+ associated with other defects or 
impurities. However, the associated imper¬ 
fection would have to be negatively charged to 
cause the singlet to be lowest, which would 
require the copper to be donor-like with- 
respect to these associates. This does not 
seem to be a particularly attractive feature. 
The observed g factors are all fairly nonde¬ 
script, being close to the value 2-0023 for a 
free electron spin. Hence, there is nothing 
which would lead one to believe that the Cu^’*^ 
delocalization theory could explain the bulk of 
the results. If a dynamic Jahn-Teller effect 
is involved in addition to association with 
donor impurities, it might be possible to ex¬ 
plain the majority of the centers. No detailed 
calculations of this sort have yet been made. 

The Cu-R center of Class IV which was 
observed after neutron irradiation, is one of 
only two centers for which it definitely ap¬ 
pears that the spin is not on the copper. The 
most striking characteristic of the Cu-R 
spectrum is its great similarity, both qual¬ 


itatively and quantitatively, to the spectra 
observed for the paramagnetic charge state 
of the self-activated luminescence centers [2]. 
Thus the most tempting model to postulate is 
the one in Fig. 9. This model is isomorphic 



Fig. 9. Possible model of the defect producing the Cu-R 
spectrum. This center is isomorphic with the para¬ 
magnetic charge state of the group III self-activated 
luminescence center. The hole is trapped on the sulfur 
adjacent to the rinc vacancy which is farthest from the 
ru“*. 

with the paramagnetic charge state of the 
group HI self-activated luminescence centers, 
i.e. a Cu-'^ ion at the nearest zinc site to a zinc 
vacancy with a hole trapped on the sulfur ion 
adjacent to the vacancy but as far from the 
Cu^^ as possible. 

There are two other distinctive copper 
centers in zinc sulfide, Cu-S of Class li and 
the center in Class V observed by Dieleman 
et fl/.[15] both of which have been seen in 
samples showing the copper-red lumines¬ 
cence. Dieleman et «/. [15] made their ob¬ 
servations on copper-red luminescent powders 
and, at least for the analogous silver center, in 
single crystals as well. By a careful combin¬ 
ation of optical and EPR experiments they 
obtained strong evidence that the observed 
defect was responsible for the copper-red 
luminescence. They identify the defect as 
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Fig. 10. The probable model for the center observed by 
Dieleman et al. (see reference [15]) which causes the 
copper-red luminescence. This center is the antimorph 
of the self activated luminescence center. The extra elec¬ 
tron most likely occupies an orbital localized primarily 
on the three zincs adjacent to the sulfur vacancy. 

(Cu 7 „Vs)'’, shown in Fig. 10 with the extra 
electron quite probably primarily on the three 
zinc sites nearest the vacancy. This is the 
antimorph of the self-activated luminescence 
center but an unexpectedly small Zn hyperfine 
structure is observed. 

In an examination of a ZnS crystal supplied 
by Professor S. Shionoya which is doped with 
copper and aluminum and which shows the 
copper-green luminescence[19], no copper 
EPR signals were observed, although a strong 
photosensitive EPR signal from the aluminum 
self-activated luminescence center [2] was 
present. 

We have presented the accumulated experi¬ 
mental information on copper electron para¬ 
magnetic resonance in zinc sulfide together 
with some other pertinent data, a rough 
classification, and a few speculative com¬ 
ments. It is quite apparent that further re¬ 
search is necessary before achieving an 
understanding of this problem. 

Acknowledgements-Yft wish to acknowledge Drs. 
A. Rauber and A. R. Reinberg for stimulating discussions 
during the course of this research, and Dr. RUuber and 


Mr. Stinedurf for the preparation of many of the samples. 
We thank Professor S. Shionoya for this interest in our 
research and for giving us two samples on which he had 
made luminescence measurements. 


REFERENCES 

1. For an excellent review see Physics and Chemistry 
of ll-Vl Compounds (Edited by M. Aven and J. S. 
Prener), Chap. 4 by S. Shionoya. Wiley, New 
York (1956). 

2. SCHNEIDER J., ll-Vl Semiconducting Com¬ 
pounds. 1967 International Conference (Edited by 
D. G, Thomas), p. 40, and references therein. Ben¬ 
jamin, New York (1967). 

3. A preliminary report of this research was presented 
at the International Conference on Luminescence, 
Budapest, Hungary, 1966. Proceedings to be 
published; HOLTON W. C., de WIT M., ESTLE 
T. L., SCHNEIDER J. and DISCHLER B., Bull 
Am. Phys. Soc. 10, 330(1965). 

4. de WIT M., Bull Am. Phys. Soc. 13,405 (1968); Phys. 
Rev. In pre.s.s (1969). 

5. Physics and Chemistry of ll-Vl Compounds 
(Edited by M. Aven and J. S. Prener), Chap. 2 by 
M. R. Lorenz and references therein. Wiley, New 
York (1967). 

6. APPLE E. F. and PRENER J. S., J. Phys. Chem. 
Solids 13, SI (I960). 

7. McConnell H. M., j. chem. Phys. 2S,709 (t956). 

8. Physics and Chemistry of ll-Vl Compounds 
(Edited by M. Aven and J. S. Prener), Chap. 6 by 
R. S. Title. Wiley, New York (1967). 

9. HOLTON W. C., de WIT M.. ESTLE T. L., 
DISCHLER B. and SCHNEIDER J., Phy.s. Rev. 
169, 359(1968). 

10. BROSER I. and MAIER H., Proc. Ini. Conf 
Physics of Semiconductors, Kyoto, 1966 In 7. phys. 
Soc. Japan 21 supp. 254 (1966); BROSER I., 
MAIER H. and SCHULZ H. J., Phys. Rev. 140, 
A2135(I965). 

11. SHIONOYA S., URABE K., KODA T, ERA K. 
and FUJI WAR A H., J. Phys. Chem. Solids 27, 
865(1966). 

12. HAM F. S., Phys. Rev. 138, A1727 (1965). 

13. DIETZ R. E.. KAMIMURA H., STURGE M. D. 
and YARIV A., Phys. Rev. 132, 1559(1963). 

14. de WIT M., ESTLE T. L., HOLTON W. C. and 
SCHNEIDER J., Bull. Am. Phys. Soc. 9, 249 
(1964); WATTS R. K., de WIT M., HOLTON 
W. C., To be published. 

15. DIELEMAN J., deBRUIN S. H., Van DOORN, 
C. Z. and HAANSTRA J. H., Philips Res Rep. 19, 
311(1964), 

16. The g factors are designated (||) or (1) meaning the 
value of (h]//0H) along or perpendicular to the 
symmetry axis, where v is the microwave frequency 
(in this case »10 GHz), H is the magnetic field of 
the average of the hyperfine pattern, and h and /3 have 
the usual meaning. The hyperfine structure (I) or 


PARAMAGNETIC COPPER CENTERS IN ZnS 


977 


(J.) is measured along the respective symmetry 
directions. 

17. Both the ground state and first excited state of this 
center have been observed. The ground state g 
factors are given first and the excited state values 
in the following table entry. 


18. MORIGAKI K., II-VI SemiconduiiingCompounds, 
1967 Inlernaiional Conference (Edited by D. G. 
Thomas) p. 1348. Benjamin. New York (1967). 

19. SHIONOYA S., KOBAYASHl Y. and KODA T, 
J.phys. Soc. Japan 20,2046(1965). 






J.Phys.Chem. Solids Pergamon Press 1969. Vol. 30, pp. 979-991, Printed in Great Britain. 


TRANSIENT PROCESSES IN SPIN-WAVE SYSTEMS 
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Abstract-The transient evolution of the spin-wave populations is studied in detail under perpendicular 
pumping, in the linear case and in the non-linear case with three-magnon processes. Calculations are 
derived taking into account of the variation with time of the dipolar radiation of the uniform magnons 
which produce reverse magnon —» pholon transitions. We define the transient growth of the uniform 
and parametric states on the second quantization basis of the ferromagnetic system, and the electro¬ 
magnetic field, in the case where coincidence condition is satisfied. From the expressions of the 
field radiation and the transient power absorbed by the ferromagnetic crystal, we discuss the validity 
of the theory, showing the importance of the dipolar radiation of the uniform magnons. 


I. introduction 

A SYSTEM OF spin-waves has an anharmonic 
evolution when the number of quasi-particles 
called magnons becomes important. This has 
been first experimentally realized by 
Damonfl] and Bloembergen and Wang[2] 
exciting the uniform mode under perpendicu¬ 
lar pumping at high power level. From the 
theoretical analysis of Akhiezer[3] which 
shows that the dipolar energy of the ferro¬ 
magnetic crystals can induce interactions 
between spin-waves, Suhl has explained 
the non-linear behaviour of the uniform 
resonance; this author attributes the origin 
of the subsidiary resonance and the saturation 
of the main resonance respectively to the 
three-magnon and four-magnon transitions[4], 
The investigation of Suhl has been restricted 
to the stationary state. 

In the present paper, we study the transient 
growth of the uniform and parametric 
magnons after an electromagnetic pulse is 


•A detailed comparison of experimental data with the 
present theory will be published in a further paper, 
henceforth referred to as 11. 

fThis work was supported in part by the Direction des 
Recherches et Moyens d’Essais, Pans. 


applied to a ferromagnetic crystal with 
perpendicular pumping. The calculations are 
derived on the second quantization of the 
ferromagnetic system and the electromagnetic 
field in the linear and non-linear cases. The 
non-linear case concerns only the first-order 
processes assuming that the condition of 
coincidence is satisfied (three-magnon non¬ 
linear processes at resonance). In the present 
theory, we have introduced the dipolar 
radiation which becomes important for 
crystals having large filling factor and low 
relaxation rale like YiG and lithium ferrite. We 
show that the dipolar radiation induces 
reverse magnon —♦ photon processes with 
transition probabilities so high in some cases 
that the crystal becomes a mirror for the 
incident electromagnetic field: all the photons 
absorbed by the magnons are re-radiated. 
In what follows we have analyzed the 
transient evolution of uniform and parametric 
magnons as a function of the dipolar radiation 
rate in the linear and non-linear cases. 

The paper is divided into six sections. 
Section 2 is devoted to the determination of 
the effective photon-magnon Hamiltonian 
which includes the magnetic dipolar radiation 
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of the tnagnons. For this, the expression of the 
electromagnetic field radiated by the magnetic 
system is derived for a spherical sample 
placed in a non-resonant wave-guide structure. 

In Section 3, the Hamiltonian which 
induces the magnon-magnon transitions is 
defined with the second quantization method 
of Holstein and PrimakofF[5]. 

The general theory of the three-magnon 
non-linear excitation is stated in Section 4. 
For this, the evolution of the creation and 
annihilation operators in the Heisenberg 
representation is first defined for the uniform 
and parametric magnons in the linear and 
non-linear cases. This method is similar to the 
one carried out recently by Savchenko and 
Tarasenko [6]. These authors have treated 
the general case of non-linear excitation of 
quasti-particles, studying the evolution of the 
non-equilibrium density matrix of the mag¬ 
netic system. This work is concerned mainly 
with the determination of the stationary 
amplitude of the parametric excitations. 
Then, in order to experimentally verify this 
theoretical data, we derive the expression of 
the transient power absorbed and radiated by 
the ferromagnetic crystal. 

In the Section 5, we analyze the influence 
of the magnetic dipolar radiation on the 
non-linear critical threshold of the parametric 
spin-waves and on the linear and non-linear 
evolution of the magnon system. 

Finally, Section 6 is concerned with a 
summary and conclusions. 

2. EFFECTIVE PHOTON-MAGNON 
HAMILTONIAN 

We consider a ferromagnetic insulator 
where all the magnetic moments are defined 
by the spin of the electrons which are localized 
at each unit cell of the lattice. The magnetic 
dipolar interaction between the electro¬ 
magnetic field and the spins is given by: 

= hirt)Si 

i 

= —igiiB 2 (1) 


where g, fig, h and S( are respectively the 
Lande factor, the Bohr magneton, the 
magnetic field operator and the spin operator 
at the position Zj. The summation runs over 
all the unit cells / of the crystal. 

In the second quantization notation [7], the 
electromagnetic field components are defined 
from the vector potential Air,!)-. 








e(r,/)=—c 'dA(r,/)/d/ 

h(r, f) = curl. A 


( 2 ) 

(3) 


where lirh is the Planck constant, c is the 
light velocity and K, is the volume which 
determines, for n, incident photons, an 
electromagnetic energy density 
k,()k,| = a>,/c) and e„ are the propagation and 
polarization vectors of the radiation and 
q"" and q are the creation and annihilation 
operators for the photons. The only non¬ 
vanishing matrix elements of these operators 
are: 


(n,-l|q|n,> = (nj>^^e'“-' (4) 

{n^\q*q\n,t) = n„. 

Assuming that the radiation is mono¬ 
chromatic (()>« = b>) and polarized along the 
oz direction, and is propagating along the 
oy direction, the magnetic field operator 
becomes: 


h, =(qo X e,) e-'“'') 


with: 




= '(“Tr) 


h 

9o = 9/kl 


(5) 


( 6 ) 
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Under perpendicular pumping, the spin- 
photon interaction is a linear process and the 
photon-magnon Hamiltonian[l] is defined 
from the spin operators related to the magnon 
operators by the following harmonic trans¬ 
formations [5]; 


S,^ = Si^ + iS,’‘ =(25/yV)‘'*^ 

Sr = = ilSINy- ^ e-*'' 


(7) 


where a + and a ^ are the magnon creation and 
annihilation operators which must satisfy: 


[ak(/),«T^(/)] = A(k-k'). 

S is the magnitude of the spin vector, and 
N is the number of unit cells in the crystal of 
volume V. The spin-waves are characterized 
with their propagation vector k which fakes 
one of the N values evenly spaced in the 
Brillouin zone. 


k t 

-l-herm. conj.) (8) 


non in the ultra-pure single-crystals as Yttrium 
Iron Garnet (YIG), lithium ferrite or cal 
Van Big, where the line width is about or less 
than 1 Oe. 

Determination of the radiated field 
Accurate experiments on transient process¬ 
es in ferromagnetic samples are now easy to 
perform using microwave square wave pulses 
with rise time less than ten nanoseconds 
produced by a diode modulator. In order to 
avoid the rise time of the microwaves cavities 
(t — 0-5/isec) which can perturb measure¬ 
ments, we take a non-resonant structure, 
putting the sample at the center of a wave¬ 
guide at a distance / from an adjustable 
short-circuit. We shall derive the expression 
of the magnetic field radiated by the crystal 
from the study of L. K. Anderson [8] who has 
applied the theory of discontinuities in wave 
guides, made by N. Marcuvitz and J. 
Schwinger[9], to the case of a ferromagnetic 
sample. With this theory, assuming excited 
only a propagation mode, the magnetic field 
H of a progressive wave is written as; 

H = /V;, (II) 


or: 

H„-p = -iA(qa,f-q^a„) ( 9 ) 

with: 

A = qtiR{2tTfioiNSi2Vx)''^ (10) 

The expression (9), which defines the spin- 
photon coupling, is incorrect in most of real 
cases for two reasons: first, it does not include 
the microwave structure which contains the 
crystal, and second, it neglects the dipolar 
radiation of the uniform magnons. Indeed, as 
supported by experiments, this radiation, 
which produces reverse magnon ^ photon 
transitions and so decreases the effective 
number of photons absorbed by the sample, 
becomes very large when the magnetization 
M, is high and when the relaxation rate t)„ of 
the uniform mode is low. 

Hence, we have to consider this phenome¬ 


where / is similar to a current and character¬ 
izes the maximal amplitude of the wave and its 
variation along the direction of propagation 
(oy direction in our case). is the eigen¬ 
vector of the mode and describes the magnetic 
field distribution in a transverse plane of the 
guide. Assuming only the TEm mode is 
excited here (see Fig. I for definition of axis), 
we have: 

/ = (^)\e"“'-‘-''> (12) 

2^cos(7rx/u). (13) 

|/pz = 0 
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Fig. I. Microwave set-up. 


where a and b are the transverse dimensions 
of the guide, ho is the maximal amplitude of 
the microwave field, \„ = 27r/|fc„| and X are 
the wave lengths in the guide and the vacuum. 
With this representation one can show [8] 
that the dipolar radiation is equivalent to the 
introduction of a current source 4; 

id nCfTt/jy po ( 14 ) 

and of a voltage source Vd- 

^ pj* (15) 

placed in the equivalent circuit as indicated 
in Fig. 2. and w„ are the components of 
the transverse magnetization m,, K = 2vVI 
fjioK Z„ — (p,„/€n)‘'^X„/X is the character¬ 
istic impedance of the TE,o mode. The 
Maxwell equations and the conventional 
boundary conditions give the following 
relations for the waves scattered by the 
crystal: 

l, = -iUd + vJZp)+l, 1 

(16) 

h — —ii~~id + VdlZo) + l3) 


If Vp is the eigen-vector of a wave propa- 



Fig. 2. EquivaJent sources of the magnetic dipolar 
radiation. 


gating in the — oy direction, the microwave 
field near the sample becomes [8]: 



with 

= and (18) 

Then the magnetic field which effectively 
interacts with the crystal can be defined from 
the hypothesis of our problem which are: 
—the incident wave amplitude (/, or h(„r = 
/iVp); -the coefficient of reflection F which 
characterizes in the plane of the sample, the 
impedance which limits the wave guide; 

h = -r/2 (19) 

the magnetization components. 

From these remarks, we obtain: 

//, = (1 - r) /tmo+iy [ (r - 1) 

( 20 ) 

= (1+ r)h(>ic„ + iy[-rTp^F^^mj 

+ (l + r)F4m„]. (21) 

The first term in Hj. and //„ is the field at the 
site of the sample when the microwave 
magnetization is zero. The second term 
defines the dipolar radiation of the ferro¬ 
magnetic system. We note that the relation 
between the components of the effective field 
and those of the magnetization is generally 
tensorial. Now, we adopt the following 
restrictions: the wave-guide is limited by a 
short-circuit having the coefficient of reflec¬ 
tion r = —exp {—2ikJ) in the crystal plane; 
the only principal propagation mode TE,o is 
excited; the sample is punctual with respect to 
the wave length and is situated at the center of 
the guide (x — all, z = bl2 ); the polarization 
of the uniform mode is circular. 
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With these hypothesis the components of 
the r.f. field are reduced to: 

T)(hincj. - 

Hy = 0 . ( 22 ) 

If we take the origin of the oy axis in the 
short-circuit plane, the position of the sample 
isoy = —/, and then: 


or 

m„-= - 2 -- 2 —(27) 

where too is the pulsation of uniform magnons. 
The expression (27) shows that the compon¬ 
ents tn- have generally an elliptic polarization 
due to the factor exp (-/woO- But, near the 
resonance this polarization is quasi-circular, 
which implies that: 


t) = 2 cos kj 

— (23) 

Figure 3 shows the phase-shifts between 
Hx, mx and with the Fresnel representa¬ 
tion. We note the phase-shift of — 7r/2 of nix 



Fig. 3. Determination of the pha^e-shift produced by the 
dipolar radiation between the incident field hinc and the 
effective field hj. 


with respect to Hx, since the system is at the 
resonance. Then, the linear component of the 
effective magnetic field is: 


(24) 


with: 


/ K 

hi = cos kJ\^h*inCx- 



nix = (28) 

From the second quantization of the mag¬ 
netic system [eq. (7)], we deduce for the 
uniform magnons: 

f29) 

= (2AM«A^o/F)‘«a/J 

where M„ is the crystal magnetization. Then, 
from equations (6) and (29), the magnetic field 
operator (24) is defined in terms of h,~ by: 


h,* = j 

hr =-i{aiq-^-pta„-*)\ 


(30) 

/277ft(lj\''^ _ 

a, - 2 cos kj\^ j 


(31) 

gy[M„y) 

(32) 


where t)„ and /3„ are respectively the relaxation 
rate and the coupling coefficient of uniform 
magnons with the explicit expressions: 


■n„ = gy^Hnl2 


4ttV AnMn 
abK AW,; 


(33) 


Indeed, by definition, we have: 

= mx{t)±imy{t) 


y = e/2mc is the gyromagnetic factor. 
Finally, from equations (1), (7) and (30), we 


(26) 
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obtain the effective Hamiltonian which des¬ 
cribed the photon-magnon transitions: 

tim-v = -i[iaq-l3aa)a„^ 

— aoiaq*^ — fi*aa^)] (34) 

with: 


a = (2gfi„M„V2irhcjiyy^ cos kj 
= direct processes coefficient 
)3= A/3oi9„e-'*>' cos/:,,/ 

= reverse processes coefficient . 

The first term, in the relation (34), is the 
conventional Hamiltonian which represents 
the direct photon-magnon transitions. The 
second term in equation (34) is the Hamil¬ 
tonian which defines the reverse magnon- 
photon transitions due to the dipolar radiation 
of the uniform mode. These reverse processes, 
which are equivalent to an additional damping 
of the uniform mode, increase with the filling 
factor and the magnetization of the crystal 
(factor jS) and with the population of the 
uniform magnons. We shall see later the im¬ 
portance of this dipolar radiation during the 
exponential growth of the spin-waves in cry¬ 
stals having very low relaxation rate. If the 
reverse transitions are neglected and the short- 
circuit suppressed, Hamiltonian (34) is re¬ 
duced to equation (9) derived above. 


3. HAMILTONIAN OF THE MAGNON-MAGNON 
INTERACTIONS 

The quantum theory of the magnon-magnon 
interactions based on the second quantization 
method of Holstein and Primakoff[5] has 
been developed by several authors [10-12]. 
The Hamiltonian which describes the be¬ 
haviour of the spin system in an undeformed 
lattice is: 




. /aMaM\ 1- 

( 36 ) 


In what follows, the magnon-phonon and 
electron-phonon interactions are neglected. 
Aiic is the tensor of exchange constants, M is 
the magnetic moment density, 3 is the 
anisotropic constant and n is a unit vector 
directed along the easy axis of magnetization. 
Let H = Hi -f hrf and M = Mo + m, where H( 
and Mo are the internal d.c. magnetic field and 
the magnetization at the equilibrium; andm 
are small deviations from Hj and Mo corres¬ 
ponding to the dipolar energy of the magnons 
(Fig. 4). We take the z axis parallel to Mo. 



Fig. 4. Definition of the steady-.state and dynamical 
components of the magnetization. 


If we consider states near saturation, we 
can, as Holstein and Primakoff [5], expand the 
total Hamiltonian of the crystal in terms of the 
creation and destruction operators and 
for the magnons: 

H = 2 + 2 

k k^o 

+ )-i[{aq- /3co)c„+ 

- Co(aq+-j8*Co*)] (37) 

with 

^ /'2gMaWoV'* ,, 

fk = - y -j X 

f(xit + Dk^ + oDk\ . 
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W( = gyHi 

o^k = gy\.{H, + Dk^){Ht + Dk^ + 47rM„ 

D=gyMoAej: 

k, d)t and <t>i, are the magnitude and polar and 
azimuthal angles of the propagation vector k, 
the angles being measured from the z axis 
(direction of H,) and the x axis, respectively. 
To obtain the Hamiltonian (37), we have 
considered the case of a cubic crystal (/lit -♦ 
Aex). The new dynamical variables and q 
are related to the magnon operators and 
by the linear transformation of Bogoliubov 
and Tyablikov[10-13] which diagonalize the 
quadratic part of the crystal Hamiltonian. The 
operators and c* satisfy the following 
commutation relations: 

[^kpC|(2 ] A(ki k2). 

The transformation of Bogoliubov and 
Tyadlikov is a simple identity for the effective 
photon-magnon Hamiltonian. /* is a coupling 
parameter of the parametric state k with the 
uniform mode. In equation (37), we have 
retained only third-order terms which are 
important for three-magnon non-linear 
transitions. We have, for instance, neglected 
four-magnon terms which determine second- 
order processes, since their critical threshold 
is much higher than that for first-order 
processes. In addition, we have not taken into 
account the two-magnon and three-magnon 
terms which contribute to the linear relaxation 
of the uniform mode and spinwaves respec¬ 
tively. The linear damping of those modes will 
be introduced later on with the complex 
frequencies (ait + ir)^. It can be shown that this 
is mathematically equivalent to assuming that 
their line shapes are Lorentzian. Third-order 
terms in equation (37) are of two kinds. The 
first term Co'^CkC-,, (splitting transitions) is the 
direct process in which a A = 0 magnon is 
absorbed and two magnons (±k) are created. 
The second term Co^CkC-k(fusion transition) is 
the reverse process where two magnons 


with same energy and opposite momentum 
are destroyed and a uniform magnon is 
created. The amplitude (c„+Co) of the uniform 
mode remains constant with the transfer of the 
energy from this mode to the parametric 
states. This property is the basis of the 
coincidence microwave limiters [14]. Every 
photon absorbed by the crystal above the 
critical threshold is immediately converted 
into two k 7^ 0 magnons. The population of 
the parametric magnons can reach very high 
values since under these conditions, the prob¬ 
abilities of the direct processes exceed the 
probabilities of relaxation. When the excita¬ 
tion is suppressed, the reverse terms t|,+CkC_k 
play an important role. Indeed, the magnetic 
energy stored in the parametric magnon sys¬ 
tem vanishes in part in fusion with thermal 
magnons (linear relaxation) and in part by 
radiation of photons via the uniform mode. 
This reverse process is the origin of the 
radiation peak observed for a short time when 
the electromagnetic field is switched olT. 

4. GENERAL THEORY OF THE TRANSIENT 
PROCESSES IN SPIN-WAVE SYSTEMS 

Since the second-order Hamiltonian of the 
crystal is diagonalized in terms of the dy¬ 
namical variables c^. we can write: 

Co = bn ^"': c I. = (38) 

The evolution of the operator c{t) is 
described by: 

ihc=[H,c]. (39) 

By use of equations (37-39), the equation 
of evolution of the uniform mode without 
radiation is: 

= i{H„ — + 

with: 

flo ~ <Uo “b iVo- 

We can introduce a frequency shift and an 
additional damping due to the dipolar radia¬ 
tion by changing in the last equation of 
motion, the simplified field operator (equation 
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(6)) by the complete expression (30), then we 
have: 

ho = [/(co,, -w)-i)i.]bQ + A-^«:q (40) 

with: 

0)1, = W,| + ifioVa sin 2 V (41) 

= kgl)- (42) 

Then, the crystal radiation produces a 
frequency-shift of the resonance and a sup¬ 
plementary damping of the uniform magnons 
which vary with the distance / from the short- 
circuit to the sample. In the linear state, the 
equation (40) gives the evolution of bf,: 

h„=(!)„V*‘" + f^(l-e'«“) (43) 

with; 


8ft = OJy, — O) -f I'tJ; . 

At resonance (w = <U(), this equation is 
reduced to: 


h„ = Ve-V-f;P^-(l-e-V). 

nVi. 


(44) 


This linear solution is obtained, neglecting 
third-order terms in equation (37). So, in the 
linear state b„ increases from the thermal level 
to the stationary values h,,'" = aqltiT},, with 
a time constant tj/."'- 

We now assume that the condition of co¬ 
incidence in which the three-magnon non¬ 
linear processes arise exactly at resonance is 
realized. Thus, the energy of the first excited 
parametric states is equal to half the energy of 
the photons (a> = w,. = lo)!:). With these con¬ 
ditions. the transient non-linear behaviour of 
c„ and twill be determined by equations 
(45-47) and their hermitian conjugated equa¬ 
tions for the quantum dynamical variables 
c'o^ and c\*: 

b„==-r}ib„ + i 2 fkby^b + (45) 

kM) 

= (46) 

L,^~Vkb- +ifk*b„bt. (47) 


T ransient anharmonic evolution of the uniform 
and parametric magnons 


In order to analyze the transient evolution 
of the modes bg, b^and b-^ (equations (45- 
47)), the method we have described earlier f 1 5] 
to study the evolution of a spin-wave system 
without magnetic dipolar radiation, is used. 
First-order processes arise when bg, during its 
transient growth, exceeds a critical value 
ho"** above which the interaction term 
f^bgb-^in equation (46) becomes greater than 
the damping term — The transient growth 
of determines the decrease of bg (equation 

(45) ) until the threshold value which 
defines the stationary state, is reached. In 
what follows, we analyze the theoretical 
evolution of the uniform mode as a function 
of the time at the beginning of the spin-wave 
growth. We suppose, which is supported by 
experiments, that the uniform mode reaches 
its linear stationary amplitude before the 
reaction of the spin-waves becomes too 
important. In addition, it is assumed that the 
stationary value ho” is constant at the begin¬ 
ning of the parametric excitation of the 
magnons (i.e. ho"' > bf). Then the equation 

(46) gives the time dependence of ht: 

h = e~”‘' (h k® cosh p^t -t- iffpr^bf^b^X sinh p^t) 

(48) 

where p* is the excitation rate of the para¬ 
metric magnons defined by: 

I f Ian 

Now. the transient evolution of the uniform 
mode with three-magnon non-linear processes 
is obtained using in equation (45) ho defined by 
equation (48). Then the general analytic 
expression of bg is: 



h\fkW^if)t 


e2(Pk-v' - 
.7)i, + 2pk-2r)k 


5(49) 

when Pk > y)k ^nd / > the excitation of 
the parametric magnons gives an exponential 
decrease of the uniform mode from its maxi- 
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mum linear value bo™ = aqlhr),:. 


with: 


with*. 


L^kCO = Fkexp2(pK-T)(()» 

P, = )3o cos* kj (= coupling coefficient). 


The condition = t)a. determines the ex¬ 
citation threshold of the parametric modes. 


Transient power absorbed by the ferro¬ 
magnetic crystal 

When the excitation rate of the parametric 
modes is greater than their relaxation rate, 
the uniform mode evolution with three-mag- 
non transitions is described by equation (50). 
Then, the behaviour of the sample is defined 
by the imaginary part of the non-linear sus¬ 
ceptibility Xnii') which is related to the 
power Pa absorbed per unit volume by; 

P„ - / h^inc. (51) 


I lie JJUVVCI i 


, = !/: 


1 /<im,f 


2\ dt 


br + 


dmo~ 

dt 


time avert 


With equations (29) and (30), we have; 


P„ = hw[a' (boq^ + b/q) - ( )b/b«] 

(53) 


with 

a'= alh\ 13'= 

The first two terms of this expression give 
the number of incident photons which are 
coupled to the uniform magnons per unit 
time, and the last two terms define the number 
of photons re-emitted by dipolar radiation. 
From equations (50) and (53), we obtain the 
power absorbed by the crystal at the beginn¬ 
ing of the parametric spin-waves excitation: 


P„ = 2a'-S UA.(t)) 

-/3,(l+|8,)-‘(l-2 (54) 


The incident power Pine is determined from 
the incident field hinCj. and the characteristic 
impedance Z„ by: 


Pinc = ^zyincj, 


(55) 


In addition, the electromagnetic energy 
density is defined by: 


h'^incj. nJio) 


Btt 


F, 


(56) 


Then, the final expression of the absorbed 
power can be written as; 

— -[)-(!-/?() 1 U,(t) 

'■ k 

-/8/(2 Ukdiy]. (57) 


Pine (1+A) 


5. DISCUSSION 

Threshold of the three-magnon processes 
We have seen in the precedent section that 
the three-magnon processes arise when bo, 
during its transient growth from the thermal 
value bf to the stationary level aqlhq,,, 
exceeds a critical value b„"'' above which the 
interaction term in equation (46) becomes 
greater than the damping term. So, the 
condition: 


< b ">> 
> ^ t>a 

nr,,. 


defines the linear evolution of the uniform 
mode. In this case, the uniform magnon 
population n„ which is proportional to the 
incident photons n, has the following value in 
the stationary state; 



(58) 
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where /lo* is the thermal value of given by 
the Bose-Einstein statistics. The critical 
number n/'" of photons at the threshold is 
deduced directly from the transient solution 
(50) by; 



where min*, implies that the condition (59) is 
minimized with respect to k and 0^. This 
indicates what pair of magnons first becomes 
unstable. The equivalent critical field is 
defined immediately from equations (56) and 
(59). Finally, from equations (58) and(59), we 
deduce the stationary population of the 
uniform magnons when the three-magnon 
transitions exist: 




(62) 


The minus sign before this expression 
indicates that hr is radiated by the sample, the 
factor 2 is produced by the short-circuit, and 
the quantity: 


y = 


-A_ 

1 +/ 8 , 


(63) 


which is the 'radiation rate’, gives the propor¬ 
tion of the incident field reflected by the 
uniform magnons. Then, the effective field in 
the crystal is: 


hA-lj) = 2i 


'2iTha>Ai^ 

. K, ) 




(I_e-n,.r) (64) 


Now, rt,i is independent of the external 
excitation. Above the threshold, every 
created uniform magnon is directly converted 
into a pair of parametric magnons (±k). 
Equation (59) shows that the threshold now 
depends on the uniform magnon radiation and 
of their coupling to the measurement structure 
by the factors tj;, and a. Then the critical field 
increases proportionally to the radiation factor 
and. for a given microwave structure, to 
the sample volume. 

Transient harmonic processes 
If n, < the evolution of the magnetic 
system is defined by the linear solution (44) 
where the uniform mode amplitude increases 
exponentially with time from the thermal 
value ho® to the maximal value bo”', with a time 
constant The general expression of the 
radiation field hr is obtained from equation 
(30): 

hr = -i{fijCo-fitCo^). ( 61 ) 

Taking into account the solution (44), the 
dipolar radiation of the crystal becomes; 


The dipolar radiation is maximum when 
l = n{kl2) and vanishes when / = m(X/4), n 
and m being integers. Figure 5 shows the 
evolution of the effective and radiated field as 
a function of the time. The radiation field 
amplitude increases with the sample volume 
and Tf),r'. For this, it is instructive to compare 
the radiation rate of YIG spheres vs. their 
diameter d and relaxation rate as shown in 
Fig. 6, where we have considered a maximum 
coupling (I = \g/2) and an excitation fre- 



Fig. 5. Time evolution of the effective and magnetic 
dipolar radiation fields in the ferromagnetic crystal. 
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radiated power Pr are given from equation 
(40) by. 


A 

P Inc 


4/3, 


(1+A 


boO > (66) 


X (l-y)e-’’A''-'c' (67) 

Pril > tr) W 


Fig. 6. Evolution of the radiation rate of a YIG sphere 
versus the sample diameter for some values of the uniform 
mode line-width. The frequency of the excitation is 
10 GHz. 


quencyof 10GHz(a = I cm, i, = 2-2cm,\ = 
3 cm). So, the dipolar radiation rate of a YIG 
sphere having a line-width less than I Oe is 
important when the diameters are greater 
than a few tenth of millimeters and becomes 
greater than 90 per cent with d> 2 mm. In the 
same way, the radiation of a polycristalline 
sample with a diameter less than I mm van¬ 
ishes because of its large line-width. In this 
case, the ferromagnetic relaxation does not 
allow the uniform magnons to convert their 
energy into the electro-magnetic radiation. 
For those reasons, we must take into account 
this phenomenon in the relaxation rate and 
critical threshold measurements of the low 
line-width crystals [16]. 

The experimentally observed parameter is 
the microwave absorbed power. If the electro¬ 
magnetic excitation is applied at the resonance 
at the time I = 0, the transient evolution of this 
absorption is deduced in linear state from, 
equations (44) and (53): 


Pine (1+/3,)' 


e-^Lii-‘c>. ( 68 ) 


So, the intrinsic relaxation rate of the uni¬ 
form magnons can be defined from the meas¬ 
urements of the exponential decrease of the 
radiated power for some value of j8,, as shown 
by Desormiere and Mllot[16]. 

The magnetic dipolar radiation gives 
important modification in the transient 
evolution of Pa as shown in Fig. 7 for some 
value of /3,. If /3, > 1, Pa reaches a stationary 
level lower than Pine after an overshoot due to 
the third term of equation (65). This is pro¬ 
duced in this case by the important delay of 
the dipolar radiation with respect to the uni¬ 
form magnons excitation. If /3, = 1, the whole 
incident power is absorbed in stationary state: 
the magnetic system is at the critical coupling. 
In the stationary state, when Pa 

lower than Pine because of the low coupling of 
the magnons with the photons if /3, < I, and 


-(1 - e-’’r' + /3,e'’’''- /Sje-’^V^. 

(65) 


If now the excitation is suddenly sup¬ 
pressed after a time t = t,, where the station¬ 
ary absorption is reached, the evolutions of 
the uniform mode, the magnetic field and the 



Fig. 7. Transient harmonic time evolution of the powers 
absorbed and re-radiatcd by the ferromagnetic sample for 
different values of the coupling parameter /9, 
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Fig, 8. Sleady-slale power un-coupled lo (ft < I) or 
re-radiated (ft>J) by the sample vs. the coupling 
parameter ft. 


because of the dipolar radiation if ^/ > I 
(see Fig. 8), 

Finally, if the magnetic system is not at 
resonance (w # m, ), we must change — tj,, by 
iMl defined above, in the expressions of 
ba, h^, h,.. Pa and Pr- Then, we obtain a 
modulation of those last quantities with the 
angular frequency w — u,,. 

Transient enharmonic processes 

If n^ > n,"", three-magnon processes rise 
and the power absorbed by the magnetic 
system is derived from transient evolution of 
the uniform mode described by equation (50). 
As in the linear case, the evolution of this 
power is greatly modified by the radiation and 
the coupling of the sample with the microwave 
field (factor /3, in equation 57). The growth of 
the spin-wave populations decreases the 
amplitude c„ of the uniform magnons (equation 
(50)). The radiated field follows a similar 
evolution from equation (61) which gives: 


hr = - 



213 , 

1+/8, 


(.Q-Q*) 


[i-2 m 


When 13, < \, equation (57) shows that the 
rise of the parametric magnons produces an 
exponential decrease of the absorbed power 
as seen in Fig. 9. At the critical coupling 
(j8;= 1), the situation is quite similar to the 
last one; only the diminution of Pa with time 



Fig. 9. Transient anharmonic time evolution of the power 
effectively absorbed by the ferromagnetic sample for 
different values of the coupling parameter ft. The solid 
curves are defined by the present theory and the broken 
curves are deduced from experiments 

is slower in this case, since: 


Pa 

Pine 


4 / 8 , 

l+^( 


(70) 


If 13, > 1, the evolution of Pa is very dif¬ 
ferent from the last two cases. Indeed, in a 
first time, — (see Fig. 9), the diminution of 
Co, due to the parametric magnon creation, 
gives larger modification on the radiated 
power (term /S co^c,, in equation (53)) than on 
the power absorbed by the uniform mode 
(term a'c,fq in equation (53)). The radiated 
power evolution during the spin-wave growth 
is defined by the factor /3'cn^Cn which is 
proportional to: 

l + (/8,-l) 2 Udi)-I3,{2 vaoY- 

k*<i 'fcao 

This factor gives to Pa a second maximum 
at time before the non-linear stationary level 
is reached after the time L, (see Fig. 9). When 
> 1, we note that, contrary to the case 
Pi < \, the non-linear stationary absorption is 
higher than the linear stationary level be¬ 
cause of the large diminution of the dipolar 
radiation in this case. 


6. CONCLUSION 

In this study we have analyzed the transient 
linear and non-linear evolution of the uniform 
and parametric magnons in ferromagnetic 
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crystals submitted to a perpendicular pump¬ 
ing. We have shown that the dipolar radiation 
of the magnetic system modifies greatly the 
growth and the steady-state population of the 
uniform and parametric modes by the creation 
of reverse magnon-photon transitions. This 
radiation is negligible in polycristalline 
samples but becomes very important in low 
line-width samples, as the YIG, where a 
quasi-complete re-radiation of the incident 
power is observed in certain cases. The 
expressions of the radiated electromagnetic 
field and the power effectively absorbed by the 
crystal have been derived as a function of the 
coupling factor. 

In the non-linear case, the power absorption 
is defined by discrete summation over the 
states k. If this summation is replaced by an 
integration, we can evaluate the transient 
power as performed recently by Joseph and 
Schlomannf 17] for the parallel pumping case. 
But that implies tedious calculations with a 
great number of simplifying assumptions and 
finally the use of numerical calculations. The 
above analytical expressions have the 
advantage of describing well physically the 
transient processes with dipolar radiation at 
the beginning of the spin-wave growth. The 
full description of the parametric and uniform 
modes up to the beginning of non-linear steady- 
state has been studied with a computer making 
certain hypothesis. Those latter theoretical 


results will be described and experimentally 
compared with in a further paper. 
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Abstract — When transport through a strongly adherent oxide film on a metal is via cations, vacancies 
are generated in the metal at the metal-oxide interface. If the concentration of vacancies at the metal- 
oxide interface rises above the equilibrium concentration, the reverse reaction at that interface (i e 
metal ions going from the oxide into the metal) will be enhanced. This will have the effect of reducing 
the oxidation rate thereby altering the oxidation kinetics. Rate equations are calculated for a variety 
of limiting cases. For the cases where no internal vacancy sinks are present in the metaJ the thickness 
of the metal being oxidized enters the rate equations as a parameter. 


INTRODUCTION 

During the oxidation of a metal, oxide is 
created at the oxide-gas interface whenever 
ionic transport through the oxide is via cations. 
Only diffusion takes place at the metal-oxide 
interface. At the metal-oxide interface 
diffusion takes place so that for every metal 
ion entering the oxide a vacancy is created in 
the metal. On the whole, effects of these 
vacancies have been ignored; indeed in most 
cases discussion [1,2] has taken the form of 
qualitative arguments as to why such effects 
would be minimal. While the effects of these 
vacancies on oxide morphology and on mech¬ 
anical properties will not be discussed in 
this paper, we will consider the effect of these 
vacancies upon oxidation kinetics in some 
detail. 

Vermilyea[2] has suggested that these 
vacancies are actually not created at all. 
Instead, jogs in ledges on the metal surface 
move so as to eliminate lattice sites caused 
by the flux of metal atoms away from the 
surface. This mechanism is certainly what 
happens during vaporization of solids or 
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during chemical etching, but in the case of 
oxidation of a metal, where a solid-solid 
interface exists, such a mechanism would 
involve severing bonds across the interface. 
Depending upon the magnitude of the inter¬ 
atomic forces across the interface it is entirely 
possible for either the jog mechanism or the 
vacancy mechanism to be operative. The 
former would be more probable for weak 
forces, while the latter would be more 
probable when the forces are strong. 

Experimentally the generation of vacancies 
during oxidation has been confirmed by 
observation of the growth of vacancy loops 
in metal foils oxidizing in the electron micro- 
scope[3,4]. The authors[5,61 have utilized 
this generation of vacancies and the mathe¬ 
matics of the next section to explain the 
dependence of oxidation kinetics of titanium 
thin films upon the initial thickness of the 
metal. Furthermore the literature abounds [1] 
with photomicrographs showing the presence 
of voids near the surface of oxidized metal 
samples. We believe these were most likely 
caused by the precipitation of vacancies 
generated during oxidation. The effect of 
vacancies has been qualitatively utilized by 
Hancock and Fletcher[7] to explain the thick¬ 
ness dependence of the oxidation of nickel 
sheet at high temperatures. 
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THEORY 

1. Diffusional control 

Upon considering the mobilities of ions 
and electrons in oxides, halides, or sulphides, 
Wagner[8] derived the following equation 
for the rate of formation of the tarnishing 
layer on a metal. For the case of diffusional 
control; 

A'XldA' 300 1 

df %500N,,e r,dAi,„ 

where X is the instantaneous thickness of 
the reaction product, is Avogadro’s 
number, e is the charge of the electron in 
e.s.u., is the charge on the cation, (jl„ is 
the chemical potential of the cations, /i" 
and are the chemical potentials which 
are characteristic of equilibria between 
reaction product and metal and between 
reaction product and non-metal respectively, 
rj is the electrical conductivity, II is the volume 
of oxide per cation and and are the 
transference numbers for cations, anions and 
electrons respectively. 

In the following paragraphs it will be shown 
that the limit /a" explicitly contains the con¬ 
centration of metal vacancies at the metal- 
oxide interface, and since in certain limits 
the concentration of vacancies will depend 
upon the thickness of the reaction product, 
contains implicitly the thickness of the 
reaction product. (Hereafter the reaction 
product will be referred to as oxide.) 

Consider the case of an oxide in which the 
transport takes place via cation interstitials, 
and look at the reaction at the metal-oxide 
phase boundary. The forward reaction con¬ 
sists of removing a metal atom from the metal 
surface and placing it in an interstitial site at 
the oxide surface. The flux Jf associated with 
this is given by 


unit area of surface on the metal, a is the 
volume per atom in the metal, C„ is the value 
of vacancy concentration the metal at the 
interface, v is an average vibrational frequency 
for surface atoms in the metal, 7/ is the pro¬ 
bability of overcoming the activation barrier 
to the reaction per vibration, gf is the number 
of cation interstitial sites in the oxide about an 
atom on the metal surface, and C" is the 
value of the interstitial concentration at the 
metal-oxide interface. 

In a similar manner the flux in the reverse 
direction is given by: 


Jr= N iClC’i'VuT rgrOiC,, ( 3 ) 


where Ni is the number of interstitial sites 
per unit area of oxide surface, is a vibra¬ 
tional frequency characteristic of interstitials 
at the interface, is the probability of passing 
over the activation barrier per vibration in 
the reverse direction, and gr is the number 
of lattice on the metal surface to which an 
interstitial on the oxide surface can jump. 
In equations (2) and (3) terms can be collected 
such that the fluxes are given by the product 
of the number of attempts to overcome the 
activation barrier, the probability of getting 
the necessary thermal energy to overcome it, 
and the probability of finding a vacant site. 

Since the assumption of diffusional control 
requires that both Jf and Jr be much greater 
than the diffusional flux, (which is Jf—Jr) 
they may be equated. Since aC,. and ilC" will 
generally be much less than unity and since 
jy, T and g can reasonably be expected 
to be independent of concentrations 


where 


CrC„= \IK 

N,v„Tr grail 
Nm V Tf gf 1 


(4) 

(5) 


Jf=NM-aCf,)vT,g,{l-aC;) (2) 

where is the number of lattice sites per 


In the same manner one can consider the 
case of diffusion via cation vacancies; in 
that case the forward flux of atoms is 
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Jf =NM- aC,) V Tfgf n C& (6) 

where and gf are defined similarly to the 
corresponding quantities in the preceding 
paragraphs and Cp is the value of the cation 
vacancy concentration in the oxide at the 
metal-oxide interface. The reverse flux is 


Jr = Nr( 1 - flC&) V TrgraC,,. (7) 


Where is the number of normal cation 
sites per unit area in the oxide at the oxide- 
metal interface i' is a vibrational frequency 
for cations at the metal-oxide interface, and 
Tr and gr are analogous to the T's and g's 
preceeding. Again the fluxes may be equated 
under the assumption of diffusional control 
and nCp and aCp can be considered much 
less than unity giving 


where 


C6 = KC, 

^ Nc «*Trg,. a 


( 8 ) 

(9) 


After the formation of the initial oxide 
layer, one vacancy will be produced in the 
metal for each cation taken into the oxide. 
This is necessary if the forward and reverse 
reactions are to be truly the inverse of each 
other. If no large sinks (such as voids) are 
present in the metal, the increase in the total 
number of vacancies will be proportional to 
the thickness of the oxide scale. If one 
assumes that diffusion of vacancies in the 
metal takes place sufficiently rapidly to homo¬ 
genize the vacancy concentration (a reason¬ 
ably good assumption for thin films due to 
di-vacancy formation [9]) then for a plate with 
initial thickness w. 


much greater than C,.“ for any appreciable 
amount of oxidation 

„ 2A' 


If the cation interstitial (vacancy) concen¬ 
tration in the oxide is small, if the transference 
number of electrons is nearly unity, and if 
the Einstein relationship between the mobility 
and the dilfusivity holds, equation (1) has 
been shown by Wagner[10] to reduce to 

XdX z, (“-I z; X 

where RT\na„, = D* and D.* are the self 
diffusion coefficients for cations and anions 
respectively and a,„ is the activity of the 
metal in the oxide. Since we are considering 
pure cationic diffusion, Of > D}. Also 

Df = D,C((cation interstitial diffusion) (12a) 
Df = DpCp(cation vacancy diffusion) (12b) 

where C is the concentration of the defect 
(interstitial or vacancy) that is moving and 
D is its diffusivity. In addition, for an oxide 
containing excess interstitials 

Urn = y,C, (13) 

where y, is the activity coefficient for inter¬ 
stitials, in the oxide and C, is the interstitial 
concentration in the oxide. Similarly 


Um — 1 ~ yo^a (I 

for an oxide containing excess cation vacan¬ 
cies, where y^ is the activity coefficient for 
cation vacancies in the oxide and is the 
cation vacancy concentration in the oxide. 
Differentiating equations (13) and (14) and 
substituting these along with equation (12) 
into equation (11) gives 


XdX 

di 


1 ' 

fljrx; yi 


d(y,C,) 


(15) 


where C,.“ is the initial concentration of 
vacancies in the metal. Since O will be 



996 


M. J. MINDEL and S. R, POLLACK 


for the interstitial diffusion and 


XdX 

di 


Zl Dg 

i^Jy.xz ya 


^(■yb^D) (16) 


for cation diffusion. 

Under the assumption of small concentra¬ 
tions of defects (Henry’s Law limit), the y’s 
are explicitly constants and the D’s are 
independent of composition. Thus D/y can 
be taken outside of the integrals in equations 
(15) and (17) whereupon integration gives 


XdX 2, 

-^ = fiA(C:-C;) (17) 

and 

XdX z, 

(18) 


for interstitial and vacancy diffusion respec¬ 
tively. C'l and C'a are given by equations (4) 
and (8) respectively: thus 


and 


XdX _ z,Di/ 1 
dt ~ a \KC, 


(19) 


XdX 

d( 


il 


(C6-KC,). 


( 20 ) 


It should be noted at this point that equations 
(19) and (20) are quite general in that they do 
not involve any assumptions concerning the 
distribution of vacancies in the metal. Q, 
the concentration of vacancies in the metal 
at the metal-oxide interface, may be given 
by complicated expressions derived from 
models of the diffusion of the vacancies to 
the interior of the sample or to sinks. In 
general, solution of these equations will 
involve numerical solution of coupled 
partial differential equations. In the following 
we will make simplifying assumptions which 
will lead to analytic solutions. 

If vacancies do not precipitate out of 
solution in the metal, and if they are uniformly 


distributed in the metal, then C„ is given 
by equation (10) which can be combined with 
equations (19) and (20) to give 


XdX 


/ wfl \ 


dt 


\X2K 

(21) 

XdX 

^1 / 

f 2KA'\ 


dt 



(22) 


for cation interstitial diffusion and for cation 
vacancy diffusion controlled reactions re¬ 
spectively. If the vacancies can precipitate, 
and their transport is rapid compared to their 
rate of generation the term C,. will be constant 
and equations (19) and (20) will reduce to the 
conventional parabolic rate equations as 
derived by Wagner[8j. 

For sufficiently small values of X/w equa¬ 
tions (21) and (22) will be dominated by the 
first terms inside of the parentheses on the 
right. Thus in this limit the rate laws reduce 
to 

d{Xf 3ztDtW 
~ir~ IK 


d{X)^ 

dt 


- l^DaCh 


(24) 


Thus for cation interstitial diffusion control 
one can obtain a cubic rate law whose rate 
constant depends linearly upon the initial 
thickness of the metal. Of course the assump¬ 
tions of Henry’s Law, the Einstein relation¬ 
ship, uniform distribution of vacancies, and 
no vacancy precipitation are implicit in equa¬ 
tions (23) and (24). For small oxide thickness, 
the first term in the brackets of equations (21) 
and (22) dominates. As the oxide continues 
to thicken the two terms become comparable 
and eventually add to zero. At this thickness 
the growth stops. This is reflected in the full 
solutions of equations (21) and (22). 


exp 


CiZiDjl 


g-X/9g-(X)*/2«* 



(25) 
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where 


flvv 

2C'K 


(26) 


for interstitial diffusion. For vacancy diffusion 


tions (2) and (3) for cation interstitials and 
by equations (6) and (7) for the ca.se of cation 
vacancies. However the rate of growth of the 
oxide is now determined by their difference, 
i.e. 


where 


exp 


n 


Q-Xlit 



a 


““ 2K • 


(27) 


(28) 


Equations (25) and (27) are plotted in Fig. 
I and can be seen to asymptote to q and a 
respectively. These asymptotic limits depend 
linearly upon the initial thickness of the metal 



Fig I. Normalized curves of equations (25, 27. 32, 33. 
36.37,44 and 45). 


and implicitly contain a pressure dependence 
in the C's. Physically these limits describe the 
conditions at which the defect concentra¬ 
tions at the oxide-metal interface become 
equal to those at the oxide-gas interface. 

2. Surface control 

1 n the above analysis the growth of the oxide 
was limited by defect diffusion in the oxide. 
We now consider the case where the reaction 
rate is limited by the reaction at two inter¬ 
faces: namely the metal-oxide and the oxide- 
gas interfaces. 

(a) Metal-oxide interface. The forward and 
reverse reaction rates are still given by equa- 


dr 


= CHJf-Jr). 


(29) 


Using the same approximation as before one 
obtains for the case of cation interstitial 
diffusion 


dX 

d7 


flN„vT,Sf{C,-C,K) 


(30) 


while for the case of cation vacancy diffusion 
one obtains 


^ = n^„,.T,g,r'(i-?g) (31) 


where all quantities are as defined in the pre¬ 
vious section. In equations (30) and (31) 
the oxide is assumed to be wholly in equili¬ 
brium with the gas and therefore C is 
appropriate rather than C". If the vacancies 
in the metal are assumed to remain in solution. 
C,. is given by equation (10) which together 
with equations (30) and (31) result in 


and 


\ 2N,e„TrliraflCU 

X 

<7 

1 f2A/,.i'Trgr«nr'l 

-J 

a 


(32) 


(33) 


for cation interstitials and cation vacancies 
respectively, and where q and a are defined 
by equations (26) and (28). These functions 
have been put into the same form as that of 
equations (25) and (27). Rearranging terms 
in equations (32) and (33) results in the more 
convenient form. 
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X=q(^ 

1 - exp 

A'=a( 

1 - exp 


2Nii>„T,.gra(lC',t 

w 


]) 


INfVTrgr 

W 


])■ 


(b) Oxide-gas interface. We consider now 
the case in which the rate controlling reaction 
is the incorporation of oxygen into the oxide 
at the oxide-gas interface. In this case the 
oxide is assumed to be in equilibrium with the 
metal and we further assume that linear rate 
theory is applicable. Therefore in the case of 
cation interstitials the forward reaction rale 
will be proportional to C". 

As long as C'l is small compared to A,, 
the number of interstitial sites per unit area, 
the reverse reaction rate can be considered 
constant and characterized by C'. In this 
case Cl has precisely the same meaning it 
had previously; namely the concentration of 
metal interstitials in the oxide when the oxide 
is in equilibrium with the gas at the oxidizing 
pressure. Under these conditions 

^ = (34) 


where A* is the reaction rate constant for the 
reaction at the oxide-gas interface. 

For the case of cation vacancies, the for¬ 
ward rate can be considered constant and is 
proportional to and the reverse rate can 
be considered proportional to C^. Thus 

^=nK*(Q-cy. (35) 


When the vacancies in the metal remain in 
solution, we can substitute of equation (12) 
into equations (34) and (35) and upon inte¬ 
gration give 


[nK*c;t] 

exp- 

d 



(36) 


for interstitial diffusion where p is defined as 
before, and 



a 


for diffusion of cation vacancies where a is 
also as defined as before. 

3. Diffusion in high electric fields 
For the case of high electric fields equation 
(1) is no longer applicable since the mean drift 
velocity of the ions is not a linear function of 
the electric field and therefore the Einstein 
relation is no longer valid. Under conditions 
of very high field, Cabrera and Mott [11] 
have derived the following expression for the 
mean drift velocity of ions 

u = 2pc exp {—(JlkT) sinh (zicFI2kT) (38) 

where v is a vibrational frequency for the 
defect in the oxide, c is the distance traveled 
per jump, U is the activation energy for a 
jump in the absence of any field, F is the elec¬ 
tric field at that point, and all other quantities 
are as previously defined. If one considers that 
the oxide at the metal-oxide interface is in 
equilibrium with the metal and has the number 
of defects appropriate to this; and similarly 
this oxide is equilibrated with the gas at the 
oxide-gas interface, the concentration of 
defects will vary continuously through the 
oxide. If we assume that the oxide is an 
extrinsic, non-degenerate semiconductor, and 
the defects are either donors or acceptors, the 
value of Fermi energy in the oxide relative to 
the top of the valance band will vary with their 
concentration in a calculable manner. For 
example, if the defects are all donors and the 
effective mass of the electrons can be con¬ 
sidered constant, the Fermi energy relative to 
the top of the valance band will be given by 
[ 12 ]. 


£,-fikrin (Cd/2(2irm,/tT/h*)»«) (39) 
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where is the energy gap, k is Boltzmann's 
constant, T is the absolute temperature, is 
the concentration of donors, m, is the effec¬ 
tive mass of the electrons and h is Planck’s 
constant. A similar relationship can be 
derived for holes and acceptors. Using the 
continuing assumption that the electrons are 
considerably more mobile than the defects, 
the Fermi level must be constant throughout 
the oxide, hence a potential varying as, but 
opposite to, E, must be set up in the oxide. 
Taking the potential at the metal-oxide inter¬ 
face as ground, then from equation (39) the 
potential as a function position is: 

V{x)=kT\n(C(x)IC"). (40) 

For this onedimensional problem F = — dF/<lr, 
hence, 

u{x) = 2^c'exp {—UIkT) sinh 

.... 

’<- 37 -)- 

Since the divergence of the current must be 
zero for the case of simple diffusion 

dbr 

Equations (41) and (42) define C(jc) by a 
second order differential equation. The boun¬ 
dary conditions are C(0)—C" and C(X) 
= C. This differential equation cannot readily 
be solved, but if one takes the limit of very 
high fields and replaces sinh by exp/2 one 
can then solve the resulting differential equa¬ 
tion to obtain: 



If one substitutes this into equation (41), 
in the limit that e**'*"' >1, the rate laws 
derived for cationic interstitial, and cationic 
vacancy control are, for the cases where the 
vacancies are retained in the metal, 

X = q tanh (D|C|fl/) (44) 

and 

X = a tanh (OgCgfi/) (45) 

respectively where the diffusion coefficients 
include vc and exp[—UlkT] and all other 
quantities are as previously defined. This 
rate law is also shown in Fig. 1. 

DISCUSSION 

There are some assumptions implicitly 
contained in these equations. It was assumed 
that the oxide started at zero thickness and 
grew in thickness evenly. Experimental work 
by the authorsf5.6] and others[13) has shown 
that the normal sequence of oxidation events 
on a clean metal surface is first the formation 
of discrete nuclei followed by their lateral 
growth and coalescence finally followed by 
gradual thickening. Only after the coales¬ 
cence of the oxide and the elimination of free 
surface are vacancies which are generated 
confined to the surface. Thus the kinetics of 
the earliest stages of oxidation are controlled 
by this lateral growth rather than thickening. 

A further point is that the thickness of 
oxide, X, which is used in calculating the 
number of vacancies should differ from the 
true thickness of the oxide by the thickness 
of the layer at the time it coalesces. This 
would also tend to cause the oxidation kine¬ 
tics to deviate from the derived rate laws for 
short times, and finally the assumption that the 
vacancies are homogeneously distributed 
would probably be strictly true only for very 
thin specimens. 

Figures 2 and 3 are from the authorsf5J 
work on the oxidation of titanium thin films. 
Figure 2 shows oxidation kinetics for films of 
different thickness under the same oxidizing 
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Fig. 2. Oxidation kinetics of titanium thin films of 
different average thickness which were prepared and 
oxidized under identical conditions [5]. 


conditions and in Fig. 3 the asymptotic 
oxygen lake up of the films is plotted as a 
function of the product of the titanium film 
thickness by the oxygen pressure to the 1/9 
power. An examination of equation (26) 
shows that this product should be propor¬ 
tional to q the asymptotic thickness. The 
intercept of the line at the zero of the ordinate, 
ITo should correspond to the mass of the oxide 
at the time when it coalesces. This value for 
the mass of the oxide at coalescence is in 
quite good agreement with the value obtained 
from the initial kinetics. 

For thicker samples diffusion of vacancies 
away from a saturated surface layer might 


become wholly or in part rate determining. 
One sign of this would be enhanced oxida¬ 
tion in the vicinity of grain boundaries since 
they are easier paths for the diffusion for 
vacancies. 

The point to note is that the vacancies, as 
long as they remain in solution, oppose 
further oxidation; or in the electrochemical 
sense they passivate the metal. Hence any¬ 
thing which would promote the precipitation 
of vacancies either at internal voids or at the 
surface would enhance oxidation or corrosion. 
For example, Fiegna and Weisgerber[14] 
deposited noble metal films on zirconium 
under conditions where they formed isolated 
islands. They found that this enhanced the 
oxidation of zirconium in oxygen and in 
water vapor at 450°C. We suggest that since 
no protecting oxide is present on the noble 
metal islands vacancies probably travel to 
the zirconium noble metal interface and then 
either move along the interface and get 
eliminated at the zirconium-noble metal- 
oxide triple boundary or diffuse through the 
noble metal to the free surface. Hence one 
would expect oxidation to be enhanced under 
these circumstances. 

Now consider the case where, after some 
oxidation and its concomitant generation of 



Fig. 3. Asymptotic oxygen take up shown as a function of the product of initial film 
thickness by the one-ninth power of the oxygen pressure [5]. 
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vacancies, for some reason vacancies can con¬ 
dense to form a small pit at the surface. The 
area around this pit would have a lower 
vacancy concentration and in line with the 
considerations of the previous paragraphs will 
be active with respect to the rest of the 
sample. Also the gradient in vacancy concen¬ 
tration will tend to move more and more 
vacancies to the pit which would tend to 
enlarge it. Thus if transport through the oxide 
layer on an oxidizing or corroding metal 
sample is via cations the sample is inherently 
unstable with respect to the formation of pits 
or voids. Furthermore, if a tensile stress is 
present the pits or voids will grow in such a 
manner as to present the maximum cross- 
section perpendicular to the tensile axis (the 
analysis showing this is exactly the same as 
the Griffith analysis [15]). Therefore, under 
conditions of cationic transport through the 
oxide, and in the presence of a tensile stress, 
a metal sample would be unstable with respect 
to the initiation of cracks. This could play a 
significant role in stress corrosion cracking. 

Finally we should like to make some com¬ 
ment about "rate laws’. First of all it can be 
seen that similar rate laws can be derived for a 
variety of circumstances. Thus the fitting of an 
experimental curve to a particular rate law 
is not sufficient to delineate a particular 
mechanism. Although rate laws derived in this 
paper seem rather complex, at short times they 
resemble the usual simple empirical laws to 
which people routinely fit data. For example 
equation (25) will, for short times, appear to 
follow a cubic rate law, equations (27) and 
(38) a parabolic rate law, and equations (32), 


(33) and (39) will appear to follow logarith¬ 
mic rate laws. However at longer times 
(greater ratios of Xlq(Xla)) these curves will 
break away from the simple empirical laws as 
can be seen by the example in Fig. 2. When 
such ‘breaks’ are seen in experimental data 
they are usually explained by a change of 
rate determining mechanism; this may not 
always be the case. 
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Abstract-Tracer diffusion of strontium in CaF,, SrF, and BaF, can be represented by the following 
equations 

Oc,F.= 1-72X IO^exp(-4-37/kT)(1000°-l200“C) 

0.,rK,= l OOx l(Pexp(-4-30/kT)(1000°-l200°C) 
nn.F. = 4 45 X lO’exp (- 3-75/kT)( lOOC'-nOO^C) 

Diffusion is probably due to some Schottky disorder in this range. The large values of Q and D,. 
could be explained in terms of excess impurity-induced anion vacancies and/or cation diffusion by 


means of associated vacancy pairs. 

1. INTRODUCTION 

The properties of lattice defects in fluorite 
crystals have been investigated by several 
techniques. Ionic conductivity (1,2] measure¬ 
ments up to 0-8 of the melting temperatures 
show that the predominant disorder is a 
Frenkel type disorder on the anion sub¬ 
lattice. The disorder above these temperatures 
has not been established experimentally. 
The properties of fluorine vacancies and, 
fluorine interstitials have been studied in 
crystals doped with aliovalent ions using 
E.S.R.[3-7], N.M.R.[8,9]. dielectric [10| 

and anelastic[l 1] relaxation, and conductivity 
measurements. In contrast, little work has 
been done on cation lattice defects [12, 13]. 
In order to study cation defects in fluorite 
crystals we have measured the diffusion of 
strontium 89 in single crystals of CaFj. 
SrFj and BaF^. 

2. EXPERIMENTAL PROCEDURE 
Single crystal rods (iin. dia. and I in. long) 
of optical grade CaFj, SrFj, BaF^ were 


*This work is supported by the Advanced Research 
Projects Agency through the Materials Science Center 
at Cornell University. 


purchased from the Harshaw Chemical 
Company. Disks at least i in. thick were 
cleaved from the rod and were then ground 
flat and parallel to within 10 /u. using standard 
metallographic grinding through grade 600 
emergy paper. A final surface polish was 
obtained with 3 /x garnet powder. Strontium 
89. purchased from Isotopes Development 
Center, Oak Ridge National Laboratory, 
was evaporated as SrF^ onto the disks which 
were then sealed off in the quartz tube with 
graphite liners under a vacuum of 5 x 10'® 
Torr. The specimens were annealed in a 
platinum wound furnace controlled by a 
platinum-platinum +10 per cent rhodium 
thermocouple to within ± 2°C of the annealing 
temperature. After the anneal, the sides of the 
disk were ground down to eliminate any sur¬ 
face diffusion effects. The penetration profile 
was obtained by grinding off 2-35 /x slices 
with emery paper mounted on glass slides. 
The thickness of the slice was determined by 
weighing it and by direct measurement with a 
0 0001 in. dial gage. The error in the thickness 
of the slice was I percent. The activity of the 
slice was measured in a fixed geometry by an 
anthracene scintillation detector connected 
to a Hewlett-Packard 5210 L scaler timer. 


1(103 
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At least 10,000 counts were taken on each 
slice. 


3. RESULTS AND DISCUSSION 
The penetration curves were analyzed 
using the standard thin him solution for 
bulk diffusion in one dimension. 


C{x, t) 



t\p{~ x-l4Dt) 


( 1 ) 


where C(jr/) is the concentration at a distance 
X below the surface after an isothermal 
anneal for time t, Co is the initial surface 
concentration, D the diffusivity at the anneal¬ 
ing temperature. D’s were determined from 
the slopes of the plot of log-activity vs. x^ 
which were linear in the temperature range 
1300°-15{KI‘’K. Figure I, shows some typical 
penetration curves for Sr“” in CaF^, and SrFj 
crystals. 



Fig. I. Penetration profiles of Sr" in CaFj and SrFi 
crystals at 1393°K for 2 -04 x 10*/sec. 



Fig. 2. Arrenhius plot of the diffusion coefficient for Sr** 
m CaFj, SrFa and BaF^ crystals. 

An Arrhenius plot of the data, shown in 
Fig. 2, indicates that in this temperature range 
the diffusivity is governed by a single activa¬ 
tion energy Q. The experimental values of Q 
and Do, the diffusivities at infinite tempera¬ 
ture, are listed in Table 1 together with defect 
formation energies available in the literature. 

The activation energies for diffusion are 
considerably larger than the l-7eV obtained 
by Short and Roy [12] for Ca^*^ diffusion in 
polycrystalline CaF 2 , but they are comparable 
to Matzke’s[13] value for Ca*+ diffusion in 
single crystals of CaF 2 . 

As might be expected from size factor 
considerations, the energies for diffusion in¬ 
crease with decreasing lattice parameter of 
the host crystals. The values of D# show a 
similar systematic trend; however, the values 
of Do are at least two orders of magnitude 
higher than is normally found for intrinsic 
diffusion. 
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CaF, 

SrF, 

BaF, 

Q ExptI 

4-37 ±0-3 eV 

4-30±0-3eV 

3-75 ±0-3 eV 

D, ExptI 

1 -72 X I0» cm'/sec 

1 09 X lO'* cm'/sec 

4*45 X 10^ cmVsec 

W, Calculated [19,14] 

5-I±0-7eV 

5-30 ± 0-7 eV 

5-2 ±0-7 eV 

W;Calculated[l4] 

2-7 eV 

2-5 eV 

2'3eV 

IF; ExptI 

2-8 +0-2 eV [2] 

2-4 + 0-2eV[l5) 

l■9±0■l eVll] 

U„ (equation (5)) 

21±l-2eV 

1-4+1-2 eV 

0-45±l-l eV 


On the basis of the diffusion energies alone 
the results appear consistent with an intrinsic 
diffusion governed by free cation Schottky 
vacancies. The activation energy Q will be 
the sum of a motion energy plus a contribution 
from the formation energy of the intrinsic 
defects. The concentration of cation defects 
may be obtained from the expressions for the 
equilibria for anion Frenkel disorder and for 
Schottky disorder, equations (2) and (3) 
respectively, 


X^l^= Kg 

(2) 

XgXe — K/ 

(3) 

and the charge neutrality condition 


2A'b-2A'e)-A'0 = O. 

(4) 



Here X represents the fraction of defects and 
H, B, 0 represent vacancies and interstitials 
respectively and K the equilibrium constant. 

From results in the current literature one 
must conclude that K, in the solid 

crystal. The values for Kf in CaFz and BaFj 
are available in the literature. For SrF^ 
a value of /C/=* 10^ exp(—2-5/kr) may be 
obtained from recent conductivity measure¬ 
ments at intermediate temperatures. The 
value of Kg has been estimated using the 
formation energy of 5-3±0-7eV calculated 
by Franklin[I4J and an arbitrary upper limit 
value for the entropy of formation factor 
exp (Sf/k)= I0“, where Sf is the formation 
entropy. 

When Kf> Kg the concentration of anion 
vacancies is hardly affected by the Schottky 
disorder as is shown in Fig. 3. We may use a 


F'g. 3. Showing the influence of Schottky minor disorder 
on the concentration of Inttice defects at high tempera¬ 
tures for various of K,. Solid line CaF, Broken line BaFj. 


simplified expression for the fraction of in¬ 
trinsic cation vacancies namely 


Xg, =^=.4exp^- 


Wg~W\ 

kT } 


(5) 


where A is an entropy factor = 10. and fF, 
and ITf are the appropriate defect formation 
energies. By setting Q equal to the sum of 
{B'g-Wf+ Uy,)< where f/,ris the cation motion 
energy we obtain the values listed in Table I. 
Whilst the values of U obtained for CaFj 
and SrFj are reasonable, little significance can 
be given to U.,/ for BaFj. It is the difference 
between a large calculated value of IF, and 
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an experimental value of W/ which is con¬ 
siderably smaller than IV/ calculated using 
similar assumptions to those for W',. 

The present magnitudes of Do are not readily 
explicable on the basis of the usual arguments 
which show 

D„ = exp ~ 
k 

unless very large values are taken both for the 
entropy of formation of a Schottky trio and 
for the entropy of motion Sm- Such large values 
of 5 m could be justified as due to the displace¬ 
ment of many ions surrounding the diffusion 
cation. 

Small values of Do are usually considered 
characteristic of extrinsic behavior where the 
concentration of cation vacancies is fixed by 
aliovalent cation impurities. In any case the 
concentration of these cation vacancies would 
be approximately equal to the total trivalent 
cation impurity concentration which is less 
than 10 ppm in the present crystals. However, 
it is interesting to conjecture that if the anion 
vacancy concentration were pegged at some 
value Xg ~ 10"^ because of aliovalent anions, 
then from equation (2) we see that the con¬ 
centration of cation vacancies is governed by 
the energy W„ while 

^ a'^v A5m + A5/ 

D„ == —- exp-;- 

X'^ k 

Do would then take on much larger values 
because of the X^ term in the denominator, 
A vacancy pair model for the diffusion under 
the condition of this type of extrinsic behavior 
gives a reasonable explanation for the values 
of Q and Do compatible with the energies 
calculated by Franklin. The equilibrium con¬ 
centration of cation-anion vacancy pairs 
A'p is approximately given by 

A'o = A'yr^exp-I-^ (6) 

where E„ is an association energy of the pair 
formation. Thus 


(2 = (fF,-£„-t-t/M) = 5eV 


and 


Do 


Xk I 


= 10 ^ 


At present no verification of the mechanism 
has been attempted. 

Considerable assistance in the interpretation 
of this data would come from reliable con¬ 
ductivity measurements in these fluorites at 
higher temperatures. Since both the F~ 
vacancy and F“ interstitial motion energy are 
known, the influence of the minor Schottky 
disorder might be detectable in the Arrenhius 
plots of the conductivity of CaFj, although 
probably not for BaFj. 

This is demonstrated in the concentration 
of these defects shown in Fig. 3. 

Departures from linearity in the conduc¬ 
tivity Ino-7v l/Ta curves at higher tempera¬ 
tures have been observed by Rossing but these 
measurements were taken over too limited a 
temperature range to permit a quantitative 
interpretation of the slope. We hope that 
further work along the lines proposed will 
help to pin down the mechanism of diffusion. 
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TECHNICAL NOTES 


Ferromagnetic resonance tinewidth and 
relaxation in the system Mn^Fej _ ^ 

(Received 1\ May \ 968; in revised form 27 
Seplemher 

Ferromagnetic relaxations in the system 
{x = 1) was examined by 
Heeger el a/.[l,2] and Clarke[3]. All the 
authors have found two peaks in tinewidth 
as a function of temperature, one at =20° and 
the other at =250°k. The high temperature 
effect was definitely attributed to the presence 
of Fe^^ and it is believed that it is due to slow- 
relaxing mechanism[2,3]. The details of loss 
mechanism in manganese ferrite are, however, 
still in doubt, as the authors [I-3] differ both 
in experimental data and in their interpreta¬ 
tion. The study of nda[4,5J seems to indicate 
that the origin of the loss is connected most 
probably with 'electron hopping’. The 
frequency viaration found by Clarke is, 
however, not consistent with this model. The 
purpose of this contribution is to extend the 
new experimental data for x < 1 and to help 
thus to the solution of this problem. 

Single crystals MnjFe 3 -j 04 + y was pre¬ 
pared both by the Bridgman's method 
(x = 0-95, 0-98 and 1013) and by the Ver- 
neuil’s method (x= 0-71,0-73,0-78 and 1-45). 
More details about the preparation of the 
crystals and their quality are published else¬ 
where [6]. Note also that the quality of all the 


crystals were quite good from point of view 
of ferromagnetic resonance measurements, 
for example the AH(111) and H^sfHI) were 
the same for all [111] directions. In the Table 1 
their chemical analysis are given. A polished 
sphere with diameter about 0-3 mm made of 
single crystals were fixed on a sample rod in 
such a way that the magnetic applied field was 
parallel to a (110) plane. 

Usual technique using TE,o 2 reflection 
cavity and a ‘square law detector' was 
employed the proper function of the latter 
being carefully checked during the measure¬ 
ments. The frequency of the klystron was 
stabilised to the frequency of the microwave 
cavity by means of the frequency discrimina¬ 
tor. Jn this case the real part of the permea¬ 
bility was not efficient. The measurements 
were performed at frequency 9-2 GHz in 
temperature range from 80° up to 300°K. 

Figure 1 shows the full linewidths A// 
temperature for the different compositions. 
It is obvious that with increasing contents of 
Fe*’^ ions the positions of the peaks in AH are 
shifted towards the lower temperatures and 
their magnitudes are increased. For the com¬ 
position X = 0-95 our measurements agree 
with those by Clarke [3]. Note that Clarke’s 
crystals were prepared by Vemeuil’s method, 
whereas our one was by Bridgman’s method. 

The slow-relaxing theory gives rise to the 
linewidth AH and to a downward shift S in 


Table 1. Summary of main results for the system M n^Fej - + y 


If 


E r. F C. 

(meV) (10 ''sec) (lO'erg/cm") (lO'erg/cm") 


0-71 

0-040 

35 

1-8 

16 


0067 

40 

2-5 

12-7 


0010 

70 

1 

6-45 

Ki9 

— 

80 

1 

4-3 


1009 



1010 


TECHNICAL NOTES 



TCK) 


Fig. I. Temperature dependence of the linewidlh of 
Mni.Fe;i_j.O.,, y in principal directions in a (IIOl plane 
at 9-2 Cl Hz. 

the resonance magnetic field. For the system 
of low laying pair of energy levels with energy 
splitting S the expressions reduce to [3] 

AH = </>) 

tur/[l + (cur)''*] (1) 

W (O 

S =-= iAHo)T (2) 

yi Teff 

C is the concentration of the ions responsible 
for relaxation,/(&, di) is a function of aniso¬ 
tropy in 5, y, and represents the true and 
measured gyromagnetic ratios. In equation (I) 
both the term llkT sech*(8/2^7’) and cot/ 
fl-F (cot)^] gives the maxima in temperature 
dependence. 

Clarke [3] supposed cut I and explained 
the temperature maximum by the first term 
and used for S = gfiHex ~ D. According to this 
interpretation we obtain 6 = 270 cm"' from 
temperature of the maximum (for x = 0-95), 


in very good agreement with Clarke’s results. 
Our experimental results, as a whole, however, 
cannot be sufficiently explained in this way, 
according to the following two reasons. 

(1) The values 6 very rapidly fall with 
decreasing x. If we persist in Clarke’s inter¬ 
pretation, it is possible to explain this decrease 
either by lowering jf/Sf/ex or by raising D with 
decreasing x. The first possibility is contra¬ 
dictory both to the experimental fact of the 
raising of Curie temperature with increasing 
constants of Fe^^ ions [7] and to the conclu¬ 
sions of Slonczewski[8]. Hence it remains 
to admit for x = 0-71 (6 = 150 cm~') the rais¬ 
ing of D to unreasonably high value D =« 
200 cm"* (e.g. Slonczewski[8] reports for the 
value 1D| =» 10cm~’). 

(2) Were the maximum AH due to the term 
llkT sech“(S/2A:7) a maximum should also 
appear in the dependence vs. T (equations 
(1) and (2)). The observed increase of 
towards lower temperatures at x = 0-7— 
0-8 (Fig. 2), however, when interpreted in 
terms of a dynamic shift, fits better to the 
frequency factor (a>T)Vtl + (wr)"]. This 
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Fig. 2. A plot of effective g-factor, that was evaluated 
from resonance magnetic fields for the main crystallo¬ 
graphic directions. 

conclusion is supported by the presence of a 
point of inflection on each curve, which nearly 
coincides with the position of the respective 
peak of AH in Fig. 1. (The values gen agree 
well with those obtained at room temperature 
by Funatogawa et a/.[9].) 
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Thus we attempt an explanation of AW and 
gett by means of the frequency factors in (1) 
and (2) respectively. 

We rewrite equation (1) into the form 


AW = 


A CUT 

MT 1 + 


(3) 


The value A will be regarded as independent 
of temperature in the closed vicinity of the 
peak in AH. Now if we compare the curves 
MTAH vs. T with the term (ot/[1 + (wr)*] we 
may calculate the relaxation times r at each 
temperature. The resulting values thus ob¬ 
tained are plotted in the logarithmic scale vs. 
T~' in Fig. 3. They seem to fulfil the linear 
dependence described by the relation 


T = T„exp (E/fef). (4) 

This dependence, which is typical for the 
‘hopping mechanism’ leads us to the interpre¬ 
tation of the temperature peaks in terms of 
this loss mechanism (we suppose the hopping 
of electrons occurs between Fe'“+ and Fe^"’^ 
ions). This conclusion is supported by quanti¬ 
tative comparison of our values £ and t* in 
Table 1 (determined from the slopes of the 
lines in Fig. 3) with those obtained from 



Fig. 3. Semilog plot of t vs. I/T. Relaxation times are 
derived from Fig. I by comparing with equation 131 
(relating to the direction (1111). 

measurements of conductivity (10-12] and 
/gd[13-15,5]. The fgd measurements in the 
system MnxFe 3 _j 04 +y (x < I) observed at 


frequency cu ~ 10® sec * in temperature 
region 20-30‘’K are also explained by means 
of the loss mechanism connected with the 
hopping of electrons[14,15]. Our experi¬ 
mental points lies near the extrapolated line, 
according to the relation (4), using the values 
E and r„ from [14]. This agreement would be 
better, if we admit a slight temperature 
dependence of activation energy[16]. 

Furthermore, the results following from our 
measurements are very similar to the recent 
measurements of lida[4,5] who observed the 
peaks of dielectric losses at the frequency 
9-3 GHz in manganese ferrites with .r < 1. 
This process is very probably connected with 
the hopping of electrons. Their peaks occur 
roughly at the same temperature and frequency 
as in our case. 

The original Clogston's model was developed 
for the ‘hopping mechanism’. Its phenomeno¬ 
logical version was given by Teale[17]. It is 
possible to determine the induced anisotropy 
constant F and G (Table 1) in terms of this 
phenomenological description from the 
angular dependence of AH (which is very 
slight in our case). In the microscopic descrip¬ 
tion the local anisotropy energy of Fe^^ ion 
is equal to W cos* i^, where v is the angle of the 
Fe*"’ spin with the local symmetry axis. The 
microscopic anisotropy constant W can be 
determined from values F and G on the basis 
of Clogston’s [18] and Slonczenski’s[19] 
theory using the model of distribution of 
cations and their valencies according to Simsa 
[20]. The value W ~ 1 meV thus obtained is in 
reasonable agreement with IF ~ 0-6 meV for 
silicon doped garnet [21). 

Unfortunately we have not measured the 
frequency variation and thus we cannot fully 
confront our results with Clarke’s conclusions. 
Clarke states that the position of the peak 
does not depend on frequency, which is not 
consistent with the present model. Let us 
note, however, that certain shift (=30 deg) 
of the peak towards higher temperatures for 
higher frequency is visible, if Clarke’s results 
are plotted in the form MTAH vs. T. Thus 
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model proposed in this paper would be 
supported. Nevertheless, the larger AW at 
higher frequency remains in the framework of 
our model unexplained. 
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Effect of impurities on the growth of F and M 
bands in KCl 

{Received i3 September 196$) 

Single crystals of highly pure KCl (back¬ 
ground divalent cation impurities ~ 1 ppm) 
were grown in the laboratory by the Kyro- 
poulos method [1], and are designated as H 
crystals. Crystals doped with Ca, Cd, Mn and 
Pb, grown from the melt, are designated by 
their respective chemical symbols. Known 
amounts of each impurity in the form of 
chlorides (E. Merck's Grade) was added to the 
weighed amount of highly pure KCl powder 
prior to crystal growth. Blocks of approximate 
size 1 cm^ were cleaved from the central 
portion of the large crystals. The blocks thus 
obtained were quenched from 650°C after 
having been kept at that temperature for 2 hr. 
The concentration of each impurity in these 
blocks was estimated by the methods de¬ 
scribed earlier[2], The quenched blocks were 
cleaved into slices of dimensions lOxlOX 
0-5 mm. The slices were X-irradiated through 
their broad faces at room temperature with a 
Philips PW 1009 X-ray Diffraction Unit, 
using a Mo target and operating at 35 kV and 
10 mA. A thin KCl filter (0-3 mm thick) was 
used to cut off the effect of soft X-rays. For 
uniform coloration the slices were X-irra¬ 
diated from both the sides for half of the time 
from each side [3], The dose rate at the crystal 
position was measured by a r-meter type MR- 
125 (Atomic Energy Establishment, Trombaj) 
make) and was in the range of —300 rev/hr. 
Care was taken to avoid the crystals from 
exposure to stray light during the X-irradia- 
tion and the subsequent optical absorption 
measurements. The method used to measure 
the optical absorption of the X-irradiated 
crystals has been described earlier[l ]. 

To compare the effect of the nature and the 
concentration of the impurities on the growth 




‘'ifferen. conJn^alS of'Th?'* 

were studied. Typical "npurities 

the H and the doped cmS' 

and 100 ppm of each of tf 50 

represented by numerals l^nd 

as suffixes with ^ ^ '■®®P^‘=t'''e»y, 

reported hJre are 

opSTen'shVa" ffieF banT 

room temperatu e (/?n *« 

X-in-adiation ^ t>f 

Curves 2 <! ar r '* « ‘Crystal 

and Pbi 

Ca2. Cd2. Mn2 anT Ph/ 

Comparing curve I S .L w 

respectively) it ic t * and Ca2, 

‘hat under identical 


‘'^"‘ors is enhanced Th^rel^" S *' 

fmher seen from "7* ’* ^^PP^^sed" 
those obtained Fn^ <«nd 

not shown in the figuJeTSur‘™f” 
•n the growth of the ffis si ^ ^ 

'he suppress,on in thf^of 
eentcrs increase with ® stai 
concentration of Ca Thf '"crease of 
agreement whh the esulK ' 

Jain and Mehendru, , 

Cdl and Cd-> 

Ua. crysiajs (curves: i 


,0,3 



1014 


TECHNICAL NOTES 


concentrations of Cd (e.g. crystal Cdl), the 
OD,. is larger in the Cd doped crystals. With 
the increase of the concentration of Cd 
impurity (e.g. crystal Cd2), OD^ is suppressed 
as compared with that in H crystals, X- 
irradiated under identical conditions. It is 
also seen from curve 3 that for small concen¬ 
trations of Cd in KCI the first stage F centers 
are enhanced whereas the second stage F 
centers are suppressed. For concentrations of 
Cd > 50 ppm (typical results of which are 
shown for crystal Cd2, curve 7) both the first 
as well as the second stage F centers are 
suppressed. This observation is qualitatively 
in agreement with the results obtained by 
Jain et a/. [4]. For Mn doped crystals (curves 
4 and 8) and for Pb doped crystals (curves 5 
and 9), the magnitude of ODy is always less 
than that for an H crystal (curve 1) under 
identical conditions of X-irradiation. It is 
seen from curves 4 and 8 that the suppression 
in OD, in Mn doped crystals decreases with 
the increase of the concentration of Mn 
impurity. It was observed that the magnitude 
of OD/i’ even for the highest* concentration of 
Mn (-200 ppm) was smaller than that for an 
H crystal, X-irradiated under identical condi¬ 
tions. The result that OD^ increases with the 
increase of Mn concentration has also been 
confirmed by thermoluminescence [5] and by 
EPR (result not reported here). It is also seen 
from curves 4 and 8 that the presence of Mn in 
KCI crystals suppresses the growth of both the 
first and the second stage F centers. However, 
the suppression in both the stages of F centers 
decreases with the increase of Mn concentra¬ 
tion. It is further observed from the growth 
curves 4 and 8 that for times of X-irradiation 
lying between 2 to 5 hours, there occurs a 
small depression in the OD^^. This depression 
was found to increase with the increase in the 
concentration of Mn. From the present 
investigations no plausible explanation can be 
given for this depression in OD,-. 

‘Since the crystals containing > 200 ppm of Mn were 
translucent or even opaque hence no optical absorption 
measurements could be made with them. 


As is seen from curves 5 and 9 for the Pbl 
and Pb2 crystals, respectively, the magnitude 
of ODf is smaller than that for an H crystal, 
X-irradiated under identical conditions. It is 
further observed from these curves that with 
the increase of Pb concentration, there is no 
suppression caused in the first stage F centers 
whereas the growth of second stage F centers 
is suppressed The observation that the second 
stage F centers are suppressed with the 
increasing Pb content is in agreement with the 
results reported by Sibley et a/.[6]. 

Curves 10-13 in Fig. 1 show the growth of 
the optical density OD,m at the M band peak in 
H, Cal, Mnl and Pbl crystals, respectively, 
at RT. It is seen from curve 10 that in H 
crystals the M band appears only after about 
15 hr of X-irradiation and continues increasing 
thereafter gradually upto 40 hr of X-irradia¬ 
tion. In Cal crystals no M band is observed 
upto —25 hr of X-irradiation (curve 11). 
Moreover, the growth of in Cal crystals 
beyond 25 hr of X-irradiation (curve 11) is 
comparatively smaller than that in the H 
crystals (curve 10) under identical conditions 
of X-irradiation. From the growth of OD.v/ in 
Mnl and Pbl crystals shown by curves 12 and 
13, respectively, it is seen that the M band in 
these crystals appears in much shorter time of 
X-irradiation as compared with the H crystals. 
For example, a sizeable M band appears in 
these crystals in —5 hr of X-irradiation. The 
ODm in these crystals is greater by a factor of 
—3 as compared with that observed in H 
crystals for time of X-irradiation > 15 hr. 
No M band was observed in Cdl crystals even 
upto 40 hr of X-irradiation. 

The results of the growth of OD,/ in Ca2, 
Cd2, Mn2 and Pb2 crystals were, in general, 
similar to those obtained with crystals Cal, 
Cdl, Mnl and Pbl. The M band in Ca2 
crystals could be observed only after —32 hr 
of X-irradiation and the magnitude of ODj,, in 
these crystals was always smaller than in 
crystal Cal X-irradiated under similar condi¬ 
tions. The magnitude of ODm in Mn2 and Pb2 
crystals was larger than that obtained with 
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crystals Mnl and Pbl, respectively, when 
X-irradiated under identical conditions. 

The increase in the growth of OD,. in crys¬ 
tals containing Ca has already been reported 
by several workers{l, 7]. Although this 
enhancement in in Ca doped crystals has 
been attributed to the overlapping of Zi and F 
bands [8] but the recent ESR results[9] have 
shown that the increase in OD,. in Ca doped 
crystals is due to the F centers alone indi¬ 
cating thereby that the mechanism of Crawford 
and Nelson [11] is perhaps responsible for the 
increase in OD^. The growth of OD^ in 
crystals Cd 1 (curve 3) is similar to the growth 
observed in crystals doped with Ca and can be 
explained in a similar manner. The decrease in 
the growth of ODf in crystals Cd2 (curve 7) 
could be due to the presence of higher 
aggregates of Cd which perhaps give rise to 
deep electron traps [4]. 

In the case of Pbl and Pb2 crystals, the 
growth of ODt is similar to that obtained for 
Cd2 crystal suggesting thereby that the 
suppression caused in ODy due to the pres¬ 
ence of Pb may also be due to the presence of 
deep electron traps. However, in the case of 
crystals doped with Mn, the results of the 
growth of ODf are rather different. For 
smaller concentrations of Mn the suppression 
caused in ODf is more (curve 4) than for 
higher concentration (curve 8). This is rather 
a very interesting result and further work is 
necessary to understand this anamolous 
behaviour of the growth of ODy in Mn doped 

crystals. ^ 

The value of 5 in the relation[7] a,, -= 
where ay and are the absorption coeffi¬ 
cients at the peaks of the F and M bands, 
respectively, is very small for crystals 
containing Ca. This result is similar to those 
reported by the earlier authors [6,7], However, 
in the case of Mn and Pb doped KCl crystals 
the magnitude of 5 is enhanced and is greater 
by at least an order of magnitude than that 
observed in H crystals under identical 
conditions of X-irradiation. Jain and Parashar 
[11] have also obtained a similar increase in 


the value of S in the Co doped KCl crystals. 
Several observations made with crystals 
containing different concentrations of Mn and 
X-irradiated under identical conditions 
(results not reported here) show that the value 
of 5 in these crystals remains almo.st the same. 
Further investigations are necessary to under¬ 
stand this non-dependence of S on the concen¬ 
tration of Mn in KCl crystals. 

NalionulHhysicalLahoriiltin’. P. C. MEHENDRU 
NewDelhi-'n. O D SOOTHA 

I ndia 
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The role of poison and undersaturation of the 
solvent in the etching mechanism 

iReceived^.'lUf'li.u 1968) 

introduction 

Severai. etchants are mentioned in the 
literaturell] for revealing the dislocations m 
alkali halide crystals. Every etchant pnmanly 
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contains a solvent whose function is to dis¬ 
solve the crystal by nucleating kinks at the 
defect sites and a poison which retards the 
motion of steps across the crystal surface by 
inhibiting the kinks. The requirements that 
have to be fulfilled by the solvent and the 
poison to get good etch pits were subject of 
intensive research by several workers. 
Moranl2], Vermilyea[3] and Kostin et al. 
[4] suggested that the solubility of the crystal 
in the solvent must be low in order to produce 
satisfactory etch pits. On the contrary Gilman 
et al.15] and Rozhanski et suggested 

that the radius of the cation of the poison 
should not differ much from the radius of the 
cation of the lattice in order to get distinct 
etch pits. The recent results of Thyagarajan 
and Urusovskaya[7] however showed that 
neither the radius of the cation nor valency 
to be a determining factor in the selective 
etching of Csl crystals. Hari Babu and 
Bansigir(8, 9] obtained well defined etch pits 
on NaCI crystals at different undersaturations 
of the solvent (ethyl alcohol) using the same 
poi.son CdCl^. 

From the aforesaid it follows that most of 
the workers tried to find the requirements of 
the solvent and the poison independently in 
order to get well defined etch pits. In this 
paper an attempt has therefore been made to 
know more about the interdependance of the 
poison and undersaturation of the solvent. 
This has been achieved by studying the etch¬ 
ing behaviour of different poisons at various 
undersaturations of the solvent in NaCI 
crystals. 

EXPERIMENTAL 

NaCI crystals used in the present inves¬ 
tigation were grown in air by the Kyropoulos 
technique. After the growth, the crystals 
were annealed for sufficiently long time and 
brought to the room temperature slowly. 
Freshly cleaved samples were etched in 
10 cc of etchants and after etching they were 
rinsed in ethyl alcohol (99-5 per cent). The 
rinsed samples were immediately blotted with 


fine filter papers. Ethyl alcohol containing 
0-5 per cent water is taken as the standard 
solution and it is termed as ^4. To the solution 
A distilled water is added and alcohols having 
2-5, 5 and 10 per cent water are prepared and 
termed as B, C and D respectively. 

EXPERIMENTAL RESULTS 
(a) Effect of undersaturation of the solvent 

Rozhanski et <//.[6] added Fe®"^ ions and 
Cu*^ ions to acetic acid in order to inhibit the 
motion of steps across the surface of NaCI 
crystals and thereby wanted to obtain well 
defined etch pits. But these ions were not 
able to inhibit the motion of steps. However, 
Ca'“+, Hg’'^ and Pb^^ ions reduced the step 
motion to a small extent and Cd*+ and BF+ 
ions reduced the step motion to a large extent. 
Kostin et a/.[4] tried the above poisons in 
ethyl alcohol and in the case of some poi.sons 
like Hg^+ and BP^, slightly different results 
were obtained. Kostin et al.[4] obtained good 
etch pits using Hg*^ ions and only satisfactory 
etch pits with BP"^ ions. 

In order to see why the same poisons behave 
differently in different solvents, the behaviour 
of several poisons in solutions A. B,C and D 
were investigated. The results obtained with 
CdClj. CuCl24H.iO and OdCli are presented 
below through the photomicrographs. 

The photomicrographs obtained on the 
matching surfaces one obtained by etching 
for I hr in solution A having 1 mg/cc CdClj 
and the other obtained by etching for 10 min 
in solution D having 1 mg/cc CdCl., are shown 
in Figs. 1(a) and 1(b) respectively. To both 
the solutions A and D the same amount of 
poison is added and the photomicrographs 
show that the etch pits obtained due to solu¬ 
tions A and D are well defined. The etching 
behaviour or the effectiveness of the poison 
CdCla in producing etch pits can be regarded 
as good, because, it is able to produce well 
defined etch pits both at low and high under- 
saturations of the solvent. 

The etch pits obtained on the matching 
surfaces one etched for 45 min in solution A 




(a) (b) • 

Fig. I. The photomicrographs are obtained on the matching surfaces: (a) etched 
for I hr in solution A having I mg'cc CdCU and (b) etched for 10 min in 
solution D having I mg'cc CdCla. The definition of etch pits in both the photo¬ 
micrographs is good. Magnification: 88 x. 





(a) 


(b) 


ig. 2. The photomicrographs are obtained on the matching surfaces: (a) etched 
r 45 min in solution A having 2 mg'cc CuCl24H.20 and (b) etched for 
i min in solution D having JO mg.'cc CuCla4H20. The definition of the 
ch pits in the photomicrographs (a) is good and that shown in (b) is lair. 

Magnification: 88 x. 
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(a) (b) 


Fig, 3. The photomicrographs are obtained on the matching surfaces: (a) etched 
for 30 min in solution A having 2 mg/cc CaOj and (b) etched for 10 rnin in 
solution C having 20 mg/cc CaClj. The definition of etch pits shown in (a) 
is good and that shown in (b) is poor. Magnification: 88 x. 



Fig. 4. Etch pits are due to an etchant consisting of Fig. 5. Etch pits due to an etchant consisting of 

solution A and HgClj. The definition of the pits is solution A and Pb(CaH 302 )a. The definition of the 

good. Magnification: 88X. pits is good. Magnification: 88x, 


Fig. 6 . Etch pits due to an etchant consisting of 
solution A and BiCI:,. The dehniiion of the etch pits 
is good. Magnification; 88 x. 



(a) (b) 

Fig. 7. The photomicrographs are obtained on the matching surfaces: (a) 
etched for 30 min in solution B having 2 mg/cc FeCln and (b) etched for 
30 min in solution B having 2 mg<cc NH 4 CI. The definition of the etch 
pits in both the photomicrographs is good. Magnification: 88 x . 
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Table 1 


S, no. 

Salt added (poison) 

Cation 

Ionic 
radius/<• 

Solution 

A 

Etching behaviour 

Sotution Solution 

B 4 

Solution 

D 

1. 

Ammonium chloride 

NH,* 

1-48 

Good 

Good 

Fair 

Poor 

2 . 

Mercurous chloride 

Hg‘ 

0965 

No pits 

No pits 

No pits 

No pits 

3. 

l.ilhium chloride 

Li‘ 

064 

No pits 

No pits 

No pits 

No pits 

4. 

Cadmium chloride 

Cd^"^ 

0-945 

Good 

Good 

Good 

Good 

S. 

Cadmium bromide 

Cd'" 

0-945 

Good 

Good 

(iood 

Good 

6 . 

Cadmium iodide 

Cd"" 

0-945 

Good 

Good 

Good 

Good 

7. 

Cadmium niirale 

Cd^' 

0-945 

Good 

Good 

Good 

Good 

8 . 

Cadmium oxide 

Cd^* 

0 945 

(iood 

Fair 

Fair 

Poor 

9. 

Cadmium carbonate 

Cd’» 

0-945 

Good 

Fair 

fair 

Po(.ir 

10 

Calcium chloride 

Ca'* 

106 

Good 

Fair 

Poor 

No pits 

II. 

Stannous chloride 

Sn^* 

0-71 

Good 

Ciood 

Fair 

Poor 

12 . 

Manganese chloride 

Mn’* 

0 91 

(iood 

Gi)od 

Fair 

Poor 

13. 

Lead acetate 

Pb** 

0-84 

(iood 

Good 

Fair 

Poor 

14. 

Cupnc chloride 

Cu"' 

096 

Good 

Good 

Good 

Fair 

15. 

Mercuric chloride 

Hg^' 

1 12 

(iood 

Good- 

Fair 

Poor 

16. 

Barium chloride 


1-43 

Fair 

Poor 

No pits 

No pits 

17. 

Bismuth trichloride 

Bi’‘ 

1 20 

Good 

Good 

Fair 

Poor 

18. 

Kerric chloride 

bV* 

067 

GtxHi 

Good 

Good 

Fair 


* PAULING L.. The Nature of the Chemical Bond. Cornell University Press. New York (1960). 


having 2 mg/cc CUCI 24 H 2 O and the other 
etched for 15 min in solution D having 30 
mg/cc CuCl24HjO are shown in Figs. 2(a) 
and 2(b) respectively. The results show that 
at higher undersaturations of the solvent the 
amount of poison CUCI. 24 H 2 O needed to 
obtain etch pits is enormous. The photo¬ 
micrographs also show that the etch pits 
obtained at lower undersaturation of the 
solvent are more distinct compared to those 
obtained at high undersaturation of the 
solvent. If the etching behaviour of the Cu^^ 
ion in solution A is regarded as good then its 
behaviour in solution D can be regarded as 
fair. 

Figures 3(a) and 3(b) represent the photo¬ 
micrographs obtained on the matching sur¬ 
faces one etched for 30 min in solution A 
having 2 mg/cc CaCl^ and the other etched 
for 10 min in solution C having 20 mg/cc 
CaCl 2 . The pits shown in Fig. 3 (b) are not 
clear. If the pits shown in Fig. 3 (a) are 
regarded as good then those shown in Fig. 


3(b) can be said lobe poor. These results show 
that the etching behaviour of CaCh poi.son 
becomes poor at higher undersaturation of the 
solvent. 

In a similar manner several other poisons 
having different ionic radii and valency have 
been studied in solutions A. H. C and D. The 


;hing behaviour of these poisons in the 
ove solutions are given in Table 1. The 
suits presented in Table I show that most 

the poisons which produce good etch pits 

en they are present in solution A produce 
etch pits or etch pits with poor definition 
en they are present in solution /^. T hese 
lUUs iherct'ore suggest that ihe etching 
haviour of the poison or Us effectiveness lo 
oduce etch pits is not independent but is 
pendent on the undersaturation of the 
Went. The fact that the Cd'^^ ions produce 
od etch pits even at higher undersaturation 
(he solvent compared to other poisons also 
ggcsts the importance of the poison. In 
her words two factors namely the degree of 
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undersaturation of the solvent and also the 
nature of the poison seem to be important 
factors in the etching mechanism. 

(b) Ionic radius 

Kostin et fl/.f4], Gilman et al.[5] and 
Thyagarajan and Urusovskaya(7] studied the 
effect of the ionic radius of the cation of the 
poison on the etching behaviour and as pointed 
out, they expressed different views. The 
results of the present investigation on the 
ionic radius are presented below. 

The results presented in Table I for NaCI 
crystals show that the etching behaviour of a 
poison does not depend upon the radius of its 
cation. The etch pits obtained with HgCl 2 , 
Pb and BiCl., in solution A are 

shown in Figs. 4-6. From the photomicro¬ 
graphs one can see that the pits obtained by 
the above mentioned poisons are good. How¬ 
ever. the ionic radii of the above poisons does 
not differ by more than 25 per cent from that 
of Na”*. 

The photomicrographs obtained on the 
matching surfaces, one by etching for 30 min 
in solution B containing 2 mg/cc FeCI;, and 
the other by etching for .30 min in solution B 
having 2 mg/cc NH4C1 are shown in Figs. 
7(a) and 7(b) respectively. The quality of the 
etch pits obtained with either of the poisons 
is good. The ionic radius of Fe'^ is 0-67 A and 
it is less than that of Na^ (0-98/1) by more 
than 30 per cent. The ionic radius of NH 4 *^ 
is 1-48/1 and it is approximately 50 per cent 
more than that of Na*^. Both Fe^* and 
which have nearly 0-8/4 difference in ionic 
radii produce good etch pits. These results 
therefore show that the etch pit formation 
does not seem to depend very much on the 
ionic radius of the cation. 

(f) Valency 

The results presented in Table 1 show that 
the valency of the cation of the poison has 
no influence on its etching behaviour. The 
monovalent NH/, the divalent (Cd*+, Hg*"^ 
and Pb*^) and the trivalent (BP"^ and Fe^^) 


cations produce equally good etch pits in 
solution/4 or in solution 

DISCUSSION 

The results of these investigations there¬ 
fore suggest that neither the size of the cation 
nor its valency are the responsible factors in 
producing good etch pits. The undersaturation 
of the solvent and the nature of the poison 
seem to be the determining factors. However, 
one important point worth discussing is the 
etching behaviour of the poison at different 
undersaturations of the solvent. From Figs. 2 
and 3 we see that the etch pits produced at 
higher undersaturations are not as good as 
those produced at lower undersaturations. 
The increase in undersaturation of the solvent 
increases the kink nucleation rate and to 
inhibit these kinks which are produced at a 
greater rate, the poison concentration has to 
be increased. But in the ca.se of CaCl 2 even 
increase in the poison concentration from 
2 mg/cc to 20 mg/cc in solution C has resulted 
in poor etch pits. 

Gilman et «/.[5]. Ives and BaskinlS] and 
Ivesl9] pointed out the important role played 
by the complexes in the formation of etch 
pits. In the case of CaCL and other poisons 
which produce good etch pits at lower under¬ 
saturation of the solvent (solution A) com¬ 
pared to those produced at higher under- 
saturations (solution B, C or D), the stability 
of the complexes produced at the kink site 
with respect to those present in the solvent 
layer close to the crystal surface may be 
different at different undersaturations. This 
may be the reason why good etch pits are not 
formed at higher undersaturations of the sol¬ 
vent. These suggestions regarding the stability 
of the complexes have to be confirmed by 
experiments. 

SUIMMARY 

1. Most of the poisons investigated produce 
good etch pits at lower undersaturations of 
the solvent compared to those obtained at 
higher undersaturations. 
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2. The ionic radius of the cation of the 
poison seem to have no effect on the etching 
behaviour of the poison. 

3. The formation of the etch pits does not 
depend upon the valency of the cation of the 
poison. 

4. The stability of the complexes formed at 
the kind site and those formed in the solvent 
layer very close to the crystal surface seem to 
play very important role in the formation of 
etch pits. 
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Some comments on the Lindemann melting 
formula 


(Received \ 9June 1968) 

Recently there has been interest in the prop¬ 
erties of rare gas solids along their melting 
lines. High pressure measurements in argon 


by Crawford and Daniels [12] and by van 
Witzenburg and Stryland{13] have provided 
data to test the validity of Lindemann’s [4] 
law of melting which states that a substance 
melts when the mean amplitude of the nuclear 
oscillations reach a critical value, roughly 10 
per cent of the nearest neighbor distance. The 
mean square displacement, (m^), in the quasi¬ 
harmonic approximation is defined by 

where M is the nuclear mass. A' is the number 
of atoms, and are the quasi-harmonic 
phonon frequencies corresponding to the 
wave vector q and polarization j. In the quasi¬ 
harmonic approximation, at high temperatures, 
Lindemann’s law is commonly expressed as 
follows 


T„, = CM&h„r (2) 


where T„ is the melting temperature, M is the 
molecular weight, v„ is the specific melting 
volume, © is the specific melting volume. © is 
the Debye temperature appropriate to the 
inverse second moment of the frequency dis¬ 
tribution and C is a constant. It is proportional 
to the relative mean square amplitude 



V'^k 





No is Avogadro’s number and R is the nearest 
neighbor distance). Recent tests of the law in 
rare gas solids [2, .S] have made use of equation 
(2) because no direct measurements of the 
mean square displacements were available. 
In addition, the Debye © appropriate to the 
second moment instead of the inverse second 
moment has been used. 

In this note we present a calculation of the 
root mean square displacement as a fraction 
of the nearest neighbor distance along the 
melting line of argon. Argon is considered in 
detail because the experimental data in this 
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case is the most reliable. An (m-6) Mie-Len- 
nard-Jones pair potential was used with 
nearest neighbor interactions only. The effects 
of anharmonicity were taken into account by 
using the frequency shift method [6-8]. The 
frequency shifts used in equation (2) were 
those obtained by Feldman and Horton [9]. 
This model has had some success in accoun¬ 
ting for thermal and elastic properties of rare 
gas crystals [10]. We calculate (u^) for the 
(12-6) and (13-6) Mie-Lennard-Jones 
potentials. 

The relative root mean square amplitudes 
for argon along its melting line are shown in 
Fig. 1. Experimental volumes were obtained 
from Crawford and Daniels[l, 2], van Witzen- 
burg and Stryland[3], and Peterson el u/.[l 1]. 
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Fig. I. Root mean square amplitudes as a fraction of 
nearest neighbor distance for argon along the melting 
line. 


Quasi-harmonic and anharmonic results are 
shown and in both cases the values of the root 
mean square amplitudes increase mildly with 
temperature. The effect of including anhar¬ 
monicity is appreciable. 

The relative root mean square amplitudes 
for neon, argon, krypton and xenon at their 
triple point are shown in Table 1. Domb[5] 
had earlier verified Lindemann’s law in a 
rough fashion whereas we find that it is, in 
fact, obeyed to 10 per cent for neon, argon. 


Table I. Relative root mean square ampli¬ 
tudes for neon, argon, krypton, and xenon 
at their triple point 


Substance 

7 

(“■K) 


( {u^)IRy'x\(P 


't, Quasi-harmonic Anharmonic 

m= 12 

m = 13 

m = 12 

m= 13 

Neon 

24-6 

15-6 

15-5 

10-9 

10-5 

Argon 

83-8 

13-0 

12-8 

10-1 

9-7 

Krypton 

115-8 

12-7 

12-6 

10-0 

9-6 

Xenon 

161-4 

12-5 

12-2 

9-9 

9-5 


•Obtained from POLLACK G. L.. Rev. mod. Phys. 
36.748(1964). 

krypton and xenon, and xenon, and better 
than 3 per cent for argon, krypton and xenon. 
As expected the root mean square amplitude 
increases slightly with decreasing mass. Along 
the melting line for argon our results show that 
Lindemann’s law is obeyed to 10 percent for 
the temperature range considered. Crawford 
[2], who computed C in equation (2) by cal¬ 
culating the second moment in the Einstein 
approximation, found a similar variation in 
the value of C. His revised values of C are 
also in good agreement with ours. 

Although our results show that Lindemann’s 
law is rather well obeyed for the class of 
substances considered, at this time there 
seems to be no understanding of the connec¬ 
tion between the Lindemann hypothesis and 
melting. 

An experimental investigation of the 
Debye-Waller factor along the melting line 
would be extremely interesting. 
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It is further seen from these curves that the 
first or fast stage F centers saturate in about 
4 hr whereas the slow or second stage of F 
centers continue increasing even upto 30 hr of 
X-irradiation. These observations that the 
growth of first stage F centers saturates in 
about 4 hr and that the second stage F centers 
continue increasing even upto 30 hr of X-irra- 
diation are qualitatively similar to those ob¬ 
tained with H crystals[1,3]. It is also seen 
from curves 2-4 in Fig. 1 (for D crystals) that 
there occurs a slight bend in the growth curves 
when the time of X-irradiation lies between 
2 and 4 hr. No such behaviour is observed for 
H crystals (curve 1, Fig. 1). There is no 
plausible explanation for this behaviour in the 
D crystals presently. Further work may 
perhaps throw some light. 

From several thermoluminescence experi¬ 
ments performed on X-irradiatively coloured 
D crystals for various lengths of time it was 
observed that F centers bleach in two stages, 


F centers growth and thermoluminescence in 
Mn doped KCl crystals 

(Received 12 June 1968) 

The METHODS used for growing highly pure 
and Mn doped KCl single crystals, X-irradia¬ 
tion, optical absorption and thermolumin¬ 
escence have been described earlier [1,2], 
Letters H and D, respectively, denote the 
crystals grown from spectroscopically pure 
KCl (divalent impurity < 1 ppm) and Mn 
doped in spectroscopically pure KCl materials. 
D1, D2 and D3, respectively, denote crystals 
containing 50,100 and 200 ppm of Mn. 

In Fig. 1 are shown the curves for the 
growth of the optical density under the F band 
(peaking at 560 nm), at room temperature, 
with the time of X-irradiation. Curve I is for a 
slice cleaved from an H crystal whereas 
curves 2-4, respectively, are for slices 
cleaved from crystals Dl, D2 and 03. From 
the shape of the growth curves 2-4, it is seen 
that in Mn doped crystals also (as in H crys¬ 
tals [1,3]) the F centers grow in two stages. 


giving rise to the two thermoluminescence 
peaks at 135 and 190'’C besides the usual 
impurity peak[l] at 80®C. Growth of the 
areas under the various thermoluminescence 
peaks, with the time of X-irradiation, in D 
crystals have shown that the areas under the 
80" and I35°C peaks saturate in ^^30 min and 
~3hr, respectively, whereas that under the 
190°C peak continues increasing with the 
time of X-irradiation upto ~30hr. The 
observation that the area under the thermo- 
luminescence peak at 80°C saturates in ^30 
min indicates that the centers responsible for 
this peak, as in the case of 135°C peak, are 
limited in number. In Fig. 2 are shown the 
results of thermoluminescence obtained after 
6 hr of X-irradiation, i.e. beyond the time of 
saturation of the growth of first stage F 
centers. Curves 1-4 in Fig. 2 are the thermo¬ 
luminescence results obtained with slices 
cleaved from crystals W, Dl. D2 and D3, 
respectively. It is seen from curves 2-4 that 
the areas under the I35»C thermolumin¬ 
escence peak are 600. 810 and 1020 small 
squares[IJ. respectively. However, the 
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190 C 



TEMPERATURE, *C 

Fig. 2. Plot of thermoluminescence as a function of 
temperature. Curves 1-4 are for identical slices from 
crystals H, PI, D2 and P3, respectively. The slices 
were X-irradiated for 8 hr. with Mo target working 
at .35 kV and 10 mA, prior to heating at 40”C/min for 
thermoluminescence. 

saturation area under this peak for an H 
crystal is 1180 small squares. Thus the 
saturation areas under the fast or first stage 
F centers peak at 135°C enhance with the 
increase in the concentration of Mn but even 
for D3 crystals (which contained the maximum 
concentration of Mn), the first stage F centers 
concentration is less than that for an H crystal 
Both these observations, namely, that the 
first stage F centers' growth is suppressed in 
D crystals as compared with that observed in 
H crystals and that the increasing concentra¬ 
tion of Mn enhances the first stage F centers* 
growth, are rather inconsistent with the results 


reported earlier [1.4-6] for other divalent 
cation impunties in alkali halides. Further 
work IS necessary to understand these 
interesting observations. 

It is also seen from curves 2-4 in Fig 2 that 
the area under the 190T thermoluminescence 
peak increases with the increase of Mn 
concentration and as in the case of ] 35®C 
thernioluminescence peak, the area under the 
I90‘‘C peak for /)3 crystals is less than that 
obtained for an H crystal (curve 1), X- 
irradiated under similar conditions and for the 
same length of time. 

From the slope of the growth curves for the 
second stage F centers, the values of the 
parameter[l, 31 a for curves 2-4 in Fig. 1 are 
0*70, 0*75 and 0*80O.D. hr“*, respectively, 
whereas the value of a for an H crystal under 
identical conditions is 1*5 (curve 1, Fig. 1). 
Thus the magnitude of u is almost twice for 
H crystals than for Mn doped crystals. The 
result that the rate of generation of anion 
vacancies in D crystals is suppressed by the 
presence of Mn in KCl as compared with that 
in H crystals, is in agreement with the results 
reported earlier[l,5.6] but the observation 
that the magnitude of a increases with the 
increase of the concentration of Mn is rather 
inconsistent with those reported earlier for 
other divalent cation impurities]]. 5,6]. 
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